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Quantitative uniqueness for Schrodinger
operator with regular potentials

Bakri Laurent *' Casteras Jean-Baptiste

Abstract

We give a sharp upper bound on the vanishing order of solutions
to Schrodinger equation with C! magnetic potential on a compact
smooth manifold. Our method is based on quantitative Carleman type
inequalities developed by Donnelly and Fefferman [4]. It also extends
the previous work [3] of the first author to the magnetic potential case.

1 Introduction

Let (M,g) be a smooth, compact, connected, n-dimensional Riemannian
manifold. The aim of this paper is to obtain quantitative estimate on the
vanishing order of solutions to

Au+V -Vu+Wu=0. (1.1)

We are concerned with H', non-trivial, solutions to (1.1)) and C' potentials
(i.e W is a C'-function on M and V is a C'-vector field). Recall that the
vanishing order at a point xy € M of a L?-function u is

1
1 /1 2
inf {d >0; limsup — (—/ \u(x)\zdvg(x)) > O} .
r—=0 T \T" JB, (z0)

With this setting our main result is the following

Theorem 1.1. The vanishing order of solutions to (1.1)) is everywhere less
than )
CA+ Wz + [[Vller),

where C'is a positive constant depending only on (M, g).
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Before proceeding, we want to point out that this bound is sharp with
respect to the power of the norms of the potentials V and W. Indeed, consider
the function fi(x1, 22, ,Tny1) = Re(xy + iz2)* defined in R Setting
uy the restriction of fi to S™, (ux)r is a sequence of spherical harmonics
and —Agnup = k(k +n — 1)ug. The vanishing order at the north pole
N = (0,---,0,1) of uy is k. Letting V = ((n + k — 1)21,0,...,0) and
Wy, = k(n +k — 1)z%, one can check that uy, satisfies

Auk = Vk : Vuk + Wkuk

Since [|[Villor < Ck, [[Wi|lo < CK?, this shows the sharpness.

Now let us discuss briefly our result. We recall that a differential operator
P satisfies the strong unique continuation property (SUCP) if the vanishing
order of any non-trivial solutions to Pu = 0 is finite everywhere. There
has been an extensive literature dealing with (SUCP) for solutions to
with singular potentials. We refer to [I1] and the references therein for more
details. Omne of the most useful method to establish (SUCP) is based on
Carleman type estimates, some of the principal contributions to (1.1f) can be
found in ([I}, (7, @, [10} 16}, 17, [18]).

As can be seen in Theorem our goal is to derive a quantitative version
of this unique continuation property. Let us now briefly recall some of the
principal results already known in this field.

In the particular case of eigenfunctions of the Laplacian (W = XA and V' = 0),
it is a celebrated result of Donnelly and Fefferman [4] that the vanishing
order is bounded by Cv/\. In view of this, it seems a natural conjecture (cf
[9, 12]) that for solutions to Au + Wu = 0, the vanishing order is uniformly

bounded by 1
CA+[Wll%)-

However, this conjecture is not true when one allows complex valued po-
tentials and solutions. In this complex case, it is known that the optimal
exponent on [|[W|« is 2 (see [2,9]). When W is a real bounded function and
V = 0, Kukavica established in [12] some quantitative results for solutions
to (L.1)). His method is based on the frequency function (see also [15]) which
was introduced by Garofalo and Lin in [5] as an alternative to Carleman
estimate for (SUCP). He established that the vanishing order of solutions is

every where less than :
C(1+ VW]l + (0sc (W))?),

where osc(W) = sup W —inf W and C a constant depending only on (M, g).
If W is C', the first author established in [3] the upper bound

CL+[[W]&),
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with [|[W]ler = |[W|w + [VW|| and where the exponent 3 is sharp.In the
general case of equation , it seems that the first algebraic upper bound,
depending on ||Vl and |[W]|w, is given in [2] where it is shown that it is
everywhere less than

2
CA+VIZ + %)

For the real case with magnetic potential, I. Kukavica conjectured in [12]
that the vanishing order of solutions is less than

CL+ Ve + [W]I%)-

Finally in [14] (see also [I3]) quantitative uniqueness is shown for singular
potentials. This means that vanishing order is everywhere bounded by a
constant, which is no longer explicit. Our method is based on L2-Carleman
estimate (Theorem in the same spirit as [4] : establish a Carleman
estimate on the involved operator (here : P : u+— Au+V - Vu+ Wu) which
is only true for great parameter 7, and state explicitly how 7 depends on the
C! norms of the potentials V, W.

Our Carleman estimate will allow us to derive the following doubling inequal-
ity

< LOHWIE VI

|2l 22(Ba (20)) Nl 228, (20))- (1.2)

This doubling estimate implies Theorem [1.1]

The paper is organized as follows. In section 2 we establish Carleman
estimates for the operator P : u — Au+V - Vu+ Wu. Our method involves
repeated integration by parts in the radial and spherical variables. For the
sake of clarity, a part of the computation is send to the appendix.

In section 3, we deduce, in a standard manner, a three balls property for
solutions to , then using compactness we derive a doubling inequality
which gives immediately Theorem [I.1]

1.1 Notations.

For a fixed point xy in M we will use the following standard notations:
e I'i(TM) will denote the set of C! vector fields on M.

o 1 :=r(x) = d(x,x) stands for the Riemannian distance from xy,

e B, := B,.(zg) denotes the geodesic ball centered at x, of radius r,



Apy .y = By \ By,

¢ stands for a fixed number with 0 < ¢ < 1.

Ry, Ry, ¢, C, Cy, Cy will denote positive constants which depend only on
(M, g). They may change from a line to another.

|| - || stands for the L? norm on M and || - ||4 the L? norm on the (mea-
surable) set A. In case T is a vector field (or a tensor), |T|| has to be
understood as || |T],]|-

2 Carleman estimates

Recall that Carleman estimates are weighted integral inequalities with a
weight function e7®, where the function ¢ satisfies some convexity proper-
ties. Let us now define the weight function we will use.
For a fixed number € such that 0 < ¢ < 1 and Ty < 0, we define the function
fon ] —o0,Ty[ by f(t) =t — €. One can check easily that, for |Ty| great
enough, the function f verifies the following properties:

1 —ee < fI(t) <1 VWt €] — oo, Ty,

lim —e " f"(t) = +o0.
t——o0

(2.1)

Finally we define ¢(z) = — f(Inr(x)). Now we can state the main result
of this section:

Theorem 2.1. There exist positive constants Ry, C,Cy, which depend only
on M and e, such that, for any W € C*(M), any V € T\(TM), any xq € M,

any u € C3°(Bg,(wo) \ {x0}) and any 7 > CL(1 4+ [|[W|2, + ||[V¢er), one has

Cllr?e™ (Au+V - Vu+ Wu)|| > 2 ||7’%eT¢uH +72 HTH%equH . (2.2)

Under the additional assumption that supp(u) is far enough from zy we
have the following

Corollary 2.2. Adding to the setting of Theorem the supplementary
assumption that
supp(u) C {x € M;r(z) > 06 > 0},



then we have
C Hr267¢ (Au+V - Vu+ Wu)|| > 72 |

_1 1 =3
r 2@T¢uH + 72 HT’1+2€T¢VUH .

Tger)UH
+ 7382 (2:3)

Remark 2.3. One should note that, contrary to the corresponding result of
Donnelly and Fefferman [j|], we are not able to claim that the constants ap-
pearing above depend only on an upper bound of the absolute value of the
sectional curvature. This comes from the fact that, working in polar coor-
dinates, we will have to handle terms containing spherical derivative of the
metric during the proof of Theorem [2.1. See in particular the computation
of I3 in the appendizx.

Remark 2.4. We will proceed to the proof with the assumption that all func-
tions are real. However it can be easily seen that the same inequality holds
with hermitian product for complex valued functions

Proof of Theorem 2.1l We now introduce the polar geodesic coordinates
(r,0) near z,. Using Einstein notation, the Laplace operator takes the form

T N ) e T NG
r 7

where 0; = and for each fixed r, 7;;(r,0) is a metric on S"!', and we

9
06,
write v = det(y;;). Since (M, g) is smooth, we have for r small enough :
d,(v7) < C(¥7) (in the sense of tensors);
0: (V)] < €5 (2.4)
Cl<y<C

Now we set 7 = e'. In these new variables, we write :

e’ Au = 9fu+ (n — 2+ 9n\/7)du + %ai(ﬁ,yijajlb),

AV = e®V,0, + e*V;0;.

Notice that we will consider the function u to have support in | —oo, Ty[xS" !,
where |Tp| will be chosen large enough. The conditions (2.4]) become

i (v7) < Cef(y)  (in the sense of tensors);
10:(7)] < Ce;
Ct<y<C.



Now we introduce the conjugate operator :
L. (u) = e*e™A(e ™ %u) + e*e™g(V, V(e ™u)) + e*Wu, (2.5)
and we compute L, (u) :
L:(u) = Ofu+ (27f" + €V, + n — 2+ 8Iny/7) Quu + €*'V;0u

+ <7'2f’2 +7fVier 4+ 1f 4 (n—2)1f + T@tlnﬁf’) u
+ Agu + W,
with

1 .
Agu = ﬁal (\/’_}/’}/Uaj’u) .

It will be useful for us to introduce the following L? norm on | — oo, To[xS"*:

ol = / o2/ dtds.
]—o00,Tp[xSn—1

where dfl is the usual measure on S*~!. The corresponding inner product is
denoted by (-, ), , i.e

(u,v) 5 = /uvﬁf’_?’dtdﬁ.

We will estimate from below ||L-u||} by using elementary algebra and inte-
grations by parts. We are concerned, in the computation, by the power of 7
and exponential decay when t goes to —oo. We point out that we have

(Vi +Vi+ 0aVi + 05Vi) < C V]|

with the convention that 0,,03 = {0 01,...,0,-1}. First note that by
triangular inequality one has

1
|- (lf = 51 =11, (2.6)
with

I= ‘ OFu + Agu + (27 + V) Opu + ' Viou

2
+ (P2 T+ (n = 2)rf + thW)qu . (2.7)



and
I = ||7f"u + 70dny/~ f'u + (n — 2)0u + 0; In ﬁ@tquc : (2.8)

We will be able to absorb II later. Now, we want to find a lower bound for
I. Therefore, we start by computing it :

I'=15L+ 1+

with
) 2
Otu+ (T2 f + 7V, + (n — 2)7f + 2 W)u + Agu

Y

[1:‘

f

2
I = |71 + Vi) o + Vo (2.9)

Iy =2 <<93u + (T2 TVt (n— 27 f + €W )u + Agu
(27 + e2'V,) O + 62t‘/;8iu>f )

We will split the computation into three parts corresponding to the I; for
1=1,2,3.

Computation of I;.
Let p > 0 be a small number to be chosen later. Since |f”| <1 and 7 > 1,
we have :

T
where I is defined by :

2
I = H\/W [Ofu+ (T2 + 71 eV + (n—2)7f" + ¥ W)u + Agul Hf :

(2.11)
Now, we decompose I] into three parts
[i :K1+K2—|—K3, (212)
with
2
K — H 77 (@Pu + Agul) Hf (2.13)
2
K, = H\/W (TQf'2 +7f Vi (n = 2)7f + 62tW> UHf, (2.14)
K3 =2 <(8t2u + Agu) | 1], (TQf'2 + 7V + (n—2)7f + thW> u>f :
(2.15)



We just ignore K since it is positive. To estimate Ky, we first note that

4
Ky > 5 H\/ \f”|f’2u

On the other hand, we have

| VI e =2 4wl
VI (e + (= 2y s + cw) |
SCT4H\/]f_”etu \/Wqu

Therefore using the assumptions on 7, and the exponential decay at —oo, we
have for Ty large enough, that every other term in K5 can be absorbed in
\/|f”|ul|. That is :

2
‘ + 72
!

Ky > e’ / |7 ulf /Aditdo. (2.16)

Now, we derive a suitable lower bound for K3. Integrating by parts gives :
Ky =2 / (P 4TI+ (= 27+ W) Dl dtds

+2 / o1 (72 + Vet (= 2)rf + W) | QA dtdd

—6 / (7707 (P2 + 7 Vit (n = 2)r o+ W) ) /7 dtdd

+2 / I (727 7V (= 2)nf W) Doy A fdtdd

2 [ (RPN (= D W) Dy rdeds

+2 / Fre oW AT /Ay dtdd

+ 97 / f//fIGQtai‘/t . rywajuuf/73 ﬁdtda,
(2.17)

where | Dgu|? stands for )
| Doul? = djuy" ;u.

1
The condition 7 > C(1 + [|V|l¢r + [[W]|:), the Young’s inequality and the



fact that f’ is close to 1 imply
/ |12 (W + fOV )N Ouul f° \/ydtdd
< CT2/ | f"|(|Doul? + \u!Q)f’_g\/f_ydth.
Now since 20,uu < u? + |[dyul?, we can use conditions and to get

Ky > —CTZ/yf”| (10suf® + | Dgul* + [uf?) £ \/~dtds. (2.18)

Therefore, inserting (2.16)), (2.18]) in (2.12)) (recall that K; > 0), we have

I > —c¢2/\f”| (10vu)® + | Doul? + |ul?) F/Adtdo
e / P2 At (2.19)

From the definition of 1] (see (2.10)), we get

L > —pCT/ || (10¢u]? + | Doul?) f\/dtdd

+C7%p / ||l f " /Adeds.  (2.20)

Computation of 1.
We begin by recalling that

I, = H 27 f" 4 e*V,) O + thViaiuHi )

In the same way as for I, using that 7 > 1, we have

1

I, > —1I>.

T

Using the triangular inequality, one has
1
I, > 5 ||27'f’8tu\|?c - He%‘/t(()tu + e2tVi8,;uHi.
Now, using the assumptions on 7, we note that
Heztl/}@u + thX/QﬁiuHi < 272||et8tu||?c + 272||etD9u|||?e.

9



From the last three previous inequalities and since €' is small for Ty largely
negative, we see that the following estimate holds

I, > cr||Oul|3 — cr||€' Doul|3. (2.21)

Computation of I;.

Since this computation is quite lengthy, we send it to the Appendix. There,
we show that

I3 > 37 / |f"| | Doul? £ \/ydtd — e / eul2f" \/ydtdo

(2.22)

— CT/ £ [0u)® f° \/dtdd — er? / £ Ju " /A dtde.

Lower bound for L, u.

Now recalling that I = I + I, + I3 and using (2.20)), (2.21) and ([2.22]),

we obtain
I>cr / |Opul2f' \/ydtdd + 37 / |f"| | Doul® £ \/~dtdo
vy [ £ atdd — cor [ 17| Doul s rdeds
—cT / e2t|D9u|2f/_3ﬁdtd9 —cr? / et\u|2f’_3ﬁdtd0
- CT/ | f7 |0l f " \/ydtdd — CTQ/ LF7 |ul® " /Adtdo.
Now we want to derive a lower bound for I. Then one needs to check that

every non-positive term in the right hand side of (2.23) can be absorbed.
We first fix p small enough (i.e. p < 2) such that

per / £ - | Doul?f > \/ydtdd < 27 / f"| - | Doul® £ \/ydtdo

where ¢ is the constant appearing in . Now the other negative terms
of can then be absorbed by comparing powers of 7 and decay rate at
—o00. Indeed conditions imply that e is small compared to |f”|.

Thus we obtain :

crzr [Py s + 7 [\ Dals dtas
(2.23)
+T3/\f"]|u|2f' Vdtdo.

10



Now we can check that II can be absorbed in I for |Tp| and 7 large enough.

Indeed from (2.8), using (2.1)) and (2.5)) (|0;In,/7| < Ce’), one gets
I = ||7f"u + 79Iy f w + (n = 2)du + 9, In 70}
<7 [ Ui s+ [ (o
e / Byl /b,

And each term in the right hand side can easily be absorbed in (2.23). Then

we obtain
IL-ull} = CTeIV1f7ullf + CTll0wulF + ClIV/| 7| Doull - (2.25)
Note that, since 1/|f”| < 1, one has

IL-ull; = CreIV1fullf + etV f710wl} + CrllVI1f7 [ Deull7,  (2:26)

and the constant ¢ can be chosen arbitrary smaller than C.

End of the proof.
If we set v = e~ "%u and use the triangular inequality on the second right-sided

term of (2.26)), then we have

2

2

HtheT(ﬁ(AU +V . -Vov+ WU)H; > Or3 H /|f// e ; — 73 H /|f”|f/eT¢U ;
2 2

+ gT H\/ |f"|e™ 0w ‘f +Ct H\/ | eT‘ngva (2.27)

Finally since f’ is close to 1 one can absorb the negative term to obtain

|e*e™(Av+V - Vo + Wv)Hj > 07 H\/|f” e j

+C7 H VI e o j +Cr H\/ | f"|e™ Dgv

It remains to get back to the usual L? norm. First note that since f’ is close
to 1, we can get the same estimate without the term (f)™ in the integrals.
Recall that in polar coordinates (r, #) the volume element is 7", /4drdf, we
can deduce from that :

; (2.28)

[r2e™(Av +V - Vo + Wo)r~ 2|2 > C73||rze™vr—2 ||
+ O7||rt T 5e™Vor =2 |2, (2.29)

11



Finally one can get rid of the term r~2 by replacing 7 with 7 + 2. Indeed,
from e™%r~2 = e("t2)%e=3" one can easily check that, for  small enough

%ewgw < T < T,

This achieves the proof of Theorem [2.1]

Next, we demonstrate the Corollary [2.2]

Proof of Corollary Now suppose that supp(u) C {z € M;r(z) > 6 >
0} and define 7} = InJ.

Cauchy-Schwarz inequality applied to

/8t(u2)e_tﬁdtd9 = 2/u8tue_tﬁdtd0

gives

/ Ay (u?)e t\/ydtdd < 2 ( / (fm)Ze—tﬁdme>é ( / u%—tﬁduw);.

(2.30)
On the other hand, integrating by parts gives

/8t(u2)et\/f_ydtd9 = /u2et\/f_ydth—/uQet&(ln(ﬁ))ﬁdtd&. (2.31)
Now since |0y In /| < Ce* for |Tj| large enough we can deduce :
/&(uz)e_tﬁdtdQ > c/uze_tﬂdtd& (2.32)
Combining , and by the assumption on supp(u), we find
CQ/uZGtﬁdth < 4/(8tu)2 e '\/ydtdd
< 4e N / (Dyu)? \/dtds.

Finally, dropping all terms except 7 [ |Gyul®f"\/¥dtdd in ([2:23) gives :

CI> 16 / e ul2f % /Adtdo.

12



Inequality (2.23)) can then be replaced by :

I>Cr / Opul?f /ydtdo + Cr / |f"| - | Doul® £ \/ydtdd
(2.33)
+C7'3/|f”| - |u|2f'_3ﬁdtd0+C’T(F/e_t]u|2f’3ﬁdtd9,

The rest of the proof follows in a way similar to the last part of the proof of

Theorem 2.11 O

3 Vanishing order

We now proceed to establish an upper bound on the vanishing order of so-
lutions to (L.1), from our Carleman estimate. This is inspired by [4]. We
choose to establish a doubling inequality. We recall that doubling inequality
implies vanishing order estimate. Before proceeding, we would like to em-
phasize that if u € H'(B,(x¢)), by standard elliptic regularity theory, one
has that v € HZ_(B,(x0)) (see by example [6] Theorem 8.8). Therefore, by

density, we see that we can apply inequality (2.3) of Corollary to yu for
x a cut-off function null in a neighborhood of x,

3.1 Three balls inequality

We first want to derive from , a control on the local behavior of solutions
in the form of an Hadamard three circles type theorem. To obtain such result
the basic idea is to apply Carleman estimate to yu where y is an appropriate
cut-off function and u a solution of (L.I)). This is standard [3, 8] and the
proof adapted to our weight function is given for the sake of completeness.

Proposition 3.1 (Three balls inequality). There exist positive constants Ry,
Cy, Cy and 0 < o < 1 which depend only on (M, g) such that, if u is a solution
to with W € CY (M) and V € T\(TM), then for any R < Ry, and any
xo € M, one has

1
C W2, +||V o —a
)l Bao) < € A+HIWI2, -+ “cl)||u||3§(mo>||u||}9m(xo>- (3.1)

Proof. Let xy be a point in M. Let u be a solution to ([1.1)) and R such that
0 < R < £ with Ry as in Corollary R.1] Let ¢ € C°(Bar), 0 < ¢ < 1, a
function with the following properties:

o Y(z) =0if r(z) < & or r(z) > 2L,

13



First since the function 1u is supported in the annulus AR sn, We can apply

estimate of theorem - In partlcular we have, smce the quotient

between £ 5 and 5R doesn’t depend on R.

C |[r2e™ (Apu + 2Vu - Vo + V- uVy)|| > 72 [[e™yul|.  (3.2)

Notice that
[72e7?V - uN || < |V |o|[r?e™uVep|.

Then, from the properties of ¢ and since 7 > ||V||» we get
mHlepul) < C (Jlemull g + e ulls, o ) (3.3)
+C (RHeT‘z’VuH%% + Rueﬂbvuu%%) (3.4)
+ C7‘||7“6T¢u||%g + C’T||reT¢u||%’% (3.5)

Now since r is small, we bound (3.5 and the right hand side of (3.3) from
above by 7'||eT¢’u||%% + T||eT¢’u||%7%. Then, dividing both sides of the pre-

vious inequality by 7 and noticing that 773 < 1, one has :

le™ullg o < O3 (||ef¢u||@ 5+ e ullsg oz )
372 473 73

<R|\67¢Vu]|3 A+ Rueﬂf’vun%%) . (3.6)
)<

Recall that ¢(z) = —Inr(z) +r(z
(for small ). Then one has,

€. In particular ¢ is radial and decreasing

1

le®ulg 55 < C7% (Ol g+ ulap 55

(B)

+C (Rﬂ | Vullz a + RemCH) Hwn%%) . (3.7)
Now we recall the following elliptic estimates : since u satisfies ([1.1)) then :

IVullar < C ( + WL + IIVIIOO) [ullr, for 0<a<1. (3.8)

1
(1—a)R

14



Moreover since Ag, r, C Bg, and 7 > 1, multiplying formula (3.8)) by €T¢(%),
we find

H(3R)
e2|

1
|Vu||3R sr < Cr2 (E + W12 + ||V||OO) ™) ||| 2.
Using |) and noting that He”buﬂg’% > ew(R)HuH%R, one has :
lull g, < CTHA+ WL + 1V ]l) (€4 lull g + 7P fuln)
with Ag = ¢(£) — ¢(R) and Br = —(¢(2£) — ¢(R)). From the properties of
¢ we may assume that, we have 0 < A™! <AR<AandO<B<BR<B !

where A and B don’t depend on R. We may assume that C72 (1 + ||[W]|3%* +
IVlleo) > 2. Then we can add Hqu to each side and bound it in the right

hand side by Cr2(1 + |[W||&%* + HVHOO)eTAHUHg' We get :
lulle < CTEQ+ WL+ Vo) (7 ullg + ¢ llullar) . (39)
Now we want to find 7 such that

Cra(1+ WL + [V ]low)e ™ [fullon < —HUHR

which is true for 7 > —3111( 11/2 ”“”R> . Since 7 must also
B 20 (1| W24V ||oo) lullzr
satisfy
1
T2 Ci(l+ [[Wg + [V ]ler),
we choose

-2 1 [ullr
B\ 20(1 + [WISX2 + ||V ||oo) lell2r

1
>+QO+WW%+WWb)

Since, of course, ||Ul|ct > ||U]|c0, one has :

B+2(A+1)
Jullg * Sém”W““M@WWR HWR (3.10)

Finally, defining o = %, we see that (3.10]) gives the result.

15



3.2 Doubling estimates

Now we intend to show that the vanishing order of solutions to (|1.1]) is every-

where bounded by C(1+||[W||Z + ||V |lc1). This is an immediate consequence
of the following :

Theorem 3.2 (doubling estimate). There exists a positive constant C, de-
pending only on (M, g) such that : if u is a solution to (1.1)) on M then for
any xo in M and any r > 0, one has

1
lall g oy < “CHM I D g . (3.11)

To prove Theorem [3.2] we need to use the standard overlapping chains of
balls argument ([4, I8, [12]) to show :

Proposition 3.3. For any R > 0 there exists Cr > 0 such that for any
Tg € M, any W € CH(M), any V € T1(TM), and any solutions u to (L.1)) :

1
—CrO+[WIZ +IVer

4l Baeo) > € Nullz2 -

Proof. We may assume without loss of generality that R < R, with R; as
in the three balls inequality (Proposition . Up to multiplication by a
constant, we can assume that ||ul|z2) = 1. We denote by Z a point in M
such that |[ul|p,(z) = supen [|ul|By(z)- This implies that one has ||ul,,, >
Dpr, where Dg depends only on M and R. One has (from Proposition
at an arbitrary point z of M :

1
_c(1+||W||31+||V||cl)HquR(m)' (3.12)

Let v be a geodesic curve between xy and z and define xy,--- , 2, = &
such that z; € v and Bg(:ciﬂ) C Bg(z;), for any i from 0 to m — 1. The

“uHBR/z(iU) > e

number m depends only on diam(M) and R. Then the properties of (x;)1<i<m
and inequality (3.12)) give for all i, 1 <i < m :

> e—C(1+|IWII§1+HVHc1)Hqu

r/2(Tit1)”

The result follows by iteration and the fact that ||u||g,z) > Dg.
[

Corollary 3.4. For all R > 0, there exists a positive constant Cr depending
only on M and R such that at any point xo in M one has

1
CR(1+||W||21

llul|ror > € +HVHC1)HUHL2(M)-
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Proof. Recall that |ul|ror = ||ullr2(ap,n) With Agor = {7; R < d(x,20) <
2R)}. Let R < Ry where Ry is from Proposition , note that R; <

diam(M). Since M is geodesically complete, there exists a point 27 in Agor
such that Bxl(% C Apg2g. From Proposition one has

1
LW 241Vl ex

-C
||U||B%(x1) > ¢~ nl Ml 2 an)

which gives the result. O

Proof of Theorem[3.9. We proceed as in the proof of three balls inequality

(Proposition 3.1)) except for the fact that now we want the first ball to become

arbitrary small in front of the others. Let R = % with R; as in the three

balls inequality, let o such that 0 < 36 < %, and define a smooth function 1,
with 0 < <1 as follows:

o Y(x)=0if r(z) <éorif r(z) > R,

Keeping appropriate terms in (2.3]) applied to u gives :
T%]|7’%eT¢’wuH + TéééHr’%ewwuH
< C([|r*eVu - V| + |[rPe™ Agul| + [|rPe™*VuVip||) . (3.14)

Using properties of ¢ and since 7 > ||V ]|, one finds

ERTRI-RPS 1 - T T
rHrieully g+ 7€l 45 < COIVuls 5 + e Vull g )
+Oleulls s + el 5 5)
T
+ Cg||7“267—¢u||57% + CT||T26T¢'LL||§,R.
Now, we bound from above the two last terms of the previous inequality by

¢ Té .. . 1
Cr <||e uH&% + |le u||§’R>. Then we divide both sides of (3.15)) by 72.
Noticing that 7 > 1, this yields to

Ir5e7®ully g +llemullss a5 < O (87 Vulls s + €7 Vullz o)

(3.15)

+ 074 (e ullyss + lemullg )

17



From the elliptic estimate and the decreasing of ¢, we get
el 2,2 + €O [u| 55 4
< O34 WL + 1VIle) (7@l s + 75 ]l sz )
Adding 7?9 ||u)| s to each sides and noting that we can bound it from above
by C7%(1+ [[W[3* + [V [loo)e™®||ullss, we find that
D |u 2,5+ € u5
< OB U (WL 4 1V lloe) (€79 ullg + €7 )
Now we want to choose 7 such that
Orb U4 W2 + 1V ) D s < 27D ] .

84

For the same reasons as before we choose

) ! Juls
T=—% #~In 7z 8
$(5) = () \ 201+ W[ + [|V]]o) llullsz
+ O+ W + 1V [ler)-

Define Dp = — (¢(%) — (b(%))*l; like before one has 0 < B! < D < F,

with F a fixed real number. Dropping the first term in the left hand side
and noting that 0 < ¢(0) — ¢(30) < C, one has

]l 2
87

_E

%
[ul|s5 < eI ler Vi) <—H > [Jll 25
ullsz 2

Y

Finally, from Corollary we define r = 3—2‘5 to have :

1
CUHIWIZ +[Vler

[ll2r < Nl

Thus, the theorem is proved for all r < %. Using Proposition we have

R .
forrzlﬁ.

1
> 6*00(1+\|WH§1+||V||C1)|

[l Bagry = Nl g, 0y 2 Jull L2y

1
> 6_01(1+‘|W“C21+||V||cl)HUHBQCO(QT)'
O
Finally Theorem is an easy and direct consequence of this doubling

estimate.
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4 Appendix.

The aim of this appendix is to prove the claim (2.22]) we used in the proof of
Theorem More precisely, we show the following lemma.

Lemma 4.1. We have

I3 > 37 / |f"| | Doul® £ \/ydtdl — e / eul2f \/ydtdo
(4.1)

- m/ | [0wl® £ \/ydtdd — er? / F7| a2 /A dtde.
Proof. We begin by recalling the definition of I3 :
I3 =2 <8t2u + (P2 + 7V, + (n—2)7f + 2 W)u + Agu
(27 + €2V, Ou + eZtl/QGiu>f .
We also recall the following estimates on the weight and the metric :

- < f(H) <1 Vte]—o00,Ty,

lim —e "f"(t) = +o0, (4.2)
t——00
and, V 1,5,k € {1,...n — 1},
Oi(77) < Cef(v7) (in the sense of tensors);
O(v7) < C(y9)  (in the sense of tensors); (43)
|0:(7)| < Ces '
CH<y<C

We will also use the key assumption on 7 :

72 G+ V[Wler + [V]ler)- (4.4)

In order to compute I3 we write it in a convenient way:

16
Iy=>Y (4.5)
=1
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where the integrals J; are defined by :
Jy =21 / Fou(|0wl?) f° /A dtdo
Jy = 47 / F'oud; (Vv o) £ dtde
Jy = / (273 Yo — 2 4 or f’%?tw) O,Jul? /7 dtdo
Jy =277 / 2V, dul2f \Adtdd
Js = / 2V,0,(|18yul?) £ /7 dtdo
Jg =72 / Vo) ul2f " /dtdd
Jr=1 / V2O, urf 7 /A dtde
Js = (n — 2)T/e2t%3t|u|2f’2\/§dtd€
Jo = / M WVd ul2f " \/dtdd
Jio =2 / e2V,0; (/7 0;u) Opuf’ dtdd
Ji =2 / 2V, udPuf " \/ydtdd
Jig = 72 / Vi ul2f \/ydtdo
Jis=1T / e ViVi0; ul|? 2y dtdd
Jig=(n— 2)T/e2t%ai|u|2f'_2ﬁdtd9
Jis = / VWO ul?f° /Ay dtdd
Jig = 2/62t%8ku8i (\/’_y’yijé?ju) f=3dtde.

Here we noticed that 20,ud?u = 9;(|0u|*) and 2udu = O;|ul?. Before we
start the computation, we want to point out that the only positive term of

(4.5) comes from Jy. Now we will use integration by parts to estimate each
Ji. Note that f is radial.
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We begin with J;. We find that :
Jp = / (47 ") |0pul2f " \/ydtdd — / 27 f'On\/A|0ul? £ \/ydtdo.

The conditions (4.3)) imply that |0, In /7| < Ce’. Then properties (4.2)) on
[ give for large |Tj| that |0;In /7| is small compared to |f”|. Then one has

Ji > —cr / £ - |8l /Adtdo. (4.6)

In order to estimate J, we first integrate by parts with respect to 0; :
Jo = =2 [27f 0,0y 0uf’’ \/Adtdd.
Then we integrate by parts with respect to 9,. We get :
Jy = —4r / F Y 0uduf \/ydtdo
- / 27 [ 9 In/Ay Buduf \/ydtdd
+ /QTf'ﬁt(vij)&»uajuf'Sﬁdtdﬁ.

Recall that |Dyu|? denotes | Dyu|* = 9;uy"0;u. Now using that —f” is non-

negative and 7 is large, the conditions (4.2) and (4.3)) give for |Tp| large

enough:
> ;T / ] | Doul2f " Adtds. (4.7)
Similarly computation of Js gives :
Jy = —2 / (7 + (n — 2)72 ) Adn( YT )2y Fdtdd
— / (4f — Af" +2f' 8, In /7)) Wal f° \/ydtdd
+2 /(n — D2 P f A dedo
- / 2 f1eXOW |ul2 £ \/ydtdo.
From and one can see that if Cy and |Tj| are large enough, then
Jy > —cr® / e'ulf \/ydtdd — er? / " [ul2f \/ydtds. (4.8)
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We now compute the terms involving only radial derivatives, that is to say
Jifori=4,...,9. We have

Jy = 272 / th\/{@t\u|2f’_lﬁdtd9

——2rt [ (if” Vit 4 O, 4 VO ) £ s

Jy > —CTS/etUQf’_gﬁdth, (4.9)

and

Jo= [ eviaaupr s
S / ol (2Vi + 0V, = 3Vif" 7 + Vidy(In /7)) '3 \/ydtdd

a—— / 1Bl f5 A dtdb. (4.10)

In the last inequality, we use that e’ is small compared to |f”|. Let’s resume
our computation. We obtain

Jo =17 / e Viohlul* f~ 1 /dtdd

=7 / e (WLf" + OVS? = [ Vi + Vil 20n ) ) S s

Jo > —073/etu2f'_3ﬁdtd9, (4.11)

Jr = T/e4t\‘/}\28t|u|2f'_2\/’_ydtd9
= —T/U2€4t (4|Vt|2f' + 2V}@th’) [ /ydtdd

+ T/u2€4t IV f" = [Vi[2 fou(In /7)) f~3\/~dtdd

Jr > —073/et|u|2f'_3ﬁdtd0, (4.12)

and
Js = (n — 2)7/62tW8t|u|2f'2ﬁdtd0
= —(n—2)1 / VS 4 OVif — 2f"V; + Vid, In /) |ul2f " \/rdtdd
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Jy > —cr? / P llul2 /A dtad, (4.13)

where we use once more that e’ is small compared to | f”|. Finally, for Jgy, we
get

Ty = / VWO, uf? f=0 /Adtdo
/ uw’e' (4V,W + O ViW + V,o,W) '~ /dtdd
—|—/u264t B fTIVW = ViWo,(In /7)) £ /dtdo
Jg > —073/et|u|2f'_3ﬁdtd0. (4.14)

Now, we deal with the terms involving spherical derivative. We recall that

Jio = 2/thVtatu@-(ﬁ'yijé?ju)f’_g’dtd&
Integrating by parts in the spherical variables gives
Jio = —2 / e*'V,0;0,uy" Ou f'™3\/ydtdd
2 / e 0V 0puy Oy f'~3\ /ydtdo.
Now, we use the identity 9;|Dyul? = 277 0,0;udju + 9,y d;ud;u to find
Jio=— / >V, (0| Doul?* — 0y Oudju) f'=2\/ydtdd
2/e2t8ﬂ/t<9tu'yij8juf'3\/’_ydtd9.

Finally, integrating by parts with respect to the radial variable,

Jio = / | Dgul*(2V, + 0V, = 3Vif" '~ + Vidi(In /7)) f2\/ditdd
+ / V0 Opudju f' =\ /ydtdd
2/62t8ﬁ/}8tu7"j8juf’Sﬁdtdﬁ,
we obtain

Jio > —CT/ | 7|02 f' =3 /ydtdf — CT/et\Dgu|2f’_3\/f_ydtd9. (4.15)
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Integrating by parts the following
Ji = 2/62t\/;8iu83uf'_3ﬁdtd9,
gives
A / ' Dudyu (2V; + Vi — 3f" Vi + Vidy(In /7)) £\ /7dedo
— 2/e2t‘/iat8iu5’tuf/_3\/§dtd8.

Noticing that 20,0;ud;u = 0;|0;u|?, we have

Ji = —2 / e Oudpu (2V; + 8,V; = 3f" [V, + Vioy(In /7)) f'72/ydtdd
- / e*'V;0;(|0cul?) f'72 /v dtdo,
then integrating by parts the last integral of the right hand side gives
Jip = —2 / e Oudyu (2V; + 0,Vi — 31" [V, + Vio(In /7)) £~ /dtdo
+ / e*"0yul? (0;Vi + Vid;(In /7)) f/~2\/ydtdd.
Therefore we can state that
Ty > —cr / Ol dtd6 — er / | Dyul?) f'~* JAdEd6.  (4.16)
From the definition of Ji
Jig = TZ/thW8i|u\2f'2f’3ﬁdtd6,
integrating by parts with respect to the spherical variables gives
Jig = =72 / u?e® 2 (0,Vi + Vioy(In /7)) f'=2/~dtdd, (4.17)
therefore we can derive the estimate
Jig > —CTB/ lul?e’ f'=3 /ydtdd. (4.18)
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In the same way, we have

J13 = T/e4t‘/ﬂ/}ai|u]2f’2\/§dtd9

=7 / w?e f1 (0, ViVi + Vio, Vi + ViVio,(In /7)) f'~3\/dtdd

Jiz > —cr? / lul?e’ f'=3/ydtdd, (4.19)
Jiu=(n— 2)7/62t‘/}8i\u]2f’_2\/§dtd0
-2 / POV, + O In ) ul?f Jdtdd

Jiy > —cr? / | [|u)? f’_3\/f_ydtd9, (4.20)

and
Jis = / VIO ul2f /At
__ / OV + V.ol + ViWasIn ) |ul2f /dtdo

Jis > —073/et|u]2f'_3ﬁdtd9. (4.21)

We now turn to Jig
Jig =2 / 'V Opudi (/4 Ou) /3 dtdd.
We first integrate by parts with respect to 0;
Jig = —2 / e (0;ViOru + Vi0iOpu)y 0u f'~2\/ydtdd,
and use the identity 9;0ruy”d;u = 2(0x|Doul? — Oy Ojud;u) to find
Jig = —2/e2t8in8kufyij(9juf’3ﬁdtd9

— /thW(8k|Dgu|2 — Oy Opud;u) 13/ dtdd.
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Then an integration by parts with respect to 0y gives
Jig = —2 / e O ViOpuy Ouf' =3/ dtdd
+ / e (OhVi + ViOk(In /7)) | Doul? f/~2 /v dtdd
+ / ' Vi Oy Qudyuf' =3\ /ydtdo.

This yields to :
Jig > —CT/ | Doul?e" f'~3\/ydtdd. (4.22)

Therefore, combining all the previous estimates on the J; (i.e (4.6]) to (4.22)))

and noticing that
ot / | Doule! f'~3\/dtdh < %T / |F"| | Doul® £~ \/ydtdo,
we have established that
I3 > 37 / |f"| | Doul® £ \/ydtdl — e / e ul2f \/ydtdo
—CT/|f”| |E)tu\2f’3\/7dtd9—m2/|f”| ul2f \/ydtdo.
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