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Some non-stability results for geometric
Paneitz-Branson type equations.
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Abstract

Let (M, g) be a compact riemannian manifold of dimension n ≥ 5.
We consider two Paneitz-Branson type equations with general coeffi-
cients

∆2
gu− divg(Agdu) + hu = |u|2∗−2−εu on M, (E1)

and
∆2
gu− divg((Ag + εBg)du) + hu = |u|2∗−2u on M, (E2)

where Ag and Bg are smooth symmetric (2, 0)-tensors, h ∈ C∞(M),

2∗ =
2n

n− 4
and ε is a small positive parameter. Under suitable as-

sumptions, we construct solutions uε to (??) and (??) which blow up
at one point of the manifold when ε tends to 0. In particular, we
extend the result of Deng and Pistoia 2011 (to the case where Ag is
the one defined in the Paneitz operator) and the result of Pistoia and
Vaira 2013 (to the case n = 8 and (M, g) locally conformally flat).
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1 Introduction and statements of the results
In this paper, we will study the stability of Paneitz type equations in the ge-
ometric case for two kinds of perturbations. The Paneitz operator, which
is a conformally covariant fourth order operator defined on any pseudo-
Riemannian manifold, has been introduced by Paneitz in [?]. Branson [?]
discovered that this operator describes the conformal transformation of a
curvature quantity, the Q-curvature. It turns out that this curvature ap-
pears in a lot of geometric and physics problems. We refer to the articles of
Branson and Gover [?], Chang [?], [?], Chang and Yang [?], and Gursky [?]
(and the references therein) for more details on the geometric and physics
aspects associated to the notion of Q-curvature. Let (M, g) be a compact
riemannian manifold of dimension n ≥ 5. We will be interested in solutions
u ∈ C4,θ(M), θ ∈ (0, 1), of the following equation

Pgu := ∆2
gu− divg(Agdu) + hu = |u|2∗−2u, (1.1)

where h ∈ C∞(M), 2∗ =
2n

n− 4
and Ag a smooth symmetric (2, 0)-tensor

given by

Ag :=
(n− 2)2 + 4

2(n− 1)(n− 2)
Rgg −

4

n− 2
Ricg, (1.2)

where Rg (resp. Ricg) stands for the scalar curvature (resp. Ricci curvature)

with respect to the metric g. When h is given by h =
n− 4

2
Qg whereQg is the

Q-curvature with respect to the metric g then Pg is the so-called Paneitz-
Branson operator and equation (??) is refered to as the Paneitz-Branson
equation. We recall that the Q-curvature is defined by

Qg =
1

2(n− 1)
∆gRg +

n3 − 4n2 + 16n− 16

8(n− 1)2(n− 2)2
R2
g −

2

(n− 2)2
|Ricg|2g.

It is well known that the Paneitz operator is conformally invariant, i.e. if
g̃ = ϕ

4
n−4 g then, for all u ∈ C∞(M), we have

P n
g (uϕ) = ϕ

n+4
n−4P n

g̃ (u).

We point out that if (M, g) is Einstein (Ricg = λg, λ ∈ R), then the Paneitz-
Branson operator takes the form

Pgu = ∆2
gu+ b∆gu+ cu, (1.3)

where b =
n2 − 2n− 4

2(n− 1)
λ and c =

n(n− 4)(n2 − 4)

16(n− 1)2
λ. More generally, follow-

ing the terminology introduced in [?], when Pg is of the form given by (??)
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(respectively by (??)) for arbitrary smooth (2, 0) tensor Ag and h ∈ C∞(M)
(respectively for arbitrary real numbers b and c), the operator Pg is referred
to as a Paneitz-Branson type operator with general coefficients (respectively
Paneitz-Branson type operator with constant coefficients). A lot of attention
has been devoted to the study of existence and compactness of solution to
(??) (see for example [?, ?, ?, ?, ?, ?] and the references therein). Here, we
will be interested in the stability of (??).
In this paper, we will consider two kinds of stability for (??) : the stability
with respect to the tensor Ag and the stability with respect to the power of
the right-side term of (??). More precisely, we say that (??) is exponent-
stable if, for any sequences of real positive numbers (εα)α such that εα −→

α→∞
0

and for any sequences of solutions (uα)α ∈ C4,θ(M), θ ∈ (0, 1), of

∆2
guα − divg(Agduα) + huα = |uα|2

∗−2−εαuα, (1.4)

bounded in H2(M), then up to a subsequence, uα converges in C4(M) to
some smooth function u solution of (??). Respectively we say that (??) is
Ag-stable if the functions uα are in fact solutions of

∆2
guα − divg((Ag + εαB)duα) + huα = |uα|2

∗−2uα, (1.5)

where B is a smooth symmetric (2, 0) tensor. We point out that a related
notion of Ag-stability has been first introduced by Hebey and Robert in [?].
Before, stating more precisely their results, we introduce some notations. We
let λi(Ag)x, x ∈M , i = 1, . . . , n, be the eigenvalues of Ag(x) (with respect to
the metric g) repeated with their multiplicity. We define λ1 = infx,i λi(Ag)x,
λ2 = maxx,i λi(Ag)x and Sw = [λ1, λ2]. In particular, it is proved in [?] that
if (M, g) is locally conformally flat (l.c.f.) and Pg is a Paneitz-Branson type

operator with strictly positive constant coefficients satisfying c− b
2

4
< 0, then

(??) is Ag-stable whenever

a. b /∈ Sw and n = 6,

b. b 6= TrAg
n

if n 6= 9 or n = 7,

c. b <
TrAg
n

if n = 8.

We point out that the results obtained in [?] are stronger than the ones
quoted above. In fact, they show stability of the equation with respect to
both Ag and h. They also obtained the stability when n = 5 under the
hypothesis that the mass of the Green function associated to Pg is strictly
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positive. To the authors’ knowledge, it is the most refined positive stability
result known presently. Concerning non-stability, the first result has been
obtained by Deng and Pistoia in [?]. There, they show that, when Ag is
replaced by some arbitrary smooth (2, 0) tensor Bg, equation (??) is not
exponent-stable if

a. n ≥ 7, Trg(Bg − Ag) is not constant and min
M

Trg(Bg − Ag) > 0,

b. or n ≥ 8 and ξ0 ∈ M a C1 stable critical point of Trg(Bg − Ag) such
that Trg(Bg − Ag)(ξ0) > 0.

A related result has been obtained by the authors in [?] where sign changing
blowing-up solutions have been constructed in arbitrary dimensions. We
refer to [?] for more details. Recently, Pistoia and Vaira [?] studied the Ag-
stability of (??) when Pg is the Paneitz-Branson operator. They proved that
equation (??) is not Ag-stable, under the following conditions : (M, g) is not
conformally flat, n ≥ 9 and there exists ξ0 ∈ M a C1 stable critical point

(see below for the definition) of the function ξ → TrgB(ξ)

|Weylg(ξ)|g
, such that

TrgB(ξ0) > 0. For a function φ ∈ C1(M), we recall that a critical point ξ0
of φ is said C1 stable if there exists an open neighborhood Ω of ξ0 such that,
for any point ξ ∈ Ω̄, there holds ∇gφ(ξ) = 0 if and only if ξ = ξ0 and such
that the Brower degree deg(∇gφ,Ω, 0) 6= 0. Our first theorem extends [?] to
the case where Bg = Ag. More precisely, we have

Theorem 1.1. Let (M, g) be a compact riemannian manifold of dimension
n, the function h be such that Pg is coercive and let Φ be defined by

Φ := − n2 − 4n− 4

96(n− 1)(n− 3)
|Weylg|2g +

1

n− 4

(
h− n− 4

2
Qg

)
. (1.6)

Assume either that :

a. n ≥ 8 and that Φ is such that minx∈M Φ(x) > 0.

b. or n ≥ 11 and there exists ξ0 ∈M a C1 stable critical point of Φ.

Then (??) is not exponent-stable.

As usual for this kind of result, we obtain the previous theorem by con-
structing a family of solutions (uε)ε of (??) which blows-up at some point
ξ ∈M when ε goes to 0. More precisely, the family of solutions we construct
is of the form

uε = ϕBBlε + o(1),
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where o(1) −→
ε→0

0, and ϕ is a conformal factor, the purpose of which will be
precised later (see (??)), and

BBlε(x) = [n(n− 4)(n2 − 4)]
n−4
8

(
µε

µε + dg(x, xε)2

)n−4
2

,

where x, xε ∈ M and µε ∈ R+ is such that µε −→
ε→0

0. This form has been
introduced by Esposito and Robert in [?]. In our second result we extend
the result of [?] to dimension n = 8 using the same family of blowing-up
solutions as the one described above. More precisely, we have

Theorem 1.2. Let (M, g) be a compact riemannian manifold of dimension
n = 8. Assume that minM {|Weylg(ξ)|g : Trg(B)(ξ) > 0} > 0. Then (??) is
not Ag-stable.

We would like to make some comments on this theorem. As it was pointed
out in [?] (see Remark 3.1), with our approach we are also able to recover
the case n > 8. The approach used in [?] consisted in taking ϕ ≡ 1 but
adding an higher-order term to the standard bubble BBlε. The method we
use here is more simple but on the other hand, it seems more rigid. Finally,
in our last result, we investigated the Ag-stability when (M, g) is l.c.f. Before
stating more precisely our theorem, we introduce some notations. We let ig
be the injectivity radius of (M, g) and r0 ∈ R∗+ such that r0 < ig. Since
we are assuming that (M, g) is l.c.f., there exists a family (gξ)ξ∈M of smooth
conformal metrics to g such that gξ is flat in the geodesic ball Bξ(r0). We let
Gg be the Green’s function of the Paneitz operator Pg. We will assume that
Gg is of the form

Ggξ(expξ y, ξ) =
1

βn|y|n−4
+ Aξ + 0(4)(|y|), (1.7)

where βn = (n−2)(n−4)ωn−1, ωn−1 = |Sn−1|, Aξ > 0 depending only (M, g)
and on ξ (being smooth with respect to ξ) and f = O(k)(rm) denotes any
quantity satisfying

|∇jf(expξ y)| ≤ Cj|y|m−j,

for 1 ≤ j ≤ k. We have :

Theorem 1.3. Let (M, g) be a locally conformally flat manifold of dimension
n ≥ 6. Assume that h = Qg, (??) holds and that maxM Trg(B) > 0. Then
(??) is not Ag-stable. More precisely, for ε > 0, there exists a family of
solutions uε of (??) which blows-up, when ε → 0, at some point ξ0 so that
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E(ξ0) = maxM E(ξ) where E(ξ) =
h(ξ)

A
2

n−4

ξ

. Moreover if n ≥ 7, for any isolated

critical point ξ0 of E with non-trivial degree and Trg(B)(ξ0) > 0, for ε > 0,
there exists a family of solutions uε of (??) which blows-up, when ε → 0,
atξ0.

The method used in order to prove the previous theorem is inspired by
the one of Esposito, Pistoia and Vétois [?] where a similar result has been
proved for the Yamabe equation. The main idea consists in modifying slightly
the shape of the family (uε)ε of blowing-up solutions we are looking for by
multiplying the standard bubble BBlε by a function depending on the Green
function. Finally, we point out that the assumption (??) is very natural.
Gursky and Malchiodi in [?] (see Theorem 2.9) proved that if Qg is semi pos-
itive, Rg ≥ 0, (M, g) locally conformally flat but not conformally equivalent
to the round sphere, then (??) holds (see also some recent preprints of Hang
and Yang for improved results [?]).

The proof of the theorems relies on a well known Lyapunov-Schmidt re-
duction procedure which permits to reduce the problem to a finite dimen-
sional one for which we defined a reduced energy. The solutions to (??) will
then be obtained as critical points of this reduced energy. We refer to [?]
and the references therein for more information on the Lyapunov-Schmidt
reduction procedure.

The plan of this paper is the following : in section 2, we give some
preliminaries. Section 3 is devoted to the proof of Theorems ?? and ??
where the proofs of these two theorems are done in parallel. We begin by
giving an estimate of the error and then give an estimate of the reduced
energy. Finally, in Section 4, we prove Theorem ??.

2 Preliminaries.
Let (ξα)α be a sequence of points of M . In all the following, we will suppose
up to extracting a subsequence that, for α large enough, all the points ξα
belong to a small open set Ω of M in which there exists a smooth orthogonal
frame. Thus, we will identify the tangent spaces TξM with Rn for all ξ ∈ Ω.
We recall that we suppose that Pg is coercive.

In all the following, we will denote by 〈., .〉Pg , the scalar product, for
u, v ∈ H2(M),

〈u, v〉Pg =

∫
M

∆gu∆gvdV +

∫
M

Ag(∇gu,∇gv)dV +

∫
M

huvdV,
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where here and in the following dV stands for the volume element with
respect to the metric g. We will denote ‖.‖Pg the associated norm which is

equivalent to the standard norm of H2(M). We denote by i∗ : L
2n
n+4 (M) →

H2(M) the adjoint operator of the embedding i : H2(M) → L
2n
n−4 (M), i.e.

for all w ∈ L
2n
n+4 (M), the function u = i∗(w) ∈ H2(M) is the unique solution

of ∆2
gu − divg(Agdu) + hu = w. Using this notation, we see that equations

(??) and (??) can be rewritten as, for u ∈ H2(M),

u = i∗(fε(u)),

where fε(u) = |u|2∗−2−εu for (??) and fε(u) = |u|2∗−2u − εdivg(B(∇u) for
(??). Before proceeding we recall some basic facts. It is well known (see [?])
that all solutions u ∈ H2(Rn) of the equation

∆2
euclu = u2

∗−1 = u
n+4
n−4 in Rn

are given by
Uδ,y(x) = δ

4−n
2 U

(x− y
δ

)
, δ > 0, y ∈ Rn

where

U(x) = [n(n− 4)(n2 − 4)]
n−4
8

(
1

1 + |x|2

)n−4
2

= αn

(
1

1 + |x|2

)n−4
2

. (2.1)

It is also well known (see [?]) that all solutions v ∈ H2(Rn) of

∆2
euclv = (2∗ − 1)U2∗−2v

are linear combinations of

V0(x) = αn
n− 4

2

|x|2 − 1

(1 + |x|2)n−2
2

and
Vi(x) = αn(n− 4)

xi

(1 + |x|2)n−2
2

, i = 1, . . . , n.

Let us fix N > n and ξ ∈ M , it is well known that there exists g̃ = ϕ
4

n−2 g,
ϕ > 0 is a smooth function on M , such that

Ricg̃(ξ) = 0, ∇Rg̃(ξ) = 0, ∆g̃Rg̃(ξ) =
1

6
|Weylg(ξ)|2g (2.2)

and
dVg̃ =

(
1 +O(rN)

)
dVRn .
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We notice that, in this system of coordinates, we have

Qg(ξ) =
1

2(n− 1)
∆gRg(ξ) =

1

12(n− 1)
|Weylg(ξ)|2g.

We also give the expression of the Paneitz operator for radial function in the
previous metric which will be useful in the sequel :

Lemma 2.1. [?, lemma 2.6 p.13] If u is a radial function, then we have

Pg̃(u) = ∆2u+
1

n− 2
∇l∇kRg(0)xkxlA(u) +

n− 4

24(n− 1)
|Weylg|2g (0)u

+O
(
r3
)
|u′′|+O

(
r2
)
|u′|+O(r)u+O

(
rN−1

)
u′′′

+O
(
rN−2

)
u′′ +O

(
rN−3

)
u′,

where u′ =
∂u

∂r
and

A(u) =
u′

r

(
2(n− 1)

n− 2
− (n− 1)(n− 2)

2
+ 6− n

)
− u′′

(
n− 2

2
+

2

n− 2

)
.

3 Proofs of Theorems ?? and ??.
This section will be devoted to the proof of Theorems ?? and ??. Since the
form of the solution we construct will be the same in both cases, we will
prove Theorems ?? and ?? in parallel . We define, for any real δ strictly
positive, ξ ∈M and x ∈M ,

Wδ,ξ(x) = χ (dg(x, ξ))ϕ(x)δ
4−n
2 U

(
δ−1 exp−1ξ (x)

)
,

where dg(x, ξ) stands for the distance from x to ξ with respect to the metric
g, expξ is the exponential map with respect to the metric g and χ : R→ R is
a smooth cutoff function such that 0 ≤ χ ≤ 1, χ(x) = 1 if x ∈

[
− r0

2
, r0

2

]
and

χ(x) = 0 if x ∈ R\(−r0, r0). We also define, for any real δ strictly positive,
ξ ∈M and x ∈M ,

Zδ,ξ(x) = χ(dg(x, ξ))δ
n−4
2

dg(x, ξ)
2 − δ2

(δ2 + dg(x, ξ)2)
n−2
2

,

and, for ω ∈ TξM ,

Zδ,ξ,ω(x) = χ(dg(x, ξ))δ
n−2
2

〈
exp−1ξ x, ω

〉
g

(δ2 + dg(x, ξ)2)
n−2
2

.
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We denote by Πδ,ξ respectively Π⊥δ,ξ the projection of H2(M) onto

Kδ,ξ = span {Zδ,ξ, (Zδ,ξ,ei)i=1..n}

respectively

K⊥δ,ξ =
{
φ ∈ H2(M)/ 〈φ, Zδ,ξ〉Pg = 0 and 〈φ, Zδ,ξ,ω〉Pg = 0, ∀ω ∈ TξM

}
.

(3.1)
We are looking for solution u to (??) of the form

u = Wδε(tε),ξε + φδε(tε),ξε ,

where φδε(tε),ξε ∈ K⊥δε(tε),ξε and δε(tε) ∈ R+ is defined below. It is easy to see
that equations (??) (respectively (??)) are equivalent to the following system

Πδε(t),ξ

(
Wδε(t),ξ + φδε(t),ξ − i∗

(
fε(Wδε(t),ξ + φδε(t),ξ)

))
= 0, (3.2)

and
Π⊥δε(t),ξ

(
Wδε(t),ξ + φδε(t),ξ − i∗

(
fε(Wδε(t),ξ + φδε(t),ξ)

))
= 0, (3.3)

where fε is defined by fε(u) = |u|2∗−2−εu (respectively by fε(u) = |u|2∗−2u−
εdivg(B(∇u))). We define δε(tε), for tε > 0 by

δε(tε) =

{
(tεε)

1
4 , if n ≥ 9,

tεl
−1(ε), if n = 8

(3.4)

where l : (0, e−
1
2 )→ (0, e−

1
2 ) is defined by l(δ) = −δ4 ln δ if fε(u) = |u|2∗−2−εu

and by l(δ) = −δ2 ln δ if fε(u) = |u|2∗−2u− εdivg(B(∇u)).

Let us now give the plan of this section. We will begin by solving (??)
in Section 3.1. In Section 3.2, we will solve (??) by proving an estimate of
the reduced energy (see Propositions ?? and ??) and give the proof of the
theorems. Finally, in Section 3.3, we finish the proof of Proposition ?? by
showing that the estimate of the reduced energy holds C1-uniformly when
n ≥ 11.

3.1 Finite dimensional reduction.

We begin by solving (??). The following proposition is well known and we
refer to [?] and [?] for a proof of it.
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Proposition 3.1. Given two real numbers a < b, there exists a positive
constant Ca,b such that for ε small, for any t ∈ [a, b] and any ξ ∈ M , there
exists a unique function φδε(t),ξ ∈ K⊥δε(t),ξ which solves equation (??) and
satisfies ∥∥φδε(t),ξ∥∥Pg ≤ Ca,b

∥∥i∗(fε(Wδε(t),ξ))−Wδε(t),ξ

∥∥
Pg
. (3.5)

Moreover, φδε(t),ξ is continuously differentiable with respect to t and ξ.

The next two lemma are devoted to estimate
∥∥i∗(fε(Wδε(t),ξ))−Wδε(t),ξ

∥∥
Pg

in term of ε. We begin by the case fε(u) = |u|2∗−2−εu (i.e. by (??)).

Lemma 3.2. Assume that n ≥ 8 and fε(u) = |u|2∗−2−εu. Given two positive
real numbers a < b, there exists a positive constant C ′a,b such that for ε small,
for any real number t ∈ [a, b] and any point ξ ∈M , there holds∥∥i∗(fε(Wδε(t),ξ))−Wδε(t),ξ

∥∥
Pg

≤ C ′a,b

(
ε| ln δε(t)|+

{
δε(t)

n−4
2 , if n < 12,

δε(t)
4| ln δε(t)|, if n ≥ 12

)
.

Proof. All the estimates will be uniform in t, ξ and ε. Since i∗ is continuous,
we have∥∥i∗(fε(Wδε(t),ξ))−Wδε(t),ξ

∥∥
Pg

= O
(∥∥(fε(Wδε(t),ξ))− Pg(Wδε(t),ξ)

∥∥
L

2n
n+4

)
.

(3.6)

The triangular inequality yields to

∥∥i∗(fε(Wδε(t),ξ))−Wδε(t),ξ

∥∥
Pg

≤ C
∥∥fε(Wδε(t),ξ)− f(Wδε(t),ξ)

∥∥
L

2n
n+4

+ C
∥∥f(Wδε(t),ξ)− Pg(Wδε(t),ξ)

∥∥
L

2n
n+4

≤ C(I1 + I2). (3.7)

It is easy to see (see for instance inequality (3.28) of [?]) that

I1 =
∥∥fε(Wδε(t),ξ)− f0(Wδε(t),ξ)

∥∥
L

2n
n+4

= O(ε| ln δε(t)|). (3.8)

Using that the Paneitz operator P paneitz, (i.e. for which h =
n− 4

2
) is a

conformal operator and denoting W̃δε(t),ξ =
Wδε(t),ξ

ϕ
, we have

f(Wδε(t),ξ)− P paneitz
g (Wδε(t),ξ) = ϕ2∗−1(f(W̃δε(t),ξ)− P

paneitz
g̃ (W̃δε(t),ξ)),
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where g̃ is the metric defined in (??). Now, since W̃δε(t),ξ is a radial function,
using Lemma ??, we have

f(Wδε(t),ξ)− Pg(Wδε(t),ξ) = f(Wδε(t),ξ)− P paneitz
g (Wδε(t),ξ)

+

(
n− 4

2
Q− h

)
Wδε(t),ξ

= ϕ2∗−1(f(W̃δε(t),ξ)−∆2
Rn(W̃δε(t),ξ))

+O(r2∂rrW̃δε(t),ξ + r∂rW̃δε(t),ξ + W̃δε(t),ξ)

= O(r2∂rrW̃δε(t),ξ + r∂rW̃δε(t),ξ + W̃δε(t),ξ).

Direct computations give

max
{∥∥∥W̃δε(t),ξ

∥∥∥
L

2n
n+4

,
∥∥∥r∂rW̃δε(t),ξ

∥∥∥
L

2n
n+4

,
∥∥∥r2∂rrW̃δε(t),ξ

∥∥∥
L

2n
n+4

}
≤ C


δε(t)

4, if n ≥ 13,

δε(t)
4| ln δε(t)|, if n = 12,

δε(t)
n−4
2 , if 5 ≤ n ≤ 11.

Therefore, we deduce that

|I2| ≤ C


δε(t)

4, if n ≥ 13,

δε(t)
4| ln δε(t)|, if n = 12,

δε(t)
n−4
2 , if 5 ≤ n ≤ 11.

(3.9)

Combining (??), (??) and (??), the proof of the lemma follows.

Next we prove the equivalent of the previous lemma for equation (??).

Lemma 3.3. Assume that n = 8 and fε(u) = |u|2∗−2u − εdivg(B(∇u)).
Given two positive real numbers a < b, there exists a positive constant C ′a,b
such that for ε small, for any real number t ∈ [a, b] and any point ξ ∈ M ,
there holds∥∥i∗(fε(Wδε(t),ξ))−Wδε(t),ξ

∥∥
Pg
≤ C ′a,b(δε(t)

2 + εδε(t)
2| ln δε(t)|

3
4 ).

Proof. Using the continuity of i∗ and the triangular inequality, we have∥∥i∗(fε(Wδε(t),ξ))−Wδε(t),ξ

∥∥
Pg

≤ ε
∥∥divg(B(∇Wδε(t),ξ))

∥∥
L

2n
n+4

+ C
∥∥f(Wδε(t),ξ)− Pg(Wδε(t),ξ)

∥∥
L

2n
n+4

≤ C(I1 + I2). (3.10)
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From (??), we know that I2 = δε(t)
2. Since∥∥∥∥1

r
W ′
δε(t),ξ

∥∥∥∥
L

2n
n+4

+
∥∥W ′′

δε(t),ξ

∥∥
L

2n
n+4
≤ O(δε(t)

2| ln δε(t)|
3
4 ),

we deduce that

I1 = ε
∥∥divg(B(∇Wδε(t),ξ))

∥∥
L

2n
n+4

= O(εδε(t)
2| ln δε(t)|

3
4 )).

The proof follows from the previous estimates.

3.2 The reduced problem.

In this section, we will solve equation (??) and give the proof of Theorems
?? and ??. We begin with the case fε(u) = |u|2∗−2−εu (i.e. equation (??)).
For ε > 0 small enough, we define the energy associated to (??) by, for
u ∈ H2(M),

Jε(u) =
1

2

∫
M

(∆gu)2 +
1

2

∫
M

Ag(∇gu,∇gu)dV +
1

2

∫
M

hu2dV

−
∫
M

Fε(u)dV,

(3.11)

where Fε(u) =

∫ u

0

fε(s)ds. We set Iε(t, ξ) = Jε(Wδε(t),ξ + φδε(t),ξ), t ∈ R∗+
and ξ ∈M where φδε(t),ξ ∈ K⊥δε(t),ξ is the function defined in Proposition ??.
In the next proposition, we give the expansion of Iε with respect to ε.

Proposition 3.4. Assume that n ≥ 8 and fε(u) = |u|2∗−2−εu. There exist
constants ci(n), i = 1, . . . , 5 depending on n, such that

Iε(t, ξ) = c5(n)+c2(n)ε+c3(n)ε ln ε−c4(n)ε ln(t)+c1(n)Φ(ξ)εt+o(ε) (3.12)

as ε→ 0, C0 uniformly with respect to t in compact subsets of R∗+ and with
respect to ξ ∈ M and C1 uniformly if n ≥ 11. Moreover, we have that
c4(n) > 0, c1(n) > 0 and

Φ = − n2 − 4n− 4

96(n− 1)(n− 3)
|Weylg|2g +

1

n− 4
(h− n− 4

2
Qg).

Proof. We begin by proving that

Iε(t, ξ) = Jε(Wδε(t),ξ) + o(ε), (3.13)

12



as ε → 0, uniformly with respect to t in compact subsets of R∗+ and points
ξ ∈ M (we will show in Lemma ?? that this estimate holds C1 uniformly
with respect to t and ξ when n ≥ 12). Indeed, we have

Iε(t, ξ)− Jε(Wδε(t),ξ)

=
〈
Wδε(t),ξ − i∗(fε(Wδε(t),ξ)), φδε(t),ξ

〉
Pg

+O(
∥∥φδε(t),ξ∥∥2Pg) (3.14)

when ε → 0. Using Lemma ??, Proposition ?? and the definition of δε(t)
(??), we get〈

Wδε(t),ξ − i∗(fε(Wδε(t),ξ)), φδε(t),ξ
〉
Pg

+O(
∥∥φδε(t),ξ∥∥2Pg)

= O(
∥∥φδε(t),ξ∥∥2Pg)

= O

(
ε2| ln δε(t)|2 +

{
δε(t)

n−4 if n < 12
δε(t)

8| ln δε(t)|2 if n ≥ 12

)
= o(ε).

Now, the proposition is reduced to estimate Jε(Wδε(t),ξ). We will focus on
C0-estimates. The C1-estimates can be obtained using the same argument
as in Lemma 4.1 of [?]. We use the computations of section 6 of [?] and the
estimate (4.2) of [?] to estimate I1,ε,t,δ. Using that Jε is conformally invariant
and using (??), we have∫

M

Pg(Wδε(t),ξ)Wδε(t),ξdV = α2
n

[
n(n− 4)(n2 − 4)ωn

2n

]

+


ωn(n− 1)(n− 3)(n− 4)Φ(ξ)

2n−4(n− 6)(n− 8)
δε(t)

4 + o(δε(t)
4), if n ≥ 9,

ωn−1(n− 4)Φ(ξ)δε(t)
4| ln δε(t)|+ o(δε(t)

4| ln δε(t)|), if n = 8,

(3.15)
where Φ is given by

Φ = − n2 − 4n− 4

96(n− 1)(n− 3)
|Weylg|2g +

1

n− 4
(h− n− 4

2
Qg).

Next, we define Iqp =
∫∞
0

rq

(1 + r)p
dr for any p, q integers such that q < p− 1.

In the sequel, we will use that

Iqp =
q

p− q − 1
Iq−1p =

p

p− q − 1
Iqp+1,

and
In−2n =

1

n− 1
, I

n−2
2

n =
ωn

2n−1ωn−1
.

13



We also have that

I
n−2
2

n−n−4
2
ε

= I
n−2
2

n +
n− 4

2
Ĩ
n−2
2

n ε+O(ε2),

where Ĩqp =
∫∞
0

rq ln(1 + r)

(1 + r)p
dr. Therefore, we obtain that

1

2∗ − ε

∫
M

W 2∗−ε
δε(t),ξ

dV

=
α2∗−ε
n

2∗ − ε
(δε(t))

n−4
2
εωn−1

∫ r0
δε(t)

0

(
1

1 + r2

)n−n−4
2
ε

rn−1(1 +O(rn))dr

=
n− 4

2n
K−n/4n

[
1 +

n− 4

2
ε ln(δε(t))

+
n− 4

2n

(
nĨ

n−2
2

n

I
n−2
2

n

+
n(1− n

2
ln
√
n(n− 4)(n2 − 4))

n− 2

)
ε

]
+ o(δε(t)

5).

(3.16)

Then the proposition follows from (??) and (??).

Next we consider equation (??). For ε > 0 small enough, we define the
energy associated to (??) by, for u ∈ H2(M),

J̃ε(u) =
1

2

∫
M

(∆gu)2 +
1

2

∫
M

(Ag + εB)(∇gu,∇gu)dV +
1

2

∫
M

hu2dV

−
∫
M

F0(u)dV,

(3.17)

where F0(u) =

∫ u

0

f0(s)ds. We set Ĩε(t, ξ) = J̃ε(Wδε(t),ξ + φδε(t),ξ), t ∈ R∗+
and ξ ∈M where φδε(t),ξ ∈ K⊥δε(t),ξ is the function defined in Proposition ??.
In this case, we obtain :

Proposition 3.5. Assume that n = 8 and fε(u) = |u|2∗−2u− εdivg(B(∇u)).
There exist constants ci(n), i = 1, . . . , 3 depending on n, such that

Ĩε(t, ξ) =c1(n) + ε2| ln ε|−1
(
c2(n)t2TrgB(ξ)− c3(n)t4|Weylg|2g

)
+ o(ε2| ln ε|−1), (3.18)

as ε → 0 C0 uniformly with respect to t in compact subsets of R∗+ and with
respect to ξ ∈M . Moreover, we have that c2(n) > 0 and c3(n) > 0.
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Proof. Using Lemma ??, Proposition ?? and (??), we get〈
Wδε(t),ξ − i∗(fε(Wδε(t),ξ)), φδε(t),ξ

〉
Pg

+O
(∥∥φδε(t),ξ∥∥2Pg) = O

(
δε(t)

4
)
.

We have
1

2∗

∫
M

W 2∗

δε(t),ξdV =
ωn
2n

+ o(δε(t)
5),

and

1

2
ε

∫
M

B(∇Wδε(t),ξ,∇Wδε(t),ξ)dV

=
(n− 4)2

2n
εδε(t)

2α2
nωn−1TrgB(ξ)

∫ r0
δε(t)

0

rn+1

(1 + r2)n−2
dr +O(δε(t)

5)

= εδε(t)
2 2(n− 1)

n(n− 6)(n2 − 4)
K
−n

4
n TrgB(ξ) +O(δε(t)

5).

Therefore, from the two previous estimates and (??), we have

J̃ε(Wδε(t),ξ) = α2
n

[
n(n− 4)(n2 − 4)ωn

2n

]
+ εδε(t)

2 2(n− 1)

n(n− 6)(n2 − 4)
K
−n

4
n TrgB(ξ)

− n2 − 4n− 4

96(n− 1)(n− 3)
|Weylg|2gδε(t)4| ln δε(t)|+ o

(
δε(t)

4| ln δε(t)|
)
.

Finally, we recall the following proposition (see [?] and [?] for a proof)
which shows that to obtain a solution of (??) (respectively (??)), we only
need to find a critical point for Ĩε (respectively Iε).

Proposition 3.6. Given two positive real numbers a < b, for ε small, if
(tε, ξε) ∈ (a, b)×M is a critical point of Ĩε (respectively Iε), then the function
Wδε(tε),ξε + φδε(tε),ξε is a solution of (??) (respectively (??)).

We are now in position to prove Theorems ?? and ??. We restrict our-
selves to prove Theorem ?? (Theorem ?? can be obtained in the same way).

Proof of Theorem ??. We set G : R∗+ ×M → R the function defined by

G(t, ξ) = −c4(n) ln t+ c1(n)ϕ(ξ)t,

15



where c4(n), c1(n) and ϕ(ξ) are defined in (??). From Proposition ??, we
have

lim
ε→0

1

ε
(Iε(t, ξ)− c5(n)− c2(n)ε− c3(n)ε ln ε) = G(t, ξ), (3.19)

C0 (and C1 if n ≥ 11) uniformly with respect to ξ ∈ M and t in compact
subset of R∗+. We will consider two cases depending on the dimension of the
manifold.

First case : n ≥ 11.

We argue as in [?]. Let ξ0 be the C1 stable critical point of ϕ such that
ϕ(ξ0) > 0 and set

t0 =
c4(n)

c1(n)ϕ(ξ0)
> 0.

Identifying the tangent space at ξ with Rn we define the map H from [0, 1]×
R+ × Rninto Rn+1 by

H(s, t, ξ) = s

(
∂G(t, expξ(y))

∂t
,
∂G(t, expξ(y))

∂y1
|y=0, . . . ,

∂G(t, expξ(y))

∂yn
|y=0

)
+(1− s)

(
t− t0,

∂(ϕ ◦ expξ(y))

∂y1
|y=0, . . . ,

∂(ϕ ◦ expξ(y))

∂yn
|y=0

)
.

By the invariance of the Brower degree via homotopy, we have that (t0, ξ0) is
a C1 stable critical point of G. From Proposition ?? and standard properties
of the Brower degree (see e.g. [?]), there exists a couple (tε, ξε) of critical
points of Iε converging to (t0, ξ0).
Second case : 8 ≤ n ≤ 10.

Since c4(n) and c1(n) are positive, we have

lim
t→0+
G(t, ξ) = lim

t→∞
G(t, ξ) = +∞,

uniformly in ξ ∈ M . Therefore, from (??) we deduce that, for ε small
enough,there exists a couple (tε, ξε) which is a minimum for the functional
Iε in (a, b) ×M where a, b are positive constants not depending on ε. This
implies from Proposition ?? that Wδε(tε),ξε + φδε(tε),ξε is a solution of (??).
Thus Theorem ?? is established.

3.3 C1 uniform estimate for the reduced energy.

Finally, we end this section by proving that the estimate (??) holds C1 uni-
formly if n ≥ 11.
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Lemma 3.7. If n ≥ 11, we have

Iε(t, ξ) = Jε(Wδε(t),ξ) + o(ε),

C1 uniformly with respect to t in compact subsets of R∗+ and ξ ∈M .

Proof. To simplify notations, we set, for i = 1, . . . , n,

Z0 = Zδε(t),ξ and Zi = Zδε(t),ξ,ei .

We recall that
∂

∂t
(Wδε(t),ξ) =

C̃n
t
Z0 =

C̃nδ
′
ε(t)

δε(t)
Z0,

where C̃n =
αn(n− 4)

4
(see (??) for the definition of αn). Taking the deriva-

tive with respect to t to Iε(t, ξ)− Jε(Wδε(t),ξ), we obtain

∂Iε
∂t

(t, ξ)− ∂Jε
∂t

(Wδ(t),ξ)

=

∫
M

Pg(φδε(t),ξ)
∂

∂t
Wδε(t),ξdV

−
∫
M

(fε(Wδε(t),ξ + φδε(t),ξ)− fε(Wδε(t),ξ))
∂Wδε(t),ξ

∂t
dV

+DJε(Wδε(t),ξ + φδε(t),ξ)

[
∂φδε(t),ξ
∂t

]
=
C̃n
t

(∫
M

(Pg(Z0)− f ′ε(Wδε(t),ξ)Z0)φδε(t),ξdV

−
∫
M

(
fε(Wδε(t),ξ + φδε(t),ξ)− fε(Wδε(t),ξ)

− f ′ε(Wδε(t),ξ)φδε(t),ξ
)
Z0dV

)
+DJε(Wδε(t),ξ + φδε(t),ξ)

[
∂φδε(t),ξ
∂t

]
=I1 + I2 + I3, (3.20)
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where

I1 =
C̃n
t

∫
M

(Pg(Z0)− f ′ε(Wδε(t),ξ)Z0)φδε(t),ξdV, (3.21)

I2 = −C̃n
t

∫
M

(fε(Wδε(t),ξ + φδε(t),ξ)− fε(Wδε(t),ξ)

− f ′ε(Wδε(t),ξ)φδε(t),ξ)Z0dV, (3.22)

I3 = DJε(Wδε(t),ξ + φδε(t),ξ)

[
∂φδε(t),ξ
∂t

]
. (3.23)

In the same way, recalling that

∂

∂yi
(Wδε(t),expξ(y))

∣∣
y=0

=
αn(n− 4)

δε(t)
Zi +Rδε(t),ξ,

where
∥∥Rδε(t),ξ

∥∥
Pg

= O(δε(t)
2) (see (6.13) of [?]) and using (??), we find

∂Iε
∂yi

(t, expξ(y))∣∣
y=0

− ∂Jε
∂yi

(Wδ(t),expξ(y))
∣∣
y=0

=
αn(n− 4)

δε(t)

(∫
M

(Pg(Zi)− f ′ε(Wδε(t),ξ)Zi)φδε(t),ξdV

−
∫
M

(
fε(Wδε(t),ξ + φδε(t),ξ)− fε(Wδε(t),ξ)

− f ′ε(Wδε(t),ξ)φδε(t),ξ
)
ZidV

)
+DJε(Wδε(t),ξ + φδε(t),ξ)

[
∂φδε(t),expξ(y)

∂yi

]∣∣
y=0

+O
(∥∥Rδε(t),ξ

∥∥
Pg

∥∥φδε(t),ξ∥∥Pg)
= I4 + I5 + I6 + o(ε), (3.24)

where

I4 =
αn(n− 4)

δε(t)

∫
M

(Pg(Zi)− f ′ε(Wδε(t),ξ)Zi)φδε(t),ξdV,

I5 = − αn(n− 4)

δε(t)

∫
M

(fε(Wδε(t),ξ + φδε(t),ξ)− fε(Wδε(t),ξ)

− f ′ε(Wδε(t),ξ)φδε(t),ξ)ZidV,

I6 = DJε(Wδε(t),ξ + φδε(t),ξ)

[
∂φδε(t),expξ(y)

∂yi

]∣∣
y=0

.
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We begin by estimating the terms I3 and I6. By Proposition ??, there exist
real numbers λi, i = 0, . . . , n such that

DJε(Wδε(t),ξ + φδε(t),ξ)[.] =
n∑
i=0

λi 〈Zi, .〉Pg .

Arguing in the same way as in Proposition 2.2 of [?] (see in particular (4.23)
and (4.24)), we have

DJ(Wδε(t),ξ + φδε(t),ξ)

[
∂φδε(t),ξ
∂t

]
= O

(∥∥φδε(t),ξ∥∥L 2n
n+4

n∑
i=0

|λi|

)
,

and

DJε(Wδε(t),ξ + φδε(t),ξ)

[
∂φδε(t),expξ(y)

∂yi

]∣∣y=0

= O

(∥∥φδε(t),ξ∥∥L 2n
n+4

∑n
i=0 |λi|

δε(t)

)
.

We claim that |λi| = O
( ∥∥Pg(Wδε(t),ξ)− fε(Wδε(t),ξ)

∥∥
L

2n
n+4

)
, for all i = 0, . . . , n.

Using that
〈Zi, Zj〉Pg → ‖∆euclVi‖2L2(Rn) δij,

to prove the claim, we just need to show that

DJ(Wδε(t),ξ + φδε(t),ξ)[Zi] = O(
∥∥Pg(Wδε(t),ξ)− fε(Wδε(t),ξ)

∥∥
L

2n
n+4

),

for all i = 0, . . . , n. Since φδε(t),ξ ∈ K⊥δε(t),ξ, using Hölder inequality, (??),
Lemma ?? and rough estimates, we have

DJε(Wδε(t),ξ + φδε(t),ξ)[Zi]

=

∫
M

Pg(Wδε(t),ξ)ZidV −
∫
M

fε(Wδε(t),ξ + φδε(t),ξ)ZidV

=

∫
M

(Pg(Wδε(t),ξ)− fε(Wδε(t),ξ))ZidV

−
∫
M

(fε(Wδε(t),ξ + φδε(t),ξ)− fε(Wδε(t),ξ))ZidV

≤
∥∥Pg(Wδε(t),ξ)− fε(Wδε(t),ξ)

∥∥
L

2n
n+4
‖Zi‖L2∗

+
∥∥fε(Wδε(t),ξ + φδε(t),ξ)− fε(Wδε(t),ξ)

∥∥
L

2n
n+4
‖Zi‖L2∗

≤O
(∥∥Pg(Wδε(t),ξ)− fε(Wδε(t),ξ)

∥∥
L

2n
n+4

)
+O

(∥∥φδε(t),ξ∥∥L 2n
n−4

(
∥∥Wδε(t),ξ

∥∥2∗−2−ε
L

2n
n−4

+
∥∥φδε(t),ξ∥∥2∗−2−εL

2n
n−4

)
)

≤O
(∥∥Pg(Wδε(t),ξ)− fε(Wδε(t),ξ)

∥∥
L

2n
n+4

)
.
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Combining the previous estimates, we get

DJε(Wδε(t),ξ + φδε(t),ξ)

[
∂φδε(t),ξ
∂t

]
= O

(∥∥Pg(Wδε(t),ξ)− fε(Wδε(t),ξ)
∥∥2
L

2n
n+4

)
,

(3.25)
and

DJε(Wδε(t),ξ + φδε(t),ξ)

[
∂φδε(t),expξ(y)

∂yi

]
|y=0

= O

(∥∥Pg(Wδε(t),ξ)− fε(Wδε(t),ξ)
∥∥2
L

2n
n+4

δε(t)

)
.

(3.26)
Now let us estimate I2 and I5. Noticing that, if n ≥ 11,∥∥(Wδε(t),ξ)

2∗−3−εZi
∥∥
L
n
4

= O(1),

we obtain, for i = 0, . . . , n,∫
M

(fε(Wδε(t),ξ + φδε(t),ξ)− fε(Wδε(t),ξ)− f ′ε(Wδε(t),ξ)φδε(t),ξ)ZidV

≤ C

{∫
M

(Wδε(t),ξ)
2∗−3−εφ2

δε(t),ξ
ZidV, if n ≥ 12,∫

M
((Wδε(t),ξ)

2∗−3−εφ2
δε(t),ξ

+ φ2∗−1−ε
δε(t),ξ

ZidV ), if n = 11,

≤ C


∥∥(Wδε(t),ξ)

2∗−3−εZi
∥∥
L
n
4

∥∥φδε(t),ξ∥∥2L 2n
n−4

, if n ≥ 12,∥∥φδε(t),ξ∥∥2L 2n
n−4

∥∥(Wδε(t),ξ)
2∗−3−εZi

∥∥
L
n
4

+ ‖Zi‖
L

2n
n−4

∥∥φδε(t),ξ∥∥2∗−1−εL
2n
n−4

,
if n = 11,

≤ O(
∥∥φδε(t),ξ∥∥2L 2n

n−4
) when n ≥ 11. (3.27)

Finally, let us estimate I1 and I4. Since∥∥Pg(Zi)− f ′ε(Wδε(t),ξ)Zi
∥∥
L

2n
n+4

= O(δε(t)
2)

(one can argue as in [?], inequality (4.17)), we obtain∫
M

(Pg(Zi)− f ′ε(Wδε(t),ξ)Zi)φδε(t),ξdV

≤ C
∥∥Pg(Zi)− f ′ε(Wδε(t),ξ)Zi

∥∥
L

2n
n+4

∥∥φδε(t),ξ∥∥L2∗

≤ O
(
δε(t)

2
∥∥φδε(t),ξ∥∥L2∗

)
. (3.28)

The lemma now follows from (??), (??), (??), (??), (??) and (??).
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4 Case M is l.c.f. : Proof of Theorem ??.
In all this section, we assume that M is l.c.f. We will also assume that Ggξ ,
the Green function of Pgξ , is of the form

Ggξ(expξ y, ξ) =
1

βn|y|n−4
+ A+ 0(4)(|y|),

where βn = (n − 2)(n − 4)ωn−1 (see the introduction for the definition of
0(4)(|y|)). In the following, with an abuse of notation, we will identify the
metric g and gξ. In this section, we will modify the notation of the function
Wδε(t),ξ defined in the previous one. Here, we will be looking for a solution
of the form

Wδε(t),ξ(x) = Gg(x, ξ)Ŵδε(t),ξ(x),

where Ŵδε(t),ξ is defined by

Ŵδε(t),ξ =


Ŵ in
δε(t),ξ

(x) := βnδε(t)
4−n
2 d(x, ξ)n−4U

(
d(x, ξ)

δε(t)

)
, if d(x, ξ) ≤ r0,

Ŵ out
δε(t),ξ

(x) := βnδε(t)
4−n
2 rn−40 U

( r0
δε(t)

)
+ γε̃(d(x, ξ)− r0)(Ŵ in

δε(t),ξ
)′(r0),

if d(x, ξ) > r0.

In the previous definition, γε̃ : R → R, ε̃ ∈ R+ is a smooth function
satisfying the following properties :

supp(γε̃) ⊂ [0, ε̃],

γ(0) = 0, γ′(0) = 1, |∇iγ(r)| ≤ ε̃−i,∀r ≥ 0 and i = 1, . . . , 4.

It is easy to check that Ŵδε(t),ξ ∈ H2(M). We also define, for any real δ
strictly positive, ξ ∈M and x ∈M ,

Zδ,ξ(x) = Gg(x, ξ)Ẑδ,ξ(x), (4.1)

and, for ω ∈ TξM ,
Zδ,ξ,ω(x) = Gg(x, ξ)Ẑδ,ξ,ω(x), (4.2)

where
Ẑδ,ξ(x) = d(x, ξ)n−4χ(dg(x, ξ))δ

n−4
2

d(x, ξ)2 − δ2

(δ2 + d(x, ξ)2)
n−2
2

,

and, for ω ∈ TξM ,

Ẑδ,ξ,ω(x) = d(x, ξ)n−4χ(dg(x, ξ))δ
n−2
2

〈
exp−1ξ x, ω

〉
g

(δ2 + d(x, ξ)2)
n−2
2

,

21



χ is a smooth cut-off function such that 0 ≤ χ ≤ 1, χ ≡ 0 in [r0,∞) and
χ ≡ 1 in [0,

r0
2

]. In this section, we choose

δε(t) =

{
tε

1
n−6 if n ≥ 7

e−
t
ε if n = 6

. (4.3)

In view of the results of the previous section, it is easy to see that we only
need to obtain an estimate of the error and of the reduced energy in order
to prove Theorem ??. We begin with the error estimate.

Lemma 4.1. Assume that M is l.c.f. and fε(u) = |u|2∗−2u− εdivg(B(∇u)).
Given two positive real numbers a < b, there exists a positive constant C ′a,b
such that for ε small, for any real number t ∈ [a, b] and any point ξ ∈ M ,
there holds∥∥i∗(fε(Wδε(t),ξ))−Wδε(t),ξ

∥∥
Pg

≤ C ′a,b


δε(t)

n−4 + εδε(t)
n−4
2 , if n < 8,

δε(t)
4| ln δε(t)|

3
4 + εδε(t)

2| ln δε(t)|
3
4 , if n = 8,

δε(t)
n
2 + εδε(t)

2 if n > 8.

(4.4)

Proof. Integrating by parts, we find〈
i∗(fε(Wδε(t),ξ))−Wδε(t),ξ, φ

〉
=

∫
M

(fε(Wδε(t),ξ)− PgWδε(t),ξ)φdV

−
∫
∂Bξ(r0)

(∆gW
out
δε(t),ξ∂inφ+ ∆gW

in
δε(t),ξ∂outφ)dσ

+

∫
∂Bξ(r0)

(
∂in(∆gW

out
δε(t),ξ) + ∂out(∆gW

in
δε(t),ξ)

)
φdσ

where ∂Bξ(r0) is the boundary of the geodesic ball with respect to gξ of
radius r0 centered in ξ and ∂νin (resp. ∂νout) stands for the derivatives with
respect to the inward (resp. outward), unit normal vectors of ∂Bξ(r0) and
dσg is the volume element of ∂Bξ(r0). Now, straight forward computations
give, on ∂Bξ(r0),

(∂in∆gW
out
δε(t),ξ + ∂out∆gW

in
δε(t),ξ) = G′g(∆gŴ

in
δε(t),ξ −∆gŴ

out
δε(t),ξ)

+Gg

(
(∆gŴ

in
δε(t),ξ)

′ − (∆gŴ
out
δε(t),ξ)

′)
+ 2G′g

(
(∇Ŵ in

δε(t),ξ)
′ − (∇Ŵ out

δε(t),ξ)
′)

= O(δε(t)
n
2 ), (4.5)
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and

(∆W in
δε(t),ξ −∆W out

δε(t),ξ) = Gg∆g(Ŵ
in
δε(t),ξ − Ŵ

out
δε(t),ξ) = O(δε(t)

n
2 ). (4.6)

We observe, since Ŵδε(t),ξ = O(δε(t)
n−4
2 ) on M\Bξ(r0) and PgGg(., ξ) = 0,

that
fε(Wδε(t),ξ −Gg(., ξ)Γ)− Pg(Wδε(t),ξ −Gg(., ξ)Γ)

= O(δε(t)
n+4
2 + εδε(t)

n−4
2 ), on M\Bξ(r0),

(4.7)

where Γ(x) = γε̃(d(x, ξ)− r0)(Ŵ in
δε(t),ξ

)′(r0). Next, using the properties of γε̃
and the fact that n ≥ 5, it is easy to see that∫

M\Bξ(r0)
Pg(Gg(., ξ)Γ)φdV =

∫
Bξ(r0+ε̃)\Bξ(r0)

Pg(Gg(., ξ)Γ)φdV = O(ε̃),

(4.8)
and ∫

M\Bξ(r0)
fε(Gg(., ξ)Γ)φdV = O(ε̃).

Therefore, by Sobolev’s and trace’s embeddings, and choosing ε̃ ≤ δε(t)
n
2 , we

deduce that∥∥i∗(fε(Wδε(t),ξ))−Wδε(t),ξ

∥∥
H2(M)

≤
∥∥fε(Wδε(t),ξ)− PgWδε(t),ξ

∥∥
L

2n
n+4 (Bξ(r0))

+O(δε(t)
n
2 ).

Since M is l.c.f., using the conformal invariance of Pg and doing some com-
putations, we find

Pg(Wδε(t),ξ) = βnGgr
n−4δε(t)

−n+4
2 U(δ−1y)2

∗−1 (4.9)

+
4Aξδε(t)

2βnαnδε(t)
n−4
2 (n− 4)2|y|n−8

(δε(t)2 + |y|2)n+2
2

×
(
δε(t)

4(18− 9n+ n2)− 8δε(t)
2(n− 3)|y|2 − (n− 6)|y|4

)
+ h.o.t.

Here and in the following, h.o.t. stands for a term which is asymptotically
smaller than one of the previous terms in the expansion as ε goes to 0.
Therefore, we deduce that∥∥fε(Wδε(t),ξ)− PgWδε(t),ξ

∥∥
L

2n
n+4 (Bξ(r0))

= O

(∥∥∥∥∥ δε(t)
n
2 |y|n−8

(δε(t)2 + |y|2)n+2
2

(
δε(t)

4 + δε(t)
2|y|2 + |y|4

)∥∥∥∥∥
L

2n
n+4 (Bξ(r0))

)
+ ε

∥∥divg (B(∇Wδε(t),ξ)
)∥∥

L
2n
n+4 (Bξ(r0))

.
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Now, rough estimates give∥∥∥∥∥ δε(t)
n
2 |y|n−8

(δε(t)2 + |y|2)n+2
2

(
δε(t)

4 + δε(t)
2|y|2 + |y|4

)∥∥∥∥∥
L

2n
n+4 (Bξ(r0))

≤ C


δε(t)

n−4, if n < 8,

δε(t)
4| ln δε(t)|

3
4 , if n = 8,

δε(t)
n
2 , if n > 8.

and

ε
∥∥divg(B(∇Wδε(t),ξ))

∥∥
L

2n
n+4 (Bξ(r0))

≤ C


εδε(t)

n−4
2 , if n < 8,

εδε(t)
2| ln δε(t)|

n+4
2n , if n = 8,

εδε(t)
2, if n > 8.

Combining all the previous estimates, we conclude that∥∥fε(Wδε(t),ξ)− PgWδε(t),ξ

∥∥
L

2n
n+4 (Bξ(r0))

=


δε(t)

n−4 + εδε(t)
n−4
2 , ifn < 8,

δε(t)
4| ln δε(t)|

3
4 + εδε(t)

2| ln δε(t)|
3
4 , if n = 8,

δε(t)
n
2 + εδε(t)

2, ifn > 8.

Finally, we give an estimate of the reduced energy Ĩε(t, ξ).

Proposition 4.2. Assume that M is l.c.f. and
fε(u) = |u|2∗−2u − εdivg(B(∇u)). There exist constants ci(n), i = 1, 2, 3
depending on n, such that

Ĩε(t, ξ)

= c1(n) +

{
e−

2t
ε (c2(n)tT rgB(ξ)− c3Aξ) + o(e−

2t
ε ), if n = 6,

ε
n−4
n−6 (c2(n)t2TrgB(ξ)− c3(n)tn−4Aξ) + o(ε

n−4
n−6 ), if n ≥ 7

(4.10)
as ε → 0 C0 uniformly with respect to t in compact subsets of R∗+ and with
respect to ξ ∈ M and C1 uniformly if n ≥ 7. Moreover, we have that
c2(n) > 0 and c3(n) > 0.

Proof. As previously, using Proposition ??, Lemma ?? and the definition of
δε(t) (given in (??)), it is easy to see that

Ĩε(t, ξ) = J̃ε(Wδε(t),ξ) + o(δε(t)
n−4).
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Using (??) and (??), we have∫
M

(∆gWδε(t),ξ)
2dV +

∫
M

Ag(∇Wδε(t),ξ,∇Wδε(t),ξ)dV +

∫
M

hW 2
δε(t),ξdV

=

∫
Bξ(r0)

Pg(Wδε(t),ξ)Wδε(t),ξdV +O(δε(t)
n−2).

Here we also used (??), (??) and Wδε(t),ξ = O(δε(t)
n−4
2 ) on ∂Bξ(r0). Now

using (??), we find

Pg(Wδε(t),ξ)Wδε(t),ξ = α2∗

n

δε(t)
n

(δε(t)2 + r2)n
+ 2Aξβnα

2∗

n r
n−4 δε(t)

n

(δε(t)2 + r2)n

+ 4(n− 4)2Aξβnα
2
nr

n−8 δε(t)
n−2

(δε(t)2 + r2)n−1

× ((n2 − 9n− 18)δ4 − 8(n− 3)δε(t)
2r2 − (n− 6)r4)

+ h.o.t.

Integrating the previous formula, we find∫
Bξ(r0)

Pg(Wδε(t),ξ)Wδε(t),ξdV

=
α2∗ωn−1

2
I
n−2
2

n + Aξβnα
2∗

n ωn−1δε(t)
n−4In−3n

+
( (
n2 − 9n− 18

)
In−5n−1 − 8(n− 3)In−4n−1 − (n− 6)In−3n−1

)
× 4(n− 4)2Aξβnα

2
n

δε(t)
n−4ωn−1
2

+ o(δε(t)
n−4)

= α2∗ ωn
2n

+
Aξβnα

2∗
n ωn−1

(n− 1)(n− 2)
δn−4

+

(
2(n2 − 9n− 18)

(n− 2)(n− 3)(n− 4)
− n+ 2

n− 2

)
× 4(n− 4)2Aξβnα

2
n

δε(t)
n−4ωn−1
2

+ o(δε(t)
n−4).

We also have∫
Bξ(r0)

W 2∗

δε(t),ξdV

= α2∗

n ωn−1

∫ r0

0

(1 +
2n

n− 4
Aξβnr

n−4)
δε(t)

nrn−1

(δε(t)2 + r2)n
dr + o(δε(t)

n−4)

=
1

2
α2∗

n ωn−1I
n−2
2

n +
1

2

2n

n− 4
Aξα

2∗

n ωn−1βnδε(t)
n−4In−3n + o(δε(t)

n−4)
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and

ε

∫
Bξ(r0)

B(∇Wδε(t),ξ,∇Wδε(t),ξ)dV

=
(n− 4)2

2n
εδε(t)

2α2
nωn−1Trg (B)

∫ r0
δε(t)

0

rn+1

(1 + r2)n−2
dr + o(δε(t)

n−4)

=
1

2

(n− 4)2

2n
εδε(t)

2α2
nωn−1Trg (B)


4n(n− 1)

(n− 4)(n− 6)
, if n > 6,

1

2
ln(1 +

1

δε(t)2
), if n = 6

+ o(δε(t)
n−4).

Therefore, combining the three previous estimates, we finally obtain

J̃ε(Wδε(t),ξ) =
4

n
α2∗ωn +

Aξβnα
2∗
n ωn−1

4(n− 1)(n− 2)
δε(t)

n−4

+ 2(n− 4)2Aξβnα
2
n

δε(t)
n−4ωn−1
2

×
(

2(n2 − 9n− 18)

(n− 2)(n− 3)(n− 4)
− (n+ 2)

(n− 2)

)

+
(n− 4)2

8n
εδε(t)

2α2
nωn−1Trg (B)


4n(n− 1)

(n− 4)(n− 6)
, if n > 6,

ln |δε(t)|, if = 6

+ o(δε(t)
n−4)

=C1 − C2Aξδε(t)
n−4 + C3TrgBεδε(t)

2 + o(δε(t)
n−4),

where C3 > 0 and C2 > 0.

The rest of the proof is devoted to prove that (??) holds C1-uniformly
if n ≥ 7. This will be an immediate consequence of the following three
lemmata. To simplify notation, in the following, we denote Z0 = Zδ,ξ and
Zi = Zδ,ξ,ei , where (ei)i is a base of TξM (see (??) and (??) for the definitions
of Zδ,ξ and Zδ,ξ,ei).

Lemma 4.3. For any i = 1, . . . , n, we have

d

dηi
Ĩε(t, expξ η)|η=0 =

Cnλi
δε(t)

‖∆Vi‖2L2 + o

(
n∑
j=0

λj

)
, (4.11)

and
d

dt
Ĩε(t, ξ) =

Cnλ0δε(t)
′

4δε(t)
‖∆V0‖2L2 + o

(
n∑
j=0

λj

)
. (4.12)
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where Cn = αn(n− 4) (see (??) for the definition of αn and see below for the
definition of the λi’s).

Proof. We only prove (??) (the proof of (??) following along the same line).
For any i = 1, . . . , n, using Proposition ??, we have that there exist λi,
i = 0, . . . , n, such that

d

dηi
Ĩε(t, expξ η)|η=0 =

n∑
j=0

λj

〈
Zj,

d

dηi
(Wδε(t),expξ η + φδε(t),expξ η)|η=0

〉
.

To simplify notation, we denote
d

dηi
(Wδε(t),expξ η)|η=0 =

d

dηi
W (and we adopt

the same convention for all functions). Integrating by parts, we have, for all
i = 1, . . . , n and j = 0, . . . n,〈

Zj,
d

dηi
W

〉
=

∫
M

PgZj

( d

dηi
W − Cn

δε(t)
Zi

)
dV +

Cn
δε(t)

〈Zi, Zj〉 .

Using Hölder’s inequality and since
∥∥∥∥ d

dηi
W − Cn

δε(t)
Zi

∥∥∥∥
L2∗

= o(1), we get

∣∣∣∣∫
M

PgZj

( d

dηi
W − Cn

δε(t)
Zi

)
dV

∣∣∣∣ ≤ ‖PgZj‖L 2n
n+4

∥∥∥∥ d

dηi
W − Cn

δε(t)
Zi

∥∥∥∥
L2∗

= o(1).

Therefore, we deduce from the two previous lines that〈
Zj,

d

dηi
W

〉
=

Cn
δε(t)

‖∆Vi‖2L2 δij + o(1). (4.13)

On the other hand, using that φδε(t),ξ ∈ K⊥δε(t),ξ, Hölder inequality and Lemma
??, we deduce that∣∣∣∣〈Zj, ddηiφ

〉∣∣∣∣ ≤ ∥∥∥∥ d

dηi
Zj

∥∥∥∥
Pg

∥∥φδε(t),ξ∥∥Pg = O

(∥∥φδε(t),ξ∥∥Pg
δε(t)

)
= o(1). (4.14)

Combining (??) and (??), we get (??).

Lemma 4.4. We have

d

dt
J̃ε(Wδε(t),ξ) = Cn

δε(t)
′

4δε(t)
DJ̃ε(Wδε(t),ξ)Z0

+

{
o(δε(t)

2 ln δε(t)), if n = 6,

O(δε(t)
n−2 + εδε(t)

n−4), if n > 6,

(4.15)
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and

d

dηi
J̃ε(Wδε(t),expξ η)|η=0 =

Cn
δε(t)

DJ̃ε(Wδε(t),ξ)Zi

+

{
o(δε(t)

2), if n = 6,

O(δε(t)
n−3 + εδε(t)

3 ln δε(t)), if n > 6.

(4.16)

Proof. Integrating by parts, we have

d

dt
J̃ε(Wδε(t),ξ)− Cn

δε(t)
′

4δε(t)
DJ̃ε(Wδε(t),ξ)Z0

=

∫
M

(
PgWδε(t),ξ − fε(Wδε(t),ξ)

)( d

dt
Wδε(t),ξ − Cn

δε(t)
′

4δε(t)
Z0

)
dV

−
∫
∂Bξ(r0)

(∆gW
out
δε(t),ξ∂in

d

dt
Wδε(t),ξ + ∆gW

in
δε(t),ξ∂out

d

dt
Wδε(t),ξ)dσ

+

∫
∂Bξ(r0)

(
∂in(∆gW

out
δε(t),ξ) + ∂out(∆gW

in
δε(t),ξ)

) d
dt
Wδε(t),ξdσ.

Since
d

dt
Wδε(t),ξ − Cn

δε(t)
′

4δε(t)
Z0 = O(δε(t)

n−6
2 δε(t)

′1M\Bξ( r02 )), using estimates

obtained in Lemma ??, we find that∫
M

(PgWδε(t),ξ − fε(Wδε(t),ξ))(
d

dt
Wδε(t),ξ − Cn

δε(t)
′

2δε(t)
Z0)dV

= O
(
δε(t)

′(δε(t)
n−3 + εδε(t)

n−5)
)
, if n ≥ 6.

We also have, on ∂Bξ(r0),

∆gW
out
δε(t),ξ∂in

d

dt
Wδε(t),ξ + ∆gW

in
δε(t),ξ∂out

d

dt
Wδε(t),ξ = O(δε(t)

n−3δε(t)
′),

and (
∂in(∆gW

out
δε(t),ξ) + ∂out(∆gW

in
δε(t),ξ)

) d
dt
Wδε(t),ξ = O(δε(t)

n−3δε(t)
′).
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This proves (??). Now, let us show (??). Integrating by parts, we have

d

dηi
J̃ε(W )− Cn

1

δε(t)
DJ̃ε(Wδε(t),ξ)Zi

=

∫
M

(PgWδε(t),ξ − fε(Wδε(t),ξ))(
d

dηi
W − Cn

1

δε(t)
Zi)dV

−
∫
∂Bξ(r0)

(∆gW
out
δε(t),ξ∂in

d

dηi
W + ∆gW

in
δε(t),ξ∂out

d

dηi
W )dσ

+

∫
∂Bξ(r0)

(
∂in(∆gW

out
δε(t),ξ) + ∂out(∆gW

in
δε(t),ξ)

) d
dηi

Wdσ.

Proceeding exactly as in Lemma 6.1 of [?], we have for any y ∈ B0(r0),

d

dηi
Wδε(t),expξ η(expξ y)|η=0 =

Cn
δε(t)

Zi(expξ y) +O

(
|y|δε(t)

n−4
2

(δε(t)2 + |y|2)n−4
2

)
.

(4.17)
For y ∈M\Bξ(r0) we have

d

dηi
Wδε(t),expξ η(expξ y)|η=0 = O

(
δε(t)

n−4
2

)
, (4.18)

here we assumed to simplify computations that the function γε̃ ≡ 0, it is easy
to check that this assumption is harmless since n ≥ 6. Using (??), one can
show that

∆gW
out
δε(t),ξ∂in

d

dηi
W + ∆gW

in
δε(t),ξ∂out

d

dηi
W = O

(
δε(t)

n−2) ,
and (

∂in(∆gW
out
δε(t),ξ) + ∂out(∆gW

in
δε(t),ξ)

) d

dηi
Wδε(t),ξ = O

(
δε(t)

n−2) .
Next, using (??) and (??), we obtain∫

Bξ(r0)

(
PgWδε(t),ξ − f0(Wδε(t),ξ)

)( d

dηi
W − Cn

1

δε(t)
Zi

)
dV

= O

(
δε(t)

n−2
∫ r0

0

r2n−8

(δε(t)2 + r2)n−1
(
δε(t)

4 + δε(t)
2r2 + r4

)
dr

)
= O(δε(t)

n−3),
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and ∫
Bξ(r0)

B(∇Wδε(t),ξ,∇
(
d

dηi
W − Cn

1

δε(t)
Zi

)
dV

= O


δε(t)

2, if n = 6,
δε(t)

3 ln δε(t), if n = 7,
δε(t)

3, if n > 7


Finally, using (??), we get∫

M\Bξ(r0)

(
PgWδε(t),ξ − fε(Wδε(t),ξ)

)( d

dηi
W − Cn

1

δε(t)
Zi

)
dV

= O
(
δε(t)

n−2 + εδε(t)
n−4) .

Combining the previous estimates, we obtain (??).

Lemma 4.5. For any i = 0, . . . , n, we have

λi =
DJ̃ε(Wδε(t),ξ).Zi

‖∆Vi‖2L2

+

{
o(εδε(t)

2) if i = 0 and n ≥ 7
o(εδε(t)

3) if i 6= 0 and n ≥ 7
. (4.19)

In particular, we have, for all i = 0, . . . , n and n ≥ 7,

λi = O(εδε(t)
2). (4.20)

Proof. For any i = 0, . . . , n, we have

DJ̃ε(Wδε(t),ξ + φδε(t),ξ)Zi =
n∑
j=0

λj 〈Zi, Zj〉 = λi ‖∇Vi‖22 + o(
n∑
j=0

λi). (4.21)

Independently, we obtain that

DJ̃ε(Wδε(t),ξ + φδε(t),ξ)Zi = DJ̃ε(Wδε(t),ξ)Zi

+
〈
Zi − i∗(f ′ε(Wδε(t),ξ)Zi), φδε(t),ξ

〉
−
∫
M

(f0(Wδε(t),ξ + φ)− f0(Wδε(t),ξ)− f ′0(Wδε(t),ξ)φδε(t),ξ)ZidV.

(4.22)
Using Hölder inequality, we get〈

Zi − i∗(f ′ε(Wδε(t),ξ)Zi), φδε(t),ξ
〉
≤
∥∥Zi − i∗(f ′ε(Wδε(t),ξ)Zi)

∥∥
Pg

∥∥φδε(t),ξ∥∥Pg ,
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and, as in (??),∫
M

(f0(Wδε(t),ξ + φδε(t),ξ)− f0(Wδε(t),ξ)− f ′0(Wδε(t),ξ)φδε(t),ξ)ZidV

≤ O
(∥∥φδε(t),ξ∥∥2L 2n

n−4

)
when 6 ≤ n.

(4.23)
To conclude, we only have to estimate

∥∥Zi − i∗(f ′ε(Wδε(t),ξ)Zi)
∥∥
Pg
. First, by

Sobolev’s embedding, we have∥∥Zi − i∗(f ′ε(Wδε(t),ξ)Zi)
∥∥
Pg
≤ C

∥∥PgZi − f ′ε(Wδε(t),ξ)Zi
∥∥
L

2n
n+4

.

Straight forward computations using that M is l.c.f. and Pg is conformally
invariant give

PgZ0 − f ′0(Wδε(t),ξ)Z0 = O

(
δε(t)

n−4
2

+
|y|n−8δε(t)

n−4
2

(|y|2 + δε(t)2)
n+4
2

(δε(t)
8 + δε(t)

6|y|2 + δε(t)
4|y|4 + δε(t)

2|y|6 + |y|8)
)
,

and, for i = 1, . . . , n,

PgZi − f ′0(Wδε(t),ξ)Zi = O

(
δε(t)

n−2
2

+
|y|n−8δε(t)

n−2
2

(|y|2 + δε(t)2)
n+4
2

(δε(t)
6 + δε(t)

4|y|2 + δε(t)
2|y|4 + |y|6)

)
.

Using the two previous estimates and that

ε ‖div(B(∇Zi)‖
L

2n
n+4

=


εδε(t)

2(ln δε(t))
5
6 if i 6= 0, n = 6,

εδε(t)
2, if i 6= 0, n > 6,

εδε(t)
2, if i = 0, n > 8,

εδε(t)
2(ln δε(t))

3
4 , if i = 0, n = 8,

εδε(t)
n−4
2 , if i = 0, n < 8

one deduces that

∥∥Zi − i∗(f ′ε(Wδε(t),ξ)Zi)
∥∥
Pg
≤


δε(t)

5
2 + εδε(t)

5
2 if i = 0, n = 7,

δε(t)
2 + εδε(t)

2(ln δε(t))
3
4 if i = 0, n = 8,

δε(t)
n−4
2 + εδε(t)

2 if i = 0, n > 8,

δε(t)
n−2
2 + εδε(t)

2, if i 6= 0, n ≥ 7.
(4.24)
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Combining (??), (??), (??), (??) and using Lemma ??, we obtain (??).
Finally (??) follows from the fact that the estimates we obtain for J̃ε(Wδε(t),ξ)
in Lemma ??, are C1-uniform with respect to t in compact sets of R∗+ and
ξ ∈M .
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