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I. Introduction

ce particles in cloud are a known icing threat to commercial aviation 1 when present in large number and mass concentration during all phases of flight above the freezing level. Natural atmospheric phenomena such as the uplift of low level air with high water vapor content to the upper troposphere generally produce considerable concentrations of ice particles ranging from few tens of micrometers up to several millimeters in size. High ice water content areas resulting from these large concentrations of ice crystals may have adverse effects on aircraft: ice crystal icing events in engines and air data probes have been reported in such areas 2 , while these severe icing areas remain undetectable with current on-board technologies due to the low cloud reflectivity [3][4] .

In 2004, the Engine Harmonization Working Group (EHWG), composed of aircraft engine manufacturers and airframers, aviation regulators, and government agencies involved in aircraft icing research, was formed to investigate issues related to mixed-phase and glaciated cloud icing. The issue of ice crystal icing became the central focus. The EHWG examined current regulatory guidelines, and concluded they had unknown accuracy and were no longer traceable. The EHWG proposed a new interim ice crystal envelope 5 "Appendix D" based on engine power-loss event data, downscaled theoretical maximum expected adiabatic water content values, and the most extensive data available at the time from the 1950s. The interim envelope was part of a new certification rule for supercooled large drop, mixed phase, and ice crystal icing conditions that was put into law by the FAA and EASA in 2015. The rule also contained guidelines for ice particle size based on the limited amount of information available at the time. The EHWG further recommended new flight campaigns with in-situ measurements to assess the interim Appendix D envelope. Subsequently, the in-situ data have been collected in 3 flight campaigns, the first two from an international collaboration of the High Altitude Ice Crystals 6 (HAIC) and High Ice Water Content 7 (HIWC) projects started in 2012, and the third from an independent HIWC project focused on pilot radar technology. The resulting data, mostly from high IWC areas in tropical Mesoscale Convective Systems, are now being studied as part of the Appendix D assessment, and for general research on ice crystal icing. The new Appendix D envelope will be used to develop means of compliance for the certification of engines and other aircraft subsystems. Another objective of the European HAIC project is to improve understanding of the ice crystal icing phenomena through the development of both experimental devices and numerical models of ice accretion. In this context, another desirable outcome of the HAIC/HIWC in-situ measurement data set is the retrieval of ice particle mass-related properties that could be very useful for both ice particles trajectory and accretion models, and icing wind tunnel calibration.

Different techniques to retrieve ice particle mass-related properties from in-situ measurements have been published over the last few decades. In this paper, two mass retrieval methods, one following the state-of-the-art power law approach and the other based on a recently developed inverse problem approach, are applied to a set of in-situ measurements extracted from the HAIC/HIWC dataset. The dataset is presented in section II and the two methods are introduced in section III. In section IV, the results are compared with emphasis on two quantities: the ice particle effective density (ρeff) and the Median Mass Diameter (MMD).

I

II. HAIC/HIWC in-situ measurements and data processing

The HAIC/HIWC data set was collected in deep convective clouds ranging in size from individual cumulonimbus to large Mesoscale Convective Systems (MCSs), the latter being the primary target and providing the majority of the data. The in-situ data were collected from the SAFIRE (Service de Avions Français Instrumentés pour la Recherche en Environnement) Falcon-20 (F20) aircraft in the Darwin-2014 8 campaign, and by the F20 and the National Research of Canada (NRC) Convair-580 in the Cayenne-2015 9 campaign.

The purpose of this technical study, being the comparison between two mass retrieval methods rather than an exhaustive analysis of the HAIC/HIWC data set, the analysis of this study is limited to the data points collected during one single flight performed on February 7 th 2014 in an oceanic MCS near Broome, Australia. During this flight, labelled Darwin #16, the F20 research aircraft flew several legs at the -38°C temperature level, resulting in 2110 5second average data points. In Fig. 1 the 3-hour flight pattern is superimposed on a color-enhanced infrared satellite image of the sampled MCS. The white areas in the images represent cloud tops that have reached approximately the -80 °C or colder.

The state-of-the-art instrumentation package installed on the F20 included the IsoKinetic evaporator Probe (IKP-2, bulk IWC reference instrument) [10][11] and two Optical Array Probes (OAP), the 2D-Stereo (2D-S) 12 and the Precipitation Imaging Probe (PIP) 13 . IWC values were calculated by substracting background humidity from the total water vapor measured by the IKP-2 after evaporation of all condensed particles. Due to errors associated with this background humidity subtraction, data points with IWC value lower than 0.1g.m -3 were discarded for this analysis. In addition, the data were restricted to periods of level flight.

The 2D-S and PIP produce monochromatic 2D images of ice particles: their size ranges are 10 µm -1280 µm and 100 µm -6400 µm, with a resolution of 10 µm and 100 µm respectively. OAP images are processed so as to discard data corrupted by splashing/shattering artifacts, to correct out-of-focus images, and to reconstruct truncated particles, as detailed in ref. 14. Then images are analyzed in order to retrieve geometrical quantities of individual particles such as projected area, perimeter or maximum dimension. Particles are then binned into size classes according to a size parameter. In this study we use the equivalent area diameter Deq, defined as the diameter of a circle having the same area as the particles's shadowed pixels , and PSDs span from 10 µm up to 12850 µm. Such a large size range is obtained by merging the 2D-S and the PIP data into a composite PSD where 2D-S data are used below 800 µm, PIP data above 1250 µm, and a weighted average of both probes data is calculated for the 800-1250 µm overlap. The resulting composite PSD has 240 size bins with a bin width of 10 µm from 15 µm to 1250 µm and a bin width of 100 µm from 1250 µm to 12850 µm. Once all filters are applied, there are 1051 5-second average coincident and collocated IWC and PSD in-situ measurements to support the comparative study. The main characteristics of this data set are summarized in Table 1: In the following, we note N = 240 the number of size bins and P = 1051 the number of data points available in the Darwin #16 set. 

III. Mass retrieval from PSD and IWC in-situ measurements: presentation of the two methods

The need for the size dependent parametrization of the mass of ice particles is particularly important for the development of atmospheric numerical models in which mass related properties are a key module. In order to estimate ice particle mass from in-situ measurements, many studies have been published over the last decades: one can refer to the literature review provided in ref.14 for references to state-of-the-art techniques. In summary, almost all of these methods make the assumption that m-D relationship conforms to a power law. In section III.A, one of these state-ofthe-art methods is presented. It has been developed recently for the HAIC project and serves as baseline method in this comparative study. The second method uses a recently proposed non-standard approach 15 , in which the mass retrieval is formulated as an inverse problem, as further detailed in section III.B. The new results produced by the latter approach need to be compared to those of the standard approach to evaluate the method's efficacy and any improvements it may offer.

A. Power Law Approach

The first method (henceforth Method A) is adapted from the retrieval method published in ref.

14. The original method was selected as the reference state-of-the-art method for three reasons:

• it uses the same in-situ measurements described above (PSD, IWC) as the other method, such that there is no instrumental bias in the comparison, • the m-D relationships are established with PSD based on Deq, as for the other method,

• the m-D relationships were developed using the HAIC data set, i.e. for the same clouds and atmospheric conditions as the other method, such that there is no environmental bias in the comparison.

This method follows an approach classically used in the atmospheric science literature in which a power law is used to describe the dependence of ice particle mass on size. For each 5-second average data point, a relation written = • is applied and a two-fold technique is used to compute the ( , ) pair from OAP images and IWC values: 1) The exponent is calculated from σ and τ, dynamically calculated exponents of the area-and perimeterdimensionnal relationships based on real-time 2D imagery where: = 1.956 -1.038 2) The prefactor is then derived as the value that equalizes the IWC value calculated from PSD and m-D relationship to the reference value measured by the IKP-2 instrument.

This method produces as many m-D relationships as there are data points. To allow for a meaningful comparison of integrated IWC values with the other method, method A is adapted so that all 1051 relationships established from Darwin #16 data points are reduced to a unique m-D relationship: = • . This is done in three steps:

1) For each bin of the PSD, the mean mass is calculated by averaging the P masses predicted by the ref. 14 m-D relationships:
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2) The mean masses for each size bin from equation (1) $ " & " , ⋯ " -% are plotted against size in a log-log scale.

3) A least square fitting is calculated and the two scalars α, β are calculated from the slope and intercept of the linear fit. Figure 2 shows the discrete mean masses plotted against size in log-log scale, as well as the linear model. The shaded area delineates the minimum and maximum mass values found in each bin and illustrates the variability in mass that results from the 1051 different m-D relationships established dynamically by the original power law technique.

B. Inverse Problem Approach

The second method (henceforth Method B) assumes that particles in a PSD bin can be approximated by a "reference mass". As a result, N unknown independent masses have to be retrieved. This is done by setting a linear system of equations that relates these masses to in-situ measurements, as formally written in the matrix equation (3):

:; . = <=> (3) where:

:; is a × : matrix in which 5-second average PSDs are vertically concatenated, = $ & , ⋯ -% @ is the vector of reference masses to be retrieved. They are in ascending order such that & and -are the reference masses of the first (smallest particles with 89 = 15μ ) and last bin (largest particles with 89 = 12 800 μ ), respectively, <=> is the vector of P 5-second average IWC values measured by the IKP-2 reference instrument.

As detailed in ref.

15, the retrieval process consists of solving the inverse problem by minimizing a composite criterion:

B$ % = ‖:; • -<=>‖ , + E • F$ % (4) 
where:

E is a regularization parameter F$ % is a regularization term In summary, both methods take PSD and IWC in-situ measurements as input but use them in a different manner. In the first method, the power law approach relates mass and diameter with an equation, = 0.0257 • ,.456 , where coefficients are derived by averaging the explicit m-D power law relationships retrieved dynamically along the flight path as per ref.

14, but the mass as a function of size must vary according to the power law. In the inverse problem approach, a vector of independent size-resolved reference masses is produced, which is not dependent on any fixed relationship such as a power law. This vector is computed by solving a system of linear equations written from a set of several data points considered all at once.

IV. Results and Discussion

A. Ice particle mass and IWC retrieval

In Fig. 3 the particle masses retrieved with the two methods are plotted against size on a log-log scale. For small particles (Deq < 500 µm), both methods produce comparable mass values although the slope predicted by Method B is slightly higher. Mass values are almost identical within the 100 < Deq < 200 µm size interval. Major differences appear for particle sizes above 500 µm, where the two curves differ significantly. Method B reveals a noticeable transition in the 500 < Deq < 1300 µm size range, where the variation of mass with size changes towards what seems to be a second regime between 1300 < Deq < 12800 µm. In this segment, the masses retrieved with Method B are consistently smaller by a factor of 3 than those predicted with Method A. The discontinuity at about 1300 µm may be instrumental, due to the switchover from data collected at 10 µm resolution (2D-S) to 100 µm resolution (PIP). The quality of the mass retrieval can be indirectly estimated by assessing how IWC values calculated from number PSD and the retrieved masses (IWCcalc) compare to the reference IWC values measured by the IKP-2 instrument. To do so, the ratio of calculated to measured IWC values is computed for each 5-sec data point and its frequency distribution is plotted in Fig. 4.

The IWC calculated with Method B demonstrate a much better agreement with the measured IWC as its frequency distribution is narrower. Both Method A and B distributions are centered around unity but Method A yields a slight overestimation of IWC values (the mean of these ratio is 1.07 for Method A). In contrast, this bias is hardly noticeable in the Method B (less than 1%). Calculation of the Mean Absolute Percent Error (MAPE), defined in Eq. ( 5 (5)

B. Effective density

In the context of illustrating Method B's potential improvement in defining properties of natural ice particle populations, perhaps most striking is the comparison of the ice particle effective density retrieved by both methods. The variation of effective density with size, defined as the particle mass divided by the volume of an equivalent diameter sphere, is strongly constrained when a power law is assumed for the m-D relationship: it can be derived analytically as

S 8TT = 5U V 3W .
By searching for independent size-resolved particle masses, the variation of effective density versus size for the Method B formulation is much less constained because it is not forced to fit within any pre-assumed m-D relationship. This is clearly illustrated in Fig. 5, where the effective density computed from both methods is plotted against size. Due to the constraints of the m-D relationship for Method A, its effective density is a regular polynomial curve as expected. Effective density values decrease from 0.81 g.cm -3 to 0.044 g.cm -3 as particle size vary from 15 µm to 12.8 cm. In contrast, one can see that the curve produced by Method B shows pronounced variations and distinctive regimes as already noted when discussing Fig. 3. The effective density decreases from 0.67 g.cm -3 to 0.32 g.cm - 3 as size increases from 15 µm to 300 µm. The 300 < Deq < 1300 µm size interval seems to be a transition regime where the effective density of ice particles decreases markedly from 0.32 g.cm -3 to 0.034 g.cm -3 . Then a third regime is reached for large particles (Deq > 1300 µm), where the effective density values slowly decrease down to approximately 0.012 g.cm -3 (Deq=12.8 cm). Currently, there are a few caveats associated to these very new, but preliminary results: first sensitivity studies of the influence of the regularization term definition on Method B reveals that the effective density values computed for the smallest size bins below 300 µm (and above 4000 µm to a lesser extent) do vary depending on the regularization value. However effective density values calculated for 300 < Deq < 4000 µm are quite insensitive to the regularization values tested. Although further investigations need to be conducted to confirm these preliminary results, the authors believe that the irregular shape of the Method B effective density curve, where quasi-constant values have been found to persist over quite wide size intervals may be more realistic than the regular polynomial curve produced by Method A. As shown in ref. 15, ice particle effective density is mostly controlled by the crystal habits, and effective density curves with plateau-like regimes have been produced with simulated crystal populations composed of different crystal types. Observation of cloud ice particle images reveal that some crystal habits can dominate particular size intervals. Such complexities of true ice crystal populations would be best captured by the less constrained Method B.

C. Median Mass diameter

The Median Mass Diameter (MMD) is a simple yet useful parameter to describe the microphysical properties of ice particle populations. It is defined as the diameter that splits the cumulative mass distribution in half: half the mass resides in particles with Deq < MMD, and the other half in particles with Deq > MMD. The EHWG concluded that cloud particle size may play a role in engine icing, in that smaller ice particles may produce conditions in the engine more conducive to initiating ice accretion. However, this remains a topic of debate due to the perhaps over-riding mechanical breakup of particles in the engine. The new Appendix D envelope contains particle size guidelines that were based on the limited amount of information available at the time of its creation. The flight campaign data will provide more realistic MMD values, computed using the methods described in ref. 9, that may provide superceding values to be used in establishing certification means of compliance. MMD is a key parameter in numerical models 16 and experimental setups used to study ice accretion mechanisms within engine modules. Hence the need for an accurate characterization of the MMD from in-situ measurements. In this section, MMD obtained with the original method of ref. 14 are compared to those retrieved with Methods A and B described above. The three methods used to compute MMDs are again listed below (p is the sampling point index varying from 1 to P = 1051): 4 indicates that for both methods there are some points where the retrieved IWC value significantly differs from the IKP-2 reference value. For these data points, the calculation of MMD might either be impossible (if <=> [\][ < ½ <=>) or unreliable (<=> [\][ ≫ <=>% leads to artificially large MMDs). To provide a fair comparison between both methods, the comparison is done on a subset of points for which both methods perform best: in this section, we only consider data points where the calculated IWCcalc,p values estimated from Method A and Method B match the respective IWCp measurements within 20% (632 points out of 1051). In Fig. 7, MMDs are plotted against the measured IKP-2 IWC. The results from all three methods reveal a general tendency for MMD values to decrease with increasing IWC, as already reported in ref. 8-9. Finally, the MMD retrieved from Method B are plotted against those of Method A in Fig. 8. Method B values are consistently about 20% lower than those of Method A. As shown in Table 2, the MMD median and mean values are 385 and 386 µm (Method B) and 455 and 469 µm (Method A), respectively. The median and mean values calculated from the Leroy 2016 method are 430 and 458 µm, lying in between those of methods A and B. The choice of the mass retrieval method undeniably impacts the MMD values. On the one hand, MMDs calculated with Method B benefit from an effective density versus size relationship that arguably better accounts for ice cloud microphysical properties. On the other hand, MMD calculated with Leroy 2016 are based on dynamically produced m-D relationships that are not averaged over time, but changes in effective density with size are in practice more limited due to the power law assumption. At this stage, it is hard to state which method yields the most accurate values Ice particle properties are of fundamental importance in understanding the evolution and interactions of the microphysics of clouds. Measurement methods for the characterization of ice particle populations have not been fully developed by the atmospheric research community, and the variation of effective density with size is particularly poorly understood and has received little attention due to the complexity of the problem. This importance to fundamental atmospheric science research, and the key role of MMD values to these recent aviation applications underscores the need for further exploration of the new technique decribed in this article.

V. Conclusion

This paper presents a comparison between two techniques used to retrieve ice particle mass spectra and derived quantities from coincident and collocated PSD and independent bulk IWC in-situ measurements. Whereas the first method assumes a power law form for the mass-diameter relationship, an assumption that has been used for decades in the atmospheric sciences, the second method based on the inverse problem formulation leverages optimal use of the in-situ measurements to remove such specific functional constraints.. Both methods are tested on data from a single flight in an oceanic MCS with an IWC mean value in excess of 1.0 g.m -3 , sampled during the HAIC/HIWC Darwin-2014 flight campaign. Results reveal significant differences in PSD mass-related quantities retrieved by the two methods. First, the method based on the inverse problem formulation yields a much better agreement between calculated and independently measured IWC values, with the mean error decreased from 19% to 10%. The choice of the retrieval method impacts the effective density, an important parameter used in ice accretion and particle trajectory models. Qualitatively the particle effective density with the second method, where there is no pre-determined functional form for density variations, was found to vary with size in a quite irregular manner with complexities not captured by the first method, where a regular polynominal decrease of density with size is imposed. MMD values were found to differ by 20% depending on the method, with the new method providing the lowest values. Further investigations are necessary in order to determine which method produces the more accurate mass spectra and derived MMD values, given their importance in aviation and general atmospheric science applications.
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 1 Figure 1. Satellite image of the MCS sampled during Darwin #16 flight
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 2 Figure 2. m-D relationship found with the power law approach.

  ), confirms the superior Method B results for IWC retrieval: the MAPE obtained with Method B (10.5 %) is almost half of that of Method A (19.3 %).
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 3 Figure 3. Particle mass against size. Figure 4. Accuracy of the IWC reconstruction.
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  ref. 14 ("Leroy 2016" below):GG ) = YZ:; ) , = ) • * , <=> [\][,) ≈ <=> ) _ • Method A (adapted from Leroy 2016): GG ) = YZ:; ) , = 0.0257 • ,.456 , <=> [\][,) _ • Method B (Inverse Problem approach): GG ) = YZ:; ) , = $ & , ⋯ -% , <=> [\][,)_ Both Method A and Method B compute the MMD from the cumulative mass distribution and the independent IWC reference (measured) value of the IKP-2. The error diagram given in Fig.
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 5 Figure 5. Particle effective density against size
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 6 Figure 6. MMD time series Figure 7. MMD as a function of measured IWC

Table 1 . Characteristics of Darwin #16 data set

 1 

	Flight ID	Date, Location	Cloud type	Temperature level	IWC values	Data points
				Mean (std. dev.)	min/mean/max	(#)
				(K)	(g.m -3 )	
	Darwin #16	07 th February 2014 Broome, Australia	Oceanic MCS	236.1 (0.363)	0.1 / 1.07 / 2.75	1051

Table 2 . Statistical values for the retrieved MMD.

 2 

					Statistical values		
			Min	25 th percent.	Median	Mean	75 th percent.	Max
	Method	Leroy 2016 Method A Method B	150 205 215	379 395 345	430 455 385	458 469 386	534 530 425	873 805 695
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