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PROTOPERADS I: COMBINATORICS AND DEFINITIONS

JOHAN LERAY

ABsTrACT. This paper is the first of two articles which develop the notion of
protoperads. In this one, we construct a new monoidal product on the category
of reduced G-modules. We study the associated monoids, called protoperads,
which are a generalization of operads. As operads encode algebraic operations
with several inputs and one outputs, protoperads encode algebraic operations
with the same number of inputs and outputs. We describe the underlying
combinatorics of protoperads, and show that there exists a notion of free pro-
toperad. We also show that the monoidal product introduced here is related
to Vallette’s one on the category of G-bimodules, via the induction functor.

INTRODUCTION

This is the first of two papers in which the author develops the notion of prot-
operad, which is a kind of properad (see [Val03, Val07]), and the homotopy theory
of these new objects (see [Lerl8]). Properad is an algebraic notion which encodes
types of bialgebras, i.e. operations with several inputs and several outputs.

The motivation for this work is to determine what is a double Poisson bracket up
to homotopy. Double Poisson structure, defined by Van den Bergh in [VdB08a], give
a Poisson structure in noncommutative algebraic geometry (see [Gin05, VABO8b])
under the Kontsevich-Rosenberg principle, i.e. if A is a double Poisson algebra, then
the family of affine representation schemes Rep,,(A), represented by commutative
algebras A,,, has a Poisson structure.

Berest, et al define derived representation schemes (see [BKR13, BCER12]) as the
left derived functor L(—),. A natural question is the following: what is a double
Poisson structure compatible with the derived side of the Berest’s construction?
What is a double Poisson bracket up to homotopy? Double Poisson structure is
properadic in nature. It is encoded by the properad DPois (see [Lerl8]); it gives us
a good framework to study what is its version up to homotopy (cf. [Val03, MV09a,
MV09b]). The structure of double Poisson algebras up to homotopy is controlled
by a cofibrant resolution DPoiss of the properad DPois (cf. [MV09a, MV09b] for
the model structure of the category of properads). Properads are algebraic objects
which encode some algebraic structures, there are included in a large family of such
objects:
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Associative alg. C NS-Operads C Operads C Dioperads C Properads C Props.

Let V be a k-vector space: algebras encode algebraic structures with one input
and one output V' — V; non-symmetric and (symmetric) operads encode algebraic
structures with several input and one output V®” — V; dioperads, properads and
props encodes algebraic structures with several input and outputs V&™ — V&,
We can resume that by expliciting in which categories these objects live and there

underlying combinatorics.
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For such an object P, e.g. P an operad, a properad, etc... , the notion of P-
algebra up to homotopy is given by cofibrant resolution of P (see the Homotopy
Tranfert Theorem for operads [LV12]). The homotopy theory of such objects is
more or less complicated.

These successive algebraic structures are increasingly more complicate since they
encode more and more type of algebras. As a consequence, their homotopy theory
is also more and more elaborate. If props encode the largest category of algebraic
structures, we do not yet have the same homotopical tools, like the Koszul duality
theory, that hold for properads, operads, etc. The chain complex structures are
encoded by the algebra of dual numbers. The non-symmetric operad framework is
the minimal one to encode associative algebras, symmetric operad framework is the
minimal one to encode associative commutative algebras, and so on: dioperads to
encode bigebras without genus in the underlying combinatorics, as involutive Lie
bialgebras.

In general, it is a hard problem to determine a usable (minimal) cofibrant res-
olution of a properad. However, if a (quadratic) properad P is Koszul, (i.e. the
homology of its bar construction is concentrated in a certain weight), then we have
an explicit minimal resolution of P: Vallette defines the Koszul duality for proper-
ads (see [Val03, Val07, MV09a]). Recall that Koszul duality theory does not exists
for props. Unfortunately, it is also a hard problem to show that a properad is
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Koszul. Almost all known examples of Koszul properads come from Koszulness re-
sults for operads. For operads, there are technical tools for showing that an operad
is Koszul, including rewriting methods, PBW or Grobner bases and distributive
laws (see [Hof10, LV12, DK10]). The only other known example of a Koszul prop-
erad which does not come from an operadic result is the Frobenius properad (and
its Koszul dual) (see [CMW16]).

A double Poisson bracket on an associative algebra A is a double Lie bracket
with some compatibilities with the product of A. The properad DLie, which en-
codes double Lie structure, is defined by generators and relations, i.e. DLie =
F(Vprie)/{Rpg), with Vpg;. concentrated in arity (2, 2):

=~ ~op
So X&?Q

12
VDL‘,ie = H ®Sgn(62) &P
12

and the relation

1 2 3 2 3 1 3 1 2

Rog = !+ a T T

1 2 3 2 3 1 3 1 2
A double Lie bracket on a chain complex A is given by a morphism of properads
DLie — Ends where End 4 is the properad of endomorphisms of A (see [Val07] for
the definition). The operad Pois & Com o Lie, which encodes Poisson structures, is
Koszul because the operads Com and Lie, which respectively encode commutative
and Lie algebras, are Koszul and satisfy a distributive law (see [LV12, Sect. 8.6.3|).
We have an analogous statement for double Poisson structures: as the properad As,
which encodes associative algebras, is Koszul (see [LV12]), the properad DPois =
AsRYaDLie is Koszul if, and only if, the properad DLie is Koszul (see [Ler18, Sect.
4]). As the study of the Koszulness of DLie is still difficult, the idea is to use the
diagonal symmetry of the generator and the relation of this properad to simplify
the problem. In fact, the &-bimodules (which are families of representations of

permutation groups) Vprie and Rp s are respectively induced from representations
of the groups G5 and &3, by the diagonal morphism

G — GxGo”
(1)

g > gxg
for G in {G3, &3} respectively. This fundamental observation allows us to reduce
the problem to one in the category of G-modules, and to define the minimal frame-
work, called protoperad, which encode double Lie algebras. We will see (in [Ler18])
that the homotopy theory of these new objects is more simpler than the homotopy
of properads. We resume the most important results of this article in the following
theorem.

Theorem (see Def. 2.8, Thm. 4.16, Prop. 5.21). The category &-modic® of
reduced S-modules, i.e. the full sub-category of functors P : Fin®® — Chy such
that P(&) = 0 is monoidal for the connected composition product X.. The monoids

in this category are called protoperads. There exists the free protoperad functor,
denoted by F(—) and the functor

Ind: (G-modi!,®.) — (&-bimodjd,&Y™)

which is exact and satisfies Indo . F = F VYVl oInd, where F V2! is the functor of free
properad.
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Using the framework of protoperads is successful: we prove in [Ler18] that there is
a Koszul duality theory for protoperads which is compatible with that for properads
via Ind, and we use it to prove that the properads DLie and hence DPois are Koszul.
SECTION 1 — BRICKS AND WALLS. We develop the combinatorics for protoperads.
The combinatorics is controlled by walls. A wall over a non-empty finite set S is
a set of subsets of S, equipped with a particular partial order and such that the
union of these subsets is S. We represent a wall diagrammatically as follows:

v

H
H
Hl

the width of each brick giving us the number of entries and exits of each of the
operations v; which is represented. This is encoded by the functor W"" and
certain subfunctors. Let S be a non-empty finite set and n a natural number, a
wall of n bricks over S is the datum of a set W = {W,}aca of |A| = n non-empty
subsets of S, which are called bricks of W, satisfying:

— the union of all bricks is S;

— for all element s of S, the set of bricks W, which contains the element s is
totally ordered

— a compatibility between orders.

We define also the notion of connectedness for a wall and denote by We"?(S), the
set of connected walls over S.
SECTION 2 — PRODUCTS ON &-MODULES. We review two monoidal products on
S-mod;®® := Func(Fin°, Ch;)™d which is the full sub-category of functors P :
Fin°®® — Chy from the category Fin of finite sets with bijections, to the category
Chy, of k-chain complexes such that P(@) = 0. These product are the composition
product [1, also called the Hadamard product, and the concatenation product Q"¢
(see Section 2.2).

We also define the connected composition product on &-modi®® (see Defini-
tion 2.8), denoted by K., which encodes algebraic structures which have the same
number of inputs and outputs and a diagonal symmetry. It is the bifunctor

— K, — : G-modi®® x &-modi*! — G-mod;?
defined, for all reduced G-modules P and @ and for all non-empty finite sets S, by:
PR.QS) = P Q) PU)eQ Q).
(I,J)eXxconn(S) «a 8

Protoperads are the monoids for this monoidal structure. For a protoperad P,
we can view a homogeneous element p of P(S) as a labelled brick

S1 82 ... Sm

m—

s1 82 -+ Sm

and the product PX.P(S) — P(S) as the composition of two rows of bricks which
are connected:

[ P1 ] [Pi ] [ Ps ] 81 82 ... Sm
[ o S—
S1 S22 -+ Sm
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SECTION 3 — CONNECTED PRODUCT ON G-BIMODULES. In this section, we also
recall three monoidal structures on the category of reduced G-bimodules which are
analogous to ones on the G-module category: the concatenation product, the com-
position product, and the connected composition product XY, defined by Vallette
in [Val03, Val07]. We do this review with an other point of view than the original
one: we give an equivalent definition of the connected composition product, which
is more adapted to species and the functorial point of view of G-bimodules.

SECTION 4 — INDUCTION FUNCTOR. The new product X, is the avatar of the prod-
uct XY on the category G—bimodffd. The most important property of the prod-
uct X, is its compatibility with the product of Vallette via the induction functor
Ind : &-mod}*® — &-bimod®?, defined using Equation (1). We prove the following.

Theorem (see Theorem 4.16). The induction functor
Ind : (&-mod}*?,K.) — (&-bimod?, KY?)
is monoidal. In particular, it sends protoperads to properads,

SECTION 5 — PROTOPERADS. In this section, we give an equivalent definition of a
protoperad, generalizing the definition of operads in terms of partial compositions.

Proposition (see Proposition 5.8). A protoperad P has canonically a partial com-
position system. Conversely, a partial composition system on a &-module P canon-
ically extends to a protoperad structure.

Using the work of Vallette on free monoids in abelian monoidal categories (see
[Val09]), we show that there exists a free protoperad functor. We also have a
combinatorial description of the free protoperad.

Theorem (see Theorem 5.21). Let V be a reduced G-module. The free protoperad
functor is the graded functor F*(—) given, for all finite set S, and for all natural
number p, by the isomorphism of right Aut(S)-modules

FrVis) = P QVNa,
({Wataca,<)a€A
EWSRR(S)
with W (S), the set of connected walls with p bricks.

SECTION 6 — COLOURS ON WALLS. In [Ler18|, the author develops the Koszul du-
ality for protoperads, which is related to Koszul duality theory of properads (see
[Val03, Val07]) via the functor Ind. In this last section, we define the notion of
a coloured wall, and we associate to a wall W over a totally ordered set .S, the
colouring complex, denoted by CS°'(W). This is motivated by the combinatorial
description of the bar construction of the free protoperad (see also [Lerl7, Ler18§]).
The principal result of this section is the following:

Theorem (see Theorem 6.15). Let S be a finite totally ordered set, and W a wall
over S. If the set Succ(W) (see Section 1.1 for the definition of Succ) is non empty,
then the colouring complex CS°Y (W) is acyclic.

This theorem corresponds to the acyclicity result for bar construction of free
protoperad (see [Ler18] for the definition of the bar construction of a protoperad).

CONTENTS

Introduction 1
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NOTATION

We use the notation N* for the set N—{0}. We denote by Fin, the category with
finite sets as objects and bijections as morphisms and Set, the category of all sets
and all applications. For two integers a and b, we denote by [a, b] the set [a, b NZ,
and, for n € N*, &, is the automorphism group of [1,n], i.e. &, = Autin ([1,n]).
We denote by Chy, the category of Z-graded chain complexes over the field k.

Let (C,®) be a monoidal category: we denote by As(C,®) the category of
monoids without unit (e.g. semi-groups) in C and U.As(C, ®) the category of unital
monoids in C. If (C,®) is symmetric monoidal, we also denote by Com(C,®) the
category of commutative monoids without unit and UCom(C,®) the category of
commutative unital monoids in C.

A monoidal category (C, ®, I) is an abelian monoidal category if C is also abelian:
we do not suppose any compatibility between the monoidal product ® and the
abelian structure.

1. BRICKS AND WALLS

We begin by describing the combinatorial framework of this paper. The first sec-
tion is about posets and, after that, we introduce the functor of walls. Walls encode
the combinatorics of "diagonal properads", as rooted trees govern the combinatorics
of operads. In this section, we define two important functors:

Xont - Fin°? — Set®® and W™ : Fin°®? — Set? .

The first one, X°°"", encodes the combinatorics of the new monoidal structure on
the category of G-modules, the connected composition product (see Section 2.3).
The second, W™ encodes the combinatorics of the free monoid for this monoidal
structure (see Theorem 5.21).

Remark 1.1. In this section, we construct (covariant) functors from the opposite
category of finite sets to the opposite category of sets, i.e. F : Fin®® — Set® or
the category of chain complexes, i.e. F' : Fin°®® — Chy. We choose to consider the
opposite category of Fin to get a right action of the automorphism group Aut(S)
on F(S). This right action mimics the actions of symmetric groups on the leaves
of trees in the operadic case.

1.1. Recollections on posets. Let k and [ be two elements of a poset (K, <). We
say that k and [ are successors if k < [ and if there does not exist an element ¢ in
K such that k < t <. We denote by Succ(K), the set of pairs of successors of K.
A chain of a poset K is an increasing sequence of elements of K and the length of
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the chain is the number of elements of the chain: we denote the length of a chain
k1 < ko < ... <k, bylen(k; < ke < ... < k). The height of an element k of a
poset (K, <) is the element h(k) of NU {oo} defined by

h(k) := max{len(c) e N* | c= (A < Az <...< A1 <k)}.
Proposition 1.2. Let (K, <) be a poset and (k,1) in Succ(K). Then the surjection
7t K = K/

induces a partial order on K/~ defined, for all r and s in K, by

-] <[s] if r <sandr,s ¢ {k 1}
—[s] <[k~ (resp. s=2[k~1])ifs<kors<l (resp. s>k ors=l).

Proof. Left to the reader. O

Lemma 1.3. Let (R,<g) and (S,<g) be two posets with injections R — T <+ S.
If, for all a and b in RNS, a <r b if and only if a <g b, then RUS has a canonical
partial order which extends the partial orders <r et <g.

Proof. For any x and y in RUS, we have x <gryus v if and only if one of the following
assumption holds:

— z and y are in R and = <g y;
— z and y are in S and = <g y;
— zisin R, y is in S and there exists ¢t in RN .S such that z <p t <5 ¥.

O

1.2. The functors of walls. In the rest of this section, we define some (covariant)
functors from the category Fin®® to the category Set®®, called functors of walls. Let
F be a functor of walls (see below for definitions) and S a finite set with n elements.
An element W of F(S) should represent a morphism Homc(V®", V®"), for V a
chain complex, with a diagonal action of &,, by permutations inputs and outputs
at the same time.

Definition 1.4 (Functor of ordered walls W°"). For n in N*, the covariant functor
We : Fin®® — Fin°? is given, for all finite set S, by

U;W; = S; Vi e [[1,n]],Wi 75 ;
Vs, t € S, FZV = {Wl|8 S Wz}

is totally ordered (by <j);
Va,bngVﬂF};V, a<;sbea<s b

WRH(S) == (W = (Wy,...,W,))

where an element W of W2'(S) is a poset for < which is the induced partial order
(cf. lemma 1.3) on UgesTW = {W71,...,W,}. We denote by (W, <), the elements
of WS'(S). The action of o, an element of Aut(S), on ((Wy,...,W,),< ) in W
is induced by the canonical action on S,

((Wlu"an),g)'U:((Wl'O’,...,Wn-O'),gg)

where <7 is induced by the total orders of the sets I'V'7 := {W; - o|s € W, - o}.
The functor W°*, defined by
Wer . Fin®® — Sets®P
S = Taen- WR(S)
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Remark 1.5. For all non-empty sets S, we have W§*(S) = @. For all integers
n > 0, the group &,, acts freely on W2*(S) by permuting the position of elements,
i.e. for 7in &,,, we have 7- ((Wl, cey W), < ) = ((WTfl(l), cos Wiigy), < ) The
partial order is the same because it doesn’t depend of the W;’s indexes.

Example 1.6. We consider W, = {1,2}, W, = {3,4} and W, = {2,3}, three
subset of S = [1,4]. Then, we have the following four elements of W' (.5):
— (W1, Wa,W3), <) with <! given by Wi <! W3 and Wy <! Wj;
— (W1, Wa,W3),<?) with <? given by W3 <* Wy and W3 <? Wo;
— (W1, Wa,W3),<?) with <® given by Wy <® W3 and W3 <® Wo;
— ((Wl, W, Wg), <*) with <* given by Wy <4 W1 and W, <4 Wis.
This four elements of W5*(S) are distinct.

— — —

The wvertical composition product on W°', is the natural transformation:
|2 (VVOr X Wor)(—) — W (—)

given, for all finite set S, by Vi m.s : W' (S) x Wi (S) — Wer,,,(S) which sends
the pair ((W, <w), (L, <L)) on (R =(Wi,...,Wy,L1,...Lp), <k ) where, for all
s in 9, the total order of the poset I'Z is induced by the ones of T and I'L and
by extension, for all W; in TV and all L; in 'L we have W; gﬁ, L;. This product
is associative, so, for all finite set .S, we have the following commutative diagram:
WO (S) x WOr(S) x Wor(S) 289 er(§) x Wer(S)
ide\L o iv
WOr(S) x Wer(S) — Wer(S).

The (horizontal) concatenation product on We', is the natural transformation
between bifunctors:

H - Wor(_l) X Wor(—z) — Wor(_l II —2)

given, for all finite sets S and T', by Hp m,s,7 : We'(S) x W (T) — Wer ., (SIIT)
which sends (W, <w), (L,<z)) to (R = (Wi,..., Wy, L1,...Ly),<w,r ) where,
for all s in S and ¢ in T, we have the equalities T® = 'Y and ' = T'F. This
product is associative and commutative, so we have the following commutative
diagrams:

H xid

WO (—=1) X W (=2) x WO (—3) ——= W (—1) x W (=211 —3)
MXHi o iH
WO (=1 I —2) x W (—3) — W (=1 I — 1T —3)

and
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We also have the following commutative diagram of natural transformations, called
the interchanging law:

(Wor)x2(71) % (Wor)x2(72) idxoxid (Wor(*l) « Wor(72))><2
Vx| IHxH
Wor(il) % Wor(*z) ) O (Wor(fl H 72)) X2
T —
Vvor(_1 1I _2>

Pass to W, the functor of unordered walls:

Definition 1.7 (Functor of walls W). We define the functor W, : Fin®® — Fin°P
by W, := (VV,‘;’P)6 which is given, for all finite sets S, by W, (S) :=

|Al =n; Ya € A, W, # @; U,W, =S

Vs e S, TV := {W,|s € W,}

is totally ordered (by <s)

Vs, t € S, Va,beTs NIy, a<sb&a<sb

(W ={Wataea <)

where < is the canonical partial order of UsesT'V = {W,}laca. We have the
natural projection m : W° — W. The action of o, an element of Aut(S), on
({Wa}aeA, < ) € W, is induced by the canonical action on S, i.e.

({Wataea, <) o= (W ={Ws 0}aea,<’)

where <7 is induced by total orders of TV -7 := {W,, - o|s- 0 € W, - o}. We also
define the functor
W: Fin* — Sets®P
S = e Wa(9)
An element W of W(S) is called a wall over S, and an element of a wall W is called
a brick of W.

Proposition 1.8 (Products on W).  The products V and H on W°" pass through
tue quotient by the actions of the symmetric groups on the indexes of bricks, hence
induce natural transformations

Vi (W xW)(=) — W(=) and H: W(=1) x W(—2) — W(—1 IT =),

respectively called the composition product and concatenation product on W, such
that we have the following commutative diagrams

(Wor « Wor)(_) _v. WPE(=) WO (=) x WO (=) _H Wer (=1 I —)
w2 S lﬂ ; w2 O I ;

(WX W) (=) —— W(-) W(=1) x W(—2) —— W(—1 1 —,)

(W x W) (=1) x (W x W)(=) 29 (1) x W(=2) x W(=1) x W(—2)

val \LHXH

W(*l) X W(*Q W(*l II 72) X W(*l 11 72)
\ /

) O
”
W(—1 1 —2)
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1.3. Two subfunctors of W. We introduce here two important subfunctors of
W. For all finite non-empty sets S and all n in N*, we define the functor of ordered
partitions Y9 : Fin®® — Fin°P, by

VOr(S) = { (Ky,...,Kn) |II" K; = 8; Vie[Ln],K; #2 }

equipped with the natural injection Y,© — Wy'. By disjoint union, we also define
the functor Y°* by

Y. Fin® — Set?
S = llew V2(9)

Via the vertical composition, we have, for all finite sets S and all m and n in N*,
the isomorphism:

Y (8) x Yr(8) =
Vie [1,m], K, # @; Vj € [1,n],L; #
Vs e S, Jlie[l,m], 3y €[1,n]
s.t. Ff = {Ki,Lj} with Ki <S Lj ’
Vs,t € S, Ya,b € TENTE,
a<sbea<y b

(R:(Kla"'aKm;le"'an))

which gives us the natural injection Y (S) x Yo(S) — W, (S). Hence, we
define, for all non-empty finite sets S, the functor X°" of ordered pairs of partitions
of finite sets, by
x(8) == [T w(s) x ya(s).
m,neN*

equipped with the natural injection X°" < W°". This functor is important: it
encodes the combinatorics of our new monoidal product, up to a property of con-
nectedness (see Section 1.4)

The natural surjection 7 : W — W gives the following commutative diagrams
of natural transformations:

yOI‘ c WOI‘ S XOI'

L ol o |

y w X

where ) (resp. X) is the quotient of Y° (resp. X°") by the action of the sym-
metric group on the indexes of bricks. The concatenation product restricts to the
subfunctors X and Y:

V(=1) x Y(=2) = W(=1) x W(—2) X(—1) X X(=2) =@ W(=1) x W(—2)

| - [ and e - |

y(—lﬂ—g) —> W(—lﬂ—g) X(—lﬂ—g) —> W(—lﬂ—g)

1.4. Connected walls. Now, we introduce the notion of connectedness of a wall.
Let (W = {Wa}aeca, <) be awall in W(S). We define on W the equivalence relation

n. conn.

of connectedness ““~": for two elements a and b of A, we say W, “~" W, if there
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exist an integer n > 2 and a sequence Wy, Wy, ..., W, _1, W, of elements of W with
Wo = W, and W,, = W}, such that, for all ¢ in [0,n — 1],

WiN Wiza # @ and (Wm Wprl) S Succ(W) or (Wprl, WZ) S Succ(W).
Definition 1.9 (Projection K). We define the projection K as follows: for a finite

set S, we have
Ks: W(S) — Y(S) cW(-)
W o— {UBaeﬂ,l([B]) B. | [B] e ﬁ(W)} :

conn.

where 7 is the projection of W to its quotient by ~~ .
We have the natural commutative diagram
X——W
d o
ye——-8sw.

Lemma 1.10. The projection K is associative, i.e. the following diagram of natural
transformation commutes:

y><3 YK y><2

o] o e

Ve Y

Definition 1.11 (The functor We")., We define the functor
WymeT : Fin®? — Fin®P

by, for all non-empty set S, the fiber of Kg : W' (S) — Y°"(S) over the wall with
one brick {S}, i.e. the subfunctor of W2 giving by Weonmor(S) :=

Va, € [[1,7’),]], W, =: Wim ey Wim,UWm = Wﬁ

s.t. Vj € [[O,m— 1]], W»L'j S VV, W’ij ﬁVVZ‘].Jrl ;ﬁ %)

and (Wi, ,W;,,,) or (Wi, ,,W;,) € Succ(W)

The natural surjection W — W gives us the subfunctor

(W, <w) e W

50 Vij G410

WCOTLTL,OT‘ WOI‘

| |

WCOHD W

called the functor of connected walls: an element of W (S) is called a connected
wall on S.

Remark 1.12. By the same arguments as in remark 1.3, we have the natural
injection of A" in Wyeonn,

Proposition 1.13. Let W be a wall in W(S). Then, there exist n in N and
S1 ... 1S, a unique non-ordered partition of S such that

W e im(?—[ : f[wconn(si) N W(S)).

i=1
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Proof. Let S be a finite set and W be in W(S), a wall over S. The partition (V)
in Y(S) gives the result. O

Remark 1.14. About the diagramatic representation of walls. The terminology
introduced in definition 1.11 comes from the diagramatic representation of the ele-
ments of W(S). Just as the combinatorics of operads is controlled by rooted trees
(cf. [LV12, Sect. 5.6]), the combinatorics of protoperads is controlled by a stack of
bricks:

—
— — or L1683
— — L 117

the gray colour indicates a brick that is not connected in this representation. We
have some examples.

— First, we consider the set S = [1,4] and the wall W = {W,, W}, W.} in
W([1,4]) over S with the three bricks

W, ={1,2},W, = {3,4} et W, ={1,2}
with the partial order W, < W,.. We represent this wall by

1 2 3 4
9
This wall is not connected: W is in the image of the product

H o WERR([1,2]) x WErR([3,4]) — W([1,4]).

Note that this graphical representation of the wall W depends on the choice
of an order on S: so, the diagrams

3 4 1 2 3 2 1 4
N
Cbh 1[Ca ] (b] Ca ] [B]

represent the same wall W. In the second diagram, the brick W is not
connected. The choice of the natural order on [1,4] corresponds to Equa-
tion (2). In cases where there is no ambiguity, we can omit the elements of
S and the names of bricks to obtain the following diagram

1

[ ) I

— We consider the connected wall with four bricks W = {W,, W, W., Wy} in

weenn([1,4]) with

W, = {1,2}, W, = {3,4}, W, = {2,3} and W, = {1,4}

and the partial order W, < W,., W, < Wy, W, < W, and W, < Wy. We
represent this wall by

Cd]Cc 1Cdl
Ca J[Cb ]
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2. PRODUCTS ON G-MODULES

2.1. &-modules. Recall that the category Fin is a groupoid which gives us the
equivalence of categories Fin = Fin°? by passage to the inverse. One of the key
points of the constructions of this section is that (Fin,II) is a symmetric monoidal
category. We denote by G its skeleton i.e. the category where objects are natural
numbers, i.e. Ob® = N and where morphisms are given by Homg (n,n) = &,, for

n # 0 and Hom(0,0) = {id}, and which is equivalent to Fin.
Definition 2.1 (S-module, G-bimodule). A (right) &-module is an object of

&-mod; % Func(Fin°?, Chy), the category of contravariant functors from Fin to

the category of k-chain complexes. A &-bimodule is an object of G-bimody net

Func(Fin x Fin°? Chyg).

Let V be a G-module (respectively W a G-bimodule). We say that V' (resp. W)
is locally finite if, for all finite sets S, V(S) has finite total dimension (resp. for all
finite sets S, F, the chain complex W (S, E) has finite dimension).

As G is the skeletal category of Fin, we can view an G-module M as a collection
(M (n))n . of chain complexes indexed by natural numbers, where the the group
S, acts (on the left) on M (n), for n # 0. Similarly, an &-bimodule P is a collection
of chain complexes (P(m7 n))mn cn indexed by pairs of integers where P (m,n) has
an action of &,, on the left and an action of &,, on the right, or equivalently, has
an action of the group &,, x &P on the left.

Definition 2.2 (Reduced &-(bi)module). A G-module (resp. &-bimodule) P
which satisfies P(@) = 0 (resp. P(@,S) = 0 and P(S,2) = 0 for all finite set
S) is called reduced. We respectively note by &-modj*® and &-bimod}®?, the full
subcategories of G-mody and &-bimody, of reduced G-modules and G-bimodules.

Remark 2.3. We have the equivalence of categories G-mody = G°P-mody, induced
by taking the inverse of elements in symmetric groups. We use this equivalence
without mention.

2.2. Composition and concatenation products on G-mody. In this subsec-
tion, we recall the classical constructions of composition and concatenation product
of G-modules. The composition product (or vertical product) is the bifunctor

—0—: &-modi®® x &-modi*? — &-mod;*?
defined, for P and @ two reduced &-modules and S a non-empty finite set, by
(P | Q)(S) = P(S) @ Q(9).

This bi-additive bifunctor gives the category S-mod™! a symmetric monoidal struc-
ture, with the identity I, defined, for all non-empty sets S, by I5(S) := k concen-
trated in degree 0. In the litterature or algebraic operads (cf. [LV12, Sect. 5.1.12]),
the composition product of G-modules is also called the Hadamard product. The
concatenation product is the bifunctor

— @ _ : G-modi*! x &-modj*? — S-mod}™
defined, for all finite set .S and all reduced G-modules P and @, by:

(PerQ)(S)= @B  PS)2QS").

{87,5"}e¥37(5)
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This product has no identity.

Remark 2.4. This product is called the concatenation product because it corre-
sponds to a concatenation of operations. It is functorial: it is a particular case of
Day’s convolution product. For P and @ two reduced &-modules, we have

/(S/,S”)GOb(FinOP)X2

P geone Q(_) = k[HOInFin(S/ II S“7 _)} ® P(S/) ® Q(S//)

Proposition 2.5. The concatenation product is symmetric, i.e. for all reduced
&-modules P and @Q, we have the following isomorphism of &-modules

P ®COHC Q g Q ®COI]C P'

Proof. Tt (S7,5") is an element of Y9*(S), then (S”,S’) too. As the monoidal
product ®j of the category Chy is symmetric, we have the natural equivalence 7
defined as follows: for all finite sets S,

s 1 (P @™ Q)(S) — (Q @™ P)(S)
given by 75(p ® q) = (=1)Plldlg @ p for p @ ¢ in P(S’) @ Q(S"). 0
We can extend the concatenation product:
(3) — ®M— : G-mody, x G—mod’,;ed — G—modffd.
This extension is induced by the equivalence of categories
S-mody, = Chy, x G—modffd,

by the injection (—)® : Chy < &-mod;, defined, for all chain complexes C' and all
finite sets S, by

6o [ C iS=g,
(€)7(8) '_{ 0 sinon ;

and by the action of the category Chy on 6-modffd defined, for all chain complexes
C and all finite sets S, by

(C’ ®eone V) (S) :=CV(9).
This extension allows us to define the suspension of a G-module.

Definition 2.6 (Suspension and desuspension of a &-module). Let ¥ (respectively
71 be the chain complex k concentrated in degree 1 (resp. in degree —1). For V

a reduced G-module, the suspension of V (resp. desuspension of V') is the reduced
not.

S-module BV 2% ®NC VY (resp. LIV = X geone V),

2.2.1. Free monoids associated to ®°°"°. Recall that the bifunctor —®°"°—is linear
in each of its inputs. We have the functor:
Te(—) : G-modi® — As(S-mod;*?, @°°n°)
defined, for all finite sets S and all reduced G-modules P, by
(T P)(5) = €D (T P)(S)
reN*
with
(To,P)(S) =P "(S)= P PI)e...eP(I).
1€Yer(S)
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As ®°°"¢ is symmetric, we have also the commutative free monoid functor
S(=) : &-modi*? — Com(G-mod;*?, @°°rc).

defined, for all reduced G-modules P, by:
b

= D S(P) with §°(P) == (T5,(P))

beN*

b

where the action of G, is given by the symmetry 7 of the product ®°°"¢: explicitly,
for p1 ® -+ ® pp an element of P([;) ®°%°"¢ ... @ P(I,) which is included in
(T%P) (S), and o, a permutation in &;, we have

o (pr @ @py) = (—1)"Mlp 1y @@ pe

which lives in P(I,-1(1)) ®°"...®%" P(I,-1()) with (=1)/70™)! the Koszul sign
induced by 7.

Notation 2.7. Let S be a finite set and P be a reduced &-module, as in [LV12,
Sect. 5.1.14], we use the following notation

D Qru)( @ Pme...eP@)_.
Iey, (S) acA Ieyer(S)
Let S be a finite set and P and @ be two reduced G-modules. Since

(7P)(s) = ((TP)(s)) = ( @ Ph)e...ePU))

GT
1€V (S)

"

then, we have

sP)(S) = P QP

{Ia}aca€Y(S) a€A
We also have the following isomorphism:

(SPOSQ)(S) = P X))@ QQJs).
({Ta}taca{Js}tsen)eX(S) acA BeB
Moreover, as the bifunctor —®°°"°— is biadditive, the functor S has the exponential
property:
(4) S(P® Q) =S(P) & 5(Q) & S(P) @™ S(Q).
2.3. Connected composition product of G-modules. In this section, we define
the new monoidal structure on the category of reduced G-modules, which is called

the connected composition product. This monoidal structure is the analogue of the
product defined by Vallette in [Val03, Val07].

Definition 2.8 (Connected composition product of G-modules). The connected
composition product of reduced G-modules is the bifunctor

— K, — : G-modi®® x &-modi*! — G-mod;*?

defined, for all reduced G-modules P and @ and for all non-empty finite set .S, by:

PR.QS) = P & Pl ®®QJ[3

(I ] GX(‘onn(S) %
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Denote by Ig, the G-module given by

aef [k if|S|=1
In(S) := { 0 otherwise

which is the unit of the product X..

Below, we require a description of elements of P X. Q(S): we represent by

P1®...0p) R (1 ®...®qs)

aclass of @, P(la) ® Q4 Q(J) with (1, J) in X" (S). Recall that we identify
P1®...0p) @ (1 ®...® ¢qs) with

(D)@l (p, 11y @ ... @ Po1() ® (Gr-1(1) ® - . ® gr=1(s))

for all permutations ¢ in &,, 7 in &, and (—1)I7®I (=1)I7(DI the Koszul signs
induced by these permutations.

Lemma 2.9. The product K. is associative and, for all reduced &-modules A and
B, the endofunctor

dap: G-modi! —  S-modi?

X — AN, XX.B
is split analytic (in the sense of [Val09]).

Proof. The associativity of the product X, follow from the associativity of Kg: for
P,Q and R three reduced G-modules, and S a non-empty set, we have the following
isomorphism of chain complexes:

(PR.Q) K, R)(S) = P KR PRQU ®®RJ/3

(I,J)exconn(S) «

- D K P ®PK“®®QL“®®RJ/3

(I,J)exeonn(S) a (KL% 7
eX“’““(I )

~ P P QRrx ®®QL°‘ ®®RJﬁ

(I,J)exconn(s) {(K*,LY)} 7.«
GHQEAXCOI]K)(I )

~ P D ®PK“ ®®Q (L) ®®R (J5)

(I,J)eXxconn(S) (K,L)EV(S)xV(S) ¥
Ks(K,L)=I

) ®P ) ® QQ(Ls) @ QR(J5)
g B

(K,L,J)eY(S)*3
Ks(Ks(K,L),J)=(S)

(1210) @ ®P ® ®Q(L6) oy ®R(Jﬁ)
. . .

(K,L,J)eY(S)*3
Ks(K,Ks(L,J))=(S)

1%

= D D Qr)e®l) e QrU)
(K,I) (J,L)EY(S)xY(S) 5, B,
cxcom(s)  Kg(J,L)=I

14

D Q) P(K,) @ R)(QR. R)(I.)

(K, I)eXxcomn(S) «

= (PR, (QX. R))(S).
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Also, for all reduced G-modules A and B, the endofunctor ®4 g is well defined by

Py p(X) P ®A ) @ R)X (Ls) @ Q)B(Js)
5 B

(K,L,J)eY(S)*?
Ks(Ks(K,L),J)=(S)

b D D ®A )@ QX (Ls) @ QB(Jp)

neN LeYn(S)  (K,J)eY(S)*2
Ks(Ks(K,L),J)=(S)

= P (®a.5)n(X).

neN

1%

where (P4, p)n is an homogeneous polynomial functor of degree n; so, for all reduced
G-modules A and B, the functor ®4 p is a split analytic functor (in the sense of
[Val09, Sect. 4]). O

Proposition 2.10. The category ((‘S—modmd,l&;ﬁ7 Ig) is an abelian symmetric
monoidal category that preserves reflexive coequalizers and sequential colimits.

Proof. Let P and @) be two reduced G-modules, we have, for all non-empty finite
sets S, the isomorphism of &g -modules

PR.QS)= P QP ®®QJ[3

(I,J)exconn(S) «

SR @me

(I,J)eXconn(S) B

by symmetry of ® of the category Chyg; since (I, J) is in X(.59) if, and only if, (J,I)
is in X(S), we have the isomorphism

PH.Q(S)= P ®QJB®®P ~ QK. P(5).

(J,I)eXxconn(S) 3

We denote this isomorphism 7p,¢(S) : PR.Q(S) — QX. P(S), which gives us the
symmetry of the product. The rest of the proof is similar to [Val09, Prop 13]. O

We have the following compatibility between these products:

Proposition 2.11. Let P and @ be two reduced G-modules. We have the following
natural isomorphism of S-modules:

S(PR, Q) ~ SPOSQ.
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Proof. Let S be a finite set, we have

S(PR.Q)(S) = P QR(PRQ)A

AEY(S) v

28@® D ®rune @)

AEV(S) v (I, JV)eXcomn(A) a

=~ P D (@Pﬂ@@@ﬁ)
AeY(S) {7, JM}ell, Xorn(Ay) “ay
=@ B (Qrme®ae)
AeY(S) (I,D)eks(A)
~ P (@P )@ ®Q Ts ) - (SPDSQ) (S)
(I,1)ex(S)
which conclude the proof. (|

3. CONNECTED PRODUCT ON G-BIMODULES

Just as in the G-modules, we give a description of the three monoidal structures
on the category of (reduced) &-bimodules which are the equivalent of the three
previous ones defined in G-modi®®. We start with a section on the functors that
encode the combinatorics of our monoidal products. We express the combinatorics
of the different monoidal structures on the G-bimod, category, using the same
formalism as in the previous section.

3.1. Combinatorics of the connected composition of G-bimodules.

Definition 3.1 (Functors Y°" and Y). Let S and F be two finite sets. We define
(1) the bifunctor Y°*(—, —) : Fin x Fin®® — Set given on objects by Y°'(S, F) =
M en- Y77 (S, E), with Y21(S, E) := Y2r(S) x V' (E) =
.1, =8; 0’_,K; = E;
— j=1%J ’ J=1"*J ’
{(LK) (5 K9)) jequ ViellLrll; #2,K; # @ } ’
where the elements of Yo' (S, E') are ordered sets of pairs of sets.
(2) Y(—,—) : FinxFin°® — Set the bifunctor given by Y(S, F) = I, en- Y, (S, E)
with Y,.(S, E) =
. A€ ObFin, |Al=r
{I K} ni {(IaaK )}aGA HaeAIa = 57 HaEAKa =F )
Va€ A la# 9, Ko # 9

where the elements of Y, (S, E') are non ordered sets of pairs of sets.

Note that Y,.(S, E) 2 Y(S) x Y(E). As in the case of Y°*(—), we have a free
action of &,. on Yo (S, E) given, for all (I, K) in Y&'4(S, E) and all permutation o
in &,, by

o (LK) = ((Lo-1(): Ko-1(3) jequ.ng

which induces the surjection Y$*(S, E) - Y..(S, E).
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As in the case of G-modules, we define a new bifunctor, denoted by X" which
encodes connectedness. For r and s in N* and for S and E two finite sets, the
bifunctor X{.{°"(S, E) is equal to

(1K {57 7)) o ey
{ € Y, (S, [1,n]) x Yo([1,n], B) | (KK € XL, ]])}/6 )

n

where, for all n in N*| by the functoriality of X°°"", the quotient by &,, which
identifies

({I,K'} -0, {K",J}) ~ ({I,K'}, 07" - {K", J})
is well defined. We also have the functors

X"conn S E H Xn ,conn S E) and Xconn(s E H X" Conn(S E)
r,sEN* neN*

3.2. Monoidal products of the category &-bimody.
3.2.1. Composition product of G-bimodules [J.

Definition 3.2 (The composition product of G-bimodules). The the composition
product of G-bimodules is the bifunctor of

— 0 — : &-bimod}*® x &-bimod}*? — G-bimod}*?
defined, for all reduced &-bimodules P and @, and for all finite sets S and F, by

(POQ)S.E) = D ( D P(I,K') & Q(K",.J)) /6

neN*  ({I,K'},{K",J})eX] (5, E)

= B P(S,[1.7]) & Q([1,n], E) ;

neN*

n

where the action of &,, is induced by the action on [1,n].
Remark 3.3. The composition product [J is defined by a coend. In fact, the
tensorial product of the category Chy gives us the external product

Func(Fin x Fin°? Chy)*? — Func(Fin x Fin°® x Fin x Fin°?, Chy,)

(P,Q) — {(S1, E1, S, E2) — P(S1,F1) ® Q(S2, E2)}
and, by taking the coend of the functors P(S1,—) ® Q(—, E2) : Fin®® x Fin — Fin
for S1 and Es two finite sets, we have

—O—: Func(Fin x Fin°?,Ch;)*? —  Func(Fin x Fin°?, Chy)

SeFin .
(P,Q) — [7TTP(=,8) 2 Q(S,~)
As the category & is a skeleton of the category Fin, we finally have
—O—: Func(Fin x Fin°®, Ch;,)*? —s Func(Fin x Fin°? Chy,)

(P,Q) — D, Pl © QL] ) -

Remark 3.4. Let P and @ be two reduced G-modules. For all m and n in N*, we
have the following isomorphism of &,, x GfP-bimodules:

POQ(m,n)= @ P(m,N) k[g ]Q(N,n).
NeN* N

Proposition 3.5. The category (&-bimody, 0, In) with In(S, E) = k[Aut(S)] for
S = E and 0 otherwise, is a monoidal category.
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Proof. Let P, @ and R be three reduced G-bimodules and S and E be two non-
empty finite sets. We note by e the cardinal of the set E. By definition of I, we
have the following isomorphisms:

POIn(S,E) = @P(S,[[l,n]])g@ In([1,n], E)

neN
= P(Sv[[lve]])gilﬂ([[lve]]vE)
=~ P(S,[1,€]) ® k[Aut([1, e])]
~ P(S,E).

By Remark 3.3, we also have the isomorphisms:

U€Fin
(POQ)OR(S,E) = / (POQ)(S,U)® R(U,E)

UcFin V eFin
/ / P(S,V)® Q(V,U) ® R(U, E)

-1

c

(U,V)€eFin*?
/ P(8,V)® Q(V,U) ® R(U, E)

Fubini

1%

PO(QOR)(S,E)
O

3.2.2. The concatenation product @°°"¢. As in the case of G-modules, we define the
concatenation product of two reduced G-bimodules.

Definition 3.6 (Concatenation product of G-bimodules). The concatenation prod-
uct is the bifunctor

— @1 — : G-bimod;*! x G-bimodi*! — G-bimod},
defined, for P and @ two reduced G-bimodules and for all finite sets .S and E, by

(P goone Q)(S,E) = @ P(I, K1) ® Q(I2, K2).
(I,K)eYgd(S,E)

Remark 3.7. This product is a particular case of a Day convolution product: let
P and @ be two reduced G-bimodules, the bifunctor P ®°°"° Q(—1, —2) is given by

(I1,I2,J1,Jo)
/ k [Homginor wpin (11 I I, J1 11 J2), (—1, —2)) | @ P(I1, J1) ® Q(I2, J2).

The two product J and ®°°"¢ satisfy the interchanging law.

Proposition 3.8 (Interchanging law). Let A, B,C,D,E and F be reduced &-
bimodules. We have the natural injection of G-bimodules

Dy peop: (AOB)R(COD) — (A C)0 (B ®*°" D),
which is associative, i.e. we have

D agc.Bep.BF (Papcop)®(EOF)) = P4 poge per ((AOB) @ ®c.p.g.F) -
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Proof. Let A, B,C and D be reduced &-bimodules. We have

(AOB)“™ (COD)(—,-)

(I1,I2,J1,J2)€Fin %4
= k[Hom((I11112,J111J2),(—,—))]
B / ®(A 0 B)(I1,J1)®(C O D) (I2,Jz2)

(I1,I2,J1,J2)€Fin x4
= / k[HOm((IlLIIz,Jlqu),(f,f))]

SeFin TeEFin
® / A(11,8)®B(S,J1) ® / C(I2,T)®D(T,J2)

kE[Hom((I11I5,J,11J2),(—,—))]
®A(I1,8)®C (I2,T)®B(S,J1)®D(T,J2)"

(I1,I2,J1,J2,5,T)€Fin*®
~
Fubini
The natural injections

k [Hom((Ilﬂlz,J1HJ2)>(*>*))}

— Hk [Hom (111112, 711172),(-,5)) | @k [Hom (11 11 12,1 1172),(5,-)) |

3
— Hk[Hom((hulz,U),(—,S))]®k[Hom((v,J1HJ2),(S,—))}
vs
S—V
and
A(L,S)®C (1o, T)®B(S, 1)@ D(T,J2) < I aw.mecw.mesu Lyepu L)

J1,J2,K1,K2
give us the natural injection

(AOB)“* (CcOD)(—,—-)
/(S>Il1121J1>J21K1>K2>L1>L2) k?[HOm((IlH127J1HJ2),(—,S))}
%

®k [Hom((K1HK2,L1HL2)>(S7—))]
®A(I1,J1)®C (I2,J2)@B(K1,L1)®D(K2,Ls)

N /S /Ii,Ji k[Hom((IlHIQ,JlHJ2)7(—7S))} . /Ki,Li k:[Hom((K1HK27L1HL2)’(S’_))]
S

Fubini ®A(I1,J1)®C(I2,J2) ®B(K1,L1)®D(K2,L2)
— / (A®conc C)(—,S)@(B@Conc D)(S,—)
— (A®conc C)D(B ®conc D)(—,—).

Then we have the injective natural transformation between bifunctors:

Bapep: (ADB) @O (COD) < (A )0 (Be“" D).
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Moreover, @ is associative, because the following diagram is commutative:

((A 0 B) g (C O D)) g (EOF) — = > (AQ B) @0 ((c 0 D) ®@<ne (E O F))

‘PA,B,C,D®1\L \L1®‘PC,D,E,F
O
((A ®cone C) O (B ®eone D)) ®cone (E O F) (A O B) ®eone ((C) ®eone E) O (D ®eonc F))
~ -
Parc,BRD,E,F DA, B,CRE,DOF
(A ®COHC C ®COUC E) l:l (B ®COUC D ®COUC F)
[l

Corollary 3.9. The categories of monoids (As(G-bimodk, ®eoney O, ID) and com-
mutative monoids (Com(G—bimodk,@)C"“C), D,ID) are monoidal. In other words, if
(P,cp) and (Q,cq) are two monoids in the symmetric monoidal category (without

unit) ((‘5 -bimody;, ®C°“C) , then

(1) (POQ,cpagq) is a monoid in (&-bimody, ®°°"°);
(2) if P and Q are commutatives monoids, then P Q is too.

Proof. (1) The injection ® of the Proposition 3.8 gives us the product cpgg :

(POQ) ®C0nC.(P 0Q) 2 (P @ P) [0 (Q ®°°"° Q)

lCPDCQ

CPDQ ________ >.P|:|Q

and the associativity of the product U gives us the associativity of the
product cpg -

(2) The commutativity of cppg follows from the commutativity of cp and cg.

O

Definition 3.10 (Free monoids). Let P be a reduced G-bimodule and S and E be
two finite sets.

(1) The free associative monoid without unit on P is defined by

T"P(S, E) = b P(I,,K))®...® P(I, K,).
(I,K)eYerd(S,E)

(2) The free commutative monoid without unit on P is defined by the quotient
of the free associative monoid by the action of the symmetric groups; namely

S"P(S, E) := (WP(S,E)) > P QPUa K

&
o {I,K}eY,.(S,E) «

3.3. Connected composition product of &-bimodules. We define the con-
nected composition product of &-bimodules. The product was defined the first
time by Vallette in his PhD thesis [Val03], for studying the homotopic comport-
ment of algebraic structures with several inputs and outputs. Our definition is not
the original one, but we show (cf. proposition 3.16) that they are equivalent.
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Definition 3.11 (Product of connected composition X2). The product of connected
composition of reduced G-bimodules is the bifunctor

— K — : &-bimod}*? x G-bimod;*! — S-bimod}*?

defined, for all reduced &-bimodules P and @ and all pairs (S, E) of finite sets, by
(PRCQ)(S,E) =

D ( D R P K)o QUKL )/
. :

neN* ({I,K’},{K”,J})EX"*CO‘”‘(S,E) «

where the quotient by &,, identifies, for all ¢ in &,,, the terms
@PUn )& QUKL ~ QP k) -7 o (@S 1)
a B

Remark 3.12. This construction is functorial, because (P Xt Q)(—, —) is a sub-
bifunctor of (SPOSQ)(—,—) (see Lemma 3.18).

Notation 3.13. We denote by / & the quotient by symmetric groups for

P|Zb = ( o / " )/
(P Q)(S. E) D QPlU.K)e QQKE )/
({LK'}A{K",J}) « B
GXCOI)H(S7E)
The following proposition says that our definition of the connected composition
product of &-bimodules is equivalent to that of Vallette in [Val03, Val07]. First,
recall the notion of connected permutation.

Definition 3.14 (Connected permutation — [Val07, Sect 1.3]). Let a,b and N be
three integers with a and b in N*, let & = (aq,...,a4) in (N*)* be an a-tuple
and B8 = (B1,...,B) in (N*)® be a b-tuple such that |a| = N = |3]. A (a,B)-
connected permutation o of Gy is a permutation of Gy such that the graph of
a geometric representation of o is connected if one gathers the inputs labelled by
a1+...Fa+1, . o 4. ot a4 for 0 <7 < a—1, and the outpus labelled by
Bi+...+Bi+1,...,B1+...4+Bi+Biy1 for 0 <i < b—1. The set of (&, 3)-connected
permutations is denoted by S5¢.

Lemma 3.15. Let r,s and N be in N*, and let k be an r-tuple in (N*)" and j be
a s-tuple in (N*)* such that 3| _ ko = N =35, jg. The map
. nn,ord (1K1, |K)=k k,j
@ {(KaJ)EXrC,(; © (N) (|J11‘ _____ |Js])= ’} — Sg
(K,J) — oxoy

18 surjective.

Proof. By the definition of the connectedness of a pair (K, J) in Xff;n“’ord(N), if we
consider the graph of a geometric representation of the permutation 0;{1 oy, where
we gather the inputs and the outputs as in the definition of connected permutation,
then there exists a path between every input labelled by i and every output labelled
by j. Then, we have o o in S¥7.

Let 0 be a permutation in Sf’j . We consider

not

[[ N]]] = {[[le]]u[[jl +17j1 +j2]]7"-7[[j1 +... +js—1 + 17j1 ++]s]]}7
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and we denote by ([1, N] - o), the following set
{{o’l(l),o’l@),...a’l(kl)},...,{o’l(kl—i—...—i—kr_l—i—l),...,a’l(kl—i—...—i—kr)}};

the pair ([1,N] - o)z, [1,N];) is an element of X59"°"4(N) by the connectedness
of the permutation o. So the application

. k,j conn,ord (| K1]yeees | K |):F }
vi S — {0 € e ()| (5
o — ((IL N1 - )z, [1, NT;)
is well-defined and gives us a section of ¢, so that ¢ is surjective. O

Proposition 3.16. For all integers m and n in N*, we have the isomorphism of
G X 6P -modules:

(P x? Q)([1,m],[1,n]) = (P XVal Q)(m,n).
Proof. Let m and n be two integers in N*. We have

(P &Zc) Q)([[lvm]]v [[17 TL]]) =

( D D Q)P Lo, K4) ®Q(K”,J[3)> / .

N,r,seN  ({I,K'} {K",J}) « o 7
exNeomn([1,m],[1,n])

(@ @ (@), o(@aws), )/,

{1, K"}y ([1,m],[1,N]) o=l
{K",J}eY ([1,N],[1,n])
(K" K"ex ™ ([1,N])

(@, @, e @usin) )/

{I,K"}eyo ([1,m],[1,N]) o=1
{K",J}yeY? ([1,N],[1,n])
(K", K")ex o ([LN])

Z(J@N( D ke @ (éP(la,K;)@@éQ(ngiﬂ)H‘? k[G"OGMGS)/G

le(N*)",|l|=m
€(N"),|i]=n
(K',K'"e
xgopmord([1,N])

where ¢ sends, for (K', K"') € X" ([1, N]) fixed, the component

T

(Hul & @Pla K@ ®Q (%i9) 2 Hewl/

Helaa 1 SN
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to the following &,, x &YP-module

®P as Z|K|+1 Z|K’ ® K%@O’K“

Helo‘al Sk
ﬁl
® ®Q [>T 1K) +1, ZW i) ) k[6]
JBl Jj=1

which is isomorphic to

T

® Q) P(la, ZIK|+1 Z|K’ ®a;<}aw<§>
Sk S5

Helo‘al 7j=1

s B—1

®Q(|[ZIK§’I+1,ZIK;—’|]M[3) © kG .
B=1 j=1 j=1 [16:,

However, by Lemma 3.15, the morphism ¢ is surjective, and the quotient by the
group G x &; gives us the injectivity. O

Proposition 3.17 ([Val03, Lem. 49]). The category (S-bimod;, ®Y™, IV where
the unit I is defined, for all pairs (S, E) of finite sets, by:
koif|S|=1=|E]|
0 otherunse

)

§(s.5) = {

is abelian monoidal and preserves coequalizers and sequential colimits.

The G-bimodule PXY? Q) appears as the indecomposables for the product ®@°°"¢
of SPISQ.

Lemma 3.18. Let P and Q be two reduced &-bimodules. We have, for all finite
sets S and E, the following isomorphism

(sPOsQ)s.E)=P( B ®PIQ,K’ ®®QK”,Jg)/

neN* ({I,K'} {K",J})
€X™(S,E)

Proof. Let S and E be two finite sets, then

(sPOSQ)(s,B) = @ ( ) SP(A,B)©5Q(C, D)) /

neN*  ({A,B},{C,D})eXy , (m,n)

D P D @runrie Qaui)/

neN* ({AB}v{CvD}) {I,K/}GY(A,B) @
€XT1(S,E) {K",J}eY(C,D)

B B  @ru.r)e Qi) /.
X n

neN* ({I,K'},{K",J})eXn(S,E) «

S,

1%

1%

O

Proposition 3.19. Let P and Q be two reduced S-bimodules. We have the natural
isomorphism

S(P XY™ Q) = SPOSQ.
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Proof. By Lemma 3.18, for all finite sets S and F, we have the isomorphism

sPosQsE) =D ( B  QPU. KL ®®QK”,JB)/

neNT ({LEAKTTY) ©
X" (S, E)

4. INDUCTION FUNCTOR

We describe the functor Ind, and its right adjoint, the restriction functor Res,
which establishes the link between the two previous sections, since Ind : G-mod; —
G-bimody, is strong monoidal for the different products introduced in the sections
2 and 3.

4.1. Adjunction Ind-Res. For C a groupoid, we note A¢ the functor
Ac = (inVc,idc) :C—CPxC

where inve : C — C°P is the equivalence of categories given by the passage to
the inverse. The restriction functor, denoted by Res, is given by the following
composition:
Res: G-bimody, — &-mody
P — Po AFinop

This functor is exact and has a left adjoint functor, the induction functor.
Definition 4.1 (Functor Ind). The induction functor is given by:

Ind: 6&-mod, — &-bimodj,
Vo o— (mdV)(SE):= @ V(E)
HOmFin(E,S)

where an element f in Aut(S) acts on the left by
@ vim)= H v
pcHomg, (E,S) fe€Homg,(E,S)
and an element g in Aut(F) acts on the right by
G ve)g= D viuE).
pEHompi, (E,S) pgEHomg,(E,S)

Remark 4.2. Let V be a reduced &-module and S and E be two finite sets. If S
and E are not isomorphic (i.e. |S| # |E|) then (IndV)(S, E) = 0. Finally, we have:

0 ifS%E

(Ind V) (S, E) g{ E[Aut(S)]®@ V(S) otherwise.

Proposition 4.3. We have the adjunction
Ind : 6-mod;, = &-bimody, : Res.

Proof. By the classical result [Ser71, Th.13]. O
One of the fundamental properties of Ind is the following.

Proposition 4.4. The functor Ind is exact, preserves quasi-isomorphisms and
commutes with colimits.
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Proof. The result is induced by the remark 4.2; more generally, for G a finite group
and H a subgroup of G, k[G] is a free k[H]-module. As the functor Ind has a right
adjoint, it commutes with colimits. (Il

4.2. Compatibilities with products. In this subsection, we show compatibilities
of the functor Ind with products defined in previous sections. First, we recall
the following proposition, about compatibility between monoidal structures and
adjunction.

Proposition 4.5. Let (C,®, Ic) and (D, ®, Ip) be two monoidal categories with the
following adjunction:

L:C_L1 D:R

—

such that the left adjoint is a strong monoidal functor by the following natural
equivalence pp : L(—1) ® L(—2) = L(—1 ® —2) and the natural isomorphism ey, :
In S L(Ic). Then the right adjoint is a Lax monoidal functor with the natural
transformation pr and the morphism e given by

(R(—1)®R(2)
R(~1) ® R(—2) """ RL(R(~1) ® R(~2))
pi= lR(u;(R(—l),R(—z)))
Y
R(—1 ® —) <————— R(LR(—1) ® LR(—
(18 =) <y RER() © LR(=2))

R(e7?!
and en: Te =L RL(10) 2 R(1).

Now, we can study the case of the adjunction given by the functors Ind and Res.
Notation 4.6. We note G—bimod}cnd, the essential image of the functor Ind.

Proposition 4.7. Then (G—bimod}gnd, O) is a symmetric monoidal category and
the induction functor

Ind : (&-mody, ) — (S-bimod}™*, 0)
is symmetric monoidal.

Proof. Let P and @ be two G-modules and, S and F be two finite sets. We have

T€Fin
(IndP O1IndQ)(S, E) = / IndP(S,T) ® IndQ(T, E)

T€eFin
g/ D rme P B

HOmFin(T,S) HOmFin(E,T)

TeFin
~ / P P(T) & Q(E) .

HOmFin(T,S) X Homgi, (E,T)
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Also, we have the following commutative diagram:

P PE)=QE)

Hom(E,S)
LT—E

o 11 @ rmeen—[ & rneor)

T Hom(T,S) Hom(T,S)
xHom(E,T) xHom(E,T)

D rE)2QE) v ,

Hom(E,S)

where ¢ is given by the composition of functions and 1 exists by the universal
property of the coend and the commutativity of the following diagram:

[ @& rmeen==]] @ Po=qE —>/ D PMeQE)

Ty —Ty Hom(T5,S) T Hom(T,S) Homg, (T,5)
X Hom(E,Ty) xHom (E,T) X Hompj, (E,T)

I @y PE)eQE) <

Hom(E,S)

which gives us the natural isomorphism

TeFin
/ P rPMmeer= @ PE QE nd(POQ)E).

Homgin (T,S) Hom(E,S)
xHomgin (E,T)

O

Corollary 4.8. Let M be a reduced &S-module. We have the following natural
isomorphism of &-bimodules Tr(Ind(M)) = Ind(T(M)) where T is the free

unitary associative monoid for the product 1.

Corollary 4.9. The functor Res : (&- bimod;*? 0) = (8- mod;*? ,0) is Laa-
monoidal.

Proof. By adjunction of functors Ind and Res, and Proposition 4.5. O
Remark 4.10. The functor Res is not strongly monoidal with respect to 0. For
example, if we consider P and @, the G-bimodules defined by

|k if |[S|=1and |E|=1 or 2
P(5, B) = { 0 otherwise

and
|k if|[E|]=1and |S|=1or 2
Q(S, E) = { 0 otherwise

then Res(P O Q)({*}, {*}) = k* and (ResP O ResQ) ({*}, {x}) = k.
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Remark 4.11. We have the monoidal adjunction
Ind : (&-modi?®,0) = (&-bimod;*®, ) : Res.
The functor Ind is also compatible with the concatenation product.
Proposition 4.12. The functor of induction
Ind : (&-modi*?, @°°"¢) — (&S-bimod}*?, @°°n°)
s symmetric monoidal.

Proof. Let P and @ be two reduced G-modules and S and F be two finite sets. We
have the isomorphisms of chain conplexes:

(IndP ©*"° IndQ) (S, E) = P ) P(J1) ® Q(J2)

(I,7)EYS (S, E) Homgin (J1,11) X Homgin (J2,12)

D P PURQ)

JEJ’S’“(E) HOmFin(JlL[Jz,S)
=~ Ind(P @™ Q)(S, E).

1

O

Proposition 4.13. The functor Res : (G—bimod}fd, ®°one) — (G-mod}fd,@)wnc) is
Laz-monotdal.

Proof. Let P and @ be two G-bimodules. We have the natural injections
JI Homeiner (Iy 11 I, —) ® ResP(I1) ® ResQ(I)

1eY5"(-)
= [] Hompner(h 1y, )@ P(I1, 1) ® Q(I2, I)
Ieys (-)
— H Hompginxfiner (I 1 Iy, I 11 I5), A(=)) @ P(I1, 1) ® Q(I2, I)
Ieys (-)

— H Hompinxrinor (11 U Iz, J1 11 J2), A(=)) ® P(I1, J1) @ Q(I2, J2)
(I,J)eYs (-)

which imply the following natural injection
[] Homeiner (I 11 15, —) @ ResP(I1) ® ResQ(I2) < Res(P @™ Q).
1eysr(-)
Also, we have the following commutative diagram

Hom,:inop (Jl 1T JQ, —) ® RGSP(Il) ® RGSQ(IQ)

11%(]1.,]2*%]2

I Homgier (I; I Iz, —) @ ResP(I1) ® ResQ(I2)———— Res(P ®°°™ Q)
1€V5(-) S

i

(ResP) @ (ResQ)
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so, by the universal property of the coend, we have the natural morphism
ResP ®°°"° Res@ — Res(P ®°°"° Q).

O

Remark 4.14. The functor Res is not strongly monoidal with respect to ®<"c.
Indeed, if we consider P and @), the &-bimodules defined by

[ k if|E|=2and |S|=1;
P(S,E) = { 0 otherwise

and

_J k if|S|=2and |[E|=1;
QS E) = { 0 otherwise

)

then ResP ®°°"° Res@ = 0, while Res(P ®°"¢ Q)(S) = k if the cardinal of S is 3.
We have the following compatibility between functors S(—) and Ind(—).

Proposition 4.15. Let P be a reduced &-module. Then, we have the natural
isomorphism of reduced S-bimodules:

Ind(S(P)) = S(Ind(P)).

Proof. The functor Ind commutes with the concatenation product ®°"°¢ and is
compatible with the symmetry, by Proposition 4.12. We conclude by the exactness
of the functor Ind. O

One of the most important properties of the functor Ind is that it is compatible
with connected composition products.

Theorem 4.16. The functor
Ind : (&-mod;’®, ®.) — (&-bimod; ™, ®Y™)

18 monoidal.

Proof. Let S and E be two finite sets, then (Ind Ix)(S, E) = k if |S| = 1 = |E| and
0 otherwise. Then, the functor Ind respect the unit. Let V' and W be two reduced
G-modules and S and E be two finite sets.

(Indv Vel IndW) (S, E)

- D P ®1ndV(Ia,K;)g@n (%) IndW (K7, J5)

neN* ({I,K'} {K",J}) @
exmeonn (5 k)

=d D O D vEne® D Wi

neN* ({I,K’'}{K",J}) o« Hompn(K,,Is) Sn B Homgin(Jg,KY)
exmeonn (g gy
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Note that the right side is non zero if and only if I, = K/, for all « and Kg =
for all 8. This implies that (IndV X, IndW)(S, E) = 0 if |S| # |E|.
(Indv R Val IndW) (S, E)

“@® @ O ®vEns Wi
"B

neN* ({I,K'} {K",J}) [, Homein(Kg la) @
Exn’ccnn(S7E) X HB HomFin(Jﬂng

= D S D QVEDE QW)
r,5,nEN*  Je€Y,.(S),JEY (E) Homgin([1,7],5) o "B
(K',K")ex™([1,n])  x Hompin(E,[1,n])
Io2K/, K}{2Jg on
= & S D QVED2 QWi
rsmENT  IEY.(S),JEYL(E) Hompn(E,S) o °nop
(K" K")exorm([1,n])
I.~K[ Kg=Jg
= D D %) QVE) & QW(Js)
Homen (E,S) msmneN*  Ie€Y,(S),JeY.(E) o on B
(K, K'")ex o ([1,n])
I.~K] Kj>~Jg
= D D D Vg KW
Homgin(E,S) m,s€N* (I,])EXsom(E) « cnoog

1

Ind (V &, W)(S, E).
O

Corollary 4.17. The functor Res : (G—bimod’;fd, Xyal) —s (G—mod};ed, X.) is Laz-
monoidal.

Proof. By the Proposition 4.5. O

5. PROTOPERADS
In this section, we study monoids in the monoidal category (G—mod}fd, X, In).

Definition 5.1 (Protoperad). A protoperad is an unital monoid (P, u,n) in the
monoidal category (&-mod}*®,,): we note by

protoperads;, := U.As(S-modi*?, K., I),
the category of protoperads.
Proposition 5.2. The functor Ind induces the functor
Ind : protoperads;, — properads;,,.

Proof. By the Theorem 4.16. O

Remark 5.3. There exists the notion of prop which is more general than the notion
of properad: a prop is an object of the category
props;, := UAs (Com(G—bimodk, ®en), 0O, ID),

i.e. a 6-bimodule with two products, a horizontal and a vertical ones, which satisfy
the interchanging law (see [Mar08]). A natural question is the following: what
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structure puts on a G-module P such that Ind(P) is a prop? As the functor Ind is
monoidal for [ and ®°"°, it induces the functor

Ind : protops;, := UAs (Com(G—mod, ®One), D,ID) — propsy,.
We also have the dual notion.

Definition 5.4 (Coprotoperad). A coprotoperad is a co-unital comonoid (Q, A, €)
in the monoidal category (G—mod’;fd, X, Ix): we note coprotoperads,,, the category
cold As(S-mod;*?, K., Iq) of coprotoperads.

Notation 5.5. We note G-mod§’, the category Func(Fin°?, Ch%"), where Ch%' is the
category of chain complexes with an N-grading called the weight. All the previous
constructions extend naturally to graded G-modules. Remark that this grading
does not imply Koszul signs: the symmetry of the monoidal category Ch%' is given,
for C and D, two weight graded chain complexes, by
TC,D - cC®D — D®C
cowd +— (=1)ldldgge
where, for ¢, an homogeneous element of C, |¢| is its homological degree.

Definition 5.6 ((Connected) Weight graded protoperad/coprotoperad). A prot-
operad (resp. coprotoperad) P is weight graded if P is a monoid (resp. comonoid)
in the category 6-mod2€d’gr for the product X.. We denote this grading by P =
Dien Pl We say that a weight graded (co)protoperad P = Dicn Pl is connected
it POl =~ 1.

5.1. Partial compositions. One can describe (cf. [LV12, Sect. 5.3.4]) the operad

structure on a G-module O just by giving the partial compositions maps oy :
O(S) ® O(R) - O(RII S\{s}). We have a similar property for protoperads

Definition 5.7 (Partial compositions). Let P be a reduced G-module equipped
with a morphism of &-modules € : Iig < P. Let M, N and S be three non-empty
finite sets, with two diagrams of injections as follows:

= (i: M= S« N:j)and p®:= (j: N S+ M :4)
and such that

(5) { im(i) Uim(j) =S8

im(i) Nim(j) # @
We say that P has a partial composition system if, for all diagrams ¢, we have a
morphism of chain complexes

9 P(M)® P(N) — P(S),
compatible with the action of Aut(S), i.e. for all o € Aut(S) with
o= (i/ : M =0 (i(M)) = S« o(j(N)) = N": j/)
we have the commutative diagram

P(o|m)®P(o|N)

(6) P(M) @ P(N) = P(M') @ P(N')
| |
P(S) P(S) ;

P(o)
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and which satisfies the following compatibility properties, for all commutative dia-
gram of injections

M N U
NPT N T
R\ /S
1
T
with &, := M — T + S and £g := R — T < U, such that the four pairs of arrows

v, 1, &1, and Eg satisfy the Equation (5). The partial composition satisfies the three
associativity axioms:

Axiom H: (:;]:1 )

1®o
P

P(M)® P(N)® P(U) ——— = P(M) ® P(S)

(e}
o1 I

P(R) ® P(U) 5 P(T) ;
Axiom V: (2=
(e®1)(1®7)
P(N)@ P(M)® P(U) P(S)® P(M)
(ng@li ls‘ogp
P(R) ® P(U) 5 P(T) ;
Axiom A: (&2)
1® .
P(M)® P(U)® P(N) —" = P(M) ® P(S)
(eg)en | I
P(U)® P(R) - P(T).

The partial products also satisfy the following unital property for all dia-
grams of the form

L= (i:{*}%M&M:id),
we have commutative diagrams

e®id
—>

Ig({}) @ P(M) P({x}) @ P(M)

2

P(M)

1R

and
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Proposition 5.8. A protoperad P has canonically a partial compositions system.
Conversely, a partial compositions system on a &-module P canonically extends to
a protoperad structure.

Proof. Let (P, ) be a monoid in the category (G—mod’;fd, X.,Ix). By the grading
of X, which is implied by the analycity of K. (cf. Lemma 2.9), the restriction of
the product p to (P K. P)?)*P gives us directly all the partial compositions o and

the associativity and the unit of the product imply all diagrams of the deﬁrfition
hold.

Conversely, let P be a reduced &-module, with an injection of G-modules Iy —
P and a partial composition system. By the associativity of partial compositions g

for P, we define, for all K € Y2'(S), L € Yor(S) with K(K, L) = {S}, a morphism
i Q) PE:) @ Q) P(L;) — P(S).
i=1 j=1

The compatibility of the partial compositions with the action of the automorphism
group of the target (cf. Equation (6)) implies that the following morphism

ZﬂK,L : @ ®P(Ka(i)) ®®P(Lr(j)) — P(5)
j=1

(0,7)EGC,, XG,, i=1

passes to the quotient

fis T Q) P(Ka) @ Q) P(Lg) — P(S),

(K,L)exeonn(S) ac A BeB

which gives us a natural transformation p : P X. P — P. This natural transfor-
mation makes P a unital associative monoid in X, because the partial products
satisfy the associativity and unital axioms. (I

Vallette’s works[Val09] gives us the construction of the free (co)monoid in a
abelian monoidal category as (G—mod}fd, X, Ix). We briefly review this construc-

tion in the next section.

5.2. Free monoid in abelian monoidal categories. We briefly recall the con-
struction of the free monoid .% (—) by Vallette in [Val03] for general abelian monoidal
category and [Val09].

Let (A, ®, I) be an abelian monoidal category such that, for all objects A in A, the
endofunctors of A R4 and Ly, given by Ra(M) =M ©@ Aand Ly(M) =AM
for all object M € A, preserve reflexive coequalizors and sequential colimits (cf.
[Val09]). Fix an object V in the category A. We consider the augmented object
Vi :=1&V and we denote by ny : I — V., the injection of I in Vi ey : Vi — I,
the projection of V to I; iy : V — Vi, the injection of V into V,:

I <M Tav sy
\I

For all natural numbers n, we denote V,, := (V)" and \q : T® A 5 A and
pa: AOT = A, the structure isomorphisms of the monoidal category (A, ®,I).
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The injection 7y induces degeneracy morphisms ny; : V,, = Vy41: for all integers
1 < i< n, we have

v s (Vi)® @ T (V)00 B0 (V)01 6 (1) © (V)0

We define the morphism 7 : V' — V5 as the following composition:

L IAVIe(eV) =T,

nv Qiv —iv Onv

Ve~ (JeoV)e(Vol)
)\ +py

For two objects A and B in A, we define the object A® (V. & V2)® B as the cokernel

of

A@ZV2
A@VQQB—>A®(V@V2)®B

where iy, is the canonical injection Va2 — V@Va. By [Val03, Cor. 4], AO(V&V,)OB
is also the kernel of

AO7my,®B
AO(Vaelh)eB—2" > A0V 0o B,

where 7y, is the projection V & Vo — Va. So, the object A® (V. @& V2) ® B can be
considered as a subobject of A® (V @ V2) ® B. We define:

— R4, p as the image of the composition

A@(T+idv2 )@B

Ao (Ve V)0 B——= A0 (VaVs)®B AGVL0 B
— IN/n as the cokernel of
n—2
(7) @RVI-,V"7F2 — Vn.
i=0

By [Val09, Lem. 4], the morphisms ny,; : V5, = Vi41, for ¢ in [1,n + 1], induce the
same morphism on the quotient:

ﬁv : Vn — ‘7"+1.

Definition 5.9 (The object % (V') — [Val09, Sect. 3]). Let V be an element of the
category A. The object F (V) associated to V, is the sequential colimit:

VQ—I—>V1 ‘72 nv nv ‘771 nv

\ \ \jv2 jv/
2 e
x F(V) := ColimV,.

neN

Proposition 5.10 (see [Val09]). Let V be an object of the category A. The free
monoid (resp. cofree comonoid) on'V is (F(V),un) (resp. (F(V),A)).

Proposition 5.11. Let (C,Oc, Ic) and (D, ®p, Ip) be two abelian monoidal cate-
gories which admit sequential colimits and such that the monoidal product preserves
sequential colimits and reflexive coequalizors. Let G : C — D be a monoidal functor
which commutes with colimits. Then G commutes with the free monoids, i.e. we
have the natural equivalence

G(#e(-) = Fp(G(-)).
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Proof. Let V be an object of C. By hypothesis, the functor G commutes with
colimits, in particular, with coproducts: so we have

GVi)=G(V)aGc) =G(V)a b =G(V)+

and, as G is monoidal, we have that, for all integers n, G(V;,) = G(V),. Since G
preserves cokernels, for all objects A and B in the category A, we have

G(RA,B) = Raa),a(B)

and, for all integers n, G(V,,) = G(V),, Finally, as G commutes with colimits, we
have
G(F(V)) = Fo(G(V)).
O

5.3. A first description of the free protoperad. We use the results of the
previous section to describe the free protoperad .% (V') over a G-module V. This
first is not very explicit, in the sense that the underlying combinatorics is hidden
by the formalism. Remark 5.19 and Section 1.2 will remedy this problem.

To a partition K of a finite set S, i.e. K is an element of )(S) (see Section 1.3), we
associate the non-ordered set T'(K') which labelled this partition: S & HQGF(K) K,.
Recall that the functor S(—) is non-unitary and satisfies the exponential property
(cf. Equation (4)): then, for two G-modules Vi and Vs, we have the following
isomorphism of G-modules:

S(Vi @ Vo) = S(V1) & 8(V2) & S(V1) @ S(Va).

Notation 5.12. Let V be a &-module, we denote by the exponent (—)y, the
weight-grading by the number of terms V.

The functor S(—) is split analytic (cf. [Val03, Val09] for the definition of split
analytic functor), so that, for three G-modules Vi, Vo and V3, we have the weight-
bigrading:

S(V1 @ Vo) OS(V3) = SV OSV3 @ SV2 OSVs & (SV; @°°"° SVa) O SV3
P sviOsv; eV, OSVs @ (S'V; @™ §7V) OSVs
i,jEN*
72? @ (S(Vvl ® Vv2) O S(%))(l)vl W) vy
i,jEN*
by the bi-additivity of the bifunctors —[J— and — ®°°"¢ —

This bigrading induces, via the injection (Vi & V) K. V3 — S(V; @ Vo) O S(V3)
(cf. Proposition 2.11), the bigrading by weight of V4 and V5 on (V1 @ V2) K, V3
which is denoted by

ViV B Vs = @D (Vi@ V)R 1),
i,J EN*

Il

By the symmetry of the product K., we also have the bigrading
VB, (Vi@ Ve) = @D (VaRe (Vi @ Vo))",
i,jEN*

and we denote ((V; @ Vz) K. V3)(j)v2 =@ (Vi ® Vo) K, Vg,)(i)vl’(j)VQ.
iEN*
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Remark 5.13. These gradings are natural: they arise from the split analytic
property of the bifunctor — X, —.

Remark 5.14. In [MV09a] and [Val03], for two &-bimodules M and P, the weight
grading on M is denoted by

M K. P.
~~

T

As the functor Ind is monoidal and commutes with the direct sum, we have

Ind(((Vi ® Va) B, V3)"V2) = (Ind(V4) ® Ind(V2)) K. Ind(V3).
N—_——

T

As we have seen in Section 5.2, the construction of the free monoid generated by a
G-module V is based on the formal addition of the unit Iy to V. We consider the G-
module Vi = V@ Iy, so that Vi (S) = V(S) for |S]| # 1 and Vi ({*}) = V({*}) k.
We also need the weight bigrading of the G-module V; K. W, given by the weight
grading on V and the weight grading on W. For all finite sets S, this bigrading
allows us to write the product V; K. W, (S) as a direct sum of terms with 4 copies
of V and j copies of W. More precisely, the &-module S(V,) O S(W,) is bigraded
by weights in V' and W, and, via the injection

V+ X, W+ — S(VJr X. W+) S(V+) [l S(W+),

(2?1)

the G-module V4 X, W, naturally inherits a weight bigrading in V' and W. To
express Vi K. W, (S) as a sum of terms indexed by the bigrading, we require the
following notation.

Notation 5.15. Recall that, for all non-empty set S and for all pairs (I,J) in
S*(S), by definition, we have that I and J are also non-empty; we note:

not

2T (S) = Y5 (S) u{(S,2), (2, 5)}.

For a non-ordered partition K € Y, (S) with n terms, we want to distinguish the
components of V' and these with the unit I in @,cp ) V4 (Ka) (Where I'(K)
is the non-ordered set labeling the partition K). So, we introduce the following
functor:

—

Qe gy : T(K) — Chy,

where ITI?) is the discrete category on the set I'(K). For each (RE, RK) in

Vs"H(D(K)), the functor QXRK ricy associates, for all K, with a in I'(K), a chain
1272

complex as follows:

v [ V(Ka) ifaeRE
Qg mxe) (Ka) = { In(Ka) ifae RE

Remark that, for a in RE such that |K,| > 2, the complex QE/R (Kq) is zero.

R
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So we decompose Vi K. W, as follow: for a finite set S, we have

Ve B W, (S) = (V& In) R, (W & In))(S)

2.8
= P QR Veln)(K.)® K (W la)(L)
(K,L)yeXxconn(S) ael'(K) BE(L)
= SY) 0 Q(RK rio)(Ke) © Q) Dy s (L)
(K,L)yexcr®(S) ael(K Be(L)

(R, R5)EVE™H(D(K))
(RY.Ry)€Vs"(T(L))

We collect terms by the number of copies of V' and W, then the Aut(S)-module
Vi W, W (S) is isomorphic to

@ @ ® D RK) ® Q(RL RL)(Lﬁ)
(r,s)eN®  (RE RIHeys T (D(K))o€l(K) Be(L)
(CL)EX™(S) (RY ,RE )€V (D(L))
|R{ |=r,| R} |=s

2In(S) e W(S) e V(S)
B B ®ViE)e QWL
(r,s)€(N*)? ((R*,R5),(R{,Ry))€E K, LaER] BERT
(K,L)exem"(S) |RE|=r,|RE|=5
where

- K i o o). (VSTCENUT(K),2)) | VB € RE | |Kg| =1,
SKL {((Rl RO R € < (v r@)urL),e) | VB € RE,|Lgl=1 [~

which gives us the bigrading. This last isomorphism is given by distinguishing
terms arising from the injections Ixg X, W — VL K. W, VX, Ig — V; K. W, and
I R, Ixg — V. K. W,. This gives the following.

Lemma 5.16. The isomorphism of Aut(S)-modules between Vi K. W, (S) and

@ @ ® Q(; (R RK) ® Q(RL RL)(LB)

(r,s)E(N)?  (RE,RE)eys"* (T (K))x€N(K) BET(L)
(FL)EXTUSE) (RY RY)ews™* (P(L))
|Ry* |=r,| Ry |=s
gives the bigrading of Vi K. W (S) = EB(ns)eNQ (Vi B, W)W where, for
integers r and s in N*, the term (V. B, W, )"v-(5)w (8) s isomorphic to

S, D X VE)® Q) W(Ls)

(K, LyeXxeonn(S) ((Rf,R5),(R{,Ry))€Ek, ®ERT BERT
|R{ |=r,|RT |=5

with

T o= i on oy (T EEO)UTK)2) | VB € RY,|Kg| =1,
=KL ¢ {((Rl Ry ), (Ry,R3 ))E X(ygr(F(L))U(F(L),g)) VB e R%, |Lﬁ| -1 )
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P (Vi B W) Ov- (I () 2 (V, B W, ) OV W (8) = T(S) ;
seN*
P vy 8 w)v-Ow(g) = (v ® W) WVOw (8) = V(S) and
reN*

(Vi B W) Ov- 0w (8) = Ig(5).

We describe (V, K. W, )Mv.(Ww explicitly.

Proposition 5.17 (Case of (V, K, W )Wv-(Ow) Let V and W be two reduced
G&-modules. For all finite sets S, we have the following isomorphism:

(Vi B Wy )W w(gy = @ V(K) @ W(L).
K,LCS
KuUuL=S
KNL#Z

Proof. The Aut(S)-module (V, &, W, )Mv:(Ww (8) is isomorphic to

D D @ Qe nse)(Ka) @ Q) Qliep gy (L)
(K, L)yexeonn(S) (RIC RE)Yeysm T (D(K))xel (K) BeT(L)
(RY\Ry)EVS™(T(L))
|R{ |=1,| R |=1

&b V(K,) @ W (L)

(K,L)GXCOI)H(S)
Ja€A,beB|Vael' (K)\{a},B€T(L)\{b}
Ko{+}~Lgs
since, if there exists o in A\{a} such that K, % {x}, then Ig(K,) = 0; likewise,

for B\{b}. Finally, we rewrite (V. K, W, )Mv:(Dw (8) as follows:

(Vi R W) DV w(s) = B V(K) @ W(L).

K,LCS
KUL=S
KAL£D

1%

O

When we take V' = W, the bigrading of V; K. W, induces a weight grading of
Vi K. V4. for a finite set S, we have V; K. V. (S), which is isomorphic to

@ @ ® Q(; (R RK) ® Q(RL RL)(LB)

Nt o (RIRE)eyy T (r(K)) a€l(K) Ber(L)
(K, L)eX (S) (RE,RLYeye™+ (D(L))
IR |+ RT |=p

> In(S) & V(S) ® Q) In(x) & X) I (x) @ V(S)
S S

VLR V) DV (S)

v P b P QR VK. ® Q) V(Ls)

peN\{0,1} (K,L)eXxconn(S) (REK RE) (REF,RY))eEk, aeRK BERE
|R{|+|RY |=p

VR V)PV (8)

where we recall that Zg 1 := { (R, RY), (R, RY)) € (V$"(T'(K))U(I'(K),2)) x
(V" (T(L)) U (T(L),2))|VB € RY,|Ks| = 1,V8 € RY,|Lg| = 1}. More generally,
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the G-module Vj, := (V,)®" is weight-graded in V; for all finite set S, we have

def n

Va(S) = (V)=en(s)

= @ ® DRII le Jl ® ® DRJn RJ’Vl )
(J',.. JEVT(S) ael(Jt) a€cl(J™)

K= (. JM)=8
1 1 n n
((R{" R, (R]"RI™M))
€llicpi.ng Yt (IIn)

~P P X Q(VRflyRé,l)(J;)@...@ & Qs gy ()

PEN (gt meyn(Ss) ael(Jh) a€el(Jm)

€lLicqin Y5 H (T(IY)
n Ji
i=1 |R1] [=p

and, if we note by V)V the following:

P P QR Vi e..e K V(I

eltmd (R RT.. ,<R1 SEANES St acR{"
{r1,.. ,Tz}Cﬂl "]] €Eym
r1<re<.. 7
T = SO m\R{ |=r
’Cl 1(Jr1. ,JT)=8

,,,,,,

where the set Z( ;1 jny is the following

((R{",RY),.... (R{", R]"))
€ [Liepn 8" (T(T7)) U(T(J),2))

then we have

Vi € [1,n],Vp3 € Réjiv |Jé| = 1} ’

Vo (8) =2 Ig(S) @ Vv,
The isomorphisms Ay : Ig X,V — and py : V K. Iy — V preserve the grading
because V X, Ig = (V K. Ig)(l)‘/, and preserve all the constructions which are in
the construction of V,, (cf. Section 5.2), then the grading of V,, carries on V,,. Also,

the injection YN/n < V41 preserves the weight-grading, so, finally, the free monoid
F (V) is weight-graded by the number of copies of V.

Proposition 5.18 (First description of the free protoperad .% (V). Let S be a finite
set and V' be a reduced &-module. We have the isomorphism of chain complezes:

F(V)(S)2Ian(S) e P P KRKvuhe.e Q) VI,

nENT (S SEVH () E 1 mya€ R acR{"
KL=NJ,..,J™)=8

,,,,,,

. B Jit1
(7" R{). (R R)) Vﬂiﬁulﬂ’w_ef o
8 aER{L @

€icp.ng (V85 @CIHUTI).2))

(1R

(1, dm) =
Vie[1,n],YBERy | T}|=1

Moreover, the free protoperad is weight-graded:

F(V) = @g‘(ﬂ)(v

peN
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with F O (V) = Ig(V) and, for all integers p in N*, the p-weighted part F)(V)(S)
is isomorphic to:

) ) ) QR Vi e...e Q V(L.

neN- (Jll Jn ey” (S) -:(Jl lllll ‘]n) QGR’ OZERlJn
K% (11 ..... JM=8

Proof. This isomorphism corresponds to the choice of a representative for the quo-
tient V,, — V,,, as we will see below. We define the morphism 7 : V' — V5 as the
following composition:

Ve RRVOVE. g~ (g O V)R, (g & V) = Vi
Ay +pV nX¥ciyv —ivXen

with 1 : Ix — Ig @ V, which appears in the definition of R4 p for all reduced G-
modules A and B: the &-module R4, p is defined as the image of the composition:

LA,B Agc(‘r-‘ridvz)ch
R SO

AR, (V& V3) K. B <28 AR, (V& Vh) K. B AR, V2R, B .

We also define the G-module ‘7n as the cokernel of the morphism

n—2
@ R‘/iyvnfi—2 V.
=0

The quotient ‘7n corresponds to the identification of the images of morphisms
(id% |Z|CT]|EC7;V |Z|c ian,i,g) OLV; Vy_i_o and (ld% @CZ’V @cngc ian,i,g) OLV; Vi_i_a»
for all i € [1,n], in V;,. We choose to identify each class of V,, with an element of
the image of X;e[o,—of (idv, Men e iy Reidy, _,_,) o tv;,v,_,_,. Then, for all finite
sets S, we have

’i=D D DO ® vae

heltn] (J1,...J")eV"(S)E ;1 jnyaeR{’
thl(‘]l) 7Jh):S

® Q) V(I ®®I ®...0 QI
S

aGR’h

n—h terms

where
vie[l,h—1],v8eRr] T,
1 1 h h
5 ((R{"RIM...(rR]" .RI") T 1 T4
S(JL,. L Jh) = , _
( ) e (V85 @UNHUTT).2)) acr{

vie[1,h],¥BeR] |} |=1
Then, for all integers n > 1, we have

Vo(S) 2 V1 (S) @ ) P &R vuhe..e @ VUL,

(J',.., JMEY™ (S)-—‘(jl ]n)OtGR’ aeR{"™
KNI, J™)=8

,,,,,,

which exactly describes the injections ‘N/n,l — 17" [l
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Remark 5.19 (Description of # @) (V). We have the isomorphism
(Vi R V)@V 2= (Vy B, V) DV v,

then, by Proposition 5.17 and Proposition 5.18, we have an explicit description of
the sub-G-module of weight 2 of the free protoperad:

FOWV)=2 B V(K)o V(L)
K,LCS

KUL=5
KAL£Z

By the definition of the free monoid in (G—mod}fd, X, Ix), the following propo-

sition and corollary follow from Proposition 5.11 and [Val03, Prop. 28|. Thereby,
the functor Ind sends a protoperad defined by generators G and relations R to a
properad defined by generators Ind(G) and relations Ind(R)

Proposition 5.20. (1) The functor Ind commutes with the functors F and
FVal e

FVel(Ind(-)) = Ind(Z(-)),

where F V& is the functor of free properad (see [Val03, Val07]).
(2) Let V be a reduced &-module and R be a sub-&-module of the free monoid
F(V). Then, we have the isomorphism:

Ind(ﬂ(V) /<R>) ~ 7 (Ind(V)) / (Ind(R)).

Proof. This follows from Theorem 4.16, Proposition 4.4, [Val03, Prop. 28] and the
construction of the free monoid O

We have seen that the description of the free protoperad is rather complicated, so
we prefer a combinatorial description generalizing the identification of Remark 5.19.
This is the purpose of the next subsection.

5.4. Combinatorial version of the free protoperad. We begin by defining the
category (Fin®”)yyer which has for objects the pairs (S, ) with S, a finite set and x
an element of W' (S). A morphism from (S, ) to (T,y) is a morphism ¢ : S — T
in the category Fin°? such that W2"(¢)(z) = y. We have the two canonical functors:
— the functor For : (Finop)Wgr — (Fin®P)*n is defined, for an object (S, X), by
For, (S, z) = T with  the n-tuple of sets underlying = and, on morphisms,

by Fory(p) = Wy (#);

— the projection functor 7 : (Finop)W — Fin°? defined by 7 (S,z) = S.

Fix a reduced G-module P: by the external product of &-modules, we define the
functor
P*": (Fin®®) ™" — Chy,.
Then, we have the functors
P (Finop)Wgr — Chy,
(S, x) — P*"oFor,(S, )

b

and
pPWi . Fin®  — Chy,
S = Baewg(s) P o Forn(S, 7)



PROTOPERADS I: COMBINATORICS AND DEFINITIONS 43

Finally, for all finite sets .S, we have

szr(s): @ PK1)®...® P(K,) .
((K1,~~~7K71)7§)€W3r(s)

The free action of &,, on P*™ acts on P"» | by the symmetry of (Chg, ®, ): then,
we obtain the functor

(PY) o (S) = ( D PK)®...® P(Kn))

(K1 Kn), <) EWEE(S)

~ D ( D P(K}) ®"'®P(K")>Gn

({KG}aEA7§)EWn(S) (Kl """ Kn)e{Ka}aEA

which we denote as follows:

PWn(s) " D &) Pk

({KaYaea <) eWn(s) *€4

The construction works for the functor of connected walls Weonmord  which gives
us the functor

P (S) = T Q) P(K.

({KaYaca,<)ewgen (s) >4

We define the partial composition product. Let ¢ be a diagram of injections ¢ :
S — R« T :j with im(4) Nim(j) # @ and im(i) Uim(j) = R. We have, by
Proposition 1.8, the morphism

PWn(S) @ PVi (T) = ( @ P(K))®... ®P(Km))
((Kh...,Km),éK)eWs,{(S)
® ( D P(L) ... ®P(Ln))
((L17~~~;Ln);<L)EW3r(T)
=~ &b PKi)®...0 P(Kp) @ P(L1) ®...® P(Ly,)

(B Kom) < i) EWE(S)
( Ll; 7Ln) gL EWST(T)
— &b P(K1)®...0 P(Km) ® P(L1) ®...® P(Ly,),

()oK,

H(E1)end (L)), <IE))
cwer (R)

m-+n

where gj((?) is defined as follows: we have on Ugi(K,) (resp. Upj(Lp)) the par-
tial order <;(k) (resp.<j(r)) induced by that of K (resp. L), ie. i(K,) gj((K))

i(Ky) if Ko <x Ky (vesp. j(La) <i) d(Ly) if Lo <y Ly) which gives to
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(K1,...,Km,L1,...,Ly), the order gj((f()), by Lemma 1.3. Thus we have the mor-

phism
PV (S) @ PY(T) — PWrmen(R) = D ) P(H.)
({HoYaea <) EWnmsn(R) @4
which factorizes through PV= (S)® P"V»(T), giving the partial composition product

o: PYVm(8)® PV (T) — PYm+(R).
%]

As im(4) Nim(j) # @, this partial composition product can be restricted to the
connected version: we have the partial composition product

o: PV (8) @ PYVTN(T) — PV (R).

o]
These partial products make PV = 1L, PWa™ | a protoperad by Proposi-
tion 5.8.

Theorem 5.21 (Description of the free protoperad). Let V' be a reduced &-module
and p be an integer in N*. We have, for all finite sets S, the isomorphism of (right)

Aut(S)-modules
FrVIS) 2 P QRVIK

({Ka}Yaca,<)a€A
6VV(‘,omn(S)

Proof By Proposition 5.18, for all p in N*, we have the isomorphism

~ (B P QR vihe...e K V(L.

neN* (jl _J ”ey"(s) o o a€R{! a€R{"
’Cn 1(J17 )Jn) n
21 1‘R ‘ =p
with

) Jitl

~ e Jngm vie[l,n—1],VBE€R; s

= _ ((R{" RS, (R]"RI™M)) i i

ST Jn) = or i i “B nHaeRJ’ o7

€llicp.g (V55 CIHUIT(IT).2)) /

vie[1,n] VBeR] | T5|=1

Let (J',...,J") in Y*(S) such that Kg~'(J',...,J") = S and Ej1__jn) # @;
we associate to (J',...,J") the wall W in Wsonn(S) with sets {J!, C S | i €
[1,n], o' € R{"} and the partial order induced by the relations J}, < Jg i JgﬁJg #
g, a € Rfi, B e Ri]j and i < j. So we have the following morphism of Aut(S)-

modules:
o F(V)S)— P Qv
({Wa}aeca,<) a€A
WL ()

Conversely, to a connected wall W = ({W, | o € A}, <) with p bricks, i.e. W is
in Wsern(S), with maxaca (h(Wa)) = n (where h : W — N U {oo} is the height
in the poset W, see Section 1.1), we associate an element (J1,... J") € Y"(S)
such that E(Jl)”.“]n) # @ as follows. We construct partitions J* as the sets {W,: €
W | 5(W,) = i}, extended to a partition by singletons: so we have

J =W e W[ h(W,) =i} I {{s}|s¢ EWM} ={Js|BeB=T(J")}
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and the decomposition (R]",R{") € Y5 (T(J%))U(L(J*), @) is given by the definition
of J*:
5e { R{' if Jy € {Wa € W | §(Wa) =i},
RJ"  otherwise.
The connectedness of the wall W implies that the element (J*, ..., J") also satisfies
the property of connectedness
Ke t(Jh ..., J") = S.
Finally, we have the following morphism of Aut(.S)-modules :

v: P QRQVW.) — FV)(S)

{Waltaca,<) a€A
conn
eweenn(s)

which satisfies ® o ¥ = id and ¥ o ® = id. O

6. COLOURS ON WALLS

In this section, we associate to a wall W in W""  a chain complex, called the
colouring complex: it is determined by the combinatorics of the wall W. This is a
combinatorical introduction to some results of [Ler18]: the colouring complex of a
connected wall W over S encodes a part of the differential of the bar construction
of a free protoperad (see [Lerl8, Sect. 2]).

6.1. Coloured bricks. In this subsection, we define the notion of a colouring of a
wall: throughout this section, we consider S, a non-empty finite set.

Definition 6.1 (Colouring). Let (W, <w ) in W(S) be a wall over S. A (connected)
C-colouring of W is a surjective morphism of sets ¢ : W — C, where C' is called
the set of colours, satisfying the following assertions:

(1) the binary relation <, induced on C by the partial order of W, defined, for
all ¢1,co in C, by
1 Sy o if 3k € 0 1 (c1), ko € o (co) such that ky <y ko;
is a partial order;

(2) the fibers of ¢ are connected, i.e. for each colour ¢ in C, the set p~1(c)
belongs to Werr(S,.) with S, := UWaega’l(c) W,.

We denote by Succ(p) or Succ(C) the set of successive colours. Two colouring
o : W — Cand ¢ : W — D of a wall W are isomorphic if there exists an
isomorphism of posets @ : (C,<,) — (D, <y) such that the following diagram

commutes:

o

C ———D
We denote by Col(WW) the set of isomorphism classes of colourings of W:
Col(W) :={¢: W — C|p a colouring} /=,
which is graded by the number of colours:

Cols( H Col,( with Col,, ( = {p € Col(W) | [p(W)| =n}.

neN*
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Remark 6.2. (1) As any colouring ¢ : W — C' is a surjective map, for any
colour ¢ in O, the set of C-coloured bricks is non empty, i.e. ¢~*(c) # @.
Furthermore, as W is a wall over S, i.e. W € W(S), we have |J . Sc = S
with

Se = U We.
Wa€p~1(c)
(2) Coljw|(W) is reduced to a unique element.
(3) If n > |W]|, then Col,, (W) = @, as in example 6.3.
(4) Let W be a non-connected wall over S. The decomposition into connected
parts (cf. proposition 1.13) of W = W' II... I W' implies that we have
the following graded product:

l
Cols (W) = [ Cola(W").
i=1

Example 6.3 (Top-colouring). For any wall W, the identity morphism W — W
defines the top-colouring, in which each brick of W has a different colour. For
example, we represent the top-colouring of the following wall

1
11
by the coloured diagram:
L]

|
Example 6.4 (Bot-colouring). For any connected wall, the projection to a point
W — {x} defines a colouring called the bot-colouring, denoted by boty,, which
colours all the bricks of W the same colour; for example, we represent diagrammat-
ically the bot-colouring of the previous wall by:

|

I .
If W e W(S) is a non connected wall over S, then, by the proposition 1.13, we have
its decomposition in connected component W' II...II W™, and the bot-colouring
of W, also denoted by boty, is given by botw = botw, LI ... 1l botw, ; for example:

| [

I . e

Non-example 6.5. We consider the wall W = {W,, W,,, W, Wy} in W ([1,4])
over S = [1,4] with

W, ={1,2}, W, = {3,4}, W, = {2,3} and Wy = {1,4}

and the partial order given by W, < W,, W, < Wy, Wy, < W, and W, < Wy. We
consider the surjective map f : W — {w, b} which maps W, and W, to b and W}
and Wy to w: we diagrammatically represent f by
[
However, f does not define a colouring of W, because the binary relation < ¢ induced
by the order of W is not a partial order. For the same reason, the following coloured
diagram:
I

.
[



PROTOPERADS I: COMBINATORICS AND DEFINITIONS 47

is not the diagram of a colouring. The diagram
I
11
[

is not the diagram of a colouring, because the white sub-wall is not connected.

Lemma 6.6. Let S be a non-empty finite set, W in W(S), a wall over S and
©: W — C, a colouring of W with Succ(C) # & (which implies |C| > 1). For any
pair (c1 < ¢2) € Succ(C) of successive colours, the composition

w—*sC

, J;z:f
e oy
C/ermes

C:

where 2 identified the two colours c1 and cz2, define a colouring ¢ of W.

Proof. By Proposition 1.2: O

Example 6.7. We consider the wall W with five bricks represented by

I

I | B
I—  —

and the colouring ¢ : W — {w, b, g} (with w for white, g for gray and b for black),
diagrammatically represented by:

3

|
!

with ¢ < b < w. As g and b are two successive colours, ¢ induces a colouring
@ : W — C/4~p with two colours, which is diagrammatically represented by:

|
i

The colouring ¢ induces another colouring @ : W — C'/p~., represented by:
1
e —
I | I
On the other hand, as G and W are not successive, the map @ : W — C/ g4, does
not define a colouring of W: the diagram

1
-
C——

is not a colouring diagram.

Lemma 6.8. Let S be a non-empty finite set, W in W(S) a wall (resp. W in
Wweern(S) q connected wall) over S and ¢ : W — C a colouring of W. We note
~e, the equivalence relation of W induced by ¢, i.e. for k and l, two elements
of W, we have k ~y 1 if p(k) = @(l). Then W/, is a wall (resp. W/~ is a

connected wall) over S.

Proof. By Proposition 1.2 and the definition of a colouring. (I
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6.2. The colouring complex.

Definition/Proposition 6.9. Consider (S, <g), a finite totally ordered set: for
a wall (W, <w ) in W(S) over S, we can extend as follows the partial order <y
to a total order <y, on W, induced by that of S. For W, and W}, in W, we have
Wa <w Wy, if:

— WonNWy # @ and W, <w W (because W, "W}, # & implies that W, and
W, are comparable for <y );

— WoNW, =@ and h(W,) <y h(W;) with h(W,,) the height of the brick W,
in the wall W (cf. Section 1.1);

— WoeNWy =@, h(W,) = h(Wp) and min(W,) <g min(Ws).

Let ¢ : W — C be a colouring of W, a wall over S. As the order <y, induces a
partial order <, on C, by definition of a colouring, the total order <y induces a
total order on C' denoted by <.:

€1 =y o if k1 € 0 1 (c1), ka2 € o (co) such that ky < ko;

Lemma 6.10. For a connected wall W in W™ (S) and a colouring ¢ in Col(W),
the set of pairs of successive colours Succ(yp) has a total order <, defined as follows:
for ¢ = (c1,¢2) and d = (d1,ds), two elements of Succ(yp), we have ¢ <, d if

min ., (gfl(cl) U @71(62)) <w minz,, (gp*l(dl) U gpfl(dg)).

By this lemma, we index the projections 7¢ by integers: if (¢ < d) € Succ(yp)
is the i-th element (for the total order <), we note 9; := m¢. Furthermore, we
observe that 0;0; = 0;—10; for all i <y j, as in a semi-simplicial set. However,
we will see (cf.Example 6.14) that the set of colouring of a wall W is not a semi-
simplicial set, but we can still associate a chain complex to the poset of colourings

of a wall.

Definition/Proposition 6.11. Let S be a finite totally ordered set. For a con-
nected wall W over S, the Z-linearization of the graded set Cols (W) gives a chain
complex, called the colouring compler, denoted by CS° (W), where the differential
is given by

W,p)— > (D) Wirloy)
(e<d)€Succ(p)
with
A:=#{zco(W) |z <,dand z # c}
+#{x e (W) | c <,z <y dand (z < d) € Succ(p)} .

Remark 6.12. The condition ¢ <, z <, d implies z # ¢ and = # d: the inequali-
ties are strict.

Proof. We need to prove that 9 0 9°°! = 0. We just need to understand what are

b..d

the signs of terms 727¢ and 7dx? in 90 9°l. We consider two pairs of successive

colours (a < b) <, (¢ < d) for ¢, a colouring of W.

— We start with two pairs of successive colours (a < b) <, (¢ < d) such
that b # d. Then, in the composition 9°°' 0 9°°!, we have the contribution
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(—D)Mabrd 4 (—1)A27d7b | with
=#{z € (W) |z <, d and z # c}
+#{zco(W)|c<pz<,dand (z < d) € Succ(p) }
+#{zeniopW) | <ndop b and x # a}
+#{zeniop(W)|a =rdop T <rdoy, b and (z < b) € Suce(rd o )}
=#{x € (W) |z <, d and z # c}
+#{z € (W) |c<pz <, dand (z < d) € Succ(p) }
+#{z € (W) |z <,band z #a}
+#{z € (W) |a <,z <, band (z <b) € Succ(p)}
and
Ay =#{z € p(W) |z <, band z #a}
+#{z € o(W) | a <,z <, band (z <b) € Succ(p)}
+#{zenlopW) | x«,rgwdandx;éc}
+#{z el op(W) | ¢ <ntop T <mio, d and (z < d) € Suce(w, 0 @)}
=#{z € (W) |z <,band z #a}
+#{z € (W) | a <,z <, band (z <b) € Succ(yp)}
+#{zcpW)|z<,dandz #c} —1
+#{z € (W) |c<pz<,dand (z < d) € Succ(p) }

so the contribution (—1)*7bxd + (—1)*27d7Y is null.
— We consider the case which we have (a < ¢) <, (b < ¢). The contribution
(—l)Alﬂ'CwC + (=1)227¢7¢ have the signs given by:

=#{z € (W) |z <,cand z #b}
+#{z € (W) | b=y z <, cand (z <c) € Succ(yp)}
+#{z emfop(W) | 2 <reop c and x # a}
+#{z emoe(W) | a <rtop T <rtop ¢ and (z < ¢) € Suce(wy o )}
=#{z c (W) |z <,cand x #b}
+#{z € (W) | b=,z <, cand (z < c) € Succ(p) }
+#{zcoW)|z<pcandz#a} —1
+#{zco(W)|a=<,z <, cand (z <c) € Succ(p)} —1
and
Ay =#{z (W) |z <,cand z #b} —1
+#{x € (W) | b=,z <, cand (z < c) € Suce(p) }
+#{zxco(W) |z <, cand z #a}
+#{z e (W) |a=<,z <, cand (z < c) € Suce(yp)}
so the contribution of (—1)A7sn¢ + (—1)227¢7¢ is null.
Then, we have 9°! 0 9! = 0. g
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Lemma 6.13. If W € W(S) is a non connected wall over a totally ordered S, and
WIIL... LI W' is the decomposition in connected component of W, we have

l
el W) = @ W),

=1

Proof. By Remark 6.2 4, and the fact that the functor of linearization preserves
coproducts. ([

Example 6.14. Consider the colouring complex of the wall W € Wen([1,4])

represented by —=5= .

— Coly (W) contains only the top-colouring of W:

o
[— ——

the poset Succ(top), where we denote by <y, its total order, is given by:

Succ(top) = {‘:'_ =tor — top _:]}

where any diagram represent a pair of successive bricks. So, we have the
following three arrows Cols(WW) ——= Col3(W) represented by:
d

|| -’ || [ e || |

— Col3(W) is the set of the following three colourings

[ Jo —] | and s s J
[— —J— [— - [ —Ja—

For each colouring in Cols(W), we have the set of successive colours:

Suce (—_—:]) - {—_— ~< —:]} :

Succ (I:I_—:]) - {I:I_— < _—:]} :
Succ (:_%) - {:._ < _::1]} :

which are given to us the maps from Colg(W) to Cola(W).
— Coly(W) contains the following colourings:

1 [ J— and Commm
[— i [— — T |

As these colourings just have two colours, the sets of successive colours
associated to them are reduced to only one element.
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Finally, we have the complete description of the colouring complex of W:

where the differential is given by the sum of 0; with the sign rule defined above.
We have the following second example:

Theorem 6.15. Let S be a finite totally ordered set and W a wall over S. If the
set Succ(W) is not empty, then the colouring complex CS°Y (W) is acyclic.

Proof. Let S be a totally ordered finite set and W, a wall over S with Succ(W) # @.
We prove the proposition by induction on the number of bricks in W. If W has only
one brick, then the set Succ(W) is empty. If #W = 2 then the complex CS$°/(W)
is as follows:

Ol W) = 0 — ==L % T2 0,
which is acyclic. We suppose, by induction, that, for all wall W over S such that
2 < #W < n and Succ(W) # @, the chain complex CS°(W) is acyclic. If W is
a non-connected wall with n bricks, by Lemma 6.13 and the induction hypothesis,
the chain complex CS°'(W) is acyclic. Now, let W be a connected wall with n

bricks.
We start be treating the exceptional case where W has the following shape:

(8) :
[ k ]
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We consider the sub-complex C§°"*<"* (W) which is isomorphic to CCY(W/ji,)
which is acyclic by induction. So we consider the following short exact sequence:

0 C.C017k<l1 (W) C.COI(W) . C.COI(W)/C.COl’k<h (W) —0;

The chain compleXC.COI(W)/C.COI’k<l1(W) is isomorphic to CS°Y(W\{l1}), so the
term on the right hand side of the exact sequence is also acyclic, so the complex
CSoH W) too.

Now, we suppose that W does not have the exceptional shape Equation (8).
We choose (k < 1) € Succ(W) with h(k) = 1 and we consider the subcomplex

C.COI’(k<l)(W) C CS°Y (W) of colourings ¢ of W such that p(k) = ¢(I). We consider
W/k~t, the poset with (W\{k,1}) U{kUl}, its underlying set with the partial order
induced by the W one: for j € W such that j > k or j > 1 (resp. j < k or j <)
then we have j > (kUI) (resp. j < (kUI)). By the definition of the differential of
the colouring complex, we have the following isomorphism of chain complexes:

C.Col,k<l(W) o~ C.Col (W/k~l) )

As [W/gt| = [W| = 1, then CS°"*<! (W) is acyclic by induction.
We denote by Succy (k), the set {I € W | (k <) € Succ(W)} and we consider

the chain complex
Z CCol,k<l(W)'
leSuccw (k)

By Lemma 6.16 below, this complex is acyclic if, for all non-empty subsets S/Jc/c(k) C
Sucew (k), the complex

ﬂ CCoLk<L (1)
leSucc(k)
is acyclic. Let S/Jc/c(k) be a non-empty subset of Succy (k): we have the isomor-
phism of chain complexes
ﬂ C.Col,k<l(W) ~ C.Col,k<l(W/§H_/CC(k))'

1€Succ(k)

There are two cases: if |W/§Ec/c(k)| = 1, which means that Sflrc/c(k) = Sucew (k)
and so W has the exceptional shape as in Equation (8), which is excluded by the
hypothesis. Otherwise |W/§Ec/c(k)| > 1: in this case, C.COl’k<l(W/§ucvc(k)) is acyclic
by induction.

We consider the complex

C,COI(W)/( Z O.Col,k<l(W)).

leSuccw (k)

which is isomorphic to CS°'(W\{k}). Note that this complex is generally a ®-
product of complexes because W\{k} is not necessarily connected. As we have the
short exact sequence

CCol w
0— ¥ oMWy = cslw) — . (Col 3«<z
leSuccw (k) Z C‘ , (W)
leSucew (k)

-0 ,

with the left and the right hand sides acyclic, the complex CS° (W) is too. O
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Lemma 6.16 (Algebraic Mayer-Vietoris). (1) Let A and B be acyclic chain

(2)

Proof.

complexes. If the complex AN B is acyclic, then the complex A+ B is too.
More generally, let m be an integer in N* and {A;};c[1,m] a sequence of m
acyclic complezes. If, for all subsets J C [1,m], the complex (;c; A; is
acyclic, then the complex Z;nzl A; is too.

(1) We have the square

ANB B
L
A A+ B

which induces the short exact sequence
00— ANB—A®B—>A+B—=0.

We conclude the proof by the associated long exact sequence in homology
and the additivity of the functor He(—).

We prove the result by induction on m. For m = 2, we have (1). Let m be an
integer and suppose by induction that for all family Ay, ..., A,, of m acyclic
complexes, the complex ) e A; is acyclic, then the complex Z;nzl Aj is
acyclic. Let Ay, ..., A, be a family of m 4+ 1 acyclic complexes such that,
for all J C [0,m], the complex ;. ; A; is acyclic: so the complex 377", A;
is acyclic, by induction. We have the following commutative square:

Z;n:l Aj NAy— A

I

S A= 0 Ay

with Ag, 327% ) A; and 3770, A; N Ag acyclic. We conclude by (1).
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