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Some non-stability results for geometric
Paneitz-Branson type equations.

Laurent Bakri *f Jean-Baptiste Casteras 3

Abstract

Let (M, g) be a compact riemannian manifold of dimension n > 5.
We consider two Paneitz-Branson type equations with general coeffi-
cients

Agu — divg(Agdu) + hu = |u* 7> "u on M, (E1)

and
Azu — divg((Ay + eBy)du) + hu = |ul* "%u on M, (E2)

where A, and B, are smooth symmetric (2,0)-tensors, h € C*°(M),

. 2n
2= n—4
sumptions, we construct solutions u. to (??) and (?7) which blow up
at one point of the manifold when ¢ tends to 0. In particular, we
extend the result of Deng and Pistoia 2011 (to the case where A, is
the one defined in the Paneitz operator) and the result of Pistoia and
Vaira 2013 (to the case n = 8 and (M, g) locally conformally flat).

and ¢ is a small positive parameter. Under suitable as-
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1 Introduction and statements of the results

In this paper, we will study the stability of Paneitz type equations in the ge-
ometric case for two kinds of perturbations. The Paneitz operator, which
is a conformally covariant fourth order operator defined on any pseudo-
Riemannian manifold, has been introduced by Paneitz in [?|. Branson [?]
discovered that this operator describes the conformal transformation of a
curvature quantity, the Q-curvature. It turns out that this curvature ap-
pears in a lot of geometric and physics problems. We refer to the articles of
Branson and Gover [?], Chang [?], [?|, Chang and Yang |?], and Gursky [?|
(and the references therein) for more details on the geometric and physics
aspects associated to the notion of Q-curvature. Let (M, g) be a compact
riemannian manifold of dimension n > 5. We will be interested in solutions
u e C* (M), 6 e (0,1), of the following equation

Pyu := A2u — divg(Agdu) + hu = ul* 2w, (1.1)

2
where h € C*(M), 2* = n4 and A, a smooth symmetric (2,0)-tensor
n —

given by

(n—2)%+4
2(n—1)(n—2)
where R, (resp. Ric,) stands for the scalar curvature (resp. Ricci curvature)

n—4
5 Q4 where Q4 is the
(Q)-curvature with respect to the metric g then P, is the so-called Paneitz-

Branson operator and equation (7?) is refered to as the Paneitz-Branson
equation. We recall that the Q-curvature is defined by

1 3 —4n? +16n — 16 2
AR, + n n* 4+ 16n 2
2(n—1) 8(n—12n-2)2 9 (n—2)
It is well known that the Paneitz operator is conformally invariant, i.e. if

4
g = @r1g then, for all u € C*°(M), we have

4 .
A, = R,g — mchg, (1.2)

with respect to the metric g. When A is given by h =

Qg:

5 |Ricyl2.

n ntd o
P (up) = =i P} (u).

We point out that if (M, ¢) is Einstein (Ric, = Ag, A € R), then the Paneitz-
Branson operator takes the form

Pyu = N’u+ bAju + cu, (1.3)
2_92n—4 —4)(n? — 4
where b = l)\ and ¢ = n(n—4)(n >)\. More generally, follow-
2(n—1) 16(n — 1)?

ing the terminology introduced in [?], when P, is of the form given by (?7?)
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(respectively by (?7)) for arbitrary smooth (2,0) tensor A, and h € C*(M)
(respectively for arbitrary real numbers b and c), the operator P, is referred
to as a Paneitz-Branson type operator with general coefficients (respectively
Paneitz-Branson type operator with constant coefficients). A lot of attention
has been devoted to the study of existence and compactness of solution to
(??) (see for example [?, 7, 7, 7, 7 ?] and the references therein). Here, we
will be interested in the stability of (77).

In this paper, we will consider two kinds of stability for (??) : the stability
with respect to the tensor A, and the stability with respect to the power of
the right-side term of (??). More precisely, we say that (??7) is exponent-

stable if, for any sequences of real positive numbers (g, ), such that e, — 0
a—r 00

and for any sequences of solutions (u,), € C*?(M), 6 € (0,1), of
Alu,, — divg(Agdua) + hug = |ug > > u,, (1.4)

bounded in H?(M), then up to a subsequence, u, converges in C*(M) to
some smooth function wu solution of (??). Respectively we say that (??) is
Ag-stable if the functions u, are in fact solutions of

Alug — divg((Ag + e B)dug) + hug = |uq 20y, (1.5)

where B is a smooth symmetric (2,0) tensor. We point out that a related
notion of A,-stability has been first introduced by Hebey and Robert in [?].
Before, stating more precisely their results, we introduce some notations. We
let N\;(Ay)y, x € M,i=1,...,n, be the eigenvalues of A,(x) (with respect to
the metric g) repeated with their multiplicity. We define A\; = inf, ; \;(4,)a,
Ay = max,; \i(Ay), and S, = [A1, Ao]. In particular, it is proved in [?] that

if (M, g) is locally conformally flat (l.c.f.) and P, is a Paneitz-Branson type
2

operator with strictly positive constant coefficients satisfying ¢ — 1 < 0, then

(?77?) is A,-stable whenever

a. b¢ S, and n =6,

TrA
b. b# T Yifn#£9o0rn=171,
n
TrA
c. b< T Y ifn =8.
n

We point out that the results obtained in |?] are stronger than the ones
quoted above. In fact, they show stability of the equation with respect to
both A, and h. They also obtained the stability when n = 5 under the
hypothesis that the mass of the Green function associated to P is strictly
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positive. To the authors’ knowledge, it is the most refined positive stability
result known presently. Concerning non-stability, the first result has been
obtained by Deng and Pistoia in [?|. There, they show that, when A, is
replaced by some arbitrary smooth (2,0) tensor B,, equation (??) is not
exponent-stable if

a. n>7, Tr,(B, —A,) is not constant and mj\}n Try(B, —A,) >0,

b. or n > 8 and § € M a C* stable critical point of Tr,(B, — A,) such
that Try(B, — Ay) (&) > 0.

A related result has been obtained by the authors in [?] where sign changing
blowing-up solutions have been constructed in arbitrary dimensions. We
refer to [?] for more details. Recently, Pistoia and Vaira |?] studied the A,-
stability of (??) when P, is the Paneitz-Branson operator. They proved that
equation (?7) is not A,-stable, under the following conditions : (M, g) is not
conformally flat, n > 9 and there exists & € M a C' stable critical point
TryB(€)

, such that

(Weyly(€)lg
TryB(&) > 0. For a function ¢ € C'(M), we recall that a critical point &,

of ¢ is said C! stable if there exists an open neighborhood €2 of &, such that,
for any point £ € Q, there holds V,¢(&) = 0 if and only if £ = & and such
that the Brower degree deg(V,¢,€,0) # 0. Our first theorem extends [?] to
the case where By = A,. More precisely, we have

(see below for the definition) of the function { —

Theorem 1.1. Let (M, g) be a compact riemannian manifold of dimension
n, the function h be such that P, is coercive and let ® be defined by

n? —4n —4 1 n—4
b= — Weyl,|? h— . 1.6
56(n —1)(n—3) eyg‘g+n—4( 2 Qg) (16)

Assume either that :

a. n > 8 and that ® is such that mingep ®(x) > 0.

b. orn > 11 and there exists & € M a C* stable critical point of ®.
Then (?7) is not exponent-stable.

As usual for this kind of result, we obtain the previous theorem by con-
structing a family of solutions (u.). of (??) which blows-up at some point
¢ € M when ¢ goes to 0. More precisely, the family of solutions we construct
is of the form

u. = @BBl. + o(1),
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where o(1) - 0, and ¢ is a conformal factor, the purpose of which will be
e—

precised later (see (?7)), and

n—4

BBL() = ol — ) - )7 ()

/“LE + dg('ra x6>2

where z,2. € M and p. € RT is such that pu. —0> 0. This form has been
e—

introduced by Esposito and Robert in [?]. In our second result we extend
the result of |?| to dimension n = 8 using the same family of blowing-up
solutions as the one described above. More precisely, we have

Theorem 1.2. Let (M, g) be a compact riemannian manifold of dimension
n = 8. Assume that miny {|Weyl,(&)|, : Try(B)(§) > 0} > 0. Then (?7) is
not Ag-stable.

We would like to make some comments on this theorem. As it was pointed
out in |?]| (see Remark 3.1), with our approach we are also able to recover
the case n > 8. The approach used in |?| consisted in taking ¢ = 1 but
adding an higher-order term to the standard bubble BBl.. The method we
use here is more simple but on the other hand, it seems more rigid. Finally,
in our last result, we investigated the A -stability when (M, g) is l.c.f. Before
stating more precisely our theorem, we introduce some notations. We let 4,4
be the injectivity radius of (M, g) and 9 € R% such that 7y < 7,. Since
we are assuming that (M, g) is Lc.f., there exists a family (ge¢)eep of smooth
conformal metrics to g such that g¢ is flat in the geodesic ball Be(rg). We let
G, be the Green’s function of the Paneitz operator F,. We will assume that
G, is of the form

1
G (expe y, §) = W+A§+O(4)(|y|)v (1.7)

where 3, = (n—2)(n—4)w,_1, wa—1 = |S" |, A¢ > 0 depending only (M, g)
and on ¢ (being smooth with respect to &) and f = O™ (r™) denotes any
quantity satisfying

[V f(expe y)| < Cjly[™,

for 1 < j < k. We have :

Theorem 1.3. Let (M, g) be a locally conformally flat manifold of dimension
n > 6. Assume that h = Qg, (??) holds and that maxy; Tr,(B) > 0. Then
(?7?) is not A,-stable. More precisely, for ¢ > 0, there exists a family of
solutions u. of (??) which blows-up, when ¢ — 0, at some point & so that



h
E(&) = maxy E(€) where E(§) = g . Moreoverifn > 7, for any isolated
An74
3
critical point & of E with non-trivial degree and Try(B)(&) > 0, for e > 0,

there exists a family of solutions u. of (?7) which blows-up, when ¢ — 0,

at&) .

The method used in order to prove the previous theorem is inspired by
the one of Esposito, Pistoia and Vétois |?] where a similar result has been
proved for the Yamabe equation. The main idea consists in modifying slightly
the shape of the family (u.). of blowing-up solutions we are looking for by
multiplying the standard bubble BB, by a function depending on the Green
function. Finally, we point out that the assumption (??) is very natural.
Gursky and Malchiodi in [?] (see Theorem 2.9) proved that if @), is semi pos-
itive, R, > 0, (M, g) locally conformally flat but not conformally equivalent
to the round sphere, then (?77?) holds (see also some recent preprints of Hang
and Yang for improved results [?]).

The proof of the theorems relies on a well known Lyapunov-Schmidt re-
duction procedure which permits to reduce the problem to a finite dimen-
sional one for which we defined a reduced energy. The solutions to (?7?) will
then be obtained as critical points of this reduced energy. We refer to [?|
and the references therein for more information on the Lyapunov-Schmidt
reduction procedure.

The plan of this paper is the following : in section 2, we give some
preliminaries. Section 3 is devoted to the proof of Theorems ??7 and ?7?
where the proofs of these two theorems are done in parallel. We begin by
giving an estimate of the error and then give an estimate of the reduced
energy. Finally, in Section 4, we prove Theorem ?77.

2 Preliminaries.

Let (€)a be a sequence of points of M. In all the following, we will suppose
up to extracting a subsequence that, for a large enough, all the points &,
belong to a small open set €2 of M in which there exists a smooth orthogonal
frame. Thus, we will identify the tangent spaces T:M with R" for all £ € ().
We recall that we suppose that P, is coercive.

In all the following, we will denote by (.,.) P, the scalar product, for

u,v € H*(M),

M

(u,v)p, :/ AguAgvdV—i—/ Ag(Vgu,ng)dV+/ huvdV,
M M



where here and in the following dV stands for the volume element with
respect to the metric g. We will denote ||. ||, the associated norm which is
equivalent to the standard norm of H*(M). We denote by i* : Ln%(M) —
H?(M) the adjoint operator of the embedding i : H*(M) — L%(]W)7 ie.
for all w € LTL%(M), the function u = i*(w) € H?*(M) is the unique solution

of Agu — divg(Aydu) + hu = w. Using this notation, we see that equations
(?7) and (??) can be rewritten as, for u € H*(M),

u=i"(fe(u)),

where f.(u) = |u|> 727%u for (?7?) and f.(u) = |u|* 2u — ediv,(B(Vu) for
(??). Before proceeding we recall some basic facts. It is well known (see [?])
that all solutions u € H?(R") of the equation

2%—1 ntd

2 _ _ = s n
AL U =1 =ur1 in R

are given by

Us,y(2) = 54%"(](“@ - y) §>0, ycR"

where

n—4 n—4
U(x) = [n(n — 4)(n? — 1)) (le) —a, (%W) @21
It is also well known (see [?]) that all solutions v € H?*(R") of
AZ o= (2" - 1)U" %
are linear combinations of

n—4 J|x]*-1

%(CC) = an n—2
2 (1+1z?)=
and .
Vi(r) = an(n —4)———, i=1,...,0.
(I+[z*) =

Let us fix N > n and £ € M, it is well known that there exists g = gpﬁg,
@ > 0 is a smooth function on M, such that

Ricy(€) = 0, VE3(€) =0, 8R5(6) = cWeuly (O (22)

and

dVy = (1+0(r™)) dVis.
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We notice that, in this system of coordinates, we have

1

Qqy(§) = 2m—1)

AgRg(f) = \Weylg(@\ﬁ-

1
12(n — 1)
We also give the expression of the Paneitz operator for radial function in the

previous metric which will be useful in the sequel :

Lemma 2.1. [?, lemma 2.6 p.13] If u is a radial function, then we have

1
Py(u) = A%y + mVZVkRg(O)xkxlA(u) + [Weyl,|2 (0)u

n—4
24(n — 1)
+O(r)[u"| + O(r*) || + O(r)u+ O(r¥H)u"

+ O(TN—Q)UN + O(TN_3)UI,

where u’:% and
v (2n—1) (n—1)(n—2) g (m—2 2
A(u)_r(n—2 - 5 +6—n)—u 5 +n—2 :

3 Proofs of Theorems 7?7 and 77.

This section will be devoted to the proof of Theorems ?? and ?7. Since the
form of the solution we construct will be the same in both cases, we will
prove Theorems 7?7 and 77 in parallel . We define, for any real o strictly
positive, £ € M and x € M,

Wie(w) = x (dg(2,)) p(2)8 2" U (6 expy (),

where d,(z, ) stands for the distance from = to £ with respect to the metric
g, expy is the exponential map with respect to the metric g and x : R — R is
a smooth cutoff function such that 0 < x <1, y(z) =1if z € [—%0, %0] and
x(x) =0if z € R\(—rp,ry). We also define, for any real § strictly positive,
£eMand x e M,

noa dg(z,§)? — 0
Zse(x) = x(dg(x,8))02
5¢(2) = x(dy(2,€)) (02 +dy(,£)?)

n—2"
2

and, for w € T¢ M,

I <exp§_1 x, w>g

Zsew(®) = x(dg(x,6))0 2 .
seale) = Xty (o )07




We denote by Ils¢ respectively ITg, the projection of H*(M) onto
K5:5 = span {Z(s,ﬁ) (Zé,ﬁ,ei>i:1..n}
respectively

Kie = {0 € M)/ (6, Zse)p, = 0 and (6, Zigu)p, =0, Yo € TeM |

(3.1)
We are looking for solution u to (?7) of the form

U= Wée(ts)yge + ¢55(t5)7557

where ¢5_(1.)¢e. € K (i(tg)’& and 0.(t.) € RT is defined below. It is easy to see
that equations (?7?) (respectively (??)) are equivalent to the following system

s, 6y (Wo. e + Ps.06 — 7 (feWo.e + d5.0.6))) = 0, (3.2)

and
H5 (W5 )¢+ Poc(ye — ¢ (fs( ()¢ T Ps. t)g))) =0, (3.3)

where f. is defined by f.(u) = |u|?> —2~*u (respectively by fo(u) = |u|? 2u —
edivg(B(Vu))). We define 6.(t.), for t. > 0 by

Oc(te) = {( 226) Z;Ziz (3.4)

1

where [ : (0,e72) — (0,e72) is defined by I(6) = —0*In & if f.(u) = u[> > =u
and by 1(§) = —021Ind if f.(u) = |ul* "2u — ediv,(B(Vu)).

Let us now give the plan of this section. We will begin by solving (?7?)
in Section 3.1. In Section 3.2, we will solve (??) by proving an estimate of
the reduced energy (see Propositions ?? and ??) and give the proof of the
theorems. Finally, in Section 3.3, we finish the proof of Proposition 77 by
showing that the estimate of the reduced energy holds C'-uniformly when
n > 11.

3.1 Finite dimensional reduction.

We begin by solving (??). The following proposition is well known and we
refer to [?] and [?] for a proof of it.



Proposition 3.1. Given two real numbers a < b, there exists a positive
constant Cyy, such that for e small, for any t € [a,b] and any & € M, there
erists a unique function ¢s.)e € K{i(t),g which solves equation (?7) and
satisfies

6516l p, < o [lI*(fe(Wort0)) = Woto gl p, - (3:5)

Moreover, ¢s. )¢ s continuously differentiable with respect to t and §.

The next two lemma are devoted to estimate ||i*(f-(Ws.().¢)) — We. (1), HP
g
=275y (i.e. by (77)).

Lemma 3.2. Assume that n > 8 and f.(u) = |[u|* ~2*u. Given two positive
real numbers a < b, there exists a positive constant C, , such that for e small,
for any real number t € |a,b] and any point & € M, there holds

[ (f:(Wa.0,6)) = Wa.onel ,
4

5 ' 12
<C'y | elnd.(t)| + 0c(t) =, Z,f n< s .
’ SO s (t)], if n>12

in term of €. We begin by the case f.(u) = |u

Proof. All the estimates will be uniform in ¢, £ and . Since * is continuous,
we have

[ (e (Wa.0.)) = Wa.conel
=0 (H(fa(Wae(t),g)) — P(Ws.w.0)], 20,

The triangular inequality yields to

(3.6)
) .

i*(f-(Ws.q.6)) — Wéa(t)éHpg
< O\ f-Wsye) = FWawe) || 2e

Lnt1
+C | fWo,6) = PWown o), 2,
< C(L + I). (3.7)
It is easy to see (see for instance inequality (3.28) of [?]) that
L= [ f-(Wo.w.8) = foWanell, zn, = Olelnd(t))). (3.8)
Using that the Paneitz operator PP"¢"*  (ie. for which h = n- ) is a
< W,
conformal operator and denoting Ws_¢ ¢ = 5E(t)’£, we have

FWs..¢) — PP (Wi .6) = 0% (f Wie) — PR (W, 1)),

10



where g is the metric defined in (?7). Now, since Wgs (t),¢ is a radial function,
using Lemma 7?7, we have

FWs..e) — Py(Wswe) = F(Wo.ye) — PP (W)

n—4
+ ( 5 Q — h) Wis.(t).¢

=" T fWa. ) — A2 (Ws )
+ O(r° 0, W, (¢ + 10 Wi (0. + Wo.(1).¢)
= O(r* 0, Ws.y.e + 10, Ws. e + Wa.)-

Direct computations give

maX{ Wae(t),g‘ e 10, Ws. (1) ¢ L || O W) gHL%}
6-(t)4, if n>13,
< CR6()HInd.(t)|, if n=12,
5.(t)", if 5<n<11.
Therefore, we deduce that
0=(t)", if n>13,
L] < CK6.()HInd(t)], if n=12, (3.9)
5.(t)"T, if 5<n<11.
Combining (?7?), (??) and (?7), the proof of the lemma follows. O

Next we prove the equivalent of the previous lemma for equation (77).

Lemma 3.3. Assume that n = 8 and f.(u) = |u|* ~2u — ediv,(B(Vu)).
Given two positive real numbers a < b, there exists a positive constant C:;,b

such that for e small, for any real number t € [a,b] and any point & € M,
there holds

7 (fs(Ws. ) — W6a(t),£Hpg < O (0(t)? + £0.(1)%| In 6. ()] 7).

Proof. Using the continuity of ¢* and the triangular inequality, we have

[* (f-(Ws.qy.6)) — Wés(t),ngg
< e ||divg(B(VWs.,))| , 22

n+4
+C | fWo.6) = PeWow o), 2
< C(I + I). (3.10)

11



From (?7), we know that Iy = d.(¢)%. Since

U L

1
W
. 8e()€

we deduce that

Iy = & |[divy (BOVWi. )|, 22, = O(eb(t I b(t)] ).

L7+t

The proof follows from the previous estimates. [

3.2 The reduced problem.

In this section, we will solve equation (??) and give the proof of Theorems
?? and ??. We begin with the case f.(u) = |u[* ~27¢u (i.e. equation (?7?)).
For ¢ > 0 small enough, we define the energy associated to (??) by, for
ue H*(M),

1 1 1
J:(u) =5 /M(Agu)2+§/MAg(Vgu,Vgu)dV+§/Mhu2dV

—Anmw

where F.(u /f6 Jds. We set I.(t,§) = J-(Ws.w.e + ds.0)¢), t € RE

and & € M where ¢;,1) ¢ € K5 5.(1)¢ 1s the function defined in Proposition ?77?.
In the next proposmon we give the expansion of I, with respect to .

(3.11)

Proposition 3.4. Assume that n > 8 and f.(u) = |u|? ~27¢

constants ¢;(n), 1 = 1,...,5 depending on n, such that

u. There exist

I.(t,€) = cs(n)+c2(n)e+cs(n)elne—cy(n)en(t) +c1 (n)P(E)et+o(e) (3.12)

as e = 0, C° uniformly with respect to t in compact subsets of R and with
respect to € € M and C* uniformly if n > 11. Moreover, we have that
ca(n) >0, ¢;(n) >0 and

n? —4n — 1
b =— Weyl, 2 T — .
Proof. We begin by proving that
L(t,€) = Je(Ws..¢) + 0le), (3.13)

12



as ¢ — 0, uniformly with respect to ¢ in compact subsets of R* and points
¢ € M (we will show in Lemma ?? that this estimate holds C* uniformly
with respect to ¢ and £ when n > 12). Indeed, we have

I(t,6) — J-(Ws.).¢)
= <W6 1), — i (fa(WJ ) 7¢6E(t)’£>Pg + O(Hd)‘ss(t)fuig)

when ¢ — 0. Using Lemma ??, Proposition ?? and the definition of J.(¢)
(7?7), we get
" 2
o = 1" (fe(Wo.1.6))s 05.006) p, + O ds.00¢][ )
2
= O([| 5.0l )

o ()" if n<12
=0 (52|1n58(t)|2 + { 5.(F| 6. (D)2 if n > 12 )
= o(e).

Now, the proposition is reduced to estimate J.(Ws_)¢). We will focus on
C-estimates. The Cl-estimates can be obtained using the same argument
as in Lemma 4.1 of [?]. We use the computations of section 6 of [?] and the
estimate (4.2) of |?] to estimate [; .+ 5. Using that J. is conformally invariant
and using (?77), we have

(3.14)

n(n —4)(n* — 4)w,

/ Py(Ws.).£)Ws.).cdV = o
M

2n
wn(n —1)(n —3)(n — 4)2(¢) :
O=(t) +o(0:(t)"),  ifn>9,
+ 27=4(n —6)(n —8)
wn-1(n = 4)P(§)0:(¢)" In 0:(£)| + 0(6:(t)*| In 0-(¢)]), if n =38,
(3.15)
where ® is given by
n? —4n —4 1
o =— Weyl,|>? + —— .
96(n—1)(n—3)’ eWloly + 51 )
Next, we define I = fo dr for any p, q integers such that ¢ < p— 1.
In the sequel, we will use that
4q -1 q
=4 qer_ P
Pop—q—17"  p—g—17"
and
e Lo e
" n — 1’ 2”71(#”_1



We also have that

n—2

n—2 4 -
2,4 = [2 +TIZ €+O( %),

2

o 77 In(1 .
rtin(l +r) dr. Therefore, we obtain that

O (14
L W2 oedV
2% — ¢ 8 ()€

2* ¢ noa, % 1 n—”T_Ale
— S (5 () T 1/5 " ( ) P11+ O(r™))dr
2 —¢ 0

where [g =

1472
nd e 2 P )
2n :
4 (nL7 | n(L=3In/n(o —4)( 1)
+ 1= (”” TSI bk A A >a +o(5.(8)7).
2n 1,7 n—2
(3.16)
Then the proposition follows from (?7) and (?7). O

Next we consider equation (??). For ¢ > 0 small enough, we define the
energy associated to (??) by, for u € H*(M),

1 1 1
:—/ (Agu)2+—/ (Ay+¢eB)(V,u, Vgu)dV—i-—/ hu*dV
2 s 2 s 2y

_ /M Fo(u)dV,

where Fy(u / fo(s)ds. We set I.(t,€) = J.(Ws. )6 + b5.00¢)s t € R

and § € M where ¢5. 1) ¢ € K3 5o(t),€ 18 the function defined in Proposition ?77?.
In this case, we obtain :

js(u)
(3.17)

Proposition 3.5. Assume thatn =8 and f.(u) = |u* “?u — ediv,(B(Vu)).
There exist constants c;(n), 1 = 1,...,3 depending on n, such that

L(t,g) =ci(n) + & Ine|™! (CQ(n)t2T7"gB(§) — 03(n)t4|Weylg|3)
+ o(e?|Ing| ™), (3.18)

as € = 0 C° uniformly with respect to t in compact subsets of R%. and with
respect to & € M. Moreover, we have that co(n) > 0 and c3(n) > 0.

14



Proof. Using Lemma ??, Proposition 7?7 and (77), we get
Woe = " (f-(Wa.w.e)): ¢55(t),5>Pg
2
+0 <H¢6s<t>,5Hpg> =0 (6:(t)") .

We have
/ Wg edV = —+ 0(6:(1)),

and

1
—€/ B(VWs. .6 VWi, (),6)dV
M

2
YAV 6;7% n+1
_ 2n4> £6.(t)202wn 1 Tr, B(€) /0 K EEr= RN COR
= ed(t)° 2n 1) Ku ATr,B(€) + O(5.(t)°).

n(n —6)(n? —4)

Therefore, from the two previous estimates and (?7), we have

J(Wi,e) = o[22l _4)“’”]
+ 6. (1) 201 - “Tr,B(€)

n(n —6)(n? —4)
n? —4n — 4

~96(n — 1)(n — 3)

[Weyly [0 ()" In 0. (£)] + 0 (3:(£)"| In 3 (¢)])

[]

Finally, we recall the following proposition (see [?| and [?] for a proof)
which shows that to obtain a solution of (?7) (respectively (??)), we only
need to find a critical point for I, (respectively I.).

Proposition 3.6. Given two positive real numbers a < b, for € small, if
(te, &) € (a,b) x M is a critical point of I. (respectively I.), then the function
Wi.t)e. + Gs.(t.),¢. 15 a solution of (?7) (respectively (77)).

We are now in position to prove Theorems 77 and ?7. We restrict our-
selves to prove Theorem ?? (Theorem ?? can be obtained in the same way).

Proof of Theorem ?77. We set G : R} x M — R the function defined by
G(t, &) = —ca(n) Int + cr(n)p()t,

15



where c4(n), c¢i1(n) and ¢(§) are defined in (??). From Proposition 7?7, we
have
1
lim —(I.(t,&) — ¢5(n) — ca(n)e — c3(n)elne) = G(t, ), (3.19)

e—0 €

C° (and C' if n > 11) uniformly with respect to & € M and ¢ in compact
subset of R . We will consider two cases depending on the dimension of the
manifold.

First case : n > 11.

We argue as in [?]. Let & be the C? stable critical point of ¢ such that
©(&) > 0 and set
ty = —C4 (n) > 0.

c1(n)e(éo)
Identifying the tangent space at & with R” we define the map H from [0, 1] x
R* x R"nto R**! by

a 9 X a L) X 8 7 X
H(s,t,g):s( Gt ztpg(y))7 Gt ;yfg(y))b_o"w Q(tgypg(y))|y_o)
O(p oex O(p oex
1) (t_tm (¢ 8y1pg(y))‘y:0’m7 (¢ aypg(y))lyzo)‘

By the invariance of the Brower degree via homotopy, we have that (ty, &) is
a O stable critical point of G. From Proposition ?? and standard properties
of the Brower degree (see e.g. [?]), there exists a couple (.,&.) of critical
points of I. converging to (o, &p).

Second case : 8 <n < 10.

Since ¢4(n) and c¢;(n) are positive, we have
lim G(¢, &) = lim G(t, &) = +oo,
t—0+ t—o0

uniformly in £ € M. Therefore, from (?7) we deduce that, for ¢ small
enough,there exists a couple (t.,&.) which is a minimum for the functional
I. in (a,b) x M where a,b are positive constants not depending on €. This
implies from Proposition 77 that Ws_¢.)e. + ¢s.(t.)e. is a solution of (77?).
Thus Theorem ?7? is established. O

3.3 (! uniform estimate for the reduced energy.

Finally, we end this section by proving that the estimate (??7) holds C! uni-
formly if n > 11.

16



Lemma 3.7. If n > 11, we have

L(t,€) = Je(Wos.i).¢) + 0le),
C" uniformly with respect to t in compact subsets of R* and £ € M.
Proof. To simplify notations, we set, for i =1,...,n,
Zo = Zs.(1)¢ and Zi = Zs (1) g,e;-

We recall that

0 C, C,oL(t)
— (W, =—27)= ——7,
at( 66(t)7§) ¢ 0 55(t) 05
~ Op (n - 4) cLe . .
where C),, = —————= (see (7?) for the definition of a,). Taking the deriva-

tive with respect to ¢ to I.(t,§) — J.(Ws.(),¢), we obtain

ol 0J.
E(t,ﬁ) - §< 5(6).€)

0
:/ Pg(¢5s<t),s)§Wag(t>7§dV
M

W,
- [ e Waine + és.00) — F-Wa ) 5 av
M
965,
+ DJ.(Wo. (1), + bs.().¢) [—g;t)’g]

C, /
:T (/ (PQ(ZO) - ff(W6s(t),£>ZO)¢6E(t)’£dv
M

- /M(fa(Wstu),er%a(t),s)—fe(sz),s)

— fs'(W(ss(t),a)%s(t),f)Zodv)

0Ps. 1),
+ DJ.(Ws.(t),e + ds.0).¢) {%}

=0+ L+ I3, (3.20)

17



where

_ G / P (Wi .6) Zo)bs. 0.6V, (3.21)
I = ——n/ (feWs.. + @s.0.6) = e (Wov).)
— fiWs..6) b6.0).¢) ZodV, (3.22)
0
Iy = DJ.(Ws..c + bs.00) [%] . (3.23)
In the same way, recalling that
0 an(n —4)
(W (1 = a2z,
i (W(Sg(t), Pg(y)) |y:0 5s(t> + Rj. ()8

where HR&(t)fHPg = O(0.(t)?) (see (6.13) of [?]) and using (?7?), we find

ol 0.
8_yi<t’ eng(y))‘ ~ (Wi expg<y>)|

_ 4 )
= ()~ 0¥ Zosi v
- / (fg(W(gs(t)@ + ¢§E(t),§> — fg(Wés(t)’g)
M

y=0 y=0

— FL(Ws.(0).¢) Ps.(1) ¢ )ZidV>

OPs. (1) expe (v) ]

+ DJ.(Ws_t).e + ¢s.0).¢) { a0

+0 (|1 Bs.crell, l9s.rell, )
= ]4+I5 +16+O(€), (324)

where

I, = M/ (Py(Zi) = [LWs,6) Zi) s (1).£AV,
t) M

Oe (
Is = — %/ (f-Ws.y.e + s.006) — F-Ws).)
— fi(Wo.(0).6)P5.00.6) ZidV.,
Is = DJ:(Wo. (1), + Ps.(0).¢) [8%5(3;@5@)] |

18



We begin by estimating the terms I3 and Ig. By Proposition 77, there exist
real numbers \;, ¢ = 0,...,n such that

DJ.(Ws.).¢ + s.0.6)]. Z i (

Arguing in the same way as in Proposition 2.2 of [?] (see in particular (4.23)
and (4.24)), we have

a n
DJ(Ws. ). + bs.(0.¢) [%] =0 (H%(t),g”Lm Z‘)‘i’) )
=0

and

8¢5s(t),ex (v) H¢5e(t)v§H p Z?:O |/\z|
ng(W5E(t),§ + ¢65(t)7€) lTp&y} | =0 %?> .
i y=0 c

We claim that [A;| = O( || P,(Ws.()e) — fE(Wge(t),g)HLn% ), foralli =0,...,n
Using that

2
(Zi, Zj)Pg - HAeuclVi“LQ(Rn) 0ijs

to prove the claim, we just need to show that
DJ(Ws..¢ + b5.0.8)Zi] = O(| P, (Ws..6) = f-Wow Ol 2n,)-

for all ¢ = 0,...,n. Since ¢s ()¢ € Ki(t)g, using Holder inequality, (77),
Lemma 7?7 and rough estimates, we have

DJ.(Ws.wy.e + bs5.0),¢) | Zi]
:/ Pg(Wée(t),ﬁ)ZidV —/ fE(Wég(t)7£ +¢5s(t):€)ZZdV
M M

Z/M(Pg(Wag(t),g) — feWs.y6)) ZidV

- /M(ff(Wés(t%E + Go.t).6) = e Wo.().6)) ZidV
<12 (Ws.e) = f-Wa. Ol ey 123l o

+ || fe(We. e + bo.6) — F-(We. )¢ H 20 || Zi| 2
<0 (I8(Ws0) — f- Wil 22, )

+0 (6.l an, (Wl 2, + om0l 20 )

<0 (1P, (Wa.0.8) = F-Wi.w o)l 2, ) -

n+4

19



Combining the previous estimates, we get

OPs. (1),
ot

= 0 (B, Wit e) = F-(Wo )2 22 )
(3.25)

DJ(W5 )¢+ @5, tg){

0 |1 BsWsoy.6) — feWawne) || 2
0 (t)

=~ N

Now let us estimate I, and [5. Noticing that, if n > 11,
|(Wo..0)* 72| 5 = O(1),

we obtain, for i =0,...,n,
/ (feWs. ). + Ps.06) — Fe(Ws ) — FLWs.(0).6) Do.(0).6) ZidV

fM (Wo.(0).6)> >3 £ ZidV, if n>12,
fM (We.(.6)* >~ 6% §+¢§* 1ZdV), if n=11,

I( Wae<t>,s>2 - €ZiHL% H%(t),sHL%{ ,ifn>12

o 1z ||anjm Hsbas MH |
< O ||¢5 ® 5‘ L2 n ) when n > 11. (3.27)

Finally, let us estimate I; and I,. Since

| Py (Zi) — FrWs.e) Zi|, 20 = O(6.(t)?)

|2

(one can argue as in [?], inequality (4.17)), we obtain

/M(Pg(Zz‘) — FeWo.£)Zi) P51 £V
< C||P ) = SlWoo. ) Zil| o b5 06| o0
o ). 32)
The lemma now follows from (?7?), (?77?), (?77?), (?77?), (?77?) and (?7?).

[]
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4 Case M i1s l.c.f. : Proof of Theorem 77?.

In all this section, we assume that M is l.c.f. We will also assume that G

the Green function of Py, is of the form

g¢»

Gl (expey, &) = 3, | |'n, 4 +A+ 0" (’yD

where (3, = (n — 2)(n — 4)w,_1 (see the introduction for the definition of
0@ (]y[)). In the following, with an abuse of notation, we will identify the
metric g and ge. In this section, we will modify the notation of the function
Ws.(1),¢ defined in the previous one. Here, we will be looking for a solution
of the form

Wi.e(x) = Gy, Wi e(),
where Wgs(t%g is defined by

Wil ) = 5,00 dla 0 (). i dw9) <o

Waios = Wty o) = 0.0y 0 (5155)
+ ve(d(z, &) — To)(ng(t)’g)’(ro),

In the previous definition, 7: : R — R, € € R" is a smooth function
satisfying the following properties :

if d(x, &) > ro.

supp(7e) C [0, €],
¥(0) =0, Y (0) =1, |[Vy(r)| <& Vr>0andi=1,...,4.

It is easy to check that W5 ne € H*(M). We also define, for any real §
strictly positive, £ € M and z € M,

Zsel) = Gy, €) Zsel), (41)
and, for w € T¢ M, A
Zs ) = Gyl,6) Zial). (42)
where
Zsela) = dlo, (€575 A0

(02 4 d(z,§)*) =
and, for w € T¢ M,

. I <expg1 :U,w>
— n—4 5z g
Zévﬁ:w(‘r) d(I7 ) X(dg(l‘, )) (52 + d(],‘, €>2>nT—2 ’
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X is a smooth cut-off function such that 0 < x < 1, x = 0 in [rg,00) and

.
x =1in [0, 50] In this section, we choose

) temm ifn>7
(Mw—{ei et (4.3)

In view of the results of the previous section, it is easy to see that we only
need to obtain an estimate of the error and of the reduced energy in order
to prove Theorem ?7. We begin with the error estimate.

Lemma 4.1. Assume that M is l.c.f. and f.(u) = |u|* "?u — edivy(B(Vu)).
Given two positive real numbers a < b, there exists a positive constant Cj,,
such that for e small, for any real number t € [a,b] and any point & € M,
there holds

[ (- (Wa.0.)) = Wa.onel
5.1+ ed. (1) "7, if n <8,
< Chp{ 00 I o:(t)]7 + e0o(H)2| ()5, if n =38,
5.(t)2 +ed.(t)? if n>8.

(4.4)

Proof. Integrating by parts, we find
((f-(Ws.6) = Woow .60 0) = /M(fs(Wae(t),s) — PyWs..e)pdV
[ AW Bt AW Do)
dBe(ro)
+ / (Oin(Dg Wy 6) + Dout(AgW5 () ) ddo
8Be(ro)

where 0B¢(rg) is the boundary of the geodesic ball with respect to g of
radius 7 centered in ¢ and 0,,, (resp. 0,,,,) stands for the derivatives with
respect to the inward (resp. outward), unit normal vectors of 0B¢(rg) and
dog is the volume element of 0B¢(ry). Now, straight forward computations
give, on 0B¢(ry),

(@nAgW?f(tt),g + aoutAngg?(t)g) - Glg(AgW;?(t),g - Agwosléf&),g)
+ Gg((AgW(sT(t),g)/ - (Agwﬁi),g)/)
+2G, (VW) — (VWi e))
= 0(5:(t)2), (4.5)
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and

n

(AW e — AW ) = GoA (Wi e — Wit ) = O(6:(1)%).  (4.6)

n

We observe, since W(;g e = 0(55(15)%4) on M\Bg(ro) and PyGy(.,&) = 0,
that
F-Ws.y.e — Gg(1, 1) = Py(Ws.(1y.e — Gy(.,§)T)

e ed (4.7)
=0(0:(t) 2 +¢e0.(t) 2 ), on M\Be(ro),

where I'(z) = vz(d(z, ) — TO)(ng(t) ¢)'(r0). Next, using the properties of vz
and the fact that n > 5, it is easy to see that

[ R gy - Byl D)oY = 0(2),
M\ B¢ (r0) Be(ro+€)\Be(r0) (4 8)

and

/M\B( Gl Iy = 0@)

Therefore, by Sobolev’s and trace’s embeddings, and choosing & < d0.(t)2, we
deduce that

[ (f-(Woior.6)) = Wo.one| o

<[ f-(Ws.y.e) = PWs.vye| 2 +0(8:(8)?).

Ln +4 (Be(ro))

Since M is l.c.f., using the conformal invariance of P, and doing some com-
putations, we find

Py(Ws.(t)e) = BuGgr™*6.(t)”

n+4

FU@E 'y (4.9)

4A§ ( ) 5nan s(t)nT‘l( )2’3/‘”_8
(6:(£)% + [y[2) %"
X (0:(8)*(18 = 9n +n?) — 86.(1)*(n — 3)[y|* — (n — 6)|y|*)

+ h.o.t.

Here and in the following, h.o.t. stands for a term which is asymptotically
smaller than one of the previous terms in the expansion as £ goes to 0.
Therefore, we deduce that
2n )
L7+ (Be(ro))

| f-Wis.0.6) — PaWo.0)¢]
HLn%f(Bg(ro)) '

L7 (Be(ro))

(0(t)* + 6-(6)*|y* + |yl*)

:O( 0Ll
(002 + y2)

+ée ||divg (B(VW(;E(t){))

23



Now, rough estimates give

5 |ay|n—8
U (60 + 0.0l + o)
(0=()2 + [y[*) 2 LT (Be(ro))
6. (1)1, if n <8,
< C{ 6.4 Ins.(8)|5, if n=S3,
6-(1)z, if n>8.
and
6.(t) ", if n <8,
€ ||dwg(3(vwgs(t),§))HL%(BE(TO)) <C €5€Et;z\ Ind. ()=, if n=S8,
£6:(1)2, if n> 8.

Combining all the previous estimates, we conclude that

| f-Ws.0.6) — PaWo. )]

2n
L7+ (Bg(ro))

5.(1)" 4 + ed. (1) T, ifn <8,
= 5. Inb.(8)| + £6.(4)2| Inb.(H)|1, if n =S8,
5.(t)2 4+ e0.(t)?, ifn > 8.

]

Finally, we give an estimate of the reduced energy I.(t, €).

Proposition 4.2. Assume that M is l.c.f. and
fo(u) = |u|* "*u — edivy,(B(Vu)). There exist constants c;(n), i = 1,2,3
depending on n, such that

L.(t,€)
— o(n) + 6_%(62(n)tT7“gB(f) —c3Ae) + 0(6_%), 4 if n=06,
1 en=5 (co(n)t?TryB(€) — cs(n)t"*A¢) + o(en=s), if n>7
(4.10)

as e = 0 C° uniformly with respect to t in compact subsets of R% and with
respect to € € M and C' uniformly if n > 7. Moreover, we have that
c2(n) >0 and c3(n) > 0.

Proof. As previously, using Proposition 7?7, Lemma 7?7 and the definition of
d:(t) (given in (77)), it is easy to see that

L:(t,€) = J-(Wi.0.¢) + 0(3(t)" ™).
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Using (??) and (?7?), we have
/ (AgWi.(06)*dV + / Ay (VWi (.6 VWi £)dV + / hW3. 1) AV
M M M

= / Py(Ws.4).£)Ws.1).cdV + O(5:(t)" ).
Be(ro)

n—4

Here we also used (77), (??) and Wy = O(d:(t) 2 ) on 0B¢(ry). Now
using (?7), we find
0=(1)"

SR A0O%
' (3.7 + 7

(0 (t)2 +12)" i
+4(n — 4)?Ae o™ 8(58(;5)82(?_ r2)n—1

x ((n? —9n — 18)8* — 8(n — 3)6.(t)*r? — (n — 6)r?)
+ h.ot.

Py(Ws. (1)) Ws. (e = @ + 24 B

Integrating the previous formula, we find

/ Py(Ws.().e)Ws.(1)edV
Be(

2 w2 .
_“ ;)nfl ,? + Agﬁnai wn_156(t)”_4];‘_3

+ ( (n2 = 9n —18) I"% — 8(n — 3) "} — (n — 6)1"—3)

n—1
2 2 0=
X 4(n —4)* A Bro

g W AL wn 1y
2 (n—1)(n—2)
2(n* — 9n — 18) n+2
" (<n—2><n—3><n—4> - n—2>
6 ()" 4w,y

x 4(n — 4)? A¢Bp0? +o(6.(1)" ™).

2
We also have
Wit AV
Bg(’!’o)
~ oz [ ) e+ ofott) )
" (0c() + r2)m
1 n=2 1 2 *
504% Wn_1In? + o n A§062 Wn—10n0, ( )n_4lg_3 + 0(56(t)n_4)
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and

€ / B(VWs_ (1.6, VWs._(1).¢)dV
Be(ro)

n— 4)2 g pnl e
:( on ) 655(15)2@72100”,17—‘7“9 (B) /0 Wdr#—o(ég(t) 4)
dn(n —1)
A2 — — if n>06,
Z%%—At)ség(t)Qaiwn_lTrg (B) (1n 4)(n 16>
n
§1H(1+5€(t)2), an—6

+0(0:(t)" ™).

Therefore, combining the three previous estimates, we finally obtain

B B 4 o Agﬂnai*wn—l n—4
Je(Wo.(t).6) = 0" wn + 4(n—1)(n — 2)55<t)
()" w,
—+ 2(n — 4)2145671053%

2(n? — 9n — 18) (n+2)
X(m—zmw4wn—® <n—m>

dn(n — 1)

AV ; 6
+ <n8—4)55€(t)2a72lwn_1T7‘g B m—tm—g Y70
" In |6.(t)], if =6
+o(6.(t)"™")
:Cl - CQAE(Sg(t)n_4 + CgTTgB&?(Se(t)Q + O(5g(t)n_4)7
where C3 > 0 and Cy > 0. O

The rest of the proof is devoted to prove that (??) holds C'-uniformly
if n > 7. This will be an immediate consequence of the following three
lemmata. To simplify notation, in the following, we denote Zy, = Z5, and
Z; = Zsg .;, where (e;); is a base of Te M (see (?7) and (??) for the definitions
of Z(s,g and Z&,{,ei)'

Lemma 4.3. For anyt=1,...,n, we have
d - Cni 2 -
—I.(t, 0= ——||AV; A, 4.11
Gt expen)lo = | ny+o<£gj) (4.11)
and
d - Cu o0 (t) 2 -
—I.(t,§) = ——||A A 4.12
-0 = T 1Al o (30 (112
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where Cy, = a,(n—4) (see (??7) for the definition of o, and see below for the
definition of the \;’s).

Proof. We only prove (??) (the proof of (??) following along the same line).
For any ¢+ = 1,...,n, using Proposition 7?7, we have that there exist \;,
1 =20,...,n, such that

d - = d
d—nfs(ta expe 1)ln=o = Y Aj <Zj, d_n(W5s(t)ueXPg"7 + 5. (1) expe n)’n=0> :
1 ]:0 (]

d d
To simplify notation, we denote d_<W65(t)’eXp en)ln=0 = y W (and we adopt
i i
the same convention for all functions). Integrating by parts, we have, for all

1=1,...,nand 7 =0,...n,

d d C C
7. 2whN= | pz(Lw -y, 7 7
< ”diV> [; 2 (W = )W g ()

d C,
el el

d Cn
=W - 7 < . "
7 G = s < 12

Therefore, we deduce from the two previous lines that

= o(1), we get
2"
d Ch
T w2
- s

Using Holder’s inequality and since

=o(1).

2"

dn; 55(25)

On the other hand, using that ¢s_ )¢ € K, (i(t) ¢ Holder inequality and Lemma
7?7, we deduce that

d Cy
<Zj —W> = HA‘/z“ig 5@‘ + 0(1). (413)

d d 1950l
T < ||=Z. = — 1] = . (414
(o) < o] Iowil, =0 (™) = ot0. 10
Combining (??) and (?7?), we get (77). O
Lemma 4.4. We have
d - o:(t) -
%Ja(w&;(t),f) = Cn45€(t)DJE(W55(t):§)ZO
N 0(0.(t)*Ind.(t)), if n=06,
O(0:(t)" 2 +ed:(t)"™), if n>6,

(4.15)
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and

d - C, -
an Je(Wo. (1) expe ) ln=0 = 5.1) DJ-(Ws.(1),¢) Zi
+ O(ée(t)2)v Uc n =6,
O(0.(t)" 3 + e6.(t)>Ind.(t)), if n>6.
(4.16)
Proof. Integrating by parts, we have
d o (t) =
— — D Z
dtJE(W‘ss(t) §> Cn45€(t> JE(Wée(t):f) 0
d 9:(t)
_ /M (P Wi, o). —fg(W(;s(t)f)> <EWM),g -Gt )Zo)dV
d d
—/ (A Wout 3 Wg 5 + A Wln anut W5 (t) g)d
9B (ro) "t
ou n d
L OB W)+ 0o By Wiy ) 5 W o
0B¢(ro)
0c (1)’

, d
Since EWgs(t),g - C, " 0. 0

obtained in Lemma 77, we find that

—7 = O(ég(t)ans(Sg(t)’lM\Bg(%)), using estimates

[ (B0 = 1.0V 0) 5 Wt — oo Zajav

=0 (6.(t)(6.(t)" > +e6.(t)"®)) , if n>6.

We also have, on 0B¢(ry),

d in d n—
—Ws..e + AQWJE(t),anut%W(SE(t),g = O(6.(t)"%6.(t)),

A Wout 6
(N g

and

. d - ,
(Oin( D W5, )+ Oona D Wiy ) 5 W6 = O(B:(1)"*0.(1)).
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This proves (??). Now, let us show (?7). Integrating by parts, we have

d - L s
d

1
/M(P Wi.tye — fe(Wis( t)g))(d—mW—Cani)dV
d

_ / (A, W;lgg)gam T A W) Do W o
dB¢ (7o) U

]

’ d
+ / (a (A Wout ) —+ aout(AgW(;?(t)7§)) d—WdU
dBe(ro) i

Proceeding exactly as in Lemma 6.1 of [?], we have for any y € By(r9),

d C [y10:(£)"="
Ws_(1).ex ex 0= ——Z;(ex + O — | -
"l eV ma = g Aiexpe ) (@@2 )
B (4.17)
For y € M\ B¢(ry) we have
d n—4
n, Wéa(t)yengn(eXpﬁ Y)ln=0 = O<5a (t) = )a (4.18)

here we assumed to simplify computations that the function vz = 0, it is easy
to check that this assumption is harmless since n > 6. Using (?7), one can
show that

d d
A WOUt 8 %W + A t) gaout W O (5 ( )'ﬂ—Q) ’

and

) d _
(a (A Wout ) + 8out<AgW§£n(t),g)) d—niW(;s(t),g =0 (5E(t)” 2) )

Next, using (??) and (??), we obtain

/ . (P,Ws. — foWac.0)) (dffhw _ Cnrtt)zi)dv
= (55 (t)fj—_;)"—l (6.()* + 6-(t)*r* + 1) dr)

= O(6.(t)
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and

d 1
B —W - C,——Z7; |d
/Bg(ro) <VW5S(t)’§7v(de ¢ d=(t) ) v
55(1;)27 Zf n = 67
=0 6-(t)>Ind.(t), if n=T1,
6-(1)3, if n>T

Finally, using (?7), we get

d 1
P,Ws.w.e — f-(Wes.0.¢) ( W —C, Zi) dv
/J\/I\Bs(T’o)( g0 <)) dn; d=(1)

=0 (6:()" > +e6.(t)" ).

Combining the previous estimates, we obtain (77). O
Lemma 4.5. For anyt=0,...,n, we have
DJ.(Ws.)¢)-Zi 0(6.(t)?) ifi=0andn>17
|AV;]|5, 0(ede(t)’) if i#0and n >
In particular, we have, for alli=0,...,n andn > 7,
i = O(e6.(1)%). (4.20)
Proof. For any i =0,...,n, we have

DJ-(Ws. e + .00 % = DX (Zi, Z;) = M [VVilly + 0D X)) (4.21)
=0 =0
Independently, we obtain that
DJ.(Ws.e + $5.06) % = DI.(Wiy ) Zi

+ <ZZ — i*<f£(W65(t),§>Zi)7 ¢5a(t)v§>
(foWs.e + @) = foWa.we) = fo(Ws.(0).) Ps..0.6) ZidV.
(4.22)

M
Using Holder inequality, we get

<Zi — i*(fé(Wéa(t),ﬁ)Zi>7 ¢65(t),§> < HZz - i*<fe/(W65(t),£)Zi)”Pg H(bt?e(t)fHPg ’
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and, as in (77?),

/ (foWs.ye + bs.0.6) — foWseye) — fo(Wsoy.6) Ps.0).6) ZidV
M

<0 <H¢&<t>£Hi%> when 6 < n.
(4.23)
To conclude, we only have to estimate HZZ — i*(fa/(Wst(t),s)Zi)Hpg- First, by
Sobolev’s embedding, we have

1Z: = & (LWo.0.) Z) || p, < C || PoZi = JiWs.0,0) Zill,

2n_ .
n+4
Straight forward computations using that M is l.c.f. and F, is conformally

invariant give

n—4

Py BWiio120 = 0 (8.0
n—_8 n—4

y|" o0 (t) 2

(|L|l p Et;) (B0 + 3Ty + 80l + 8.2yl + ) ),

and, fori =1,...,n,

n—2

P2~ i(Wa)% = 0 (8.0
‘y’n_S(Ss(t)nTiQ 6 41,12 21, 14 6)
1 O (t 0 (2 0. (t ‘

ol 5, oy O 0L P 07+ )

Using the two previous estimates and that

£6.(1)2(In6.(¢))6  if i £0, n =6,
£0.(1)?, ifi#0, n>6,

5 Halz'v(B(VZi)HL%4 ={ ed.()?, if i=0, n>S8,
£6.(1)2(In6.(t))1, if i=0, n=38,
5(55(15)"774, ifi=0,n<8

one deduces that
5.(t) + e6.(t)3 ifi=0,n="1,
. 5.(8)% + e6.(8)*(Inb.(1)) if i=0, n=S8,
12 = (e Waw ) Z0) [, < 0e(t)"s + ed.(t)? ifi=0,n>8
5.(t) 2 +ed.(1)?, ifi#£0, n>T.

(4.24)
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Combining (?7), (??), (?7), (??) and using Lemma 77, we obtain (?7?).
Finally (??) follows from the fact that the estimates we obtain for J.(W;s_q)¢)
in Lemma ??, are C'-uniform with respect to ¢ in compact sets of R% and

e M. [l
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