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Abstract

The paper is devoted to the isotropic realizability of a regular gradient field Vu or a
more general vector field b, namely the existence of a continuous positive function o such
that ob is divergence free in R% or in an open set of R%. First, we prove that under some
suitable positivity condition satisfied by Vu, the isotropic realizability of Vu holds either
in R? if Vu does not vanish, or in the open sets {c¢; <u<c;j;1} if the ¢; are the critical
values of v (including infps u and supgas u) which are assumed to be in finite number.
It turns out that this positivity condition is not sufficient to ensure the existence of a
continuous positive invariant measure ¢ on the torus when Vu is periodic. Then, we
establish a new criterium of the existence of an invariant measure for the flow associated
with a regular periodic vector field b, which is based on the equality b- Vo = 1 in R%. We
show that this gradient invertibility is not related to the classical ergodic assumption, but
it actually appears as an alternative to get the asymptotics of the flow.

Keywords: Isotropic realizability, dynamical system, invariant measure, asymptotics of the
flow

Mathematics Subject Classification: 37C10, 7T8A30, 35B27

1 Introduction

In this paper we study the problem of the isotropic realizability of a vector field b € C*(R%)4,
namely the existence of a positive function o € C°(R?) solution to the equation

div (ob) = 0 in R%, (1.1)
or in an open subset of R, When the vector field b is periodic with respect to Y := [0,1)%, i.e.
VeeZ' Yo eRY bx+ k) =bx),

the problem of the isotropic realizability in the torus R?/Z¢, namely the existence of a positive
Yy-periodic function o € C°(R?) solution to (1.1), is also addressed.



In the case where b = Vu is a gradient field, the reconstruction of a positive ¢ has been first
done in [2] and a rigorous way in [I3] assuming that Vu never vanishes and using the method
of characteristics. Alternatively, when the potential u satisfies a prescribed boundary condition
on a bounded smooth domain of R? with a finite number of critical points, a conductivity o has
been derived in [I] thanks to an approximation procedure adding a vanishing viscosity term.
More recently, the isotropic realizability of a non-vanishing gradient, i.e.

inf [Vu| > 0, (1.2)
Ra

has been revisited in [6] both in the space R? and in the torus R?/Z? using specifically the flow

X(0,2) =z € R, (13)

{ X'(t,x) =b(X(t,x)), teR
with b = Vu. In particular, it was proved that the isotropic realizability in the torus is actually
stronger that the realizability in the space. Furthermore, again using the flow (1.3) we showed
in [1, Theorem 4.1] that in any dimension the presence of critical points for the potential u may
be an obstacle to the (even local) existence of a conductivity o solution to (1.1) with b = Vu.
The case of non-regular gradients has been also investigated in [7].

Beyond the negative results of [1] when the non-vanishing condition (1.2) does not hold, we
thus need extra conditions on the gradient Vu to ensure its isotropic realizability in the whole
space R? or at least in a subset of R%. First, we prove (see Theorem 2.1) that if u € C?(R?)
has either all its non-negative partial derivatives or all its non-positive partial derivatives the
ratios of which are controlled from above and below (see more precisely condition (2.3) below),
and if u has exactly n critical values:

o =infu <e¢ = u(€h) < - < cp = u(€") < ey i=supu, with Vu(¢) =0,
R R4
possibly with infge |Vu| = 0 (so that Vu may vanish at infinity), then Vu is isotropically
realizable:

e cither in R? when u has no critical point,
e or in the (n+1) open sets {¢; <u < ¢j41} for j=0,...,n.

Then, we extend this result to the isotropic realizability of a vector field b € C*(R?)4. Assuming
the existence of an open interval I C R and a function u € C'(R?) such that for any z in the
inverse image {u € I}, the function u(X (-, z)) is increasing and its range contains I, we show
(see Theorem 2.3) the isotropic realizability of b in the open set {u € I}.

The isotropic realizability in the torus R?/Z? of a Yj-periodic vector field b € C1(R%)? is
more intricate. In this case by the uniqueness of the Cauchy-Lipschitz theorem the flow X
solution to (1.3) satisfies

VeeZ Y(t,z) eRxRY  X(t,x+r)=X(t,2)+ -k,

so that the image of X (¢,x) by the canonical surjection IT : RY — R¢/Z¢ is independent of any
representative x in the class II(x). Hence, equation (1.3) is well posed in the torus. Then, by
virtue of Liouville theorem (see, e.g., [7, Chap. 2, Theorem 1]) the isotropic realizability (1.1)



in the torus is equivalent to the existence of a positive Yy-periodic function o € C°(R?) which is
called an invariant measure for the flow X, such that for any Yy-periodic function ¢ € C*(R9),

ViR, /Y S(X(t,2)) o (x) do — / o(2) o) da. (1.4)

Yy

Furthermore, the natural extension to any vector field b of the condition (2.3) relating to a
gradient field, is the boundedness from below by a positive constant of the coefficients b, for
k=1,...,d, either the coefficients — b,. However, it turns out that this boundedness condition
is not sufficient to get the existence of an invariant measure as show Proposition 3.1 and
Example 3.2.
Actually, assuming that the Yj-periodic vector field b € C*(R9)? satisfies the gradient in-
vertibility
b-Vo; =1 in R, (1.5)

for some Yy-periodic gradient Vu; € C°(R?)4, we prove (see Theorem 3.3) that the existence
of an invariant measure (1.4) for the flow X is equivalent to the existence of a vector ¢ € R?
and d linearly independent Yg-periodic gradients Vw,, € C°(R9)? such that

b-Vw, =& inR?Y, fork=1,....d. (1.6)

At this point, we need to replace in dimension d > 3 the equation (1.1) by the more restrictive
condition that b is proportional to a cross product of (d—1) gradients. As a by-product,
under condition (1.5) the former equivalence shows (see Corollary 4.1) that the existence of an
invariant measure for X implies the asymptotics

m:g for any = € R,

|t|—o0 t

and not only almost everywhere in R? as obtained by the Birkhoff ergodic theorem. Surprisingly,
although the limit £ is constant, it appears (see Example 4.3) that the flow X is not in general
ergodic in dimension d > 2. Indeed, we may construct a non-constant Yy-periodic function
which is invariant by the flow X. Therefore, it seems that the gradient invertibility (1.5) can
be regarded as a substitute for the classical ergodic assumption (see Remark 4.2). This allows
us to recover some of the two-dimensional ergodicity results of [16, 11] by a new and non-
ergodic approach, and to extend partially them to higher dimension. As a natural extension
of Corollary 4.1 the homogenization of a linear transport equation with oscillating coefficients
(see Corollary 4.4) is derived by the non-ergodic approach. Condition (1.5) in any dimension
still plays the same role as the irrationality of the so-called rotation number (see Remark 4.2 3.)

in the two-dimensional homogenization results of [3, 10, 16] which are based on the ergodicity
of the flow.
Notations

e (e1,...,e4) denotes the canonical basis of R%.

e - denotes the scalar product in R%.

e I, denotes the unit matrix of R™? and R, denotes the clockwise 90° rotation matrix in
RQXQ.

o For M € R MT denotes the transpose of M.



e Y;:=[0,1) and (f) denotes the average-value of a function f € L(Y).
e |A| denotes the Lebesgue measure of a measurable subset A of RY.
) Cif (Y;) denotes the space of the Yy-periodic functions of class C* in R,

. Lﬁ’ (Ya), p > 1, denotes the space of the Yy-periodic functions in L} (RY), and Hﬁl(Yd)
denotes the space of the functions ¢ € LZ(Yy) such that Vo € L7 (Yq)%.

e For any open set  of RY, C>°(Q) denotes the space of the smooth functions with compact
support in €.

o For u € Li,.(R?) and U = (Uj)1<j<a € Line(R?)?,

Vu:= (0py,...,0.,) and DU := [ainj]lgi,jgd' (1.7)

o For &1,..., &% in RY the cross product €2 x -+ x £4 is defined by
(@ xox ) =det (¢,8%,...,¢%) for & eRY, (1.8)
where det is the determinant with respect to the canonical basis (ey,...,eq), or equiva-

lently, the k*™ coordinate of the cross product is given by the (d—1) x (d— 1) determinant

3 3
2 d
(52 X e X gd) cep = (—1)k+1 é’;_l 52_1 . (19)
it S
53 gg

2 Isotropic realizability of a vector field in R? under pos-
itivity properties

2.1 Isotropic realizability of a gradient in R?

Let u € CY(R?). In this section we assume that the gradient field b = Vu has the following
positivity properties:

Vke{l,...,d}, O,u>0inR* or Vke{l,...,d}, 0,u<0inR? (2.1)

and there exist positive fonctions ay, 8 € C°(R) with

+o0 +o0
/ Cl/k(t) dt = ﬁk(t) dt = :|:OO, (2.2)
0 0

such that for any z € R, up to renumber the coordinates zy,

Bk xk)

VEk e {1,...,d— 1}’ (— |8xku ‘ ‘8 < |axku ‘ ﬁk_H xk+1>.

Ik+1 | —
Oék+1(95k+1

(2.3)

Note that in (2.3) the partial derivatives of u may vanish but the ratios between two consecutive
partial derivatives are controlled.
We have the following result.



Theorem 2.1. Let u € C?(R%) be a function satisfying conditions (2.1) and (2.3).

i) Assume that u has no critical point in R, i.e. Vu does not vanish in R?. Then, Vu is
isotropically realizable in R with a positive function o € C*(RY).

i1) Assume that u has a unique critical point 2°, i.e. Vu(z?) = 0 and Vu does not vanish in
R\ {2°}. Then, Vu is isotropically realizable with a positive C'-function o in the open sets
{u>u(z®)} and {u < u(z")}.

iii) More generally, assume that there exists a positive integer n such that

({xeRd Vu(z —O}):{cl,...,cn}

with infu=:cy<cy < -+ <, <y i=supu.
Rd R4

(2.4)

Then, Vu is isotropically realizable with a positive C'-function o in the sets {¢; < u < ¢j11}
forj=0,....n

Example 2.2.
1. Let u : R? — R be the function defined by

u(z) := arctan(x;) + arctan(zy) for z = (21, 25) € R%
We have
Opu(z)  ai+1
Opu(z) 2341

such that condition (2.3) holds true with a;(t) = aq(t) = B1(t) = Bo(t) = t* + 1.
Therefore, Vu is isotropically realizable in R? while infg: [Vu| = 0.

2. Let u : R® — R be the function defined by

Vo eR?

303 03 2 2, .2 2, 2 2 3
u(z) == o] + x5 + x5 + 1T + 1125 + v1T3 + 11205 + 0503 + xaxy  for @ = (21, 19, 23) € R°.

We have
Opyu(z) = 323 + 23 + 2§ + 22179 + 27173
Ve R Opyu(z) = 21 + 323 + 23 + 22179 + 22073
Opsu(z) = 22 4+ 23 + 323 + 21173 + 27973,

The partial derivatives of u thus turn to be 3 quadratic forms on R? associated with 3 symmetric
matrices of R3*3 the eigenvalues of which are 0 < 2 — V3<1<2443. Hence, the function u
has (0,0,0) as unique critical point. Moreover, we deduce that for any z € R3\ {(0,0,0)},

Opu(x)  xf 4 3x3 4 a3 + 20120 + 2w013
2 -3 - 8x1u(a:) 3+ wd + 22 + 2mym + 27173 J 24 V3
2+V3 7 () x4+ 3a3 4 323 + 2xx3 + 20015 2 23
8x2u(x) T 224 322 + a2 + 21w + 2097

such that condition (2.3) holds true with constant functions ay, ag, ag, f1, B2, Bs.
Therefore, Vu is isotropically realizable by a positive continuous function in the open sets
{u >0} and {u < 0}.

3. Let f € C3(R) be an increasing function such that
{xeR: f'(x) =0} ={0,1}.
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Define the function u € C3(R3) by

U(Z’) — f(xl+x2+x3)+f(xl+2x2+x3)+Z‘lf(‘rl+x2+3x3)+f(x1+4x2+5‘r3) for x c R?).

Due to the non-negativity of f’ it is easy to check that Vu(x) =0

& fl(r1+zo+as) = f'(x14+222423) = f/(01+22+323) = f'(v1+422+523) =0
& x1t+rotas, r1+2x0+x3, T1+T2+3x3, x1+4re+drs € {0,1}
=T € {0,1}, QCQZQ?g:O.

It follows that (0,0,0) and (1,0,0) are the only critical points of u with u(0,0,0) = f(0) and
u(1,0,0) = f(1) > f(0). Moreover, we have for any x € R3\ {(0,0,0), (1,0,0)},

(l’) f/(l'l +I2+flf3)+2f’(l‘1 +2$2+$3)+f’(1‘1 +I2+3ZE3) + 4f/($1 +4ZE2+5JI3)

—_
| /\

6 1U(l’) f’(l’l+I2+$3)+f/(ZL’1+2$2+I3)+f/(IL’1+$2+3I3)+f/($1+4l’2+5$3)
1 Owulx) _ [ twytas) + /(a1 4200+ x5) 43 (21 + 20 +325) 451" (21 +4wo +525) 5
4 = Opu(z)  flwitootas)+2f (214200 +33) + (21 + 2o +323) +4f (2 +4ao+5x3) —

such that condition (2.3) holds true with constant functions oy, aw, as, 51, B2, fs-
Therefore, Vu is isotropically realizable by a positive continuous function in the open sets

{u<fO)}, {f(0) <u< f(D)}, {u> f(D)}.

Proof of Theorem 2.1. Let u € C?*(RY).

Proof of i). Fix z € R% Let 0 € (7_,7,) be the maximal interval on which the gradient flow
X (-, z) is solution to equation (1.3) with b = Vu. The times 7_ and 7, do depend on z, but
their dependence is omitted for the sake of simplicity. Define the function f

ft) =u(X(t,z)) forte (r_,714). (2.5)
First, let us prove that the range of f agrees with the interval (infga u, supgs u), i.e.

{F(t):t e (r-,74)} = (infra u, supga u). (2.6)

In [0] it is immediate that the range of f is R, since the derivative f' = |[Vu(X (-, z))|? is defined
over the whole interval R and is bounded from below by a positive constant. Here, the flow
X(+,z) is only defined on the interval (7_, 7, ), and we may have infra |[Vu| = 0. For the sake
of simplicity we write X (¢) in place of X (¢,z) in the sequel.

Assume by contradiction that the flow X (¢) is bounded in the neighborhood of 7,. Then,
T, = 00, otherwise X'(t) is bounded in the neighborhood of 7, and the flow X(¢) could be
extended beyond 7, (see, e.g., [9, Section 17.4]). Then, the derivative f'(t) = |Vu(X(t))|?
is bounded from below by a positive constant in the neighborhood of oo, which implies that
f(t) = u(X(t)) tends to co as t — oo, a contradiction. Therefore, there exists an increasing
sequence t, > 0 which tends to 7, such that | X (¢,)| tends to co as n — oo.

From now on, we assume that all the partial derivatives of u are non-negative. The non-
positivity case of condition (2.1) is quite similar. Denote by A (respectively By) a primitive
of the function oy, (respectively %) in condition (2.3). We have for any k € {1,...,d — 1},

{ Ap(Xi(tn)) = Apr1 (Xpsa(tn)) < Ailzr) — Apr (Teg)

2.7
By, (Xk(tn)) — B (Xk+1(tn)) > By(xy) — Bk+1($k+1)- (27)
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Hence, by virtue of condition (2.2) the non-decreasing sequences Xy (t,) and Xy 1(t,) either are
both bounded or both tend to co. This combined with | X (¢,)| — oo thus implies that all the
sequences Xy (t,,) tend to co as n — co. As a consequence, since u is separately non-decreasing,
we get that for any y € RY,

f(tn) = u(X(t,)) > u(y) for any large enough n,

which yields sup(, . ) f = supgs u. Similarly, we deduce from (2.7) that inf(,_, ) f = infga u.
Therefore, since f is increasing, we obtain the desired equality (2.6).

Now, fix a constant ¢, in the interval (infge u, supgs u). Then, for any z € R?, there exists
a unique 7(z) € (7_, 74 ) such that

f(7(z) = u(X(7(2),2)) = ¢, € (infrau, supgau).

Note that by virtue of the C?-regularity of u, the flow X (¢, ) is a C'-function (see, e.g., [9,
Chap. 17.6]) such that 9,X is non-vanishing. Thus, the implicit functions theorem implies that
7 belongs to C*(RY).

Then, the proof of the isotropic realizability of Vu follows the same scheme that the proof
of [0, Theorem 2.15] with the time 7(x). More precisely, by the semi-group property of the flow

X(s,X(t,z)) = X(s+t,z) forany s,t close to 0, (2.8)
combined with the uniqueness of 7(x) we have for any x € R?,
7(X(t,z)) =7(z) —t for any ¢ close to 0. (2.9)

Then, the C'-function o defined by

o(x) :=exp (/OT(I) Au(X(s,x)) ds) for z € R?, (2.10)

by (2.8) and (2.9) satisfies for any ¢ close to 0,

o(X(t,z)) = exp (/Om)_t Au(X(s+t,x)) ds> = o(r) exp (— /Ot Au(X(s,)) ds) . (2.11)

Hence, differentiating the former equality with respect to ¢ and taking t = 0, we get that for
any € R?,

Vo(z)-Vu(zr) = —o(z) Au(z) or equivalently div(cVu) (z) = 0. (2.12)

Therefore, Vu is isotropically realizable in R¢ with the positive function o € C*(R?).

Proof of ii). Let x € R? be such that u(z) > u(z°). Let us prove that the range of the function
f defined by (2.5) contains the interval (u(z), supga u), i.e.

(u(a?),supgau) C {f(t) 1t € (7_,74)}. (2.13)
First, note that
Vie (), F(t) = V(X ()P > 0. (2.14)
Indeed, if f'(ty) = 0 for some t,, then X (tg,z) = 2° = X(to,2°). Hence, by the uniqueness
of the Cauchy-Lipschitz theorem, X (t,z) = z° for any t € (7_,74) and z = X(0,z) = 2°, a
contradiction.



The inequality (2.14) combined with the first argument of case ¢) implies that the flow
X (t) is not bounded in the neighborhood of 7. Thus, as in the case ¢) with (2.7) we get that
SUp(,_r,)f = supgau. Moreover, if the flow X(¢) is not bounded in the neighborhood of 7_,
then we obtain similarly that inf, . ) f = infgs u. In this case the range of f thus agrees with
(infra u, Supga ©), which implies (2.13).

It thus remains to study the case where the flow X (¢) is bounded in the neighborhood of 7_,
which implies that 7 = —oo. Moreover, the function f’ is not bounded by below by a positive
constant in the neighborhood of —oo, otherwise f(t) = u(X(t)) tends to —oo as t — —oo.
Hence, there exists a decreasing sequence t, < 0 which tends to —oo such that X(¢,) tends
to some point Z and f'(t,) = |[Vu(X(t,))|* tends to 0 as n — oo. At the limit we get that
Vu(z) = 0, which implies that z = 2° and inf(_ ;) f = u(a®). Therefore, by the increase of
f we obtain that the range of f is (u(z°), supgs u), which establishes (2.13).

Fix a constant ¢, in (u(2°),supgau). Then, for any x € R? such that u(x) > u(z?), there
exists by (2.13) a unique time 7(z) € (7_, 74 ) such that

f(r(z)) = u(X(T(:E),$)) =c, € (U(IO),SudeU).

Finally, we prove the isotropic realizability of Vu in the open set {u > u(z°)} following the
argument between (2.9) and (2.12) with the time 7(z). The proof of the isotropic realizability
of Vu in the open set {u < u(z°)} is quite similar.

Proof of iii). Let x € R? be such that ¢; < u(x) < ¢j4; for some j = 0,...,n. Repeating the
arguments of i) and i) we have the following alternative satisfied by the function f defined
by (2.5):

e X(t) is not bounded in the neighborhood of 7, (resp. 7_), then sup, . [ = supgau
(resp. inf(. .y f = infgau),

e X(t) is bounded in the neighborhood of 7, (resp. 7_), then 7, = oo (resp. 7 = —00),
and sup, .y f > c¢jp1 (vesp. inf_ ) f <¢j).
Contrary to case ii), here we have only an inequality since ¢;1 (respectively ¢;) is the

smallest (respectively largest) critical value which can be attained asymptotically by the
function f.

Hence, we deduce that
(5, e51) C {F(0) st € (7). (2.15)
Finally, we conclude as before by considering a constant ¢, € (¢;, ¢j11), the time 7(z) such that

w(X(7(x),z)) = c,, and the conductivity o defined by (2.10) in the open set {¢; < u < ¢j41}.
U

2.2 Isotropic realizability of a vector field in R?

In this section we consider the isotropic realizability of a vector field b € C*(R%)4. Consider
the flow associated with the vector field b defined by (1.3). In the sequel, 0 € (7_(z), 7 (z))
denotes the maximal interval on which the solution X(-,z) to (1.3) is defined.

In the spirit of the former proof we have the following extension of Theorem 2.1.

Theorem 2.3. Let b € CY(RY)? and let I be a non-empty open interval of R. Assume that
there exists a function u € C1(R?) such that for any x € {u € I}, the function f, := u(X (-, 7))
satisfies fi. > 0 in (7_(x), 74 (x)) and

Vee{uel}, IC{f(t):te (r-(x),7(x))}, (2.16)

8



where {u € I} denotes the inverse image of I by u. Then, the vector field b is isotropically
realizable in the open set {u € I} with a positive function o € C*'({u € I}).

Proof of Theorem 2.3. Fix a constant ¢; in the interval I, and let x € {u € I}. By (2.16)
and the increase of f,, there exists a unique 7(z) € (7_(x), 7+ (z)) such that

u(X(7(x),x)) = cr. (2.17)

By the semi-group property (2.8) of the flow X combined with the uniqueness of 7 the equality
(2.9) still holds true. Moreover, by the implicit functions theorem 7 belongs to C'({u € I}).
Therefore, following (2.10), (2.11), (2.12) with b instead of Vu, the C'-function o defined by

7(z)
o(x) :=exp (/0 (divd)(X(s,z)) ds) for x € {u e I}, (2.18)

is solution to the equation div (ob) = 0 in the open set {u € I}. O
Example 2.4. Consider the gradient field b = Vv in R? defined by

1
v(x) = 3 (23 +23) for x € R%

Then, the flow X defined by (1.3) is given by

([ (—c ;)) if x1 >0, 290 >0

’ max(z1,x2

(=—,00) ifx; <0,22<0

min(zq,z2)’

(L,1) if x129 <0

T i) :Jc_l’:r_z

l—tl‘l,l—tltz

X(t.2) = ( ) Cte(r (o) m(x) =

(L, 400) if Fo1>0,29=0
(L :|:OO) ifx120,$x2>0
R if x =(0,0).

It is clear that the function v satisfies condition (2.1) but not condition (2.3).
Define the function u by u(z) := z; + x5 for z € R?. The function f, := u(X (-, z)) satisfies
for any = # (0,0),

Vi€ (r-(2),7(x),  fit) = (Vu- Vo)(X(t,2)) = (Xu(t,2))* + (Xa(t, 2))* > 0,

T

and
([ (0,00) ifax;>0,29>0

(—00,0) ifx; <0, 29 <0
R if 2129 <0
(0,£00) if £21>0,29=0
(0,£00) ifxy =0,+29 >0
. {0} ifz=(0,0).

Hence, the function u satisfies the conditions of Theorem 2.3 with I = (0, 00) and I = (—o0, 0).
Define ¢; := 41 if I := (0,4+00), and let x € I. Moreover, it is easy to check that the solution
7(x) of (2.17) is given by

{fo(t) st € (r(2), 7o ()} =

T) + Ty — 20179 — /(21 — T9)? + 42773

for z1 + x5 # 0.
2217,

7(z) =



Therefore, using formula (2.18) we obtain that the gradient field b = Vv is isotropically re-
alizable in the open set {z; + z3 # 0} with the conductivity o € C*({z1 + 22 # 0}) defined
by
1
o(x) = for 1 + x5 # 0.
(1—7(x) x1)2(1 —7(x) x2)2

Note that b = Vv is isotropically realizable in the open sets {z1, 22 > 0} and {z1, 22 < 0}

with the simpler conductivity = — (z122)"2. However, Theorem 2.3 here provides a suitable

explicit conductivity in the two larger connected domains {z1 + x5 > 0} and {z; + 25 < 0}.

3 Existence of a positive invariant measure in the torus
under the gradient invertibility

3.1 Non-existence of a positive invariant measure

In this section we will show that the isotropic realizability in R% of Theorem 2.1 under the
positivity assumptions (2.1) and (2.3) cannot be extended to the torus, namely the existence of
a positive Yy-periodic invariant measure. In particular, note that any vector field b € C’,?(Yd)d
satisfies conditions (2.1) and (2.3) with b in place of Vu, if there exists a constant o > 0 such
that

Vke{l,...,d}, bp>a inY; or Vke{l,...,d}, by <—a inYj. (3.1)

First, we have the following non-existence result if some component of b changes sign.

Proposition 3.1. Let b a periodic vector field in Lﬂ"o(Yd)d. Assume that for some k =1,...,d,
say k = 1 without loss of generality, there exist two measurable subsets Ay, By of [0, 1] with
positive Lebesque measure, such that

Vo, € Ay, bi(x,2') >0 ae 2/ € RI?
(3.2)

Vo, € By, bi(xy,2') <0 ae 2’ € RIL
Then, the vector field b has no positive invariant measure o € L3°(Yy).

Proof of Proposition 3.1. Assume by contradiction that there exists some positive function
0 € Lg°(Yy)? such that div(sb) = 0 in R? or equivalently in the torus sense

Vo e H}(Ya), /Y o(z)b(x) - Vo(z)dx = 0.

If the function ¢ only depends on the variable x, the former equation leads us to

1
Ve H(0,1), / / o(z1,2") by(z1,2") da’ | @' (x1) dz = 0,
0 Yq_1
which implies the existence of a constant ¢ € R such that

/ o(z1,2") by (z1,2")da’ = ¢ ae. xy €]0,1].
Yi 1

10



Then, by assumption (3.2) combined with the Fubini theorem we get that

(
/ o(x1,2") bi(z1,2") de = c|A;] >0
A ><Yd71 ~ NV d
>0
/ o(z1,2") by(z1,2") de = c|By| <0,
By ><Yd,1 N NV 4
L <0
which yields a contradiction. 0

However, the positivity property (3.1) satisfied by a vector field b is not sufficient to ensure
the existence of a positive periodic invariant measure as shows the following example.

Example 3.2. Consider the Ys-periodic continuous gradient field b = Vu defined in R? by
u(z) := axy + ary + 2cos(2mry) cos(2ma,) for v € R?, where o > 4.

We have 0,,u > o —4m > 01in Y5 for k = 1,2, such that the gradient field b = Vu satisfies
condition (3.1). On the other hand, make the change of function

1 =Y1+ Y

v(y) = u(x) = cos(4myr) + 20y, + cos(4my), where {
T2 = Y2 — Y1

Then, the gradient field Vv is still Ys-periodic. Moreover, by virtue of Proposition 3.1 V, v
has not a Ys-periodic positive invariant measure, since d,,v only depends on the variable y;
and changes sign. Also note that the orthogonality of the change of variables x = Py, where
PP = 21,, preserves the isotropy. Indeed, for any o € L°(Y3), and for any ¢ € C°(R?) and
Y(y) == p(x), we have V,(y) = PTV, (), and

| oPo) Vyetdy = [ ol@)PPTVue) - V(o) | det Pl do

:/ o(z)Vu(z) - Vo(z)dz,
R2
which implies that
div, (c(Py)V,v) =0 in R* < div(eVu) =0 in R?,

where the positive function y — o(Py) belongs to L°(Y2). Hence, the gradient field Vu cannot
have a Ys-periodic positive invariant measure since V,v has not one. Therefore, the Ys-periodic
gradient field Vu satisfies condition (3.1), but has not a Y;-periodic positive invariant measure.

3.2 Criterium for the existence of a positive invariant measure

In this section we will give a criterium on a regular Y;-periodic vector field b so that it has a
positive Yy-periodic invariant measure. Let b be a periodic vector field in C&(Yd)d, and consider

the associated flow X defined by (1.3).
We have the following result.

Theorem 3.3. Let b € C’E(Yd)d. Then, the following assertions are equivalent:

11



i) There exist a positive function o € C(Yg)* and a vector field V = (vy, ..., v4) € C'(RY)?
with DV € CQ(Y4)™?, such that

b-Vu =1 inYy, (3.3)
R, Vv ifd=2

ob = s d in Yy (3.4)
Vv X -+ x Vg ifd> 3,

ii) There exist a vector field W € CY(R?)? and a non-zero vector £ € R? such that

DW € C)(Yy)™¢ with (DW) =I5, det (DW) #0 inYy, (DW)"b=¢ inYy (3.5)

Remark 3.4.
1. The gradient invertibility (3.3) may seem rather sharp. But Proposition 3.5 below gives
some general cases for which it holds true.

2. In dimension d = 2 due to the representation of divergence free functions as orthogonal
gradients, condition (3.4) is equivalent to the fact that o is a positive Ys-periodic invariant
measure. In higher dimension condition (3.4) only implies the existence of a positive Yy-periodic
invariant measure, since a divergence free vector field in R? with d > 3, is not necessarily of
the form (3.4).

Proposition 3.5.
i) Let b € CP(Yq)?. Assume that

Jke{l,...,d}, bp(z)=0bp(zx) >0 forxzcR? (3.6)

then equality (3.3) holds true.

ii) Let b e C}(Yq)?. Assume that for some k € {1,...,d}, there ezists a function u € C*(R?)

such that Vu is Yg-periodic, b-Vu > 0 in Y, and the mapping

b (ta) —s D, X(t,x)Vu(X(t,x))
(b- Vu)(X(t, x))

is bounded and uniformly continuous in R x R%.  (3.7)

Then, condition (3.3) still holds true.
iii) Let vy,...,vg be d > 2 functions in C'(R?) such that

Vke{l,...,d}, Vuy is Yg-periodic and ||Vop — el gyt < €. (3.8)
Then, for any small enough € > 0, the vector field b € C?(Yd)d defined by

R, Vv, ifd =2
o :=det (Vvy,Vug,...,Vvg) >0 and ob:= (3.9)
Vug X -+« x Vug ifd> 2,

satisfies condition (3.3).

Remark 3.6.

1. Condition (3.6) is a particular case of (3.7). Indeed, assuming (3.6) and choosing u(z) := zj

we have .

Xy(t,o) = F(t + F(xy) where F(t) = / b1 (s) ds. (3.10)

12



It follows that for any (¢,7) € R x R,

D, X(t,z)Vu(X(t,x)) _ V. Xk(t, ) _ 1 F'(xy) ey _ e
(b Vu)(X(t,x)) be(X(t,z))  be(X(t,2)) F'(Xk(t,x))  br(zg)’

which clearly satisfies (3.7).

2. In condition (3.8) we may replace the canonical basis by any basis (¢!,...,£%) of RY such
that det (£1,...,&4) > 0.

Proof of Theorem 3.3. We prove the case d > 3. The case d = 2 is quite similar.
i) = ii) By (3.4) we have

o =ob- Vv, =det (Vuy,...,Vuy) = det (DV), (3.11)
which by the quasi-affinity of the cofactors (see, e.g., [3, Sec. 4.3.2]) implies that
det ((DV)) = <det (DV)> = (o) > 0.

Hence, the matrix (DV') is invertible, so that we may define the matrix M of R¥? by

M = (DV)~ . (3.12)
Let W be the vector field defined by
W= M"V e C'(Ry)4, (3.13)
and let £ be the vector defined by
€:=MTe,. (3.14)

Then, by (3.3), (3.4) and (3.14) we get that
b-Vu
(DW)Th = MP(DV)To = m7 | :WZ _¢ (3.15)
b- 'Vvd
Moreover, by (3.12) and (3.13) we have (DW) = I;, and by (3.11) we obtain that
det (DW) = det (M) det (DV) =det (M)o #0 in Y.

Therefore, the function W satisfies the desired condition (3.5).

ii) = i) Let W be a vector field satisfying (3.5). Consider an invertible matrix M € R4 such
that equation (3.14) holds true, and define the vector field V' by (3.13). Then, we have the
equalities (3.15) which combined with (3.14) yield

b-Vvy=1 and b-Vuy=---=b-Vyg;=0 inYy, (3.16)
which implies in particular (3.3). Moreover, we have
det (DW) = det (M) det (DV) = det (M) Vuy - (Vug X --- x Vyg) #0 in Y.

Therefore, using a continuity argument and up to change v, in — vo, the orthogonality conditions
of (3.16) imply the existence of a positive function o € Cf(Y;) such that condition (3.4) holds
true, which concludes the proof. O
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Proof of Proposition 3.5.

Proof of ©). Assume that (3.6) holds true for some k € {1,...,d}, and let v; be the function
defined by

Tk
vi(z) = /0 b.'(s)ds for z € R

Therefore, Vv, = b,;lek is Yy-periodic, and b- Vv, = 1 in Y.

Proof of ii). Let x € R%. Define the function f by f(t) := u(X(t,z)) for t € R. There exists a
constant ¢ > 0 such that

VteR, f'(t)=(b-Vu)(X(t,x)) >c,

which implies that the range of f is R. Hence, there exists a unique 7(x) € R such that
f(7(x)) = 0, and by the implicit functions theorem 7 belongs to C'(R). Moreover, by the
semi-group property of the flow combined with the uniqueness of 7(x), we have

VteR, 7(X(t,z))=71(x)—t.
On the one hand, taking the derivative with respect to t and choosing t = 0, we get that
b-Vr=—1 in R% (3.17)
On the other hand, differentiating with respect to = the equality u(X (7(x),x)) = 0, we get that
(b Vu)(X (r(2),2)) V(@) + Do X (r(x), 2)Va(X (7(x), 2)) = 0,
or equivalently,

_ D X((@) o) VuX(r(2), ) o
D U8 77 o s B

This combined with (3.7) implies that V7 is bounded and uniformly continuous in R¢. Hence,
by the Ascoli theorem the average of gradient functions

—1
l‘|—>m Z VT(QZ""K,)

KREZAIN[—n,n]?

converges uniformly, up to a subsequence of n, to some continuous gradient Vuv; in any compact
set of R?. The function Vv, is clearly Yy-periodic, and equality (3.17) implies (3.3).

Proof of iii). Condition (3.8) implies that
o=det(e; + Vv —eq,...,eq+ Vg —eq) =14 O(e),
so that o is positive when ¢ is small enough. Then, the vector field b defined by (3.9) satisfies

O'_IV’UI : RJ_VU2 ifd=2
b- V’Ul =

=0 tdet (Vouy,...,Vug) =1 in Yy,
O'_lvvl : (V’UQ X oo X Vvd) ifd>2

which concludes the proof. |
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4 Applications

4.1 Asymptotics of the flow

There exists an interesting by-product of Theorem 3.3 in terms of the asymptotics of the flow
X defined by (1.3), which gives an alternative approach to the classical ergodic approach.
We have the following result.

Corollary 4.1. Let b € Cf (Yq)? be a vector field such that conditions (3.3) and (3.4) hold true
with functions vy, € C*(RY). Then, there exists a vector & € R such that the flow X defined by
(1.3) satisfies
X(t b
VreR: lim 20T o (00 (4.1)
lt00 T (o)
Moreover, if there exists a non-zero vector A € R? such that b- X\ = 0 in Yy, and if either ob is
not constant in dimension d = 2 or ob is not of the form A x Vw in dimension d = 3, then the
flow X s not ergodic.

Remark 4.2.

1. Condition (3.4) implies the existence of a positive Yy-periodic invariant measure for the
flow X associated with the vector field b € C}(Y3)?. Hence, by virtue of the Birkhoff ergodic
theorem (see, e.g., [12, Chap. II, §5])

X(t,x)

b*(x) := lim

[t| =00

exists for a.e. x € R?, (4.2)

with respect to the Lebesgue measure, and b* is invariant by the flow X, i.e.
b'(X(t,z)) =b"(z) VteER, ae zeR% (4.3)

Under the extra assumption (3.3) Corollary 4.1 shows that limit (4.2) holds actually for every
x € R% Moreover, the limit b* turns out to be the constant £ of (3.5), while the flow X is not
in general ergodic as shown in Example 4.3. Therefore, to prove (4.1) we need to use a different
approach from the classical ergodic approach.

2. Formula (3.10) shows that in dimension d = 1, under condition (3.3) or equivalently assuming
that b is a non-vanishing function in C{(R), the flow X is ergodic and asymptotics (4.1) holds
with ¢ = b~! and the harmonic mean & = (b~')~".

3. In the particular case of dimension two, assume that the vector field b € C}(Y2)* has a
positive measure invariant o € C’é)(Yg) and does not vanish in R?. Then, using the Kolmogorov
theorem (see [11, Lect. 11] or [16, Section 2]) Tassa [0, Section 3] obtained the following
asymptotics

<O'b2>

lim X(t2)
<O'b1> ’

t—=4o0 t

—a*(ey +vey) forany x € R, where v :=

with the alternative according to the so-called rotation number ~:

o If v ¢ Q, or equivalently the flow X is ergodic, we have

a* = and a*(e; +yeg) = ~—.
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o [f v € Q, we have in general
. (ob)
a (61 + 762) # W

In this case the gradient invertibility (3.3) cannot hold.

In view of the two points above, condition (3.3) gives the same asymptotics (4.1) than in
the ergodicity setting, but does not imply the ergodicity of the flow. Moreover, the loss of
condition (3.3) does not imply the loss of the ergodicity assumption. Therefore, condition (3.3)
can be regarded as a substitute for the classical ergodicity assumption, since it induces a new
and different regime for getting (4.1).

4. Peirone [11, Theorem 3.1] proved the asymptotics (4.1) everywhere in R? under the sole
condition that the vector field b € C/(Y3)? is non-vanishing in R?, using to this end the Birkhoff
ergodic theorem combined with the Poincaré-Bendixson theorem (see, e.g., [9, Sec. 10.5]).
Moreover, he provided [11, Lemma 4.6] an example of a non-vanishing vector field b in R? such
that the asymptotics (4.1) does not hold at some point.

Therefore, Corollary 4.1 gives an alternative approach for proving (4.1) in dimension two
in the absence of ergodicity assumption, and in higher dimension condition (3.4) gives a large
class of vector fields b such that (4.1) holds true everywhere in R%.

Example 4.3.

1. Let v; € C'(R) be a function such that v} is positive and 1-periodic, and let v € C*(R) be
a positive, 1-periodic and non-constant function. Define the vector field b € Cﬁl(}/g)Z and the
positive function o € C(Y3) by

1
b(x) := es and o(z) = v(z)v)(zy) for x € R?.
v (22)

We have b-e; = 0 in Y,, 0b = v(x1) ez is non-constant and divergence free, and condition (3.3)
holds. Therefore, by virtue of Corollary 4.1 the flow X defined by (1.3) is not ergodic and
satisfies for any x € R?,

X(t,z) (ob) (v(x1)eq) es

T E o) l(m)v(@) - () —u(0)

2. Let vy, v9,v3 € CY(R3) be 3 functions such that condition (3.8) holds true with small enough
e > 0, and that vy(x) = va(x9) has a l-periodic and non-constant derivative. Then, define the
positive function o € C{(Y3) and the vector field b € C} (Y3)® by

o := det (Vuy, Vg, Vuz) = Vuy - (Vg X Vus) and b = Vv X Vuz = vy(22) e2 X Vg in Vs,

sothat b-Vuv; =1and b-e; =01in Y;.
On the other hand, for any v € C*(R?) with Vv Y3-periodic, the functions ob and e; x Vv
cannot agree. Otherwise, we have

05 (22) (Opyv3() €1 — Oy v3(x) €3) = Opyv(x) €1 — Oy v(z) €3 for z € R?,
which implies that there exists a function w € C°(R) such that

!/

v(z) = vh(ze) v3() + w(zy) for z € R
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Hence, by the Y3-periodicity of Vuvs and Vv it follows that
v(21, T2, B3+1) —0() = (Ogyv) = v3(2) (v3(21, T2, x3+1)—v3(2)) = vh(22) (Ozyvs) for x € R?,

a contradiction since v} is not constant and (0,,vs) is close to 1.
Therefore, by virtue of Corollary 4.1 the flow X defined by (1.3) is not ergodic, and by the
quasi-affinity of the cofactors satisfies for x € R3,

lim X(t,x) _ (ob) _ (Vug) x (Vus) _ (0p5v3) €1 — (Dp,v3) €3

oo (o) (Vo) - ((Voa) X (Vug))  (02,01)(Orsv3) — (O 01) (O, v3)

Proof of Corollary 4.1. By virtue of Theorem 3.3 there exist a function W € C*(R)? and a
non-zero vector £ € R? satisfying (3.5). Define the function W; € C*(R,)¢ by

Wy(x) =2 — W(x) for x € R% (4.4)
Note that the vector field Wj is Yy-periodic since (DW) = I;. Then, using that
b= (DW)"b+ (DWy)"b =&+ (DW,)"b,

we have
X(t, ) =2+ /0 b(X(s,x))ds =x+t&+ /0 ((DW)"b)(X (s,2)) ds

e, 45
—x—i—tf—i-/ — (We(X (s, 2))) ds (45)
0 88
=z +t{+ Wy (X(tx)) — We(z).
Since the function Wy € G} (Y5)? is bounded in R?, the former equality implies limit (4.1).
Moreover, by (3.5) and the periodic div-curl lemma we have for any A € R? and wy := WA,
(@YE- A= (& X)) = (ab-Vwy) = (ab) - (Vwy) = (ab) - A,
which yields the second equality of (4.1).

Assume that there exists a non-zero vector A € R? such that b- A = 0 in Yy, and that either
ob is not constant in dimension d = 2 or ob is not of the form A x Vw in dimension d = 3.
Then, using the quasi-affinity of the determinant and (1.8) we have

det (X, (Vus), ..., (Vug)) = (A (Vug X ++- x Vg)) = (ob- ) =0,
which implies the existence of a non-zero vector (ay, s, ..., ay) € R? such that
ar A+ ag (Vug) + -+ + ag (Vug) = 0.
In view of (3.4) it follows that the function v defined by
v(x) = AT+ agva(w) + -+ agug(x) for x € RY,

is in Cﬁl(Yd), and satisfies the equality b+ Vv = 0 in Yy, or equivalently (4.3) with b* = V.
Moreover, due to A # 0 one of the coefficients a; for some ¢ > 2, is not null, say as # 0 without
loss of generality.

Now, assume that the function v is constant. Then, when d = 2 we have by (3.4)

0=Vv=a3A+ sV, = 1A — ay R ob,
a contradiction with the assumption that ob is not constant. When d = 3 we have by (3.4)
0=Vv x Vg = a1 A x Vug + asab,

again a contradiction with the assumption on ob. Hence, the function v is a non-constant
invariant periodic function for the flow X. Therefore, the flow X is not ergodic (see [12, Chap.
I1, §5]), which concludes the proof. O
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4.2 Homogenization of a linear transport equation

For b € C} (Yy)? and ug € C'(R?), consider the following transport equation with an oscillating
drift

86% —b(z/e) - Vue =0 in (0,00) x R? (4.6)
u:(0,2) = up(x) for z € R*.

The homogenization of equation (4.6) was studied in the case of a two-dimensional divergence
free vector field b (i.e. with a constant invariant measure) through an ergodic approach by
Brenier [3], then by Hou and Xin [10] with an oscillating initial datum which was specifically
treated by a two-scale approach. Tassa [10] extended these results to any invariant measure in
dimension two. These results show that the ergodicity of the flow associated with b leads us
to a homogenized linear transport equation. In contrast, the loss of ergodicity implies that the
limit of u. is not in general solution to a linear transport equation as Tartar [15] showed. Here,
using the non-ergodic approach of Corollary 4.1 we obtain the following homogenization result
in any dimension.

Corollary 4.4. Let b € C}(Yq)? be a vector field satisfying conditions (3.3) and (3.4) with
functions v, € C*(RY), and let uy € C*(R?). Then, the solution u. in Li (R, x R?) to the

loc
transport equation (4.6) converges in CL (R, x R%) to the function ug(z + t€) where the vector

€ is given by (4.1).

Proof of Corollary 4.4. The flow X, associated with the oscillating vector field b(z/e) is
given by
X.(t,2) = X(t/e,x/e) for (t,2) € R x RY, (4.7)

where X is the flow associated with b. Hence, due to the equality (4.5) and the boundedness
of the function W; € Cf (Yy)? defined by (4.4) it follows that

Xe(t,x) =ac+tE{+eWy(X(t/e,x/e)) —eWy(z/e) =z +tE+ O(e). (4.8)

On the other hand, it is well known that the solution u. € Ll _(R; x RY) to the transport
equation (4.6) is given by

ue(t,x) = uo(X.(t,x)) for (t,2) € Ry x R

Therefore, this combined with (4.8) and the continuity of w, implies that the sequence u,.
converges uniformly to ug(z +t &) in any compact set of R, x R,
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