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Interpolation, extrapolation, Morrey spaces
and local energy control for the Navier—Stokes
equations

Pierre Gilles Lemarié—Rieusset*

Abstract

Barker recently proved new weak-strong uniqueness results for the
Navier—Stokes equations based on a criterion involving Besov spaces
and a proof through interpolation between Besov-Holder spaces and
L?. We improve slightly his results by considering Besov-Morrey

spaces and interpolation between Besov-Morrey spaces and Lﬁloc.

Keywords : Navier—Stokes equations, Morrey spaces, Besov spaces, uni-
formly locally square integrable functions, weak-strong uniqueness

AMS classification : 35K55, 35Q30, 76D05.

1 The Navier—Stokes equations

Let iy a divergence-free vector field on R3. We shall consider weak solutions
to the Cauchy initial value problem for the Navier-Stokes equations which
satisfy energy estimates.

The differential Navier—Stokes equations read as

O,i + @.NVT = Ait — Vp
divi=0

’ZI(O, ) - ’II(]
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Under reasonable assumptions, the problem is equivalent to the following
integro-differential problem :

il = "™y — B(id, @)(t, x)

where

t
B(i, 7) = / e IAP div (7 @ ¥) ds (1)
0

and PP is the Leray projection operator. (See [LR 2, LR 6] for details).

Weak Leray solutions for the Navier—Stokes equations

When 1y € L?, Leray proved existence of solutions % on (0, +o00) x R? such
that :

o G LL2N L2H!
o limy o+ [[(t,.) — tol[2 =0

e we have the Leray energy inequality
t
e N3 +2 [ 19 @ i ds < il )

Such solutions are weak solutions : the derivatives in the Navier—Stokes so-
lutions are taken in the sense of distributions. Those solutions (that satisfy
the energy inequality (2)) are called Leray weak solutions.

When @, € L?, Leray’s proof of existence of solutions [Le| is based on
mollification, energy estimates and compactness arguments :

e he solves .
atﬁe + ((pe * ﬁe)v&s = A,L_[E - Vps

with div @, = 0 and @.(0,.) = uy. Here, ¢ € D, [pdz = 1 and
p(r) = F0(2).

e the solution holds on an interval (0,7.) where T, depends on € and on
||tio||2 and we have the equality

t
a5 +2 [ 19 @ ds = a3
0

e the solution is then global; moreover by Rellich theorem, we find a
subsequence that converges strongly in (L2L2),. to a Leray solution o
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Such solutions (i. e. obtained by this mollification/extraction process) will
be called in the following restricted Leray weak solutions.

Restricted Leray solutions satisfy the Leray energy inequality which takes
into account the energy on the whole space. But they enjoy as well a point-
wise inequality property : for a non-negative locally finite measure p we
have

o|a*) + 2V @ al® = A(la*) = div ((2p + [@]*)@) — (3)
Leray solutions that enjoy the pointwise energy inequality are called suitable
Leray solutions [CKN].

Local weak Leray solutions

The pointwise energy inequality allows one [LR 1, LR 2] to develop a theory
of weak solutions with infinite energy. Consider g a divergence-free vector
field that is uniformly locally square integrable :

sup / |iio ()] dz < +oo0.
z0€R3 J|z—20|<1

A local Leray solution on (0,T) x R3 is a solution such that
i ﬁ € LtOO<L12110c) N (L?Hxl)lﬂoc

e for all compact subset K of R?, limy_,o+ [ |d(t,.) — to|* dz =0
e we have the pointwise energy inequality (3).

Local in time existence of restricted local Leray solutions has been proved
for a positive T" that depends only on [[t|[z2  (see section 8).

2 The Prodi—Serrin criterion for weak-strong
uniqueness

Based on a compactness criterion, the proof of existence of Leray solutions
does not provide any clue on the would-be uniqueness of the solution to the
Cauchy initial value problem.

A classical case of uniqueness of Leray weak solutions is Serrin’s criterion
for weak-strong uniqueness [Pr, Se]. If @, € L? and if the Navier-Stokes
equations has a solution @ on (0,7") such that

2 3
e Xp=LYLI with —+-=1and 2 <p <400
p g



then if ¢ is a Leray solution we have @ = ¢ on (0,7).

The proof of the criterion is based on the fact that if ¥/ is a Leray solution
and if @ is the mild solution with ||@||x,. < 400, then the difference W = @ —v
satisfies a Gronwall estimate :

||2+2/ ||V®w||2ds<2/ / &) da| ds.

We have (for < + 2 =1)

2 3
ld @ @lls < Cllalqll@]5 |V @ dll3

so that
A 2N N _,%_’ _,1+% = _,21 =d 2\1—=
| [ @.(0. VW) dx| < ||d]|y][d]]3 |V @ dlly = [[dl|([[F]%)» (|V @ w|[*) "7

Thus, we find

/ / d:c|ds<C/ HquHwHQdS—l—/ IV @ &]|2 ds.

The facts that ||(0,.)||2 = 0 and [J@(¢, )3 < C’fot ||| [|]|3 ds then gives
w=0on (0,T).

We may comment a little further in the case 2 < p < +o00. In that case,
the bilinear operator B (given by (1)) is bounded on X7 = LYLZ. Thus,
we find that the existence of T' > 0 and of a solution in LPL4 with % + g is

equivalent to the existence of T" such that e!2iy € LPL? on (0,7T") (and on
(0, +00), since @y € L?). Using the thermic characterization of Besov spaces,
we can see that this is equivalent with

142
UOGBJ; .

Thus, the initial value is not only in L2, but it must belong as well to a Besov
space with a better regularity than provided by the embedding

L? C B;z ' B_§+_

3 The Koch and Tataru theorem and T. Barker’s
question

We may now wonder how to generalize the Prodi—Serrin criterion. It means
. given %y € L? and weak Leray solutions associated to i, find a space X
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(as large as possible) such that if moreover @, € X then we have a solution
@ € Xr for some space Xr of functions on (0,7) x R?® and such that the
existence of a solution in X7 implies that any other weak Leray solution is
equal to this solution « for 0 <t < T.

The space BMO™*

First of all, we precise which kind of space X we are going to study. The idea is
to look at an initial value which generates a solution in some uniqueness class
(where uniqueness holds for small solutions). The setting where to construct
such solutions is the setting of mild solutions, as introduced by Kato [Ka] :
mild solutions are constructed by the Banach contraction principle.

Due to the symmetries of the equations (if @ is a solution for initial value
iy, then \i(A\*t, \(x — x0)) is a solution for the initial value \iip(A(z — x¢))),
we look for spaces with norms invariant through the transforms w(.) —
MI(A(. — z)) (for A > 0). Moreover, in order to be able to define

t
B(i,7) = / AP div (4 @ ) ds
0

at least for @ = ' = €'l (first step of the Picard iteration to find a fixed-
point to @ = e'?iiy— B(i, @) ), we ask that Joa1xBo1) les2 iy (y) > ds dy < +oo.

Thus, we are lead to introduce the space X of distributions v such that

® SuP;~o \/EHGtAUHOO < +00

_ t s
® SUPg<t,zocR3 t=3/2 fo fB(m,\/{) |6 AU(?/)P dy d5)1/2

This space X has been identiﬁed by Koch and Tataru [KocT] : this
is the Triebel-Lizorkin space F_., or equivalently the space BMO™ =

00,2

v —A BMO. Moreover, they proved the following theorem :
Theorem 1 For 0 < T < oo, define

4l xr =

swp Vit Jlot  sup (2 / / i, y) > dy ds) ">
1’07

0<t<T o<t<T,x06R3

There exists Cy (which does not depend on T') such that if T € (0, +o0],
if @ and U are defined on (0,T) x R3 and if

=

\.:l

S
I

t
/ AP divy (4 @ ¥) ds
0
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then
| B(t@, V)| x7 < Col|td]| xz |7]] x7-

Corollary 1 If ||| x, < 5,

have a solution on (0,T) such that ||i]| x, < 2||e"®o]| x,.-
This is the unique solution such that ||@||x, < 5

then the integral Navier—Stokes equations

2Ch °

A special case of initial data that leads to a solution in some X7 is given
by the subspace VMO™! of BMO™!.

Definition 1 VMO™! is the closure of compactly supported functions in
BMO™'.

If iy € VMO™, then limz_,|[e"®o|/x, = 0. Remark that we have the
143
embedding Bq,;+q C VMO ™ for 2 < p < +00 and %+§ = 1. As a matter of

3

fact, we may consider VMO™ as a limit case for the scale of spaces Byp *

Thus, Barker [Ba] raised the following question :

Question 1 If i@, belongs to L> N VMO™, does there exists a positive time
T such that every weak Leray solution of the Cauchy problem for the Navier—
Stokes equations with uy as initial value coincide with the mild solution in
Xr ?

If iy € L2NVMO ™! and if ||| x, < ﬁ, then if « is a restricted Leray
solution of the Navier—Stokes solutions with initial value iy, then [|¥]|x, <
2||e" || x,. In particular, we have uniqueness of restricted Leray solutions
on (0,7).

As a matter of fact, this proof of local uniqueness of restricted weak Leray
solutions holds for a slightly more general class :

Definition 2 BMO," is the space of distributions ug in BMO™" such that

lim ||

T—0 UOHXT =0

In the following, we will focus on the hypothesis iy € L> N BMOy' and
on the issue of uniqueness for Leray solutions.



4 The limiting case

Up to now, we don’t know how to prove local uniqueness of the Leray solu-
tions when the initial value iy belongs to L? N BMO,'. What we know for
sure is that the mild solution @ in X7 belongs to L>((¢, T) x R?) for every
positive € € (0,7"). Moreover, @ is a weak Leray solution and for every other
Leray solution ¢ and for € > 0, we have

which gives for 0 <e <t < T

t
- / / @.(0.V0) + 0.(@.Vii) dv ds

/ 0.(0.50) 40, (0.9T) do— / (0.5 (=) (0—0). (8.5 ) d = / a((5—il).
and letting € go to 0, we get
/ﬁ(t, 2).0(t, x) dz = ||i|2 — 2 /Ot / ViV eidsds
- lig%/:/ﬁ((ﬁ— @).V (7 — 1)) da ds

and (letting ¥ = )
t
- 2 S 12 = o2
la(t, )z = lldollz — 2/ IV @ |3 ds.
0
Combining those two equalities with the Leray energy inequality for ¢
t —
- 2 12 S 12
[0(t, )z + 2/ IV @ ]|z ds < [[do]3
0
we get the following inequality for w = u — v :

t T
Hw(t,.>ug+2/ |yV®u7H§dsg2/ |/ﬁ.(u7. @) dz|ds.  (4)
0

0



As a matter of fact, the key ingredient in Prodi—Serrin’s criterion is the
estimation of the integral

t
I@m:/m/mm@mw
0

but, if W = ¥ — u with ¢ a Leray solution and « the mild solution in X7, we
don’t even know whether [(u, ) is finite.

In the limiting case of Prodi and Serrin, (for p = 2 and ¢ = +00), we
write

t t ot
(e, )2 +2 / IS od|2ds < 2 / /
0 0o Jo

and get

ds

t
ds < 2/ |g@d||s|| V@], ds
0

/mwﬁmm

t
H@@wﬂﬁfa/ I4]12 [l ds. ()
0

Of course, we may conclude under the assumption that @ € LZL°. Ac-
tually, we shall not be interested in measurabilty issues for functions with
values in a non-separable space such as L™ (i.e. in Bochner measurability for
instance), as we are dealing with locally integrable functions for the Lebesgue
measure dt dz on (0,T) x R?. Thus, for almost every ¢ the quantity ||u(¢,.) ||
will be wel-defined as a measurable function of ¢, and @ € LZLS° will simply
mean that fOT ||u(t, '>H%O"(d$) dt < +00. (See [LR 2] for details.)

If @ € L2L on (0,T) x R3, the Prodi-Serrin criterion proves that ev-
ery weak Leray solution ¢ on (0,7 is equal to the mild solution #. (This
has even be extended to the case @ € L?BMO, by Kozono and Tanyuchi
[KozT]). But it is not easy to translate the condition that @ € L?L%° into
an equivalent assumption on uy. The problem comes from the fact that the
bilinear operator B is not bounded on L7L®°.

On the other hand, if we only assume i, € L? N BMO,*, we only know
the inequality ||u(t,.)]e < ||4|| XTL\/?. We find an integrability issue near
t = 0. To check that this is actually an issue, consider the following example
. take & a divergence-free vector field in the Schwartz class such that the
Fourier transform of & is compactly supported in the annulus 1 < [£] < 2;

define

+o0

: 1 ;

Up(z) = 27 W (2 x);
143 .

we have @y € L% 1y € Bq,;rq C By, (with 2 < p < 400 and % +% =1)

but iy ¢ 30_0172; as the bilinear operator B is bounded on LVLI N L7L°, if

we assume that the mild solution @ € LYL? belongs to L7L°, we would find

that ey € L2L°, and thus i, € BZly; thus, we have fOT |@||%, dt = +oo.

00,2
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5 Barker’s theorem

In this section, we shall sketch the proof of Barker [Ba], as we shall extend it
in Section 7 to the case of Besov—-Morrey spaces.The main idea in the recent
paper of Barker is the following one : if we want to use only the inequality

. _, o(l)
it Moo < Nl 72
to deal with the Gronwall inequality (5), we need to assume more than o €
L*L%. Indeed, we have the easy following lemma :

Lemma 1 Let 6 > 0. Let A and B be locally bounded non-negative measur-
able functions on (0,T] such that

limtA(t) =0 and sup t°B(t) = 0.

=0 0<t<T

If we have moreover, for all t € (0,T],

B(t) < /0 A(s)B(s)ds
then B = 0.

Proof : We have

5
B(t) < 2 sup sA(s) sup o °B(0)

0<s<t 0<o<t
so that B = 0 on (0, Ty] as long as supy.,.q, sA(s) < 6. For t > T, we then
write B(t) < supg, o, A(S) f;,o B(s)ds and we find B = 0. ¢
As W =0 — @ = (T— e'Piiy) — (@ — e'® ), the extra information on |||
will be provided by the following lemma :

Lemma 2 Let iy be a divergence-free vector field with iy € L*and let ¥ be a
weak Leray solution of the Navier—Stokes equations with initial value ty. If
moreover

iy € [LQ,BJO“,/OO]Q,OO for some —1<—v<0and <0 <1
then there exists & > 0 such that

supt°||T(t,.) — e idp||o < +oo0.
>0



Proof : Assume i, € [L?, B "olo,00- For 0 <€ < 1, split 4 in de + B. with
|Gl < Coe® and 1Bl g < Coe®™

where Cj does not depend on € (but depends on ).
We have a solution U, for the Navier-Stokes equations with 1n1t1al value [,

such that HU( oo < C1t=2€%~1 on an interval (0, 7,) with T =1 = C,.
Moreover f, = @iy — @, € L* and we find that SUPg s |U.]]> < Cs and that
I = 25, < =D/,

Since U, is in L?L% on every bounded interval, we get

/zZ(t,x).ﬁ(t,x) dx:/ge(:c).ﬁo(x) dx—Q/Ot/ﬁ@@z? NV ® vdzds
—/Ot/U;((ﬁ— U) V(@ —U,)) da ds

t
|mwm:mMJAW®wm&

Combining those two equalities with the Leray energy inequality for ¢

and

t
WWJ%+2/HV®W@%SH%%
0

- —»

we get the following inequality for W, =

IV (1 M+{/W®WM%<MM%#ﬂ/ W) da ds.

Thus, we get
t
1.6, I3 < €26 + ﬁéwnzsvmu@o%%

so that

t1 =

W (¢, )3 < CReelt Vo=

Now, for 7 < 1, take e = 7# with %’Y + (0 —1) > 0. We find that, for
0 <t < T, with

2(1—0 2(1-0) 2(1 — 9)

_2
T.=Cy 7€ 1= —C’l_ 7H71=7" [ where N < 1],

10



we have the inequality

15 = eiigllz <llallz + [Wella + 1T — €5
Cf v

<Coe?(1+ e 17) + Cyt = !

If 7 is small enough, we have 7 < T, and we find

c? _
15(r,.) — €™idg||a < Cor® (1 + €7 ) 4 Cyr 70D
The lemma is proved. ¢ Barker’s theorem then reads as :

Theorem 2 Let iy be a divergence-free vector field with ty € L*and let ¥ be
a weak Leray solution of the Navier—Stokes equations with initial value wy. If
moreover

. 2
iy € BMOp ' N B S, with3 < q < 400 and —s > —1+ =
q

q7m

then there exists T > 0 such that if U is a Leray solution and if u is the mild
solution with ||t x, < +oo, then @ =¥ on (0,T).

3

Remark We have the embeddings L? C B;Q%Jrq C B;O%OJF“, so that the
information conveyed by the hypothesis 1y € B, is interesting only for the
high frequencies of uy. Moreover the embeddings L? = BS,Q and BMO™! ¢
B;O{OO gives that

3

142 142

L>NBMO,' C Byy * C Byoo
Thus, the information conveyed by the hypothesis i, € B(; >, is not contained
in the assumption @y € L?> N BMOgl. Finally, if —s > —1 + g = %, then we

have

3
+ o142

. . L —1+2 .
L*NBMOy' N B, 5 C Byg “NB.% C By
Thus, the theorem is interesting only in the range —1 + % < —-s< -1+ %,

which corresponds to the gap between L2NBMO;". (where loca‘luniqueness
3

L1438
is conjectured to hold) and Bq,p+“ (for which the Prodi-Serrin criterion shows

that local uniqueness holds).
3

A further remark is that we have the embedding B;;ja c BMO™, so
that we have a Prodi-Serrin criterion with @ € LY L% (with %Jr% = 1) replaced
with

sup ¢#[|i7]|, < +oc and limt» ||a@(t, )|, = 0.
0<t<T =0

Proof :
The first step is the use of interpolation inequalities in order to be able
to check that i fulfills the assuptions of Lemma 2.

11



. N . . _ . N 142
e Since iy € L? = 33,2 and iy € BMO™! ¢ BZ!._, we have iy € By °.

00,007

. . . . . .
e Since Uy € Bgq * N B, 5, we have for —1 + % < -0 < —s,uy € B,7.
e The Besov space B; 1 is embedded in the Sobolev space W—o4.

e For ¢ < r < oo, we have W74 = [L?, W*‘S”'][g] with % = 12;0 + g and
—s = —6§ (complex inteerpolation)

: 148 . 58
e Since W9 C Bw{:or, we have [L%, W=7y C [L?, Bocfoor]gpo with

1 1
I T G 1
b= 2= —sit - +0(:)

so that —d — % > —1 for r large enough

We may now end the proof : recall that if ¢'is a Leray solution and if  is
the mild solution with ||| x, < 400, then the difference w = @ — ¥ satisfies
a Gronwall estimate :

t
I, )2 < / @12 1312 ds.
0

By Lemma 2, we have ||, .) — e'®p|lo = O(t°) and ||i(t,.) — P2 =

O(#°) for some positive §. On the other hand, we know that ||i@(t,.)||s =

o(it). Using Lemma 1, we find that @ = 0, and ¥ = 4.0

6 The Prodi—Serrin criterion for Besov-Morrey
spaces

Morrey spaces provide a natural tool for extending the Prodi—Serrin criterion.

Definition 3 For1 < r < ¢ < +oo, we define the Morrey space M™ as the
space of Lebesque measurable functions f on R3 such that

R>0,29€R3

3_3 r r
sup R T(/ | (@)"da)" = {| f ]| ypra < +00.
B(zo,R)

Similarly, the space M9 is the space of locally finite Borelian (signed) mea-
sure | such that

R>0,z0€R3

33
sup  Ra™( dlpl) = llpll . < +oo.
B(zo,R)

12



1

locy WE€

Remark : For absolutely continuous measures dp = fdx with f € L
have

3_
T T— m3d f(@)| da).
B(zo,R)

R>0,z0€R3

The key inequality in the proof of the Prodi—Serrin criterion was the
inequality (for all w € H?!)

2, 3
luwlly < Cllullgllw]ls |Vwl3

with % + 2 =1 and 3 < ¢ < +oo. If we want to replace this inequality by a
more general inequality

2 3
[uwllz < N(u)|wllz[Vwllz

(again with % + % =1 and 3 < ¢ < 4+00), then we proved in [LR 3| that
the existence of a finite N(u) is equivalent to the fact that u € M?>?, and

moreover that N(u) ~ ||ul| y2.q-
This leads to the following easy extension of the Prodi-Serrin criterion :

Theorem 3 If iy € L? and if the Navier-Stokes equations has a solution i@
such that

: 2 3
i€ LYM2 with = += =1 and 3 < ¢ < +o0
p q

then if ¥ is a Leray solution we have @ =¥ on (0,T).

If 3 < ¢ < +o0, the existence of 7' > 0 and of a solution in LP M2 with
% + % is equivalent to the existence of T” such that e**i, € LP M%7 on (0,T")
(and on (0, +00), since 4y € L?), thus with

S, B—H%
Uy € Nr2a p’

This Besov-Morrey space has been introduced in 1994. by Kozono and Ya-
mazaki [KoY]. It is easy to check that, for 2 < p < +o0 and % + 2 =1, we
have the inequality

T
W%M&SQ%H&%%MM”

3

-1
so that we have the embedding BM;’;?p C BMO,! for 2 < p < 400 and

2 3 _
24821,

13



7 Barker’s theorem and Besov-Morrey spaces

We shall extend Barker’s theorem.
Theorem 4 If
e iy € L2NBMO,"
o 3 < q< +o0, —3>—1+— anduoeBMlq

then there exists T' > 0 such that if U is a suitable Leray solution and if u is
the mild solution with ||t x, < +oo, then @ =19 on (0,T).

Proof : As we shall see, the proof is very similar to Barker’s proof for
Theorem 2 [Ba]. However, we shall meet some technical issues.
We sketch the proof :

2
142

o Uy € L?=DBY, and @i, € BMO ™' C By, thus @ € Byq

7+7 .
o iy € Byy qﬂBMslq thusﬁoeB;-/[;qvoo for1<p<q,%:1—9+g

and —o = —s(1 — 9) +60(—1+ %) > —1+ %. We shall take p > 2.

2

14 142
e as p < q, we have Byq * C Byp“?. Thus, for —1 + % < —y < —o,

—1+* P o~ NP
Y ¥, M
qu ﬂBMMOO CBMM1 cWwW .

We now encounter our first problem. We can no longer write WM gg
a subspace of an interpolate space between L? and B ”5 More precisely, let

us assume B M'Lq 1 C [L?, B: 1+‘5]9 ~; by homogeneity of the norms, we must

have —y — E =—(1-0)2 —0(1 —4). We have

L2, B2y € BECD

with 7 = ;. In particular, for u € [L2, B3£]p, we have that e®e®iu
goes to 0 in & when ¢ goes to +oo. But if 3p < 2¢, if u depends only on

(21,22) and not on z3, and if u € Bf“’ P (R?), then u € BMZQ 1(R?’) and

eBetdiy = ePu. Thus, we have a contradlctlon
We better use complex interpolation and write that

. . r
WMP [MZ,%q’ W—p,Mr’Pq] (0]

14



for r > p, 1;20 +
LR 4, LR 5])
Then, we remark that M*»? C L2, and write that

uloc

g = %, v = Op. (For interpolation of Morrey spaces, see

B R S Y V7 S

In order to finish the proof, we thus need to use the machinery of energy
control for suitable local Leray solutions [LR 2, LR 6]. This will be done in
the following sections, and we shall finish the proof in Section 10 ¢

8 Weak local Leray solutions

We recall basic results for local weak Leray solutions. We endow L2 with
the norm

[ullzz, = sup [Jupo(z — k)2,
keZ3

where ¢ is a non-negative function in D, suppported in a ball B(0, Ry) and
such that ), ;s @o(r — k) = 1.
When 4, € L2, proof of existence of solutions for the Navier-Stokes

equations is based on mollification, energy estimates and compactness argu-
ments (for details, see [LR 6], section 14.1) :

e we solve . .
atﬁe + ((pe * ﬁe)v&s = Aﬁ& - Vps
with div @, = 0 and @(0,.) = u. Here, ¢ € D, [pdr = 1 and
¢c(z) = F(%). Here Vp. is given by the Leray projection :
ﬁpe = —(pe * ﬁe).ﬁue + Pdiv ((pe * 1) & ) .

e the solution holds at least on an interval (0,7,) where 7. depends on
3/2
||170||2L21 )

e and on |Gyl 2~ (Te = min(1, Co Moreover, we have the

inequalities, for k € Z3,
t
/%(x )t )P e+ 2/ /%(x — W)V @ (s, o) du ds
0
t
§/<p0(a:—k)\ﬁo(t,:c)|2d:c+01/ / |t (s, 7)|? dx ds
0 J)z—k|<Ro

¢
1
+C’2/ / 7|ﬁ5(s,x)|3dxds
0 J|z—k|>5Ro |z — K|*

t
+CQ// |ti.(s,7)|* dx ds
0 Jlz—k|<5Ro
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e defining
ac(t) = [[tc(t, )|l 2

uloc

and

/2
= sup </ /gpo z— k)| V ® d.(s, x)\Qd:cds) ,
kez3

we get the inequality
/(po(az— k)|t (t, x \de+/ /(po z—k)|V @ (s, x)* dx ds
t t
< a.(0)* + 565(75)2 + Cg/ a(s)?ds + 03/ a(s) ds
0 0

so that

t t
B.(1)? < 20(0)? + 2Cs / a(s)? ds + 2C, / o ()" ds
0 0

and finally

¢ t
e (t)? < 2a(0)% + 2C5 / ae(s)*ds + 2Cs / a(s)®ds
0 0

Thus, as long as 8Cs5t < 1 and 128 Cst||dy||7. < 1, we find that
uloc
ac(t) < 2|z, and Be(t) < 2[|dollz2,

e the solution is then defined on (0, min(<* L ) and controlled

8C37 128 C3 ||ﬁ0||12

independently from e. By Rellich theorem, wre find aosubsequence that
converges strongly in (L?L2),,. to a suitable local Leray solution «

An important point is the following one : assume moreover that uy €
BMO,"' and that el x, < E (where Cj is the constant of Theorem 1)

then i, is defined at least on (0,T) and ||@7||x, < 2|eAio| x,. As T does
not depend on €, we see that the local Leray solution u satisfies @ € Xg with
S = min(7, g7, W) and [[if]|xy < 2|le"io||x -

loc

Similarly, if we assume that uy € B~ T With —1 < —y < 0, then . is

defined at least on (0,7") where T = CHuOHBQm and supy_ ;7 £2 ||d(t, )] oo <

2SUPgsop 12]|€P1p]|0o. As T does not depend on ¢, we see that the local
Leray solution U satisﬁes the inequality supy_,.gt2|i(t,.)]|ec < 400 where
S = min(T, < G 712803 7l ).

loc
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9 Comparison of local weak Leray solutions

If @ and ¥ are two local weak Leray solutions, on (0,7") with initial values
and 7, we would like to be able to estimate (t,.)—¥(t,.) from the estimation
of 1y —vy. This can be done only when at least one of the solutions is regular
enough. We shall assume that @ € L7L°. We sketch the computations
described in [LR 6], section 14.4.
Define W = 4 — v,
oft) = it iz,

and
t 1/2
B(t) = sup (/ /@o@ —k)|V ®7If(s,x)|2dxds) ,
kez? 0

Using the suitability of ¢ and the regularity of ¥, we find (for 0 < ¢t <
min(1,7"))

/apo(x — k)|@(t, 2)|? dx + /Ot/goo(x — k)|V @ 1i(s, z)|* dz ds

< a(0)* + %B(t)Q + Cy /Ot a(s)?ds + Cy /Otoz(s)6 ds + Cj /Ot (s, )||% a(s)* ds

where the constants C; do not depend on T, «, nor on ¢. Finally, we find

t
a(t)? <2a(0)* +2(C1 + Cs([|]l ez, + 19 pore, )*) / a(s)*ds
. " (6)
+ 203/ |d(s,.)||2a(s)? ds.
0

We have the same estimate even if « is not intregrable near t = 0. Let us
only assume that @ € L2L° on every (¢,T) with ¢ > 0. Considering a time
to > 0 which a Lebesgue point for the functions t — [ (z — k)|d(t, z)|* dx
and t — [ p(z — k)|d(t,z)|* dz, we have that @ and ¢ are local weak Leray

solutions on (to, T") with initial values (to, .) and ¥(tg,.). Thus, we shall find
that, for ¢t > tq

/goo(:c — k)|ii(t, z) | do §2/<p0(3: — k) |@(to, )|* dz

t
20+ Colllsgag,, + Wiz, )Y [ alsPds

to
¢
+ 203/ ||(s, .)Hgooz(s)zds.
to
(7)
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It is then enough to let ¢y go to 0 and then take the supremum with
respect to k.

10 Proof of Theorem 4

We may now finish the proof. We consider two solutions of the Navier—Stokes
equations with initial value iy, € L2 N BMO, ' N B]‘_jl’q o With —s > —1 + %
(and 3 < ¢ < +00) : we assume that ¢/ is a suitable Léray solution and u is
the mild solution in X.

As v is suitable, ¥ is a local Leray solution as well and we may estimate
the L2, of @ — : defining B(t) = ||a(t,.) — v(t,.)||7. and
uloc

uloc

A(t) = 2(C1 + Cs(llll ez, + 100 pera, )*) + 2Cs 1t )15,

uloc uloc

we get
B(t) < /0 A()B(s) ds.

As lim;_,otA(t) = 0, we shall try to apply Lemma 1. Thus, we shall use
interpolation estimates to search for a control of B(t) as O(t™°), in the spirit
of Lemma 2:.

Recall that we have introduced the following numbers :

° psuchthat2<p<%q
e 1 — 0 the barycentric coordinate of % in [é, 1] : % =(1-0)+ 9%

e —o the corresponding point in [—1—|—§, —sl: —o=(1-0)(—s)+0(—1+

2
)

e —~ such that —1+§ <—v < —0

e 7 such that p <r < +o00

e 11 the barycentric coordinate of % in the segment [1, 3] : % =04

3 IS

e —p the corresponding point in [—v,0] : —p = n(—7)

We have the following embeddings :

2

142

e BY,NBMO™' C B,y
142 . .

e By "NB? CBX

Mba, 00 MP>4,00
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142 . . . .
q —o —y —~,MP:d
« By "By, CBy CW .

—~ MP:4 2,2 NP
[ W ’YvM e [M ’Pq’W p7M p :I[?ﬂ

3p

° [MQ,%Q’W—p,M“%“][n} C [MZ%Q’W—p,MT’%q]nOO - [Liloc,Boopo_oT_q]noo
If we take r very large, we have n =1 — % + o(1) and

—p = = (1= (=) +o(1) € = 1.0

B ]y for some 7 € (0,1) and

v 2
Thus far, we have seen that i, € [LZ,,., )
t. —

some A € (0,1). We shall now estimate ¢ — e'?#y when ¥ is a weak local
Leray solution. For 0 < e < 1, split g in @, + f, with

1] 2

uloc

< Coe” and ||| por_ < Coe™™!

where Cj does not depend on € (but depends on ).

As B, = 1y — a, we have ngHLﬁloc < [|doll 2, . + Co (an estimation which
does not depend on €) and we know that we have a (restricted) weak Leray
solution of the Navier-Stokes equations (75 with initial value 6: such that
SUDg sy, 1U.(t, Mzz, < Ci, where Ty and Cy depends only on |[4| 22
(and not on €).

As B. € B, we have as well that ||U.(¢,.)]lec < Cat" 2" on an

interval (0,7,) with Tg¥e”_1 — (4 It is then easy to check that ||U, —
emgﬁ”%c < Oyt =N/2en—1,

Using our results on comparison of suitable local Leray solutions, we
find that we get the following inequality for W, = ¢ — U, and A(t) =

supgezs [ po(x — k)| W.(t, ) da :

t t
AD)? < 22 +@/A$V@+%/wwn&&mwa (8)
uloc 0 0

Thus, we get

t t
A(t) < Cre® + CB/ Ac(s)2ds + Coe*1=V) / s A(s)? ds.
0 0

so that
2(n-1) 172
T—x |

At) < Cre?neCsteCoc
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Now, for 7 < 1, take e = 7 with % + u(n —1) > 0. We find that, for
0 <t < min(7;,Ty) with

T. = C’?}%EQ(II:;) = 031%7_“2(11:;;) [ where ,uLll _;\7)

< 1],

we have the inequality

16 = eiioll e, <llaells + [Wella + 1T = €25
=X

Oy 22 _
<Cie"(1+e R )+ CJ%En_l
If 7 is small enough, we have 7 < T, and we find
2

C p—
|0(7,.) — el < Com(1 + ewil—k) + Oy =)

The theorem is proved.
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