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Non-stability of Paneitz-Branson type
equations in arbitrary dimensions.

Laurent Bakri *f Jean-Baptiste Casteras 3

Abstract

Let (M, g) be a compact riemannian manifold of dimension n > 5.
We consider a Paneitz-Branson type equation with general coefficients

Af]u — divg(Agdu) + hu = |u* "> u on M, (E)

2n
n—4
and ¢ is a small positive parameter. Assuming that there exists a pos-
itive nondegenerate solution of when € = 0 and under suitable
conditions, we construct solutions w. of type (ug — BB;) to (E) which
blow up at one point of the manifold when ¢ tends to 0 for all dimen-
sions n > 5.

where A is a smooth symmetric (2, 0)-tensor, h € C*°(M), 2* =

Keywords: Paneitz-Branson type equations, blow up solutions, Liapunov-
Schmidt reduction procedure.
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1 Introduction and statements of the results

The existence of conformally covariant operators and the study of their as-
sociated curvature invariants have attracted a lot of attention these last
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decades. In 1983, Paneitz in [22] introduced a fourth order operator, con-
formally covariant, on 4-dimensional manifold. A few years later, Branson
[2] generalized this operator to all n-dimensional manifolds for n > 5. In
analogy with the conformal laplacian, a curvature called the ()-curvature has
been associated to this operator (see [4]). It turns out that this curvature
appears in a lot of geometric and physic problems. For instance, it is worth
pointing out that, in dimension 4, the integrand of the Chern-Gauss-Bonnet
formula for the Euler characteristic is the Q-curvature (up to the conformally
invariant Weyl’s tensor). The Q-curvature also appears in the study of fully
nonlinear equations involving the symmetric functions of the Schouten ten-
sor and in the zeta function determinant. The @-curvature is also linked
to the scattering theory of conformally compact manifolds whose study was
initiated by Fefferman and Graham. We refer to the articles of Branson and
Gover [3], Chang [5], [6], Chang and Yang [7], and Gursky [13] (and the refer-
ences therein) for more details and very interesting material on the geometric
and physic aspects associated to the notion of Q)-curvature.

In what follows we let (M, g) be a compact riemannian manifold of di-
mension n > 5. We will be interested in solutions u € C*?(M), 6 € (0,1), of
the following equation

Pyu = Nlu — divg(Agdu) + hu = [ul* *u, (1.1)

2n
n—4
Following the terminology introduced in [9], the operator P, has been referred
to as a Paneitz-Branson type operator with general coefficients. When A, is
given by

where A, is a smooth symmetric (2,0)-tensor, h € C*°(M) and 2* =

(n—2)>+4 4

Ay = A neits = ——7 1.2
g paneitz 2(n _ 1)(n _ 2) Rgg n— 2R20g7 ( )

where R, (resp. Ric,) stands for the scalar curvature (resp. Ricci curvature)

n —
with respect to the metric g, and h = ——@Q, where @), is the Q-curvature

with respect to the metric g which is defined by

1 n3 —4n? + 16n — 16 2
AR R
=1 T R 1P m—22 T =2

Qg = 2 |Ricg|3,
then P, is the so-called Paneitz-Branson operator and equation ((1.1)) is re-
ferred to as the Paneitz-Branson equation. It is well known that the Paneitz
operator is conformally invariant, i.e. if § = gpﬁ g then, for all u € C*°(M),
we have .

Py (up) = n-t Py ().
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We also point out that if (M, g) is Einstein (Ric, = Ag, A € R), then the
Paneitz-Branson operator takes the form

Pyu = Nlu+ bAju + cu, (1.3)
2_on—4 —4)(n?—4
where b = %)\ and ¢ = n(n16 (n)£n1)2 )A. More generally, when

b and c are two real numbers, the operator P, defined in is referred
to as a Paneitz-Branson type operator with constant coefficients. Existence,
compactness and stability of solutions to (1.1) when P, is a Paneitz-Branson
type operator with constant coefficients, have been widely investigated this
last decade (see for example [11], [14] [15, 24, 27] and the references therein).
However, less is known for solutions of in the case where P, is a Paneitz-
Branson type operator with general coefficients. Esposito and Robert [10]
proved the existence of a non trivial solution to under the hypothesis
that n > 8 and mNi[n Try(Ay — Apaneit-) < 0. In [26], Sandeep studied the

stability of equation ((1.1)) in the following sense : he considered sequences of
positive solutions (g )q of

~1 4,0
, Ug € CHY,

where A, are smooth (2,0) symmetric tensors and a, are smooth functions.
Sandeep proved that if A, converges in C''(M) to a smooth symmetric tensor
Ay, a, converges in C°(M) to a smooth positive function a and u, converges
weakly in H%(M) to a function ug, then ug is nontrivial provided that A, —
Apaneit- 1s either positive or negative definite (generalizing a result of [16]).
Recently, Pistoia and Vaira [23] studied the stability of when it is the
Paneitz-Branson equation, namely they considered the following equation

Agu — divg((Apaneit +eB)du) + Qu = |u , (1.4)

where ¢ is a small positive parameter and B is a smooth symmetric (2,0)
tensor. They proved that if (M, g) is not conformally flat, n > 9 and there
exists & € M a C'! stable critical point (see below for the definition) of the

Tr,B(§) . .
—————such that Tr,B(&) > 0, then equation .-1.4 is
[Weyl, (6], B

not stable, i.e. there exists &g > 0 such that, for any ¢ € (0,¢), equation
(1.4) admits a solution u. such that u.(&) — +oo0.
e—0

The aim of this paper is to investigate the stability in the sense of Deng-
Pistoia of (L.1). We say that (1.1)) is stable if, for any sequences of real
positive numbers (g, ), such that ¢, — 0 and for any sequences of solutions

(U)o € CH(M), 6 € (0,1), of
Alug — divg(Agdua) + hug = |uq

Af]ua — divg(Apduy) + aque = ui

2*—2
u

function ¢ —

P2 Cay, (1.5)
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bounded in H?(M), then up to a subsequence, u, converges in C*(M) to
some smooth function u solution of (1.1). Deng and Pistoia [8] proved that

(1.1) is not stable if

a. n > 7, Try(A;—Apaneit.) is not constant and mj\}n Try(Ay—Apaneitz) > 0,

b. or n > 8 and & € M a C! stable critical point of Try(Ay — Apaneitz)
such that Try(A; — Apaneit=) (&o) > 0.

Our main result shows that under suitable assumptions, equation is not
stable for any n > 5. In fact, inspired by the recent result of Robert and
Vétois [25] on scalar curvature type equations, we investigate the existence
of families (u.). € C*%(M) of blow-up solutions to of type (up — BB.).
Following the terminology of Robert and Vétois, we say that a blow-up se-
quence (u.). is of type (ug — BB ) if there exists ug € C**(M) and a bubble

n—4

4 c 2
BBl.(x) = [n(n —4)(n® — 4)]5 ( - d“( )2) , where x, z. € M and
He g\ Ly Le
ie € R is such that p. = 0, such that
e—

ue = ug — BBl + o(1),

where o(1) v 0. Before stating more precisely the results, we would like
to recall that a solution of is called nondegenerate if the kernel of the
linearization of the equation is trivial (see (2.3)). Let ¢ € C'(M), we also
recall that a critical point & of ¢ is said C! stable if there exists an open
neighborhood €2 of & such that, for any point £ € Q, there holds V,4(£) = 0
if and only if £ = & and such that the Brower degree deg(V,¢,,0) # 0.
We obtain :

Theorem 1.1. Let (M, g) be a compact riemannian manifold of dimension
n, A, and h be such that P, is coercive. Let ug € C* 0 € (0,1), be a
positive nondegenerate solution of . Assume in addition that one of the
following condition holds:

a. 5<n<7,

b. 8 <n <13 and there exists & € M a C' stable critical point of

(n—1)

(Trg(Ag — Apaneit=)) (€)

2nu0(€)w71*1 —1,—s, £ € M,
(0 + 2) (il — 4 — ) T,

such that (&) > 0,




c. n>13 and m]Vi[n Tre(Ay — Apaneitz) > 0,

then, for any € > 0, there exists a solution u. of type ug — BBl to (1.5)). In
particular, (L.5)) is not stable.

Let us notice that in the geometric case i.e. when A, = Apspeirz, the pre-
vious theorem only applies if 5 < n < 8. However, with a small modification
of the proof, we can construct a solution of type uy — BBl to (1.5)) when
5 <n <11 and Ay = Apaneir-- More precisely, we prove the following result :

Theorem 1.2. Let (M, g) be a compact riemannian manifold of dimension
n, A, and h be such that P, is coercive. Let ug € C*?, 6 € (0,1), be a positive
nondegenerate solution of . Assume that Ay = Apaneit-- Then, for any
5 <n <11 and any € > 0, there exists a solution u. of type ug — BB, to

(1.5). In particular, (1.5) is not stable.

The proof of the theorems relies on a well known Lyapunov-Schmidt re-

duction procedure which permits to reduce the problem to a finite dimen-
sional one for which we defined a reduced energy. The solutions to will
then be obtained as critical points of this reduced energy. We refer to [I]
and the references therein for more information on the Lyapunov-Schmidt
reduction procedure. We would like to emphasize that the proof of Theorem
is inspired by the previous work of Robert and Vétois [25]. Thus we will
keep their notations. We also want to point out that we use without proof
computations done in Deng and Pistoia [8] (for more details on these compu-
tations, see their paper). The plan of the paper is the following : in section
2 we introduce notations and perform the finite dimensional reduction. In
section 3 we study the reduced problem and prove Theorem The error
estimate and the C! uniform asymptotic expansion of the reduced energy are
done in the appendix.
Acknowledgements : The authors would like to thank F. Robert for his
comments and suggestions on a preliminary version of this paper. Addition-
ally, the authors would like to thank the anonymous referee for pointing out
relevant references.

2 Finite dimensional reduction.

Let (£)a be a sequence of points of M. In all the following, we will suppose
up to extracting a subsequence that, for a large enough, all the points &,
belong to a small open set €2 of M in which there exists a smooth orthogonal
frame. Thus, we will identify the tangent spaces T:M with R" for all £ € (2.
We recall that we suppose that P, is coercive.
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In all the following, we will denote by (.,.) p,» the scalar product, for
u,v € H*(M),

(u,v) p :/ AguAgvdV+/ Ag(Vgu,ng)dV+/ huvdV,
! M M M

where here and in the following dV stands for the volume element with
respect to the metric g, and ||.|| p,» for the associated norm which is then
equivalent to the standard norm of H?(M). We denote by i* : Ln%l(M ) —
H?(M) the adjoint operator of the embedding i : H*(M) — L%(M), ie.
for all ¢ € Ln%(]\/[), the function u = i*(¢) € H*(M) is the unique solution

of Agu — divg(Aydu) + hu = ¢. Using this notation, we see that equation
(1.5) can be rewritten as, for u € H*(M),

u =1 (fe(u)),

where f.(u) = |u u. Before proceeding we recall some basic facts. It is
well known (see [I8]) that all solutions u € H?*(R™) of the equation

2% —2—¢

* ntd |
A2 u=u>"t =y in R®

are given by
r—Yy

Usy(x) = 87" U(—

), 6 >0, yeR"

where

n_4 n—4
U(z) = [n(n — 4)(n? — 4)]"* (L) T (L) BCRY
1+ |z[? 1+ [z]?
It is also well known (see [19]) that all solutions v € H?(R™) of
A2 v=(2"-1)U*
are linear combinations of

n—4 J|x]*-1

W(r) =« —
o) 2 (1+ [z
and .
Vi) =ap(n —4)————— ., i=1,...,n
= o e

Let x : R — R be a smooth cutoff function such that 0 < y < 1, x(x) =1
if z € [_7’_20’ %] and x(x) = 0 if x € R\(—ro,79). We define, for any real ¢
strictly positive, £ € M and x € M,

Wie(@) = X(dy(x,£))d 2 U0 expg ! (2)),
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where d,(z, ) stands for the distance from = to £ with respect to the metric
g and exp; is the exponential map with respect to the metric g. We also
define, for any real § strictly positive, £ € M and = € M,

n—4 d($7§)2_52
Z xTr) = dg x; 5 2 n—2"9
o) = (o, 0"

and, for w € Te M,

s (expglT,W)
(6% + d(z,6)2)"z

Z(S,{,w<m) = X(dg(x7 5))5

We denote by Il respectively Hi& the projection of H*(M) onto

K‘;af = span {Z(s,ﬁ) (Zé,ﬁ,e)i:l..n}
respectively
Kje = {¢ € H*(M)/ (¢, Zsg)p, = 0 and (§, Zsgw)p, = 0, Yw € TgM}
(2.2)

We recall that a solution wugy of (1.5)) is nondegenerate if the linearization of
the equation has trivial kernel, that is

K = {p e CY(M)/Pyp = (2" — Dug|* p} = {0} (2.3)
We are looking for solution u to ([1.5)) of the form
=1y — Ws.(t.)e. + Ps.(t.)6.4

where 1 is a nondegenerate positive solution of (1.5, ¢s.(1.)e. € K, i(ts) .

and .
teeiftn>8
(55(255):{\/ cifn>

2 t. > 0. 2.4
(tee)m1if 5<n<8’ (2.4)

It is easy to see that equation (1.5)) is equivalent to the following system

s, (0.6 (w0 = Wa.(o).¢ + o — 1" (fe(uo W+ bome) =0, (2.5)
and
Hé_s(t)vﬁ( = Wiy + Ps.ity.¢ — 1 (fe(uo e+ Ps.06)) =0. (2.6)

We begin by solving (12.6)).



Proposition 2.1. Let ug € C**(M) be a nondegenerate positive solution of
(1.5). Given two real numbers a < b, there exists a positive constant Cyy
such that for e small, for any t € [a,b] and any & € M, there exists a unique
Junction ¢s_ )¢ € K(; ()6 which solves equation and satisfies

[@s.01.l| p, < CapelInel. (2.7)

Moreover, ¢s. )¢ is continuously differentiable with respect to t and §.

In order to prove the previous proposition, we set, for € small, for any
positive real number ¢ and £ € M, the map L. ¢ - K5, — Kj, defined by,
for p € K ég,

Lese(9) = Ue(o — " (fLuo — Wig)9))-

We will first prove that this map is inversible for ¢ and e small.

Lemma 2.1. There exists a positive constant C,; such that for € small, for
any t € [a,b], any £ € M and any ¢ € K(;Le, we have

1z benttorea @), = Cap 8115, -

Proof. Assume by contradiction that there exist two sequences of positive real
numbers (€,), and (t,)q such that e, — 0 and a <t, < b, a sequence of

a—r+00

points (£,))a of M and a sequence of functions (¢, ), such that
¢0¢ € K(;;a(ta),fa7 ||¢O¢||Pg = 1 and HLEQ,(Ssa(ta)yga(qsa)HPg — 0 (28)

a—r o0

To simplify notations, we set Lo = Le, 5. (ta)fa> Wa = Wi, (ta)itar Z0a =
Zs. (ta)ke AN Zjo = Z5, (13)fare; fOr 1 =1,...,n where e; is the i-th vector
in the canonical basis of R". By definition of L,, there exist real numbers
Aijas © = 0,...,n such that

¢a - Z*(féa< )¢a - Z)\z aZza (29>
Standard computations give
<Zza7Zg a) —> ||Aeuclv||L2 R™) 52]; (210)

where 0;; stands for the Kronecker symbol. Therefore, taking the scalar
product of (2.9 - ) with Z; ., using the previous limit and recalling that ¢, and
Lo(¢a) belong to Kj- © (ta)6a We deduce that

/ féa (UO - Wa)¢aZi,adV - _)\i,oz ”Aeucl‘/iH%ﬂ(Rn) + (Z |)\i,a|> 0(1)7
M

= (2.11)



where, here and in the following, o(1) = 0. It is easy to see using the
o—r—+00

definition of W, and Z; , and a change of variables that, for o large enough,

/f Uy — gbazzadv
= [ 1. Wa)ouZeadV + of1) (2.12)

n+4

= (2"-1- 5a)56a (ta)gaT / Xi*_z_eaUz*_2_€aVi<gadV§a + 0(1)7

where xo = x(0, (ta)|z]), qzza(x) = 5€a(ta)nT%Xagba(enga(5€a(ta)x)) and
Jo(x) = expf, g(0c,(ta)z). Since (¢o)a is bounded in H*(M), passing to

a subsequence if necessary, we can assume that (q?)a)a converges weakly to a
function ¢ € H*(R"). Letting a — +oo in (2.12)), we deduce that

/ Il (wo — Wa)@aZiodV — (2= 1)/ U* "V,pdV,,,, =0, (2.13)
4
nt U2 2V, in R™ and
n—
o € Ki to obtain the last equality. Therefore, from 2.11]) and (2.13)),
65a(ta)7§a

we have .
Ao = 0(1) + 00> [Aial)-
=0

where we used that V; is solution of A2 ,V; =

From ([2.9)), this implies

Po — Z*(fe,a (uo = Wa)¢a) — La(¢a) — 0

a—0o0

Since by assumption HLaa 5o (ta) b (Pa) H P 0, we finally obtain that
9 a—

[¢a =i (f2, (w0 = Wa)ba) || o, — 0. (2.14)
Since (dq )q is bounded in H?(M), up to taking a subsequence, we can assume
that ¢, converges weakly in H*(M) to a function ¢ € H?(M). Then, using
[2.14)), we get, for any ¢ € H*(M),

‘ s ¢o¢ / faa 90¢adV’ - ‘<90a ¢oz - (féa(uo - Woc)¢a)>pg‘
< llellp, o —i*(f2, (w0 = Wa)da)|[ ,
= o(llellp,)- (2.15)
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We deduce from this that ¢ is a weak solution of P,¢ = (2* —1)uj ~2¢. Since
up is a nondegenerate solution of (1.5), we obtain that ¢ = 0. Therefore,
o — 0 weakly in H*(M). Now we will show that ¢, — 0 weakly in

a—r0o0 a—r00
H?(R"). Let ¢ be a smooth function with compact support in R™, we will

use ([2.15) with, for x € M,
4—n

() = X(dge, (¥, 60))0c, (ta) 2 §(0c, (ta) ™" expg, (2)).

Thus, applying (2.15) to the previous ¢ and using a change of variable, we
have,

/ Aga &aAga @d‘/ga + 58(1 (tOé)Q / Aga (Vga é()m Vga @)d‘/;}a

n

b oot / hlexpe, (0., (1)) 3updV;, (2.16)
= O, (ta)4 - fe/a (UO,a - Wa(expga (5£a (ta)a:)»gga@d%a + 0(1)7

where ug o(.) = uo(expg, (0z,(ta).)). Now it is easy to see that, letting o — oo

in (2.16)),
/ Aeule;Aeuclgad‘/gwcl - (2* - 1)/ UZ*_zgg@d‘/geucl‘

4 o o~
nt 4U2 —2¢. So, from [19], we
n —
know that there exists \; € R, i = 0,...,n, such that ¢ = """ ; \;Vi. Since
Do € K(i (t) €0 > USING the same argument as in (2.13)), we deduce that ¢ = 0.
Using one more time (2.15) with ¢ = ¢, a change of variables and since
o — 0 weakly in H*(M) and ¢, — 0 weakly in H*(R"), we get

a—r00

a—0o0

Thus ¢ is a weak solution of A2 ¢ =

Igally, = (2" =1-¢4) /M |up — W, > 7272 ¢2dV + o(1)

< O/ ¢§dv+0/ W,
M M

< C/ ¢>§dv+0/ U =222 p2dV;, + o(1) — 0.
M M a—r00

FEEegRdV + o(1)

This yields to a contradiction with ({2.8]).
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Proof of Proposition[2.1]. It is easy to see that equation (2.6) is equivalent to

Les.t),e(®) = Nes.(1),e(0) + Res.(0).¢
where

Nest).6(0) = Ug . (1" (fe(to — Wo. .6 + ) — fe(to — W, (1).¢)
— fl(uo — Ws..€)9),

and
Res.)¢ = Ha ( (fe(uo — W, t)é)) — U + Wés(t),&j)-

Let T, 5. ()¢ : K(ia (ta) e K(i (ta) n be the application defined by

Tese6(0) = Log .6 (Ne(.6(9) + Reg.v6):
and

B.s.ne(v) = {¢ S Kcia(ta),ﬁJ H¢||Pg <7 HRaﬁs(t)éHpg} y

where v is a positive constant which will be chosen later in order to apply the
fixed point theorem for T, 5_;) ¢ restricted to B. s 1) ¢(7). Since, from Lemma
2.1} the map L. s, ()¢ is inversible and has a continuous inverse, we have

|00, < OINzs @), + | Beseonell ) (2.17)

@),
and
HTEJE <¢1> 565 ¢2 ||P <CHN€6 (¢1) 565 ¢2 HP
(2 18)
Since * : Ln%l(M) — H?*(M) is continuous, we get
HN€,§E(t),£<¢)HPQ <
C || £ (o = Wa.qe + 6)) = feluo = Waoy.e) = fL(uo = Wo0,€)9| | 22,

where, here and in the following, |||, = ||| 1»(ar): » € RT. Using the mean
value theorem, Holder and Sobolev inequalities, we have, for 7 € (0, 1),

[Nese£(D)|p, < C|[[fwo = Wiiye +76) = fl(uo = Wa.6)] (D), 22,
<C || f2(uo — W, (¢ + 7)) — f(0_W5s(t)7§>HL%H¢HL2*’

We will use here and through the paper the following easy consequences of
Taylor’s expansion [17, lemma 2.2], for all & > 0, § € R,

Comin {|B]%, a8} if 0 <6 <1,

L R e i A (219)
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and

Comin { |87, o187} if 0 < 1
0 0+ 0 0 ) ’
lla+ 5" (a+8) —«a (14+0)a’p| < { Cgmax{\ﬁ|9+1,a9_l|ﬁ|2} if 9> 1.

(2.20)
Thus, we obtain

Clelly, " ifn>12,
N, < —3—¢ —1—¢
[Nesee ()], < { Clllug — WIZ= 613, + llgll% ) if 5 < n < 12.
(2.21)

From the mean value theorem, Holder and Sobolev inequalities, and ([2.19)),
we also get, for some 7 € (0, 1),

[Nes.01.6(01) = Negoe(02)][, (2.22)
< C | feluo — Waa e T ¢1) = feluo — Wiy + ¢2)
— flluo = Wo.) (01 — d2)|, 20,
< O [fun = Woye + 72+ (1= 7))
—f (uo — W, t)g)] — ¢2) H

on
Lita
<C er/(uo Wi + 72 + (1 = 7)¢1) — fl(uo — W(sg(t HL4
X |lo1 — @2l 12+
OWNIJ€+H@2*23wm—¢ﬂg if n > 12,
<3 Clfuo = Wi ell o=y + 91115, + 162l )

<(lorllp, + 92ll5,) I61 — ball, i 5<n <12

Since |Jug — Wi, 5||L2 = O(1), it follows from (2.17)), (2.18)), (2.21) and
- that for all QZS d)l, qbg € Badg(t ( )

CO* 1 [ Reswelly, + [ Reswellp,) if n > 12
1750l p, < 4 COP|Besioells, +7 7| Resoell, o
+HR55 EHP 1f5§n<12
and
e s.006(61) = Toge. 6025, < C7* =2 | Reioeliy 1 = bl

where C stands for positive constants not depending on ~, €, &, t, ¢, ¢
and ¢9. Thus from Lemma [5.1] if 7 is fixed large enough, for € small, for any
t € [a,b] and any § € M, T. 5.1 ¢ is a contraction mapping from B, s5_.¢(7)
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onto B s 1)¢(7). Therefore, using the fixed point theorem, there exists a
function ¢s. (1) € K (i(t),& which solves eguation (2.6). Now, (2.7 follows
from Lemma . The fact that ¢s, (¢ is continuously differentiable with
respect to t and £ is standard. ]

3 The reduced problem.

For ¢ > 0 small enough, we defined the energy associated to (1.5 by, for
u e H?*(M),

1 1 1
J.(u) = 5/M(Agu)2 + 5/MAg(vgu, V,u)dV + 5/

M

hu2dV — / F.(uw)dV,
M

where F_(u) = / f=(s)ds. We set I.(t,§) = J-(uo—Wis_),e + Ps.(1).¢), t € R%
0

and £ € M where ¢s5.1)¢ € K ét(t) ¢ 1s the function defined in Proposition
In the next proposition, we give the expansion of I. with respect to e.

Proposition 3.1. Let ug € C*?(M), 0 € (0,1) be a nondegenerate positive
solution of (1.5)). Then there exist constants c;(n,ug), i = 2,5 depending on
n and uy and c¢;(n), i = 1,3,4, depending on n such that

I.(t,€) = c5(n,up) + ca(n, up)e + cs(n)elne — cy(n)e In(t) + c1(n)p(&)et + o(e)

(3.1)
as € = 0 C° uniformly with respect to t in compact subsets of R and with
respect to £ € M and C' uniformly if 8 < n < 13. Moreover, we have that

2 _n
ca(n) >0, ¢1(n) = EKTL *and

p(§) = ((n _(Té)zni)_ 5 (Try(Ay — Apaneit=) (§) 1n>s

2nUO <€>wn—1 1 )
n—4 TLSS Y
Wn

(n+2)(n(n —4)(n?—4)) s

where w, stands for the volume of S™ and K, is the sharp constant for the
4
n(n —4)(n* — 4)wy

embedding of H*(R") into L* (R™) given by K, = T

Proof. We begin by proving that

I(t, &) = Je(uo — Wéa(t),f) + o(e), (3.2)

13



as ¢ — 0, uniformly with respect to ¢ in compact subsets of R* and points
¢ € M (we will show in Lemma that, when 8 < n < 13, this estimate
holds C! uniformly with respect to ¢t and £). Indeed, we have

I (t,€) = Je(uo — Ws..¢)
— (0 — Wit — i* (o — Wao): 6.0}, + Olll6s.0¢ll5)
when ¢ — 0. Using Lemma [5.1 and Proposition 2.1 we get
(uo = Wa. (0.6 — 7" (fe(uo = Wo.6)): 5.(0.6) p,
+0(|65.0¢]l7,) = O mel?) = ofe).

3.3)

Now, the proposition is reduced to estimate J.(ug — Wi_(1)¢). We will focus
on C%-estimates. The C'-estimates can be obtained using the same argument
as in Lemma 4.1 of [21]. Since ug is a solution of ([1.5)), we have

1 X 1
Je(uo = Wi ) = 5/ ug dV + 5/ (AgWs.(1).6)*dV
M M
1 1
+ 5/ Ag(v9W5€(t)7§, ng(Sg(t),g)dV + 5/ hWéQE(t)édV
M M

—/ fa(UO)Wée(t),ng_/ Fa(uo—Wgs(t)ﬁ)dV
M M

Using a Taylor expansion with respect to ¢, we get

1 2% 1 2% _
— dV — edv
2 /M o 2 —¢ /M o

]. * ]. *
= —/ uz dV — —(1—1—3)/ ud (1 —elnug)dV + O(e?)
2 /., T |
11 - e [ o 1 ,

Thus from the two previous equalities, we obtain

11 ) e . 1

- —— dV + — 2 (Inug — —)dV

5= [ e
+ Lepe + Doepe + Isepe + O(7),

Je(uo = Ws.¢) = (

where

1 1
M M

1
_I_ 5/ hWi(ﬂ{dV - / F’E(I/I/éie(t)zg)Cl‘/v7
M M

14



[2,s,t,£:/ f-(Ws.),¢)uodV,
M

and
]3,s,t,§ = —/ Fs(uo - Wée(t),é) - Fe(UO) - FE(Wés(t),E)
M
+ fg(UQ)W(; t),& + fE(W(s (®), g)UOdV

We begin by estimating I3. Using Taylor expansion (cf - and rough
estimations, we have

(3.5)

(Iserel < |[(Fe(uo = Wo.e) = Fe(Wa.e) + f-(Wo.o.0)uo)l /5wy

I
+ (FE(UO_Wée(t),S)_F€<u0)+f5<u0)W5a(t)a§>1M\B(M) I

Bty i |+ Ao Wit

FEWso s /mm|l,, T [ w0f-Vo0 s /mm|

+ Fa(Waa(t),g)lM\B(\/m) L1+ uofa(Wée(t)vf)lM\B(\/m) o

-+ FE(UO)l fe(UO)W(SE t 51

|

de(t))

<C Hugwi*(t—fgfl
+O(0:(t)?)

2* —2—¢
+CH Wi 0.6l an s /o)

Ll

Therefore estimating the last two terms and using the definition of §, we
obtain
O(6.()2) = O(e%) = 0(?) if n > 8
Lere] <4 O@0:(6)*1Ind]) = O(e?|Ine|) if n =8 (3.6)
O(5.(t)"*) = O(e?) if n < 8.
Now, let us estimate Ip.;c. We recall that the Cartan expansion of the
metric gives

1 o 1 o
Vigllx)=1- gRicz-szx’ — ﬁVkRicijx’mjxk + O(|z[*), (3.7)

where |g| stands for the determinant of the metric ¢ in geodesic normal
coordinates. Then, using a change of variables, Taylor expansion and by
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symmetry, we have

n+4

n—4
]2,6,15,5 - Uo(f)wn 10-/77 * E5e<t)T(1+E)

2t et 2.2
X —— (1 + O(07r"))dr
/0 i+ 0

2

+ O(0:(t) > +82|1n5()|)

_ 2up(Qwod 0.(1)"T
n(n + 2)

9+ 0 (E) K *wp_10.(t) "7

= e HOEME a0, (38)

+ O(0.(t)7 4 €% Iné.(t)))

where «,, is defined in (2.1). Finally, we use the computations of section
4 of [10] and the estimate (4.2) of [§] to estimate I, .;5. We notice, using
and by symmetry, that the remaining in equation (4.2) of [8] (namely
0(6-(t)?) ) is actually in O(5.(t)*). We thus have

2 _ _n — 4)?
Licis = EKn4 (1—Cn5— (n 3 ) elnd

(n—1)

+ (n — 6)(n% — 4) (T'rg(Ag — Apaneitz=)0=(1)"1n>8) (3.9)

+o(e) + 0(55(75)4)),

where

co n—2
wn o (L+mr)n

(n —4)? 1 2
oyl Vn(n —4)(n? — 4)).

Thus, combining (3.4)), (3.6)), (3.8) and (3.9)), we obtain

(3.10)

1 1 X 15 " 1
Je(ug — Wi, e) = (5 - =) /Mug + o uy (Inug — —)dV

+ 60 1) (Trg(Ag — Apaneitz)0:(t) )

n—4

9+ 10 (E) K w104 () "7

+o(e). (3.11)



The lemma follows from (3.2)) and (3.11)). ]

The next proposition shows that, in order to construct a solution to (|1.5),
we only need to find a critical point for the reduced energy I..

Proposition 3.2. Given two positive real numbers a < b, for € small, if
(te, &) € (a,b) x M is a critical point of I, then the function ug— Wi 1) ¢. +

Ps.(t.),¢. 15 a solution of (1.5)).

Proof. Let (£,)a be a sequence of points of M and suppose that (t,), and

(€a)a are two sequences of real numbers such that ¢, — 0, a < ¢, < b and
a—r00

(ta, &) is a critical point of I, for all @ € N. To simplify notations, we set,
fori=1,...,n,

Zoyoé = Z(;Ea (t and Z@a = Z(Saa (ta),ayeir

a):ga

Since @5, (1), is a solution of (2.6) by Proposition [2.1, there exist real
numbers A, ., ¢ = 0,...,n such that

DJEa (UO - W(sea (toz)yga + gbéea (ta)yfa) = Z Aiva <Zi70¢7 '>Pg . (312)

Using the previous equality, we see that

8I€a )
tom €oz E )\z o < 1,0 _(_Wésa (ta),Ea + ¢55a (ta)yﬁa)> : (313)
P

g

A simple computation gives

o) Ch

51 Woa ) li=ta = T Z00 (3.14)

(n—4
nn —4) if n > 8 (see (2.1) for the

definition of a,). Taking the derivative of (Zs, (1) 0, Po., (ta)ga) p. = 0 With
g9

where C, = o, if n < 8 and C,, =

respect to t, we obtain

0 0
. Zfssa (ta) ‘t:ta 75& ) qbésa (ta)afa - - Zésa (toc)7§a ? _¢5sa (ta)7fa ’t:ta N
ot v, ot v,

(3.15)
0
Since a straight forward computation gives 8_2550“ (te) e lt=ta = 0(1),
Pg
from (2.7), (3.13)), (3.14) and (3.15)), we deduce that
oI, C,
ot (toufa) = __)\Oa HAeucl‘/OHLQ (R™) +o0 Z )\za (316)

=0
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where o(1) 7 0. Arguing the same way and noting that
a—r—+00

0 an(n - 4)
Wi (1) ex =0 = 5 1y G T flia
6yi ( bz (ta)expe, (y)) |y 0 5ea (ta) 7 i ’

where R;, — 0in H*(M), and

a—+00
0 1
s _ —
we obtain
ol.. =
Oc,, (ta)a_y(tm €XPe¢, (U)ly=0 = —Aia HAeuclV;Hi?(Rn) + 0(2 Aia). (3.17)

1=0

Therefore, from (3.12)), (3.16]) and (3.17), it follows that if (¢, &) is a critical
point of I, then ug — Ws__(t.).ca + @s., (ta),o 1S @ solution of (1.5). O]

We are now in position to prove the theorems.

4 Proof of the theorems.

We begin by proving Theorem
Proof of Theorem[1.1. We set G : R x M — R the function defined by

G(t,€§) = —ca(n) Int + er(n) (€)1,

where c4(n), c¢i1(n) and ¢(€) are defined in (3.1). From Proposition [3.1] we
have

1
lir% g([e(t, €) — c5(n,ug) — ca(n,up)e — cs(n)elne) = G(t,§), (4.1)
E—>
C* uniformly with respect to € € M and t in compact subset of R7.. We will
consider two cases depending on the dimension of the manifold.

First case : 8 <n < 13.

We argue as in [21]. Let & be the C'! stable critical point of ¢ such that
©(&) > 0 and set

ty = —C4(n) > 0.

c1(n)e(6o)

18



Identifying the tangent space at & with R™ we define the map H from [0, 1] x
R* x R™nto R"™! by

His.t.6) = s (8G(t, Z};pg(y))’ OG(t, expe(y)) o OG(t, expe(y)) |y:0>

8y1 ayn
(g o expe(y)) d(¢p o expe(y))
+(1 — S) (t — t(], 8y1 |y:07 cey ayn |y:0>.

By the invariance of the Brower degree via homotopy, we have that (¢, &) is
a C'! stable critical point of G. From Proposition and standard properties
of the Brower degree (see e.g. [12]), there exists a couple (t.,&.) of critical
points of I. converging to (g, o).

Second case : 5 <n <8 and n > 13.

Since ¢4(n) and ¢;(n) are positive, we have
lim G(t,¢) = lim G(t,&) = +oo,
t—0+ t—r00

uniformly in £ € M. Therefore, from (4.1) we deduce that, for £ small
enough,there exists a couple (t.,&.) which is a minimum for the functional
I. in (a,b) x M where a, b are positive constants not depending on e. This
implies from Proposition that wo — Wi, (1.),e. — ®s.(1.),c. 1S a solution of
(1.5). Thus Theorem is established. [

Finally, we prove Theorem [I.2]

Proof of Theorem[1.4. The proof of Theorem 1.2 will follow closely the proof
of Theorem therefore we will only sketch it. We restrict ourselves to the
case where 9 < n < 11 (the case 5 < n < 8 is contained in Theorem
. The main difference is that here we will take 6.(t.) = (tse)ﬁ, for
9 <n < 11. We will only point out the impact of this choice in the two key
estimates, namely the estimate of ¢s_¢;) ¢ in Proposition (given in Lemma
and the estimate of the reduced energy (see Proposition . Let us first
consider the error estimate i.e. Lemma (5.1 With our new choice of §(t.), it
is immediate to check that the leading term in the expansion of Lemma [5.1
will be given by the term || fo(Ws.).e) = P(Ws.().¢) . This implies that
Lemma [B.1] will rewrite as

1 (£ (1o — W) — 1o + Wo.wellp, = 0(3:(5)%) = 0(77). (4.2)
Therefore we deduce that

” _2n
L n+4

4
[@s.0.¢llp, = O(e71), (4.3)
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where ¢s_«) ¢ is the function defined in Proposition [2.1, Now, let us consider

the changes that occur in Proposition . Using (3.3)), (4.2) and (4.3), we
obtain that, for 9 <n < 11,

I(t,€) = Je(uo — W) = 0(|65.0).1 3, )0(52(1)) = 0(e77) = ofe).

Then, it only remains to compute J.(ug — Wjs.(),¢). Being a bit careful with
the different remainings apppearing in the proof of Proposition 3.1} and using
that Ay = Apaneitz, We see that

1 1 . € « 1
J.(ug — W5E(t)7§) - (5 — 5) /Mug + > Mug (Inug — g)dV

2, % (n—4)
+5Kn <1 Che 1 5ln(t5))

2”+1u0(£)Kg%wn,1t5
n(n + 2)a,wy,

+o(e).

Using this last estimate, we can argue exactly as in the case 5 < n < 8 of

the proof of Theorem [I.1] This concludes the proof of Theorem O

5 Appendix.

In this section, we will give an estimate of the error R. s ;)¢ (see Proposition
and complete the proof of Proposition by showing that holds
C' uniformly with respect to ¢ in compact subsets of R7 and £ € M when
8 <n < 13. Let us begin with the estimate of the error.

Lemma 5.1. Given two positive real numbers a < b, there exists a positive
constant Cy,,, such that for e small, for any real number t € la,b] and any
point & € M, there holds

Hl*(fs(UO — W(Sg(t),ﬁ)) — Ug + W(Ss(t)éHPg S Cclz,b‘€| 1n€|

Proof. All the estimates will be uniform in ¢, ¢ and €. Since ¢* is continuous,
we have

i (fe(uo = Wa.(0.6)) — o + Wacoel|

5.1
=0 (H(fs(uo — Wi..¢)) — Pyluo — Wﬁg(t),§)||Ln2—f4> ol
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where f.(u) = |u|?* ~27*u. The triangular inequality yields to

7:*(fE(U/O - st(”f)) - UO + W5€(t)7£HPg

< C| feluo = Way.6) = feluo) + fe(Wo. 6| Lt
+mmmwpmmmﬂ
+C ||fs<W§s(t),§) - Pg(Wés(t%f)HLﬁ—@

<C(h+L+1). (5.2)

We first estimate [;. By triangular inequality we get

I < H(fe(uo = Wo.8) + feWo.. ) /50

+ H(fa(uo = Waw.e) = fe(wo)) Ly 5. Jomo)

Ln+
L LEUCXR =) P TS (5:3)

From Taylor expansion (e.g. using (2.20)) and Young inequality, we obtain

| w0 = Wao) + £- W00 Ly sy | 2
= OHUOWg(t_ff_ Lp/mmll .z TN T e a2
as well as
WU%—Mm@—M%m i
< CH T Wawhansmm|, CHWQ 06 anse/mm |, 2

Using polar coordinates and a change of variables we deduce that:

(e ()) ( =) 2 if n> 12,
I = (;‘;()In -(1)|5) = O(e?Inel5)  if n=12,
O(0:* (t)) = O(e) if n<12.

Concerning I, we easily get from Taylor’s expansion that
Iy = || fe(uo) = fo(uo)|l, 22, = O(e).

We now estimate /3. First we recall that with the help of the exponential map
we can identify B¢(Ry) with a neighborhood of the origin in R™. Therefore
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with this chart we may define xes. (1)(.) == x(d(.6:(¢),€)). Using triangular
inequality and a change of variables, we then get

I; < CO§"5e

ngg:(lt;E<U2*_1—€ _ U2*—1)

65@)75
+ Hfo(Wég(t),g) — Py(Ws.(1),¢) ‘LL" :

n—4 *_1_ *_ *_
+ 0|5 il Vi

Following the computation in the proof of lemma 2.3 of [8] we obtain these
three estimates:

o = 0(e),

L n+4

‘ Xgé:(lt)—a<U2*—l—a _ Ty

2n — O(6| In 5€(t>|)7

L7+t

nod 2% —1— 2*—1 2*—1
H((SE P OXeoy — Xeau)VU

and

=0O(e) if n > 8,
d:(t)| = O(e| Ing]) if n =8,

2
1foWs.0.6) = Pa(W. )], 2 < € O2(0)IIn
)= O(e) if n < 8.

n+4

This concludes the proof.
m

Finally, let us prove that (3.2)) holds C! uniformly with respect to ¢ in
compact subsets of R and { € M when 8 <n < 13.

Lemma 5.2. If8 <n <13, we have
I(t,&) = J-(uo — Wi, (1)) + o(e)
C" uniformly with respect to t in compact subsets of R* and § € M.
Proof. To simplify notations, we set, for i =1,...,n,
Zo = Zs.(t)e and Z; = L5 (1) ¢,e;-
We recall that

) c,
@(Wée(t),s) = TZO’
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= n - 4 .. . .
where C,, = % (see (2.1) for the definition of «,). Taking the deriva-
tive with respect to t to I.(t,&) — J-(ug — Wi, (s

£

£), we obtain

ol 0J.
E(Eﬁ) — W<

0
:/ Pg(%s(tm)aWaa(t),st
M

uo — Wiy e)

aWéE (t) 75

- / (fe(to = W6 + Po.t1.6) = felto = Wa.6)) —5,—dV
M
0
+ DJe(uo — W6 + %(t)é)[%]

C, /
= T </ (Pg(ZO) - fg(uo - W5s(t)7£)Z0)¢5E(t)7£dv
M

- / (fe(uo — Ws ). + ds.0)6) — fe(to — Wi.y.¢)
M

— fluo — Wi.t).€) Ps. (1), )ngV)

0Ps. (1),
+ DJe(uo — Wo. ()6 + Ps.0).6) 6t(t) ]

:[1+IQ+]3, (54)

where
= —/ uo — Wgs )Zo)gbgs(t)’gdv, (55)

I, = —7"/ (fe(uo — Ws.),6 + Ps.(0),¢) — fe(uo — Wi 0).¢)
M

= Ji(uo = We.(0).6) bs.1.6) ZodV, (5.6)
Iy = DJ.(ug — Wy + bo.t )[6%5:),&]' (5.7)
In the same way, recalling that
0 an(n—4)

8yZ(W (),expe (1)) |y=0 = o) 2
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where HR%(t)fHPg = 0(6:(t)?) (see (6.13) of [20]) and using (2.7)), we find

ol 0J-
a—%(t,eng(y))\y:o— 8yl( — Wi, expe (y @) ly=0

n(n—4 ,
== 6(57:(75) ) (/MUDQ(Zi) — feluo = Wi (1),6) Zi) Ps. (1),€dV
N /M (fa( W5e ).€ + ¢5s(t ) fa(uo — W(ss(t){)

— fl(uo — W5a(t),£)¢5a(t),£)zidv>

qbé ex
Do = Wi+ Oro) g oo
+O(|| ool p, || 95.00] )
:I4+I5+Iﬁ+0(€>, (58)
where
ap(n—4
L= ¥/ (Py(Z;) — fL(uo — Ws_1).6) Zi) Ds.(1),£AV,
6c(t)  Jm
an(n —4
Iy = — Q/ (fe(uo — Ws.),e + Ps.(0),¢) — fe(uo — Wir).¢)
0c(t)

— fl(uo — Wi, (0),6) b6, (1),¢) Z:dV,

aQb(ig(t),ex (y)
Is = DJ.(ug — Wi, (1),c + ¢6a(t>,£)[a—yw]|y:0~

We begin by estimating the terms I3 and Ig. We recall that
DJ.(uo = Wity + bs.(.¢) Z i {
Arguing the same way as in Proposition [3.2] we have

DJ(uo = Wi, + Psc.e) =, (b(;f)’g] =0 (H%(t),SHLm > |>\z'|> )
=0

and

8¢65 ex H¢5€(t):5” %Z?s |)\l|
D (g~ W+ s, 0) [omnely 0( s 20 )

0y; Oc (t)
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We claim that |\;| = O(elne), for alli = 0,...,n. Using (2.10)), to prove the
claim, we just need to show that DJ(uO W(;E ¢ T Do.(t), )[Z] O(elne),
for all i = 0,...,n. Since ¢s. )¢ € K 5 (1), using Holder inequality, (2.7)),
Lemma and rough estimates, we have

DJ (UO—W5 g—i—@bg t)é‘)[Z]
:/ Py(uo — W(Sg(t),f)Zidv_/ fe(uo — Wi )¢ + Gs.0),6) Z:dV
M M

Z/Uﬂ%—%mﬁ—ﬁm—%mﬂmw’
M

/M (F-(tt0 = Wi, + 5. 06) — (10 — W) ZedV

< || Py(uo — Way,e) — feluo — Wawe)|| 2o, 1 Zill 1o

Ln+4

+ || fo(uo = Wy + bo.(0).6) — fe(uo — W ||L,3ﬂ4 1 Zi| 12~
< O( HP (uo — Wi.t).6) — fe(uo — Wi 1) H
2% — 2 € 2% —2—¢
+ O([[ @50l 22, (W + H¢a i )
< O(elne).
Combining the previous estimates, we get
5.6 | _ /2 2
DJ.(uo — Ws_t) ¢ + Gs.(0).¢) 5 | = O(e“(Ine)?), (5.9)
and
a¢65 (t) »€XPg (y)

D%Wr4%mm+¢wm){ ]uo=o<%ma> (5.10)

Oy
Now let us estimate I, and I5. Noticing that, if 8 <n < 13,

(w0 — Wi .e)* 72| .3 = O(71),

25



we obtain, using (2.19), for i = 0,...,n

/ (fe(uo — Wi,y + Gs.0),¢) — f-(uo — Wi y.e) — frluo — W, 0).¢)Ps.(1).6) ZidV
M

/ — Wai.e)? > 05 1y e ZidV if 12 <n <13,
<C

// 0.e)> 05 (e T 0 (tl “ZdV) if8<n<12,

M

(w0 = W00 “Zill g |Bs.oell o i 120 <13,
<O 4 [ bnmell; 22 (w0 = Wa.0)* 2| 5

| H1Z ey ([0l 22y if8<n<12

<0(e* 4(ln€) )) when 8 <n < 13. (5.11)

Finally, let us estimate [; and I;. Since HPg(Zi) — fa,(Wés(t),s)ZiHL% =
O(elne) (see [8], inequality (4.17)) and since, using rough estimates,

n+4

g =222l + || W2

o = O(elne),

Lt

we obtain

l@@%@—ﬂWrW%m&@%me
< (IIP(2) - £ (Ws.00 7, 2

n+4

+ (P20 = Wai) = FiWo. )l ) 0006l

< Celne(elne + ||ug > Z| 2, %)
< O(e’Ing?). (5:12)

The lemma now follows from (5.4)), (5.8), (5.9), (5.10), (5.11)) and (5.12)).
O
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