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Abstract

On a closed manifold, we give a quantitative Carleman estimate
on the Schrodinger operator. We then deduce quantitative unique-
ness results for solutions to the Schrodinger equation using doubling
estimates. Finally we investigate the sharpness of this results with
respect to the electric potential.

1 Introduction and statement of the results

Let (M, g) be an closed, connected, n-dimensional smooth Riemannian man-
ifold, A the (negative) Laplace operator on M, W a bounded function on M
and V' a bounded vector field on M. Let u be a non trivial solution to

Au+ Wu+ g(V,Vu) = 0. (1.1)

We consider the possible vanishing order, depending on W and V', of u in any
point. In the case that W is a constant and V' = 0, 7.e. when dealing with
the eigenfunctions of the Laplacian, it is a well known result of H. Donnelly
and C. Fefferman [5] that the vanishing order is everywhere bounded by
eV A, with ¢ a constant depending only on M. When W is a C! function
(V =0), the author has shown in [2] that the vanishing order is bounded by
Ci/ |IW||c1+Cy, where ||W]|cr = sup,, |W4sup,, |VW| and the norm [VIV|
is taken with respect to the metric g. Both results were based on Carleman
inequalities. In this paper we give a L? Carleman estimate (theorem on
the operator P defined by

Pu=Au+Wu+ g(V,Vu) (1.2)
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which allows to derive quantitative uniqueness results for solutions to .
Recall that L? Carleman estimates are a priori estimates of the following
form :

le™ Pull2 = Clle™ul| Lz,

for a great enough parameter 7 > 7, where the function ¢ satisfies some
convexity properties with respect to the operator P (see [9, [I0]). One of the
key ideas of Donnelly and Fefferman [5] is to carefully investigate how the
parameter 7 depends on the eigenvalue A (i.e. 7> CivV+ (5). In the same
spirit, we will use that a Carleman estimate is valid (theorem for

72 O+ W&+ V%) (1.3)

This will allows us to derive the following quantitative uniqueness results:

Theorem 1.1. There exists a non-negative constant C' depending only on
M, such that, for any solution u to (1.1 and for any point xq in M, the
vanishing order of any non-zero solution to (1.1)) is everywhere less than

CA+ (W% +IVIIZ)-

In the case V' = 0 this result was shown by C. E. Kenig [I3]. The theorem
is shown via a stronger doubling inequality. We note here that the potentials
W,V and the solutions u may take complex values (i.e. W is a complex
valued function on M and V is a section of the complexified tangent bundle
TM ® C) . This seems to be the first algebraic bound in term of ||V]|». We
don’t know if this result is sharp with respect to the magnetic potential V.
However theorem is sharp in the following sense, considering V' = 0 and
complex valued solutions of (L)), the exponent 2/3 on ||W || is the lowest
one can obtain in the upper bound on the vanishing order of solutions. Here
we show

Theorem 1.2. There exists a constant C' such that, if N > 0 is an arbitrary
2

great number, there exists a function W € L>=(S?,C) with N > C||W||% and
a solution u € C*(S?,C) to (1.1)) which vanishes with order N in P. Moreover
W can be chosen of compact support with

supp(W) C (S*\ {P,Q})

where the points P,Q are antipodal and such that supp(W) can be chosen of
arbitrary small measure.



The fact that 2/3 is the optimal exponent has already been shown in [13],
based on Meshkov construction [21] (see section 4). However, our example,
still based on Meshkov construction, is more precise, since we show that on
S? the sharp exponent can be reached with a compactly support potential
W outside two antipodal points. For the real case, the upper bound

CA+ W& + 11V le)

is expected (see e.g. [13 [I7]). However this seems to be a difficult problem
which, to the knowledge author’s, has not been solved yet. As mentioned
in [3], since Carleman estimates do not distinguish between the real and
complex case, it seems difficult to obtain such a result with this method.

Finally we should mention that I. Kukavica in [I7] obtains quantitative
results for the vanishing order of solutions to (1.1)) when V' = 0. He estab-
lishes the following upper bound :

C(sup(W_)7 + (osc(W))? + 1).

The method of [I7] was based on the frequency function [7, 19] when ours
relies on Carleman estimates [5], 111, [13], [15] 16}, 22], 23, ...]. These two methods
are the principal way to obtain quantitative uniqueness results for solutions
to partial differential equations. One should also notice that, since Lipschitz
continuity is the natural assumption on the metric g such that strong unique
continuation holds [T}, [6 T4], Theorem may be extended to manifolds with
only Lipschitz metrics (and to manifolds with boundary [6]) but we will not
be concerned which such refinements here.

This paper is organised as follows. In section 2 we derive from standard
Carleman estimate on the Laplacian an estimate on P which is only true
for great enough parameter 7 > 7. Furthermore we state explicitly how 7
depends on the potentials V, W . Then we use this Carleman estimate
with a special choice of weight functions to obtain in section 3 a three balls
theorem and doubling inequalities on solutions of . Section 4 is devoted
to prove theorem [I.2] We first construct an appropriate sequence (uy, Wy)
verifying Auy + Wiu, = 0, on the two dimensional sphere. Then we show

2
that the sharp upper bound C,||W||&% + Cy on the vanishing order can be
obtained with W), of small support in the neighbourhood of two antipodal
points.

Notations
For a fixed point xq in M we will use the following standard notations:

e r:=r(x)=d(x,zo) the Riemannian distance from zy,
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e B, := B,.(zo) the geodesic ball centered at z of radius r.
o A .= DB,,\B,.

Furthermore we denote

e v, the volume form induced by g,

e u-v := g(u,v), the inner product between two tangent vectors with
respect to the metric g,

e ¢(V,Vu) := dyu the directional derivative of u in direction V,

e |||l the L? norm on M and || - ||4 the L? norm on the (measurable) set
A. In case T is a vector field (or a tensor), || - || has to be understood
as ||[T1,]-

e ¢, C, c;and C; fori=1,2,--- are generic constants which may depend

on (M, g) and other quantities such as the weight functions in Carleman
estimates (section 2.1), but not on the potentials or the solution u to
(1.1). Their values can change from one line to another.

Acknowledgement: I would like to thank the anonymous referee for sev-
eral helpful remarks that permit to significantly improve the presentation of
the paper.

2 Carleman estimate

Recall that Carleman estimates are weighted integral inequalities with a
weight function e”®, where the function ¢ satisfies some convexity proper-
ties, see by example [9, 10, 12]. In this section we first state an L?, singular
weighted, Carleman inequality on the operator u — Au + V - Vu + Wu, for
some class of weight functions satisfying convenient properties (see and
below). Then we use a particular choice of weight functions which will
allows us to derive a doubling estimate on solutions to .

Let us first define the class of (singular) weight functions we will work
with.
Let f :] — 0o, T[— R be of class C?, and assume that there are constants
i >0,2=1,--- .4, such that :

0 <pn < f/(t) < po

psl FEO)] < —f"(t) < pa, Yt €] = 00, T (2.1)
im —e ' f'(t) = +oo.



One can check easily the following

Example 2.1. The functions defined by f.(t) = ¢t — e, satisfy the conditions
(2.1) provided 0 < € < 1 and T is a large negative number.

Finally we define our weight function as
¢(x) = —f(lnr(z)). (2.2)
Now we can state the main result of this section:

Theorem 2.2. There exist positive constants Ry, C, Cy, which depend only
on M and f, such that, for any xo € M, any é € (0, Ry), any W € L>®(M),

2
anyV € T(TM), anyu € C§° (Bg,(xo) \ Bs(xo)) and any 7 > C1(14||W ||+
IV]I2,), one has

C||r?e™ (Au+ Wu + g(V, Vu)) 7“_”/2H2
|f7(In ) |eT@ur—"/?

+ 7

2 2
+ 7% —n/2

2
7“\/|f”(1n7“)|67¢|Vu|27“_”/2H . (2.3)

Remark 2.3. Like in [5], the important statement in theorem is the
assumption on the parameter 7 which is related to the vanishing order:

> 73

1
‘r 20 Pyr

T2 CA+ WIS +IVIS).

The following lemma, which deals solely with Laplace operator, contains the
crucial part of theorem

Lemma 2.4. There exist positive constants Ry, C,Cy, which depend only on
M and f, such that, for any xo € M, any u € C§° (Bg,(xo) \ Bs(xg)) and

any T > C, one has

C HT’Qer’Aur’"/ZHQ > 73 H\/ |f7(In ) |eur—/?
2 2
+ 726 HT_%ewur_"/QH +7 Hr\/ |f"(Inr) eT¢|Vu|2r_"/2H )

The main interest of this Carleman estimates is the powers of 7 in the
right hand side. Such type of estimates, with the corresponding powers on
7, are standard and for this reason we choose to omit a complete proof. We
refer to the following : [4], [9] formula (17.2.11), [14], [I§]. Moreover one

2

(2.4)
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should note that lemma [2.4] can be derived from Theorem 1.1 of [2]. Indeed
letting W = 0, Theorem 1.1 of [2] is just a special case of Lemma [2.4] with
the weight functions of example 2.1} But one can check that the proof is still
valid for these weight functions since it only require the properties .

We can now derive from Lemma[2.4] the Carleman estimate on the Schrodinger
operator P = A+ W +g(V,V-).

Proof of Theorem[2.5. If V and W are bounded, one has from triangular
inequality :

C Hr267¢ (Au+ Wu+ g(V,Vu)) 3 H2 > % HT2€T¢Aur7% Hz
= SIWIE - r2ereur = VI - e Tur

Since for Ry small enough one has r < /|f”(Inr)| from (2.1), assuming
additionally that 73 > C||W||%, and 7 > C1||V||A,, we can use (2.4)) to absorb

the negative terms and conclude the proof.
O

2.1 Special choice of weight functions

In this paragraph we derive a special case of theorem which will be useful
for the remaining of this paper. Let € be a real number such that 0 < e < 1.
As in previous example we consider on | — oo, Tp] the function defined by

flt)=t—e¢*,

which satisfies the properties ([2.1)). Therefore we can apply theorem [2.2| with
the weight function ¢(z) = —f(Inr) = —Inr 4+ r°. Now we notice that

—7lnr _7re

€’ =c e

The point is that we can now obtain a Carleman estimate with the usual L?
norm. Indeed one has

£

_n n _n
T % — THHe 5T

and therefore for r small enough

Then we have



Corollary 2.5. There exist positive constants Ry, C,Cy,Cy, which depend
only on M and e, such that, for any W € L>®(M), o € M, any

u € C§° (Bg,(70) \ Bs(xg)) and 7 > C1(||W]|% + ||V]]? + 1), one has

C ||r2em (Au%—VVu—i—V—Vu)H2 > 73”7”%6“%“2

2 . 2.5

v rsfteea” o rfpteewar. 3

We emphasis that ¢ is fixed and its value will not have any influence on

ours statements as long as 0 < € < 1. Therefore we may and will omit the
dependency of our constants on ¢.

3 Vanishing order

We want to derive from our Carleman estimate, a control on the local be-
haviour of solutions. We will first give and proove an Hadamard three circles
type theorem.

3.1 Three balls inequality

It is well-known that one can deduce three balls inequality from carleman
estimate, one can see by example the following references [12, [13] 20] To
obtain such kind of result, the basic idea is to apply Carleman estimate to
xu where x is an appropriate cut off functions and u a solution of .

Proposition 3.1 (Three balls inequality). There exist positive constants Ry,
Cy and 0 < a < 1 which depend only on (M, g) such that, if u is a solution
to (L.1)) with W of class L™, then for any R < Ry, and any xy € M, one has

2/3
CL(+ WL V12,

[ullBr@o) < € )\IUII%g(zO)\IUIIE;?@O)- (3.1)

Proof. Let xy a point in M. Let u be a solution to (1.1)) and R such that

0 < R < % with Ry as in corollary . We will denote by ||v||g, r, the L?

norm of v on the set Ag, g, == {x € M; Ry <r(x) < Ry}. Let ¢ € C3°(Bar),
0 < <1, a function with the following properties:
o () =0if r(z) < & or r(z) > 2L,

o Y(z)=1if £ <r(z) < 3£,



First since the function u is supported in the annulus A R R, WE Can apply

estimate of theorem [2.5) - In particular we have, since the quotient

between & 5 and 5R does not depend on R :

C|r2e™ (Apu + 2Vu - Vo + V- uV)|| > 7 [|e™yul| . (3.2)

First note that for a solution u to (|1.1)) one can apply Carleman estimate
(2.5) and, keeping appropriate term in the right hand side, one gets

C Hr%w (AYu+2Vu-Vip+ V- uVy)|| > 7 Hew@buH : (3.3)

Noticing that 7 > C(1 + [|[W]|& + [|[V]|%,) > 1, the estimate ([3.3]) leads to
H€T¢77/)UH < HrQGT‘b (AvYu + 2Vu - Vzﬁ)” + ||r?e ™ uVy|| (3.4)

Now recall |D“)| < s and 72 < r. Then from properties of 1) and trian-
gular inequality one gets
leoull g o leoull g g + llemullsg 5z )
372 13 23

<
+ C RHeWVuH%%+R\|ewvuu%%>.

Recall that ¢(z) = —Inr(z) + r(z)°. In particular ¢ is radial and decreasing
(for small 7). Then one has,

leulla e < C (e ulz + e ullan SR)

) (3.5)
+ € (Re? ||Vl n n + Re?(F Hvuu%%).

Now we state a standard elliptic estimate to absorb the terms involving
gradients (Caccioppoli estimates) : for solutions to (1.1]) one has

1
< -
IVullar < C ((1 —R

+ W22 + ||VHOO) |lullg, for 0 <a<1, (3.6)
Moreover since Ag, g, C Br,, using formula (3.6 and properties of ¢ gives
ro(8) 1 1/2 ro(8)
D Tulgp < C (5 +HIWIL + Vi ) D ul g,
13 R 2
and
)

1 3R
Vil s <€ (5 IWIL + IV ) €
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Using (3.6]) one has :

lullg e < CO+ WL+ [V ao) (7D u] g 4 eI )

Let Ap = ¢(£) — ¢(R) and Br = —(¢(2£) — ¢(R)). From the definition

1
of ¢, we have 0 < A™' < Ap < Aand 0 < B < By < B~! where A and

B do not depend on R. We may assume that C'(1 + HT/VHéé2 + ||Vleo) > 2.
Then we can add ||ul| & to each side and bound it in the right hand side by

CO+ WL + IV loo)em lull . We get
lulle < €O+ IWIZ + Vi) (e lulle + e Flluler) . (37)
Now we want to find 7 such that

. 1
COA+ WL+ [IVIlee)e ™ ull2r < Sl

which is true for 7 > —%ln( L ”””R> . Since 7 must also
' 20 (1| W24V ||oo) lullzr
satisfy
7> Ci(L+ WP+ (IVI?)
we choose
1 1 U
T = _Eln 73 [l + O 1+ W13+ | VII%).
20(1 + Wl + |V ]lo) ullor

(3.8)
Up to a change of constant we may assume that C(1 + ||I/V||3,é2 +V]leo) <
Cr(1+ W2 + |V]|%) then we can deduce from (3.7) that :

Jull g < eI

Finally define o = AJ%B and taking exponent AJFLB of (3.9)) gives the result. [

2 4
VIR [[ull e llull =, (3.9)

3.2 Doubling estimates

Now we intend to show that the vanishing order of solutions to (|1.1]) is every-

2
where bound by C(1 + |[W||& + ||V||2,). This is an immediate consequence
of the following :



Theorem 3.2 (doubling estimate). There exists a positive constant C, de-
pending only on M such that : if u is a solution to (L.1) on M with V,W
bounded, then for any xqg in M and any r > 0, one has

[w]] By, (20) < eC<1+nwn?>é3+Hvuio>HuHmo)- (3.10)

Remark 3.3. Using standard elliptic theory to bound the L* norm of |u]
by a multiple of its L? norm on a greater ball (see by example [8] Theorem
8.17 and problem 8.3), show that the doubling estimate is still true with the
L norm :

2/3 2
< CUFIWis +HVHOO)|

]| Loo (Bay (o)) |l oo (B, (20))- (3.11)

To prove theorem [3.2] we need to use the standard overlapping chains of balls
argument ([5], 12, [17]) to show :

Proposition 3.4. For any R > 0 there exists Cr > 0 such that for any
9 € M, any W € C*(M) and any solutions u to (L.1)) :

—~CrHIWLPHIVIIZ)
z0) Z € |

[l B [ullz2ary.

Proof. We may assume without loss of generality that R < Ry, with Ry as
in the three balls inequality (proposition . Up to multiplication by a
constant, we can assume that ||ul|z2 = 1. We denote by Z a point in M
such that [[ul|p,z) = supgen [|ul|By()- This implies that one has |ul|p,,, >
Dpg, where Dy depend only on M and R. One has from proposition at

an arbitrary point x of M :

: 1
lll g pioy > € VI HVIE g 2 (3.12)

Let v be a geodesic curve between xy and T and define xq, -+ , 2, = &
such that z; € v and Bg(xiﬂ) C Bg(x;), for any ¢ from 0 to m — 1. The

number m depends only on diam(M) and R. Then the properties of (x;)1<i<m
and inequality (3.12)) give for all 7, 1 <7 <m :

e 2/3 2 é
||U||BR/2(zi) > e—c(l+IWllee™+ |VHOO)||U||BR/2(MI)‘ (3.13)

The result follows by iteration and the fact that ||ul| g,z > Dr. O

Similarly one also has,

10



Corollary 3.5. For all R > 0, there exists a positive constant Cr depending
only on M and R such that at any point xg in M one has

2/3
—Cr+HWIZLP+IVI2,

|| ok > e Nl 2.

Proof. Recall that |ul|rar = ||ullr2(ap.p) With Apor = {7; R < d(x,20) <
2R)}. Let R < Ry where Ry is from proposition note that Ry <
diam(M). Since M is geodesically complete, there exists a point 21 in Agar
such that Bm(%) C Apop. From proposition one has

2/3
e~ CrOFIWIEL +[VII%

||U||B%(a:1) > Ml z2ean

wich gives the result. O

Proof of theorem[3.3. We proceed as in the proof of three balls inequality
(proposition except for the fact that now the radius of the first ball
become arbitrary small in front of the others. Let R = % with Ry as in
the three balls inequality, let § such that 0 < 34 < %, and define a smooth
function ¢, with 0 < ¢ <1 as follows:

o Y(z)=0if r(z) <dorif r(z) > R,

o Y(z)=1if r(z) € [2, 5],

* IVo(@)| < § and [V2(o)| < G if (@) € 6,57
(x

o |Vi(x)] < C and |VZ)(z)| < C if r(x) € [£, R].

PR
Keeping appropriates terms in (2.5)) applied to u gives :

72 ||r5emul| + 7207 ||r e |
< O ([|r*e™Vu - V| + ||[r*e™ Agul| + || VuVy|) . (3.14)

Using properties of ¢ and since 7 > ||V ||, one finds

mHriemullg m + 73 e ullss g5 < CO Yl + 7 Vallg )
+ Ol ulls 3 + lle™ull g 1)

-
+ CgIITQGT‘bUIIa,% +C7|r*e™ul| s g

11



Now, we bound from above the two last terms of the previous inequality by
Cr <||eT¢uH57% + ||eT¢u||§’R>. Then we divide both sides of (3.15) by 72.
Noticing that 7 > 1, this yields to

r5em™ul| 2 a + [|e™ul 55 45 < OT2 <5||6T¢Vu||55—5 +[le7Vul 2 R)
3 5 2" (315)

1 T . T¢

+ 07t (Il + 160l )

From the elliptic estimate (3.6 and the decreasing of ¢, we get
e ull & n + € ful] s 45

! r ro(B
< O34 WL+ Vi) (@ ulls + e ul )

Adding 73 ||u)| s to each side and noting that we can bound it from above

1
by C72 (14 W& + [|V]|oc)e™® [ul| 55, we find that

D ull & & + € full3s

<Cr U IWIL + WVIo) (¥l + e Dlulss).

Now we want to choose 7 such that

R
3

1
Crb(1+ W2 + 1V Ie)e™ D ullsp < 5D ull g .

84

For the same reasons as before we choose

2 : 1 lullz =
n
O(5) —o(F) \20(1 + |[WNX? + [|V]s) Nlullez
+ O+ W&+ [V]Z)-

T =

Define Dy = — (¢(£) — ¢(£))™"; like before, one has 0 < E~!' < Dy < E,

with E a fixed real number. Dropping the first term in the left hand side
and noting that 0 < ¢(0) — ¢(30) < C, one has

-E
2 [ul| 2 =
]| 35 < CUFIW[S+IVIIZ) <|I—84> ||| 35
ullsz 2

Finally, from Corollary (3.5, we define r = 375 to have :

2
]2 < 60(1+HWII§O+IIVII§O)||u||r‘

12



Thus, the theorem is proved for all r < %. Using Proposition we have
for r > }f—é :

2
— 3 2
ull 5, () = HUHB%(%J) >e Co(1+HWHoo+IIV||oo)HuHLQ(M)

2
> 6—01(1+HWH030+“V”g°)HUHBZO(QT)'
]

Finally theorem is an easy and direct consequence of this doubling
estimates.

4 Possible vanishing order for solutions

The aim of this is section is to prove theorem which states that our expo-
nent 2 on ||W/|w in theorem [1.1|is sharp. More precisely, we will construct
a sequence (uy, Wy) verifying Auy, + Wyug = 0 and such that :

e At the north pole N of S?, the function u;, vanishes at an order at least

2
C1||Wy||& + Cs, where Cy and Cy are fixed numbers which don’t depend
on k.

o limy o [|[Wi]loo = +o0.

e The potential W has (arbitrary small) compact support in S\ ({V, S}),
with S the south pole of S2.

Our construction will be inspired by the previous work of Meshkov. In
[21], he has shown that one can find non trivial, complex valued, solutions
of (1.1) in R™ (n > 2), with the following exponential decay at infinity :

4

lu(z)| < e~C1*1*  This gives an negative answer to a question of Landis, [19].
He has also shown that % is the greatest exponent for which one can hope
find non trivial solutions to in R"™.

Our main point is to construct on R? a solution u to Au + Wu = 0 with
appropriate decay at infinity with respect to the L> norm of W. Then, we use
stereographic projection to obtain theorem [I.2] This suggests in particular
that we not only need the function W to be bounded, since we have to pull
it back to the sphere, but we need the stronger condition

C

Wz y)| < ——
S AT

13



It actually appears that we can obtain W with compact support. We recall
that our construction relies crucially on the fact that W and u are complex
valued functions.

From now on, we will denote by (7, ) polar coordinates of a point in R?
and by [a, b] the annulus [a, b] := {(r,p) € RT x [0,27[,a < r < b}. We have
the following on R?:

Proposition 4.1. Let p > 0 a real number and N an integer. For p and N
great enough their exits u and W verifying Au + Wu = 0 on R? such that :

o |u(z)| = Clz[™™ for|z[>p+6
o |[Wl~ < CN:

o W has support in |2, p + 6]

Proof.

Let p > 1, without loss of generality we suppose that N is the square of an
integer. Let define 6 = \/LN For j an integer from 10 to v/N, we note n; = j*
and k; = 25+ 1 and p; = p+ 6(j — 1)0. On each annulus A; = [p;, pji1]
we construct a solution of Au + Wu = 0 such that |u| = a;r~™ on the
sphere {p;} and |u| = a; 177" = a; ;77" on the sphere {p;i;}. We
set a;9p = 1, the numbers a;, for j > 10, still have to be defined. When
working in the annulus A;, we will write a,n,k, p instead of a;,n;, k;, p;.
Before proceeding to the proof it is useful to notice that

k< Ciyvn < CiWN

< GVN (4.1)
N

1_

kd <3

To build (u, W) in A;, it is convenient to divide the construction into four
steps corresponding to the four annulus [p, p+ 26|, [p+ 26, p+ 36, [p+ 36, p+
491, [p + 49, p + 64].

Step I. Construction on the annulus [p, p + 20]

Define

uy = ar "e P,

and

Uy = _br—n+2k€zF(cp)’

14



. _ é
with b = a(p + §)~?* such that Z?EZLS;

explicit later. For m from 0 to 2n + 2k — 1, we set ¢, = 27211”211@ and T' = 7.
We will need the following

’ = 1, the function F(¢) will be made

Lemma 4.2 ([21] p. 350). Their exists a real function h of class C?, periodic
of period T, with the following properties :

o |h(p)| < BET, Yy € R, (4.2)
o |1 (p)] <5k, Vp€ER, (4.3)
o |h'(¢)| < Ckn, Yy eR, (4.4)
T T
o h(p) = —4k(o — om), for om— TSPSpmt e (4.5)
Let now choose F' as follows
F(p) = (n+2k)p + h(p). (4.6)

We also consider two smooths radial functions )y, 1o with the following
properties :

¢ 0< <1, (4.7)
o [P <Co, (4.8)
) 1
e ¢y =1o0n [p,p—l—§(5] and ¢, = 0 on [p+(2—1—0)6,p+25], (4.9)

1 1
e Y, =0on [p,p—|—1—06] and ¥ =1 on [p—i—gé,p—l—%]. (4.10)

Finally we set u = ¥yuj + 1ous. The estimate on [p, p+ 2] is divided among
four cases.

Step La. The set [p,p+ 8]

2%k
We have u = uq + ¥ous, and \Z_ﬂ = <pia) . Then we introduce « as an

p—i—é 2k
< +§ =a <1
p

15

upper bound of 2] :

U2

U




We notice that

l—«
[u| > uy| = |ous| > |ug| — |ua| >

|'LL2|,

Since a = e2kln(173<§iﬁ)), a computation of %~ leads to the following inequal-
ity:
3(p+9)
< ) 4.11
Now we compute Awu :
dipy Ouy 1dy, dng
Au = Py A 2 - . 4.12
= Yplus d7’87’+rdr+dr2 2 (4.12)
First we estimate Awus. One has
1
Auy = — ((—n+2k)* +iF" — (F')*) uy.
r
From the definition of F' (4.6)) this gives :
1
Auy = = [=8kn +ih" — 2(n + 2k)h' — (h')?*] us. (4.13)
r
Using properties of A , we obtain
1
|Aug| < — (8kn + Ckn + Cok?) |us| (4.14)
r

Then from inequality (4.11)) we have ,

3(p+9)
5l

1
|Aug| < —Ckn
r
Now (4.1) and pr_+25 <1 gives:
[Aus| < C5lul < N*Jul

Now we estimate the other terms in the right and side of (4.12]). The condi-
tions on ¢ (4.8) and estimate of uy (4.11)) lead to

'%% Cn

< — . .
o or | < w2t (4.15)

Similarly, we have

C— |ul (4.16)

d d? 1
‘ (ﬂ + 1/)2) —U9g < 53

dr dr? ) r

16



Finally,

1
< _
| Aul C((S + k52 + )\u|

Then we have shown, using relations between k,n, 6 and N that :

|Au| < CN%|u\. (4.17)

Step Lb. [p+ 36, p + 20]

We want to estimate |‘ B with v = us + ¥ u;. First since,

b + 25\ %
o] Do (P30T oy
lu] @ p+o

we have
-1
lu| > |ua| — [th1ur| > |ug| — |ug] > <BT> lug| > 0. (4.18)

One also has

1 2
Au = Ausy + del Ouy + <_% + d %) Uy

4.19
dr Or r dr dr? (4.19)
First since » > p > 1 one has from (4.18))

|Aus| < %|u2| < C’/{:nﬁé

—ful. (4.20)

Then we estimate z=. On the real set [0, 3], we have :

(3/4) In(4x/3)
1+

In(1+ ) x

< <
< e’ < 1+3/4(e*? — 1)z

Now from the definition of S and since kd < 3 this estimates gives,

B

C
_<_
B3-1-" ko

then from (4.20)) we have :
|Auy| < C’g|u|. (4.21)

17



Moreover we also have

ouq dz/)l ¢ 8u1
Or dr |~ 6| or
with
a(;;} < Cnlu| < CB | < i:;|u|
thus
%% < Ol
This also gives
%% < CN?|u.
Similarly we have,
1 < o(3ed)m
C g5l
< CNz|ul
Here again we have shown
|Au| < CN2|u.

Step Le {(r,0)ir € [p+ 36,0+ 30], ¢m+5 <o <om+ 5}
On this set we have u = u; + uy and

i n a
lu| = |us] |e (F(o)+ne) _ ek

Let S(¢) = F(¢) + ng, we have S(p,,) = 2mrm and
S'(p) =2n+ 2k + ' (p)

Since |h/(p)| < 5k we have
S'(¢) > 2n — 3k

18
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Now since n = j? and k = 2j + 1, the condition j > 10 force S’(¢) > n for
¢ € [@m; Pmt1). Then for

+T< < T
Pm 5_90_()0m+1 5

we have T T
n
S(p) > S(om + 3) > S(pm) + =

Using the same argument to get an upper bound on S(¢) we can state that

T T
27rm+% < S(p) < 2m(m+1) — %
This can be written
nm nm
2 —— < S(p) <2 1) — ———
M g S ) s 2l 1) - s
Now since j > 10, we clearly have % > Z. Then we can state that
}eis(‘p) = sin(z),
7
for any real number A. This leads to
. T
lu| > sm(7)|u2|. (4.24)

Finally using that Au = Aus, (4.14) and (4.24)) we have
|Au| = |Aug| < Cknlus| < ckn|ul
|Au| < CNzJul (4.25)

Step I.d) {r € [p+ 16, p+ 30], | — ¢m| < £}

Here we just need to notice that uy = —br—"+2kei(n=2k)¢c4kem i harmonic

and that 1)y =¥y = 1. Then u is harmonic and we simply set W = 0.
Step II. Construction on the annulus [p + 26, p + 34].

Recall that us = —br—"1t2k¢iF(©)  We now define
ug = _br—n+2kei(n+2k)go.

To pass from us to uz, we consider a smooth, radial function ¢ on [p+24, p+
39] with the following properties :
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e 0<yY(r)<1 (4.26)
o Y(r)=1ifr<p+1s (4.27)
e Y(r)=0ifr>p+ 30 (4.28)
C
o [YP)(r)| < = (4.29)
Then we set on [p + 26, p + 3],
= bV A()+ (1 2k)]
with h, the function of lemma {4.2]
Now we prepare the computation of Awu, one has:
ou —-n+2k
o (P one)
Pu (—n+2k)(—n+2k—1)
orz r? “
2 2 o+ i ()b — o ()R )
a2u 2 ’ 2
o = WO @t ()0 () + (n -+ 28))
Ay — ((—n + Qk)(;n +2k —1) N Qi_n:— ka'(r)h(go)) "
—n+2k i (r)h ’ :
(T2 M i ) — 0 0P ) 0
. " . ! 2
. (zw(r)f; (o) , (W) () o 2k)) ) .,
r r
We get
_ ) /
Au = (_”: 2k iw/(r)h(go)) +ih(r) (¢£’”> + w”(r))] u
[ip(r)h" (p)  (n+ 2k + w(r)h'(gb))Q]
+ 2 - 2 u
i r r

After simplification, the main point is that there is no term of order n? left,

we obtain :

[Aul < Clkn + & + |9 h* + 0l Bl + -+ + [Wh"| + nlgl|B] + [0 ?)u
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Now using (4.1)), the properties of ¢ (4.26H4.29)) and of h (4.2 , we have
|Au| < CN2|u.
Step III. Construction on the annulus [p + 30, p + 46].

Recall that

Uz = _b,'ﬂ—n+2kez(n+2k)<p'

In this step, we want to pass from w3 to the harmonic function:
Uy = _blr—n—lei(n—i-Qk’)np.

Let d = (p + 30)*, by = bd and

r

g(r) = dr=* = (_p + 35>4k .

Then |¢g?(r)| < CPkP, furthermore

We have 0 < —2— <

i S Z—i and In(1 — z) > 41n(§1)x for z in the real set [0, 1],
then

4
4y _kd 4
g(r) > e 1RG5 > 716G > o5

We know consider a smooth radial function v, with the following properties:

e 0<y<1
o p(r)=1ifrep+306,p+ (3+3)d]

o Y(r)=0ifr € [p+ (3+2)d]

We let f(r) = (r) + (1 —(r))g(r) so one has

e’ < f(r)< 1.
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A computation of f'(r) and f®(r) leads to the following estimates:

Pl < (R Ol+ 1 090)] +lvg]).

/ C C
< — k< —
SO € FHCR< T,

and

/()] <

We finally set w = ugf, which implies that |u| > 0 and |us| < Clu|. To
compute Aus we observe that

%l Q

au3 . —n + 2k
i
Ous  (—n+2k)(—n+2k—1)
or2 r2 b
) and
0 Uus

00 (n + 2k)

Then we have :
1
Aug = — ((—n+2k)(—n+2k — 1) + (—n+ 2k) — (n + 2k)*) u

Thus we have the following estimates

|Aug| < Cknlus| < Cknlul (4.30)
P
From 81 < Cnus, and d f § — one can deduce that:
or drp
df 8U3
< (C=u3z <

Vi or Ca 3 Ca“

and a2f 1 df C
R |lus| < 2|U3| < §|U|-

We then have the following estimate on Aw :
Aul < C(Z4kn+— ! |ul
ul < sThnt s )
Au| < CN2u
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Step IV. Construction on the annulus [p + 44, p + 60]
Recall that

Uy = _blr—(n+2k)ei(n+2k)<p
and let .
us = cr ke tRe, (4.31)
We choose ¢ such that e
uslp+50)| (4.32)
then
Us . Tk

Like step I we consider two smooth radial functions 1, and 15 with the
following properties

e yy=1on[p+44p+ (4+2)8] and ¢4 =0 on [p+ (5,9)6, p + 6]

e 5 =00n [p+44,p+ (4,1)8] and 15 =1 on [p+ (4 + )6, p + 6]

We let
u = Pyug + Psus.

Now we estimate Au. Here again it is convenient to divide this into three
steps:

Step IV.a [p+ (4+ 5)0,p + (4 + 2)d]

We just have 14 = 195 = 1 then Au = 0 and we set W = 0.
Step IV.b [p+ (4 + 3)d, p + 64]

We have u = ¢yuy + us, then |u| > |us| — |uyl.

5 k
r* S (P (443)0 S 0+ g2)
(p+50)k — p+ 50 -

Us

Uy

Let Cy such that In(1+ ) > Ciz on [0, Z].

Then we get
Us Cy 2k 2ko
—| > e 130+ > 14 ) ———,
ug| = = '3(p + 59)
since |u| > |us| — |ug| this gives
2ko
ul > Cy——=|u
’ ‘— 13(p+55)‘4’
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and then o
< —|ul. 4.
lug| < ké’u‘ (4.33)

We also have

_ diy Ouy 0%y 1y
Au = 2d’r or +(8r2 ror )"

Since |2%4] < C'nfuy|, we get
C C
Here again we have obtain from (4.33))
|Au| < CN2|u.

Step IV.c [p+ 46, p+ (4 + 3)0]

This step is similar to step IV.b and therefore the estimation is omitted.

Then, defining a,41 = ¢ with ¢ from (4.31)) and(4.32), recall that n;4; =
n;+k; = j2+2j+1, and define u(r, ) = u;(r, p) for p; <r < p;;1 we have
construct on the set

Iv=|J 4= | [p+6(G—1)8p+06id] =[p+546,p+6],
10<<V'N 10<5<VN

a solution of Au+Wu = 0 with |W| < CN 3. Now we extend our construction
to the whole R? in the following way: On [p + 65, +00] we just keep the

harmonic function u obtained on the last annulus A 5 : u = ayr™Ne V¢,

On [0, p + 544] we define g(r) a smooth radial function such that
e g(r)=7r™in [0, £]
e g(r)=r""in [3p, p + 546]
e [gP)(r)] < Cpt, for all 7 in [0, p + 54]

The constant C' in the last point does not depend on N ( the gap from n;
to —ny is fixed since n; = 10). Now define u = g(r)e”™¥. On the compact
set [0, p + 100] on easily get ‘%| < C with C independent on N. Finally we
have constructed on R? a solution of Au + Wu = 0 with ||W][~ < CN2
and |u(z)| = |z|~™ for |#| > p+6. This end the proof of proposition 4.1, [
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Now we can proceed to the proof on theorem

Proof of theorem[1.4 Then we consider the inverse of the stereographic pro-
jection :

(20, 2y 0%+ — 1)

7:R? — S$?\N
(z,y) —
In the Chart (S?\ (0,0,1), 7

4 0
o (ac2+y2+1)2
9 = 0 4
@y )2

On S? \ N, we have

~1), the canonical metric is written

1
Ag = 1 (@® + 9+ 1)’ Ag

Let T and @ two real valued functions defined on §*\ (0,0, 1) and C' a pos-
itive constant. We consider v = ton~ ' and W = W o 7!, So we have

Aggﬂ = V_Vﬂ ARTU = Wu
< C Wz, y)| < m
Since the function W we have constructed is compactly supported with

IW(z)] < CN3, their exists C" such that

4

Ty Vel SONE Yy RS

It follows that the function @ is a solution of Ag:t = Wu on S?, with u
vanishing at order N at the north pole and with N > ||W]|%°.

Finally note that with our construction the potential 1 in R? has support
in [£, p+ 6] where p can be chosen arbitrary large. The measure of the image
of this set under the inverse of the stereographic projection clearly goes to
zero as p goes to infinity. This conclude the proof of theorem [1.2 m
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