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Critical sets of eigenfunctions of the Laplacian

Bakri Laurent

Abstract

We give an upper bound for the (n—1)-dimensional Hausdorff mea-
sure of the critical set of eigenfunctions of the Laplacian on compact
analytic n-dimensionnal Riemannian manifolds. This is the analog of a
result on nodal set of eigenfunctions by H. Donnely and C. Fefferman.

1 Introduction and statement of the results

Let (M, g) be a smooth, compact and connected, n-dimensional Riemannian
manifold (n > 2). For u € C'(M), we set

Ny ={z € M : u(z) =0}

and

Cu ={x € M : Vu(z) =0},

the nodal set of u and the critical set respectively. Our interest in this paper
is to deal with the critical set C, of the eigenfunctions of the Laplacian :

—Au = A, (1.1)
Our main result is the following :

Theorem 1.1. Let M be a n-dimensionnal, real analytic, compact, con-
nected manifold with analytic metric. There exists C > 0 depending only on
M such that for any non-constant solution u to (1.1) one has

HL(C,) < OV,
where H"~1 denotes the (n — 1)-dimensional Hausdorff measure.

In some way theorem 1.1 gives an anolog upper bound, on the measure
of the critical set C,, of what was already known on the nodal set N,. To
enlight this fact let us recall briefly some facts about the zero sets N, C,
and NV, NC,.



First it is well kown that if w is a non trivial solution of second order linear
elliptic equation then, in general, all zeros of u are of finite order ([1, 15]), and
then one can prove that the Hausdorff dimension of the nodal set N, is at
most n — 1 (for example, see [3] or [11] for more precise results). Concerning
the nodal set of eigenfuntions of the Laplacian operator, S. T. Yau, [25] has
conjectured, that

Conjecture 1.2.

C1VA < HHN,) < CovA. (1.2)

Here Cy, Cy are positives constants depending only upon M. In case
that both the manifold and the metric are real analytic, the problem was
solved by H. Donnelly and C. Fefferman [5, 6]. Their method was based
on Carleman-type inequalities which have proved to be a powerful tool in
strong unique continuation theory ([1, 15, 20, 21, ...]). For smooth metric,
the only known upper bound result (n > 3) is due to R. Hardt and L. Simon
[11]. They proved that

H LN, < (eVA) Y

However this result is far from conjecture 1.2 and doesn’t seems to be op-
timal. Recently, several authors [4, 12, 19, 22] obtained some lower bounds
with polynomial decrease in .

Another interseting and related question is the description of the singular
set S, = N, NC, (some time called critical set or critical zero set) of solu-
tions to partial differential equations. We refer to [2, 8, 9, 10, 18] and the
references therein for further investigations. We only mentionned that S
has, in sufficiently favorable cases [8], Hausdorfl dimension not greater than
(n — 2) and that there exists an analog conjecture to (1.2) which can be
stated as follow in the particular case of equation (1.1) (see also [13, 18]) :

Conjecture 1.3.
H"2(S,) < O (1.3)

On the opposite, not much is known about the critical set C,,. We would
like to recall some principal facts. Generically eigenfunctions are Morse
functions [23] and therefore the critical set consits in isolated points. More-
over, D. Jakobson and N. Nadirashvili [16] have shown that there exists in
dimension two a sequence of eigenfunctions for which the number of critical
points is uniformly bounded. An open question is whether the number of
critical points goes to infinity with the eigenvalue for generic metrics [24].
The only known result in this direction (to the knowledge of the author) is
[26] where it is shown that there exists at least one non-trivial critical point.
On the other hand, there exists simple examples for which the critical set
has Hausdorff dimension n — 1 :



Example 1.4. Let (N, g) be a (n—1)—dimensional manifold and define M =
T! x N where T! is the 1—dimensionnal Torus with standard metric, and
M is equipped with the product metric. The function fi(z,y) = sin(27kx)
is an eigenfunction of Ay with eigenvalue A := 47w%k?. The critical set, Cy, ,
of fi is therefore a set of dimension n — 1.

It is also easy to find some surfaces of revolution with critical set of dimension
(n — 1), see [27] p 35. In the light of the above, it seems interresting to
obtain an upper bound on the (n — 1)—dimensionnal Hausdorff measure of
the critical set, which is achieved with theorem 1.1. One should also notice
that in example 1.4 one has H" !(C fe) = CV/\, where C' depends only on
M. Therefore the upper bound in theorem 1.1 is sharp.

The framework of this paper is the following. Recall that gradient of
eigenfunctions satisfies a sytem of linear partial differential equations of the
following type

AV+AV+A-V+B-VV =0,

where A + A acts diagonally on vector valued functions and A (resp. B)
isa (1,1) (resp. (2,1)) tensor which only depend on (M, g) but not on A.
Then, since C, is the nodal set of |Vu|, we will adapt the method of strong
uniqueness theory based on Carleman estimates to this system. Indeed
from a Carleman estimate on A + A we will be able to obtain the main
ingredient in the proof of theorem 1.1 : a doubling inequality on gradient of
eigenfunctions,

IVull g, < DV, (1.4)

In the case M is analytic this doubling estimate will lead to theorem 1.1 by
using an argument of Donnely and Fefferman, see [5] theorem 4.1. When
M is only assume to be smooth, we will also be able to give a local upper
bound of the same kind on H"~1(C,). To do this we will use a result of C.
Bér (lemma 3.1 of [2]), which gives, for smooth functions, a local control on
the measure of the nodal set by the vanishing order.

The paper is organised as follows. In section 2, we established a Carleman
estimate for the operator A 4+ A. In section 3 we establish our doubling
inequality (1.4). This relies on compactness of M and standard arguments
of quantitative uniqueness theory. Section 4 is devoted to derive estimates
on the measure of the critical set.

From now on and until the end we will assume that solutions of (1.1) are
non-constants or equivalently that the eigenvalue A satisfies A > 0.

Aknowledgement. I would like to thank Christian Bar for pointing out
useful references.



2 Carleman estimates

Recall that Carleman estimates are weighted integral inequalities with a
weight function e”®, where the function ¢ satisfy some convexity properties.
Before proceeding to the proof of our Carleman estimate on the scalar op-
erator A + A, let us define some standard notations. Fore a fixed point xg
in M, we let : » =r(z) = d(z,z0) the Riemannian distance from xy. We
denote by B, (xg) the geodesic ball centered at x( of radius r. We will denote
by || - || the L? norm, on eventually vector-valued functions, with obvious
interpretation. Let us first define the weight function we will use.

For a fixed number ¢ such that 0 < ¢ < 1 and Ty < 0, we define the function
fon]—o0,Ty[ by f(t) =t — €. One can check easily that, for |Tp| great
enough, the function f verifies the following properties:

1—eefo < fi(t) <1 Vte]— oo, Ty,

lim —e ' f"(t) = +oo. (2.1)
t——o0
Finally we define ¢(z) = —f(Inr(z)). Now we can state the main result of

this section:

Theorem 2.1. There exist positive constants Ro,C,C1,Cy which depend

only on M and e, such that, for any X > 0, any xg € M, any ¢ € (0, Ro),

any u € C3°(Bgy(w0) \ Bs(x0)) and any T > C1vV/X + Cy, one has
C HT‘2€T¢ (Au + )\u)H > s r%emjuH

T1+%6T¢V’U,H .

2.2
+7'(5Hr_167¢uH + r3 (22)

Remark 2.2. This Carleman estimate is quite standard. However in this
paper, an estimation including the gradient term in the right hand side is
useful. Though it can be obtained from previous Carleman estimates ([1],
[5] or [17] by example), we choose for the shake of completness to give a
proof.

The most important part to establish Theorem 2.1 is the following :

Lemma 2.3. There exist positive constants Ry, C, C1, Cy which depend only
on M and e, such that, for any A > 0, xo0 € M, u € C§°(Bpr,(z0) \ {zo})
and 7 > C1V\ + Ca, one has

C H?“ZemS (Au + )\u)H > 72

€ 1
r2eT¢’uH + 72

r“'%equH . (2.3)

proof of Lemma 2.3. Hereafter C, C, and ¢ denote positive constants de-
pending only upon M, though their values may change from one line to
another. Without loss of generality, we may suppose that all functions are



real. We now introduce the polar geodesic coordinates (r,#) near zg. Using
Einstein notation, the Laplace operator takes the form :

r2Au = r?0%u + r? (ar In(\/7) + — ; 1) dru + \%ai(ﬁwaju),

0
where 0; = 20 and for each fixed r, ~;;(r,0) is a metric on S*=1 and
v = det(vi).
Since (M, g) is smooth, we have for r small enough :
9-(v7) < C(yY) (in the sense of tensors);
0-(M)] < G (2.4)
cl<y < C

t

0 0
, we have el e_ta. Then the function u has supported in
r

] — 00, To[xS" L, where |Tp| will be chosen large enough. In this new vari-
ables, we can write :

Setr=ce

e*Au = 02u+ (n — 2 + 9n\/7)0pu + \%ai(ﬁ’yijaju).

The inequalities (2.4) become

o(v7) < Ce'(v¥) (in the sense of tensors);
0:(y)] < Cehs (2.5)
cl<y < C.

Now we introduce the conjugate operator :
L-(u) = e*e™A(e™%u) + e \u
= O0fu+ (27f +n—2+ &n\/7) du
+ (7’2]"’2 +7f"+(n—=2)1f + T@tln\ﬁf’> U
+ Agu+ e* ),

(2.6)

with

1 ii
Agu = ﬁai (\f’yfy ]8ju) )

It will be useful for us to introduce the following L? norm on |—oo, Ty[xS" 1
vig= [ V2SS dao,
]—o0,To[xSn—1

where df is the usual measure on S*~!'. The corresponding inner product is
denoted by (-, )¢ , i.e

(u,v) 5 = /uvﬁf'_?)dtdé?.
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We will estimate from below HLTUH; by using elementary algebra and inte-
grations by parts. We are concerned, in the computation, by the power of
7 and exponenial decay when t goes to —oo. First by triangular inequality

one has
1

L(u)|} > 51—, 9.7
1L ()ll7 = 5 (2.7)
with )

I = Ha'?u—i_QTf/atu—i_TZf/ZU—k)\€2tU+A9qu,

o = ||7fu+ (n=2)7fu+7dn/7f u (2.8)

+ (n—2)0u+ O In \ﬁ(‘)tqu )
We will be able to absorb IT later. Then we compute I :

I =1+ I+ I3,
with
L= [0Fu+ (72" + Xe?)u+ Agul?
I = |27f0ul} (2.9)
Iy = 2 <27 F'Opu, OFu + 72w + Aetu + A9u>f

In order to compute I3 we write it in a convenient way:
I3 =Ji + Jo + Js, (2.10)
where the integrals J; are defined by :

Ji o= 21 [ (|0l f° \Adtdd
Jo 47 [ f'oud; (An oju) £ dtdd (2.11)
Jy = [(273(f) 4+ 227 fe?) 2udpu ' /A dtdo.

Now we will use integration by parts to estimate each terms of (2.11). Note
that f is radial and that 20,ud?u = 9;(|0yu|?). We find :

Ji o= [y 0w\ Adtds
— [ 27 f'On /A |0l f /A dtd.

The conditions (2.5) imply that |0 In /4| < Ce’. Then properties (2.1) on
[ gives, for large |Tp| that [0;In /7| is small compared to |f”|. Then one
has

Jp > —m/ IF"] - [0l f~° \/Adtds. (2.12)
Now in order to estimate Jy we first integrate by parts with respect to 0; :

Jo = =2 [27f90unIduf \JAdtds.



Then we integrate by parts with respect to 0;. We get :

Jy = —4Tff”vij8iu8juf’73 VAdtdo
+ fQTflatln\ﬁ’yij@-uajufﬁSﬁdtd@
+ f 2Tf/3t(72'j)8zuajuf’_3ﬁdtd&.

We denote |Dgu|? = 9;uyd;u. Now using that —f” is non-negative and
is large, the conditions (2.1) and (2.5) gives for |Tp| large enough:

Jo > 37/ If"| - | Doul> " /ydtdb. (2.13)
Similarly computation of J3 gives :

J3 = =273 [ 9n(\/y)u*\/dtdd 514
=M [(4f —4f" 4+ 2f'0;In \ﬁ)egtUQf’fg\ﬁdth. (2.14)

Now we assume that
T > Cl\/X‘i‘CQ. (2.15)

From (2.1) and (2.5) one can see that if Cq, Cy and |Ty| are large enough,
then

J3 > —cr? / etul2f \/ydtds. (2.16)
Thus far, using (2.12),(2.13) and (2.16), we have :

I3 > 37 [|f"||Doul* f'° yAdtdd — er® [ e|ul>f"\/ydtdd 217
—cr [1f"10eul® f°/Adtde. :

Now we consider I :
2
I = H@fu—i— (sz"'2 + )\62t> u—+ Agqu.

Let p > 0 a small number to be chosen later. Since |f”| <1 and 7 > 1, we
have :

n>"’r, (2.18)
T
where I is defined by :
2
I = H\/W [8,52u + (7’2f’2 + /\th> u+ Agu} Hf (2.19)
and one has
Ii =K1+ Ky + Ky, (220)



with

K = ||V @+ ao)|
Ky — H\/W<T2f'2+)\62t>qu, (2.21)

)
Ky = 2 <(8t2u + Agu) "], (7’2f’ + )xezt> u>f )
Integrating by parts gives :
Ky = 2[ /(72" 4+ 2 |0l f" Adtdd
w2017 (721" A | By deas
=6 L (£ (P27 4 A) ) uuuyAf dtde (2.22)
w2 17 (72" 4 A OnyAdun s dtdd
2 77 (P27 4 A Dyl s,

Now since 20;uu < u? + |G;u|?> and 7 > C1v/A + Cy, we can use conditions
(2.1) and (2.5) to get
K3 > —CTQ/yf”y (10cul® + |Dgul® + |uf?) £ /Adtdo (2.23)
We also have
Ky > 7' / 7] a2 A dtdd (2.24)
and since K1 >0,

L > —per [|f"| (10wuf* + [Doul?) f° \/Adtdo
+ O [ " |ul2 " /Adtde.

Then using (2.17) and (2.25), we get :

(2.25)

I > 472 foul? + 37 [ |f"||Deul?f" \/Adtdo
+ C3p [ Jul? ' yAdtdd — er® [ etlul? £\ /Adtdd (2.26)
— per [ 1" (|u]? + |8yul? + |Doul?) £ /A dtdd '
— et [ "1l \/Adtde,
Now one needs to check that every non-positive terms in the right hand side

of (2.26) can be absorbed in the first three terms.
First fix p small enough such that

pCT/f" \Dyulf % dtdo < zT/W\ \Dyul2 " /A dtdo
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where ¢ is the constant appearing in (2.26). The other terms in the last
integral of (2.26) can then be absorbed by comparing powers of 7 (for Cs
large enough). Finally since conditions (2.1) imply that e’ is small compared
to |f”|, we can absorb —cr3et|ul? in CT3p|f"||ul?.
Thus we obtain :

I > C2 [|9uf° yadtdd + Cr [ |f"||Doul* f~° \/4dtdd

+ O3 [ |ul?f° \rdtdd

As before, we can check that II can be absorbed in I for |Ty| and 7 large
enough. Then we obtain

ILrullF > CT3 VIS ullF + CT2 01} + CTlIV/1 7| Doull}- (2.28)
Note that, since 7 is large and /|f”| < 1, one has
1Lrull; = CTV " ullF + erlV/1F718sul} + O] 7| DoullF,  (2:29)

and the constant ¢ can be choosen arbitrary smaller than C. If we set
v = e~ "%u, then we have

le*em(Av+Xo)l[F > O3/} — er® VI f e}
+ 57V 0w|F + CTlV/I1fe™ Dovl;
(2.30)

Finally since f’ is close to 1, one can absorb the negative term to obtain

(2.27)

@t o} = Cl I .
+ Ct|/|f" eT‘b@th% + C7|[/|f" eT‘ﬁngH?‘ ’

It remains to get back to the usual L? norm. First note that since f’ is
close to 1 (2.1), we can get the same estimate without the term (f’)~3 in
the integrals. Recall that in polar coordinates (r,6) the volume element is
r1 /Adrdf, we can deduce from (2.27) by substitution that :

[r2e™®(Av + Mo)r~ 2|2 > COr3|riemfur 3|2

+ Cr|r'tzemVor— |2, (2.32)

Finally one can get rid of the term Pz by replacing 7 with 7 + . Indeed
from e™r~ 2 = e("t3)%e =37 one can check easily that, for  small enough

%ewgw < e E < THD)9,

This achieves the proof of the first part of lemma 2.3. O

Now we can use the additionnal information about how far from the
origin supp(u) is, to proove theorem 2.1. This extra term will be useful in
section 3.



proof of Theorem 2.1. Suppose that supp(u) C Br, (o) \ Bs(z¢) and define
T1 =1Iné.

Cauchy-Schwarz inequality apply to
/ O(u®)e™t\/ydtdl = 2 / udpue ™t \/ydtdh,
gives

/ Oy (u?)e~t\/ydtd < 2 < / (6tu)26_tﬁdtd9>é < / u%—tﬁdtdef.

(2.33)
On the other hand, integrating by parts gives

/ o(u?)et\/ydtdl = / et /ydtdo— / et oy (In(y/7))/ydtdd. (2.34)
Now since |9;In /7| < Ce! for |Ty| large enough we can deduce :
/8t(u2)et\f’ydtd0 > c/u2et\ﬁdtd9. (2.35)
Combining (2.33) and (2.35) gives
02/u2e_tﬁdtd9 < 4/(8tu)2 e '\ /ydtdd
< 4eh / (Bpu)? \/ydtdb.

Finally, droping all terms except 72 [ [Qyu|* f’ _Bﬁdtde in (2.27) gives :

C'l > 7252\\6_%”?.

Inequality (2.27) can then be replaced by :

I > O [0l f yqdtdd + Cr [ |f"| - |Doul> "\ /7dtdd

- 2.36
+ CT3f|f//| . |u|2f/ 3ﬁdtd9+072621‘|u‘2f/*3\/,?dtd9 ( )

The rest of the proof follows in a similar way than the proof of Lemma
2.3. O

Now we will state a Carleman estimate for the operator A + A acting
on vector functions, which will be useful in the next section. For U €
CS°(Bpy(z0) \ {zo},R™), applying (2.3) to each components U’ of U and
summing gives :

10



Corollary 2.4. There exists non-negative constants Ry, C,C1,Co, which
depend only on M and ¢, such that :

For any o € M, any 6 € (0, Ry),any U € C5°(Br,(zo0) \ (Bs(zo),R™),and
any T > C1vV\ + Ca, one has :

£

CHT26_T¢(AU+>\U)H > 72 T2€_T¢UH

+T5H7“_1€T¢UH + 72

rH%eT‘z’VUH . (2.37)

3 Doubling inequality

In this section we intend to prove a doubling property for gradient of eigen-
functions. First we establish a three balls theorem :

Proposition 3.1 (Three balls theorem). There exist non-negative constants
Ry, ¢ and 0 < a < 1 wich depend only on M such that, if u is a solution to
(1.1) one has :

for any R such that 0 < R < 2R < Ry, and any x¢ € M,

IVull Br(zo) < ec(ﬁﬂ)Hqucég(mo)HVUHJIB_QJC:(QUO) (3.1)
Proof. Let z¢ a point in M and (x1,x2,- - ,x,) local coordinates around z.
Let u be a solution to (1.1) and define V' = (aa—;‘l, e ,i—:). Let Rp > 0 as in

theorem (2.3) and R such that 0 < R < 2R < Ry. We still denote r(x) the
riemannian distance beetween x and xy. We also denote by B, the geodesic
ball centered at xg of radius r. If v is a function defined in a neigborhood of
7o, we denote by ||v|| g the L? norm of v on Bg and by ||v||g, g, the L? norm
of v on the set Ag, g, == {x € M; Ry < r(z) < Ro}. Let ¢ € C§°(B2r),
0 < <1, a radial function with the following properties :

e Y(z)=0ifr(z) < & orifr(z) > %,
o Y(z)=1if & <r(z) < 3L,
o [Vi(a)| < F. [V*0(2)] < 1o
Now, applying 0 to each side of (1.1) gives
—Adgu + [A, OJu = Axu

where [A, k] is the commutator of A and 0. It is a second order operator
with no zero order term and with coeflicients depending only of M. The

function V = (%, e 2—:) is therefore a solution of the system :
AV AV + AV + B-VV =0 (3.2)

11



where A and B depend only on the metric g of M and its derivatives. Now
we apply the Carleman estimate (2.37) to the function ¥V, we get :

C

‘T%W(A(W)HW)H > 3

r%eT‘z’wVH

+7'RH7°*167¢1M/H + 72

rH%eT‘z’V(wV)H )
Using that V' is a solution of (3.2), we have :

OH 27 ( wAV+zpB-VV+2VV-V¢+A¢V)H > 3

r%eT¢¢V”

+ TR Hr_lemlﬁVH 72

r1+%eT¢V(¢V)H
Now from triangular inequality we get

C ||r2em (ApV +2VV - V)| > 72

riemyV]| - C ety av|

+ TR Hr‘lewz/)VH +72

eV Y| - oflrertus - vV

and
73 r1+%eT¢V(¢V)H > 73 |[p1+5 “f’wVH 1+zeT¢v¢VH
> r1+2eT¢wVVH — 72 7’2eT¢’VH
Then for 7 great enough and for sufficient small Ry ,
Cllr2er® (ApV +29V-vy)| = 7|l mopv |

+ TR ||7"*16*T¢¢VH + 73 ||rtses T¢¢vv”

In particular we have :
C|lr2e® (apy +2vv - vy)| = 7 eT%VH

Assume that 7 > 1 and use properties of v gives :

lemVligon < C(IeVie g +1emV]ise o )
372 4°3 2173 (3.3)
+ C <R||eT¢VV||%§ + R||eT¢VV||%%) .
Furthermore, since ¢ is radial and decreasing, one has
|7Vl an < C(DV ]k g+ CONV ] ar 50 )
372 273 (3.4)

+ C (Remld >uvvu§ + R CE) [TV a5 m )

w\:o

12



Now we recall the following elliptic estimates : since V satisfies (3.2) then
it is not hard to see that :

HVVH 1—a)R < C’< +\f> Vg, for 0<a<1 (3.5)

(1-a)R
Since [|e”*VV ||z r is bounded by ||e"*VV || &, using the formula (3.5) gives:
473 3
1
DIVl g <€ (5 +VR) DIV (36)
1°3 R
Similarly, we also have,
1
eT¢(%)]]VV||%7% <C (R + ﬁ) e |V |25, (3.7)
On the other hand, using properties of ¢ leads to :
eV iz sn > |7V iz p > PV 2 g (3.8)
Now using (3.6),(3.7) and (3.8) in (3.3) we get :
IVlla < CVA (DD |V 4 @)V g
Let Ap = gf)(%)—qf)(R) and B = —(gf)(%)—gf)(}%)). Because of the properties

of ¢, we have 0 < C; < Ar < (5 and 0 < Cy < Br < Cy where C; and C»
don’t depend on R. We may assume that Cv/X > 2. We can add ||[V||z to
3

each member and bound it in the right hand side by Cv e™||V ||z, for 7
2
large enough. Then replacing C by 2C gives :

IVie < CVA(e VI +e 5|V ]2r) (3.9)
Now we want to find 7 such that
. 1
VAP Vo < 5V

Since T must satisfy 7 > C1vV/\ + Ca, we choose

L[ ||VHR)
r=——In(—+ +COVAE Co. 3.10
<2cmvrm VAT Co (3.10)

Inequality (3.9) becomes

( 1 VIr

Vg < Cﬁ601ﬁ+026_?“n 20V uwm) Ve,
2

13



wich gives easily

_A _B
IV|lg < (O HC) a5 |y 248 | v/ B
2

Finally define oo = AJFLB gives easily
Vi < eCSﬁJFC‘jIIVH%RHVII%_“-

O]

From now on we assume that M is compact. Thus we can derive from
three balls theorem above uniform doubling estimates on gradient of eigen-
functions.

Theorem 3.2 (doubling estimates). There exists non-negative constants
Ry, C1, Cy depending only on M such that : if u is a solution to (1.1) on
M, then for any xqg € M and any r > 0,

IV By o) < €YVC2( V] 3, (0)- (3.11)

Remark 3.3. Using standard elliptic theory (see [7]) to bound the L* norm
of |[V| by a multiple of its L? norm and rescalling arguments gives for § > 0:

IV | oo (Bs (o)) < (C1A+ C2) 26 2||ull L2(Bys (20))
Then one can see that the doubling estimate is still true with the L* norm
IVl B ooy < €DV o, ) (3.12)
To proove the theorem 3.2 we need the following

Proposition 3.4. For any R > 0, there exists Cr > 0, such that, for any
xg € M one has :

IVl By = € SRV MV V| p2a).-

Proof. Let R > 0 and assume without loss of generality that R < Ry, with
Ry from the three balls theorem (theorem 3.1). Up to multiplication by
a constant, we can assume that ||[Vul|z2(p) = 1. We denote by T a point
in M such that ||[Vullp,z) = subPgem [|Vullgy@)- This implies that one
has [|Vul By, = Dr, where D depend only on M and R. One has from
proposition (3.1) at an arbitrary point x of M :

1
VUl By = €NVl o (3.13)

14



Let v be a geodesic curve beetween x and T and define xg = x, 1, ,Tm =
z such that x; € v and Br(2i+1) C Br(x;), Vi = 1,--- ,m. The constant
m depends only on diam(]\r% ) and R. Then the properties of (z;)1<i<m and
inequality (3.13) give for alli, 1 <i<m:

1
IVull 3y ey = e INally (3.14)

The result follows by induction and the fact that ||Vu| g, ) > Dr.
O

Corollary 3.5. For any R > 0, there exists a positive constant Cr depend-
ing only on M and R such that at any point xg in M one has

IVullz & > e CROD V0| 1200

)

[
o]

Proof. Let R < Ry where Rg is from the three balls theorem, note that
Ry < diam(M). Recall that we defined locally near a point zo the set A, ,
by {x € M;r < d(xz,z9) < r2)}. As M is geodesically complete, there
exists a point 1 in A%,? such that B, (%) C A%% From proposition 3.4

one has ||Vullg , (z;) > e‘CR(ﬁH)HVuHLQ(M) wich gives the result. O

1
Proof of theorem 3.2. We proceed in a similar way than the proof of three

balls theorem except for the fact that we want now one ball (i.e. d below)

to be arbitrary small in front of the others. Let R = % where Ry is from

the three spheres theorems, let § such that 0 < d < 2§ < 36 < % < % < R,
and define a smooth radial function v, with 0 < <1 as follows:

e Y(x)=0ifr(z) <dorr(z) >R,

o w(x):lif%é<r(a:)<§,

o |Vy(z)| <& if r(z) €[5, %5] and |Viy(z)| < C if r(z) € [§, R],

o |V2¢(z)| < 6% if r(z) €[4, %5] and |V2y(z)| < C if r(z) € [£, R].

Keeping appropriates terms in (3.3) gives :

Ir2e™®yV | + 7o|lrLem V|| < C (|r2e™VV - Vi + [[r2e™®ApV|))
< %||7“267¢VV||575T5 +C||eT¢VV||%R
+ 5%||r2eT¢’VH5’% —i—CHeT‘z’VH%R.

Using properties of ¢ we obtain,

15



Ir2e™V ||ss 45 + Ir2e™V| s &
1 51
+ 7'5||’I“_1€T¢V||@ a5+ 75||r_1eT¢V||E R
47 8’4
C 1,2
< Flr er’VVH&% —l—C’HemL’VVH%R
+ 5Q2HT2€WVH6,%5 + C||eT¢V||§7R.

Now we drop the first and last terms of the left hand side to get :

P27Vl s+ 1V 1355 < C (Se7TV [0 + €79V |5 )
k) 4 ) )
+ C(Her)V”(g,% + ||€T¢V||§,R) .

Since R and e are both fixed we can replace, up to a change of constant,

|r2e™®V ||z & by ||e"®V| & &. Then using elliptic estimates (3.5) and prop-
84 874

erties of ¢ gives,

1€V || & & + [|€7®V || 35 < CVA (67¢(6)|l Vs 35 + e | V]| @>
874 4 R 372 573
+ CVA (€T¢(5)||VH5 55 + €T¢(§)||VH§ R) ’
4 ’

This leads easily to

DIV g 5+ PPVl 55 < OVA (PO g+ DV )

Adding €739V |55 and absorbing it in the right hand side by e™@)|[V/|| 55
: 2
gives
FHDIV | g 5 + OV las < OVE (0| g + oDV ]]5g )
874

Now we want to choose 7 such that

1
CVATH DV |an < 5DV o n.

874

For the same reasons than before we choose

1 1 ullz =
= 1 501 CiVA + Co.
7 ¢<§>—¢<E>“<zm rru!@)* AT

Define A = (¢(%) — gb(%))*l; like before one can assume without loss that

—A is positive and independent of R. Then,

R
DV 25+ |V [l35 < CVATD V]| 35.

16



One can then ignore the first term of the right hand side to get :

IVilr r

Aln<2c1ﬁ TVl
TGNV |35 < CV A e ot

Ve r\*
< C\/X 8’4 .
[V][ss < e <||V|55 V][22

)+C1\a
Vs

Finally from corollary 3.5, define r = 37‘5 to have :

IV ]l2r < COMD Y,

Thus, the theorem is proved for all r < }f—g. Using proposition 3.4 we have
Ry .
for r > 18
IVellpayey > 190l no,
> e OVl gy > e DT, .
O

4 Measure of the Critical set

From here we will follow the method of Donnelly and Fefferman [5] to es-
tablish an upper bound for the (n — 1)-dimensionnal measure of the crit-
ical set of eigenfunctions. We will assume from now, unless stated differ-
ently, that M is analytic and X is sufficienty large (A > 1). Recall that
Ny, ={ze€M:ux)=0} and C, = {x € M : Vu(z) = 0}. Define B¢(r)
the complex ball :

Be(r) ={z€C": |z| <r}

and B(r) the standard ball in R™ centered at 0 of radius . The main point
to deduce from our doubling inequality (3.11) an estimate on the Hausdorff
measure of the critical set is the following result of Donnelly and Fefferman:

Theorem 4.1 ([5] p. 180). Let F' be an, non-zero, holomorphic function on
Be(1) and suppose there exists o > 1, such that

max |F| < e® max |F|,
)

Be(1) B(3

H (NF N B <i>> < Ca.

where N is the zero set of F in R™ and C a constant depending only on
the dimension.

then

17



Let u be a solution to (1.1). Fix zyp in M and consider (x1,--- ,x,) a chart
around xg. We assume that the chart contains the euclidean ball By. We

define
F(z)=)_

i=1
In this chart the nodal set of F' is the critical set of . One has :

ou |?

81‘1'

)

Proposition 4.2. The function F can be extended to an analytic function
on Be(1) and :

1Pl o ey < €V Il pogsinyy

where C is a constant depending only on M.

Lemma 4.3. Let u be an eigenfunction of the laplace operator on B(1), for
all multi-index B, with |5] > 1 one has :

1D%u(0)] < BV [T (4.1)

e (5(5h)
where Cy is a constant small enough.

Proof of lemma 4.3. Like in [5], this result can be obtained by rescaling
the equation and using the hypoellipticity proof ([14], p.178) for an elliptic
operator whose coefficients have uniform bounded derivatives.

Indeed, note first that we may assume ||Vu| foc(asy = 1. Now writing in our
local chart A =37, |, /<2 aaD* and consider the function uy(z) = u(%x),
where C7 will be fix below. One can see that u) is a solution to the elliptic
equation

Pyuy = uy

with P)\ = 21S|a‘§2 ba_Da and

lo|
AT Chz
bo(z) = ——dq ( ) .
o VA

A short computation of DPb,, gives for C; small enough and any multi-index

B:
sup |DPby (z)] < ColB!, V1< |a| <2
B1

where Cs is a constant depending only on M. Then one can use the hy-
poellipticity proof [14] with simple modifications to get for any multi-index
B with |5] > 1:

|DPuy(0)] < APl

18
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Proof of proposition 4.2. Expanding V = €Y in its Taylor series

. 8z’ 0 x,

gives

za

V(z)= Y =D*V(0),
a!
>0

where for a = (aq, -+ ,ay) in N® and z = (21, , 2,) in C" we have set
2% = 229?20 and ol = aglag! - - o). Now using (4.1) and summing

a geometric series gives for a constant p small enough

sup |V(z)|<C sup [V(x)]. (4.2)
Be(0,4%) B(0,5%)

Then by translating, in the complex ball B¢ (1), the equation and iterating
the estimate (4.2) a multiple of v/ times one has

¥z € Be(1), [V(2)] < CV sup [V ()|

B(2)
This implies
sup [F(2)] < eV sup [F(x)| (4.3)
Be(1) B(2)
which gives proposition 4.2 by using doubling inequality (3.11). O

Proof of theorem 1.1. Let u be a solution to (1.1), let 79 > 0 a fixed number
not larger than the injectivity radius of M and p a arbitrary point in M.

Let consider (x1,x2,- -+ ,x,), a normal chart around p. By proposition 4.2
2

satisfy the hypothesis of theorem 4.1. Then

one has that F' = Z

ou
i=1..n
since the nodal set of F' is the critical set of v one has

H" 1 (Cy N B(p, o)) < CVA (4.4)

where C' depends only on r¢ and M.
The Theorem 1.1 follows by a covering argument since M is compact. [

In the case of a smooth manifold, we can obtain a local version of theorem
1.1:

Theorem 4.4. Let M be a n-dimensionnal, smooth, compact, connected
manifold. There exists C' > 0 depending only on M such that for any non-
constant solution u to (1.1), any point xq in M, there exists ro such that

H"L(Cu N Blxo, 7)) < CVA,  for r € (0,70)

where Cy, is the critical set of u.
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Proof. Tt is well known that the doubling estimate (3.11) implies that the
vanishing order of gradient of eigenfunctions is everywhere less than Cv/\.
Then theorem 4.4 follows from lemma 3 of [2] .However there is no control
on the radius rg. ]

Remark 4.5. It seems natural to assume that the estimates H" 1(C,) <
cvV \ is still true for the global measure of the critical set in the case that M
is only smooth.

References

1]

N. ARONSZAIJN, A unique continuation theorem for solutions of elliptic
partial differential equations or inequalities of second order, J. Math.
Pures Appl. (9), 36 (1957), pp. 235-249.

C. BAR, Zero sets of solutions to semilinear elliptic systems of first
order, Invent. Math., 138 (1999), pp. 183-202.

L. A. CAFFARELLI AND A. FRIEDMAN, Partial reqularity of the zero-set

of solutions of linear and superlinear elliptic equations, J. Differential
Equations, 60 (1985), pp. 420-433.

T. COLDING AND W. MIiNICOzzI, Lower bounds for modal sets of
eigenfunctions, Communications in Mathematical Physics, 306 (2011),
pp. 777-784.

H. DoNNELLY AND C. FEFFERMAN, Nodal sets of eigenfunctions on
Riemannian manifolds, Invent. Math., 93 (1988), pp. 161-183.

—, Nodal sets of eigenfunctions: Riemannian manifolds with bound-
ary, in Analysis, et cetera, Academic Press, Boston, MA, 1990, pp. 251—
262.

D. GILBARG AND N. S. TRUDINGER, Elliptic partial differential equa-
tions of second order, Classics in Mathematics, Springer-Verlag, Berlin,
2001. Reprint of the 1998 edition.

Q. HAN, Singular sets of solutions to elliptic equations, Indiana Univ.
Math. J., 43 (1994), pp. 983-1002.

Q. HAN, R. HARDT, AND F. LIN, Geometric measure of singular sets
of elliptic equations, Comm. Pure Appl. Math., 51 (1998), pp. 1425—
1443.

R. HArRDT, M. HOFFMANN-OSTENHOF, T. HOFFMANN-OSTENHOF,
AND N. NADIRASHVILI, Critical sets of solutions to elliptic equations,
J. Differential Geom., 51 (1999), pp. 359-373.

20



[11]

[12]

[13]

[14]

[15]

[16]

[17]

R. HARDT AND L. SIMON, Nodal sets for solutions of elliptic equations,
J. Differential Geom., 30 (1989), pp. 505-522.

H. HEzARrI AND C. D. SOGGE, A natural lower bound for the size of
nodal sets, ArXiv e-prints, (2011).

M. HOFFMANN-OSTENHOF, T. HOFFMANN-OSTENHOF, AND
N. NADIRASHVILI, Critical sets of smooth solutions to elliptic equa-
tions in dimension 3, Indiana Univ. Math. J., 45 (1996), pp. 15-37.

L. HORMANDER, Linear partial differential operators, Die Grundlehren
der mathematischen Wissenschaften, Bd. 116, Academic Press Inc.,
Publishers, New York, 1963.

—, The analysis of linear partial differential operators. I, Classics
in Mathematics, Springer, Berlin, 2007. Pseudo-differential operators,
Reprint of the 1994 edition.

D. JAKOBSON AND N. NADIRASHVILI, Eigenfunctions with few critical
points, J. Differential Geom., 53 (1999), pp. 177-182.

D. JErRISON AND G. LEBEAU, Nodal sets of sums of eigenfunctions,
in Harmonic analysis and partial differential equations (Chicago, IL,
1996), Chicago Lectures in Math., Univ. Chicago Press, Chicago, IL,
1999, pp. 223-239.

F.-H. LIN, Nodal sets of solutions of elliptic and parabolic equations,
Comm. Pure Appl. Math., 44 (1991), pp. 287-308.

D. MANGOUBI, A remark on recent lower bounds for nodal sets, ArXiv
e-prints, (2010).

R. REaBAoOUIL, Unique continuation for differential equations of
Schradinger’s type, Comm. Anal. Geom., 7 (1999), pp. 303-323.

C. D. SOCGGE, Strong uniqueness theorems for second order elliptic
differential equations, Amer. J. Math., 112 (1990), pp. 943-984.

C. D. SOGGE AND S. ZELDITCH, Lower bounds on the Hausdorff mea-
sure of nodal sets, Math. Res. Lett., 18 (2011), pp. 25-37.

K. UHLENBECK, Generic properties of eigenfunctions, Amer. J. Math.,
98 (1976), pp. 1059-1078.

S. T. YAu, Problem section, in Seminar on Differential Geometry,
vol. 102 of Ann. of Math. Stud., Princeton Univ. Press, Princeton,
N.J., 1982, pp. 669-706.

21



[25]

S.-T. YAU, Open problems in geometry, in Differential geometry: par-
tial differential equations on manifolds (Los Angeles, CA, 1990), vol. 54
of Proc. Sympos. Pure Math., Amer. Math. Soc., Providence, RI, 1993,
pp. 1-28.

S. T. YAU, A note on the distribution of critical points of eigenfunc-
tions, in Collection of papers on geometry, analysis and mathematical
physics, World Sci. Publ., River Edge, NJ, 1997, pp. 173-175.

S. ZELDITCH, Local and global analysis of eigenfunctions on Rieman-
nian manifolds, in Handbook of geometric analysis. No. 1, vol. 7 of Adv.
Lect. Math. (ALM), Int. Press, Somerville, MA, 2008, pp. 545-658.

22



