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Abstract

We study the weighted bootstrap of the empirical process indexed by
a class of functions, when the weights are allowed to be data dependent.
In addition to the classical one, we also consider three weighted bootstrap
new methods based on the raking-ratio process using an auxiliary infor-
mation on N partitions. Assuming entropy conditions like VC dimension,
we use nonasymptotic strong approximation arguments to characterize the
joint limiting Gaussian processes of b, bootstrap experiments and to eval-
uate the rate of weak uniform convergence as b, — 400 with the initial
sample size n — +00. Berry-Esseen bounds for bootstrapped statistics
follows. This justifies the weighted bootstrap methodology to estimate
the distribution of raked statistics, in particular their lower variance and
smaller confident bands.

Keywords: Weighted bootstrap, Uniform central limit theorems, Non-
parametric statistics, empirical processes, raking ratio process.
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1 Introduction

1.1 The classical bootstrap

Presentation. The bootstrap is a very popular method of statistical infer-
ence introduced by Efron [@, ] that could be viewed as a generalization
of the older jackknife method or leave k-out methods. Given n > 1 inde-
pendent random variables Xi, ..., X,, with common law P on a measurable
space (X, A) let P, = 13"  dx, denote the associated empirical measure
where dx, are the Dirac measures. Any statistic of interest S, (X1, ..., X,) be-
ing symmetric in its arguments can be written ¢(P,). Whenever S,, is not
known to satisfy good estimation or test properties, it is unfortunately observed
only once. The classical bootstrap aims to learn about unobserved proper-
ties of S, by re-sampling at will X, ..., X}¥ among X;,..., X,, uniformly with
replacement then estimating by Monte-Carlo methods the bias, variance or dis-
tribution of S¥ = S, (X7f,...,X*) = o(P!) centered at S,(X1,...,X,), with
P* = % DI X The paradigm of Efron is that without any information on P
the best way to mimic the unknown product measure (P)™ = P x --- x P of the
original sample is to use the product empirical measure (P,)* =P, x --- x P,
and to center P} at IP,, instead of P.

Motivation. From the mathematical statistics viewpoint a crucial question
that has not been investigated in general is to quantify the information one
really gets about the distributions of S;, when bootstrapping b,, times, with
b, — 400 as n — +oo. Towards this aim we address two unusual problems.
The first problem is to find a sufficient condition on how to choose b,, to control
the joint weak convergence of bootstrapped experiments. The second problem
is how to add auxiliary information on P while bootstrapping.

Monte-Carlo bootstrap. The mathematical justification of the bootstrap
methodology is not obvious, even for a single explicit targeted statistic S,, since
it strongly depends on ¢ itself. Strictly speaking, one should evaluate how
close the random experiments p(P%) and ¢(P,) are as n — 400 and derive



the consequences on the subsequent estimation procedure from b,, conditionally
independent bootstraps. The known answers are mostly asymptotic and don’t
involve n and b,, together. Usually b,, = 1 when n — 400 and, for fixed n, it is
implicit that b, — 400 allows to numerically learn ¢(P%). However, the learned
probability distribution is conditional to the initial sample, and the difference
with ¢(PP,,) could be misleading. Thus letting b,, — 40 is not so useful due to
the overfitting phenomenon. In other words, a rigorous compromise with the
bias involving jointly the initial sample and the bootstrap samples is missing in
the theory. We look for b,, small enough to provide non-asymptotic joint results.

Asymptotic justification. The statistics S, we consider are sensitive to
deviations between empirical and true expectations over a class of functions
F < Ly(P). They are determined by a,(f) = +/n(P.(f) — P(f)) where
P.(f) =n"'Y", f(X;) and P(f) = E(f(X)), f € F. The collection o, (F) =
{an(f) : f € F} is called the empirical process «, indexed by F. Its boot-
strapped version is o* (F) = {a(f) : f € F}, &*(f) = V/n(PE(f)—Pn(f)) where
P* is the bootstrapped empirical measure introduced below. What is usually
established is that conditionally to X1, ..., X,, the bootstrap process a(F) has
the same behavior as the empirical process ., (F) for n large. Basically, with
probability one o} weakly converges to the weak limit of «,, as n — +00, most
often the P-Brownian bridge G(F) indexed by F if F is a Donsker class. The
bootstrap method is therefore justified at the first order if S, = ¢(P,) € R?,
Sk = p(P¥) and ¢ is Fréchet-differentiable at P since then the distribution of
Y., = /n(S, —¢(P)) can be estimated by the distribution of Y;* = \/n(S* —5,,)
which is in smooth cases asymptotically the same random vector ¢'(P) -G as for
Y., provided that the differential distortion ¢'(P,,) — ¢’(P) vanishes. Whenever
Y* is simulated b,, times, the distortion generates a bias and b,, should be cali-
brated to avoid overfitting and learning the bias through ¢’(P,). In particular
cases the weak distance between the distributions of Y;,, Y;* and ¢'(P) - G or
between the distributions of S} and .S,, are known to vanish. No general esti-
mate is available at fixed n, hence the balanced choice of b,, to guaranty well
controlled Monte-Carlo estimates can not be discussed. This is the main moti-
vation of this paper, however we work with the weighted bootstrap version of o
and S together with three new variants exploiting some auxiliary information.

Weak convergence. Giné and Zinn [17] proved that for any class of functions
F with envelope in Lo (P) the weak convergence of v, (F) to a - Gaussian er-net
- process G indexed by F is necessary and sufficient for the Efron’s bootstrap
empirical process o (F) to almost surely converge weakly to G(F) also. This
very nice statement is one of the most general results of the huge literature
on the bootstrap methodology. For a single real valued and regular statistic
S, a common approach is through Edgeworth expansions, which exploits the
cumulant expansion of the distribution function, see e.g. Hall [19] or Shao and
Tu [29]. Other approaches rely on Berry-Esseen bounds, like in Singh [31] or
Mallows distances, as in Bickel and Freedman [J]. Under the name of Bayesian
bootstrap, Rubin [28] defined an analogue of Efron’s bootstrap by resampling
according to exchangeable weights that are independent of Xi,..., X, rather



than uniformly according to P,,. In the case X = R, Mason and Newton [26]
further generalized the bootstrap by independently assigning self-normalized
random weights to the original data. If the weights are drawn independently
from a multinomial distribution this reduces to the Efron’s bootstrap whereas
if the weights come independently from a Dirichlet distribution this reduces to
the Bayesian bootstrap. They established the weak convergence of this weighted
real empirical process to a Brownian bridge provided the positive exchangeable
weights satisfy a weak convergence condition. Unlike Giné and Zinn [[17], their
result does not handle the case indexed by F. Praestgaard and Wellner [27] fills
this gap, by still assuming that the exchangeable weights are independent from
the data, with again a common weak limit G(F) for o, (F) and o (F).

About rates. The above weak convergence of Efron’s and weighted bootstrap
processes are usually formulated in the sense of Hoffmann-Jgrgensen to handle
carefully measurability problems — see [4, 20]. The main results are assembled in
chapter 3.6 of Van der Vaart and Wellner [B5] — see also Kosorok [23]. The weak
convergence is usually quantified in terms of the bounded Lipschitz norm be-
tween the processes o (F) and G(F), with no explicit rate. Obviously the rates
could be arbitrarily slow for large F or inadequate couples (P, F). A nice feature
of our approach is that it provides general and explicit rates at the empirical
process level for typical P-Donsker or universal Donsker classes F, with quanti-
fied statistical consequences. A few authors considered the distance between the
probability measures themselves, like P* P,, or P. For instance Shao [3(] proved
that the bounded Lipschitz distance between the uniform empirical measure P,,
on the d-dimensional unit cube and the Efron’s bootstrap empirical measure P}
is bounded by O(n='/9) if d > 2 and O(n~'/?(logn)¢=1/2) if d = 1,2. This
improved Beran, Le Cam and Millar’s result [[] which only implies the con-
vergence to zero, however in the more general indexed by sets setting. Other
metrics have been studied in the indexed by F setting. For instance, Barbe and
Bertail [6] showed that various supremum type distances between the weighted
bootstrap measure P* and P on F are O(n~'/?(logn)'/?) in probability where
the extra logn term can be removed by following [27]. Likewise, we derive al-
most sure first order rates n~!/2 together with second order rates, so that the
weak distance between the distribution of S and S,, may be evaluated.

1.2 The weighted bootstrap

Our primary goal is to sharpen the above results for the self-normalized weighted
bootstrap empirical measure in terms of distance in distribution. As a conse-
quence, general answers to the two problems of the initial motivation follow.
Extensions to Efron’s bootstrap will be studied elsewhere.

A strong approximation approach. By strong approximation we mean a
coupling of the process o (F) and its Gaussian limiting process. This avoids
cumbersome weak convergence measurability considerations while providing a
sufficient control over the weak convergence metrics and being easy to use. Such
a Brownian coupling has been established in the very specific setting where



KMT [22] can be applied, that is when P is the uniform law on (0,1). Alvarez-
Andrade and Bouzebda [3] derived the usual almost sure rate O(n~'/2logn)
of strong approximation by a sequence of Brownian bridges for the weighted
bootstrap process o (u) = /n(F¥(u) — F,(u)), where

1 « 1«
Fp(u) = -~ Z Tix,<up, Frh(u)= - 2 Winlix,<up, we(0,1),
i=1

i=1

and, for independent and identically distributed (i.i.d.) weights Z1, ..., Z,, also
independent from X, ..., X,

Z; i
Win=—, Tn= )Y 7 1.1
"= 2 (1.1)

provided E(Z) = V(Z) = 1 and Z; has a Laplace transform in a neighborhood of
0. Following the forthcoming arguments this induces a distance O(n~'/?logn)
between P,, and P¥ in various weak convergence metrics.

Main result in the classical setting. In this paper we revisit the above
mentioned results for the self-normalized weighted bootstrap empirical process

05 = VAL ~Ealf)), FE(H) == N Wenf(X), feF,  (12)

with the weights W, ,, from (@) Clearly for F = {lj.<y : t € R} and the
uniform distribution on (0,1) we recover the bootstrapped empirical process
a(u) of [3] defined above, howewer we allow any distribution P on R for this
class F, not only absolutely continuous ones. Furthermore we relax the usual
assumption that the resampling weights Z; /T,, are independent from the original
sample by allowing (X;, Z;) to be i.i.d. with some distribution P(X:%) while
still controlling the marginal laws P of X and PZ of Z. Our main result
is a nonasymptotic joint strong approximation of b, bootstrap iterations of
o (F) by independent versions of the same Gaussian process G(F) as the weak
limit of «,(F), jointly to the approximation of «,(F) itself. This allows to
turn these conditionally independent, and orthogonal, empirical processes into
independent Gaussian processes. It ensues an uniform central limit theorem for
the bootstrap procedure (|l.9) with rates in various weak convergence metrics,
including uniform Berry-Esseen type results and distances between distributions
of S}* and S,,. The rigorous control of the bootstrap Monte-Carlo procedure

itself is our most innovative contribution.

Bootstrapping under auxiliary information. Our secondary goal is to
extend the bootstrap procedure to a less classical setting where an auxiliary in-
formation is known or learned about P. The motivation comes from the hasty
development of distributed data. In this context it is realistic to consider a
global statistical model where several sources learn deeply about one partial
aspect of P and only communicate their conclusions rather than their too large



or confidential samples. In the next section we define the raking-ratio empirical
process that combines these informations through N iterations of the procedure
in order to improve the inference from X, ..., X;, as studied in details in [l]. The
underlying intuition connecting the bootstrap and the raking-ratio is twofold.
On the one hand a better knowledge of P may help the bootstrap by either
improving the initial P,, and/or the redrawn P*. On the other hand bootstrap-
ping the raked empirical measure denoted below IP’%N) may give access to the
distribution of a raked statistic observed only once, in particular to evaluate its
lower variance, small bias and reduced risk.

Organization. The paper is organized as follows. The four bootstrap proce-
dures to be studied are presented in section together with our paradigm of
auxiliary information from partitions. We present the main results in parts

and B. More precisely, section provides the strong approximation of the
weighted bootstrap empirical process iterated b, times, then statistical conse-
quences are derived in sections and R.4. Results of section show that we

can apply the Raking-Ratio method after bootstrapping a sample in order to
simulate the asymptotic law of the empirical Raking-Ratio process. The results
stated in sections @ and 7?7 show how the performances of the basic bootstrap
are improved by using a true information on P. Finally, the proof of all results
are postponed until section H, focusing mainly on the case without information
then avoiding straightforward details.

1.3 Weighted bootstraps

The weighted bootstrap empirical process. Let (X1,721),...,(Xn, Z,) be
independent random variables with unknown law P(X:%) on (X, A) x (R, B(R)).
The conditional distributions P(ZIX=%) are assumed to exist and satisfy

E(Z|IX =z)=Var(Z|X =2)=1, zeX. (1.3)
For sake of simplicity we shall assume
PO<Z<Mz)=1 Mz <+ow0. (1.4)

This is not restrictive when n is fixed since for My = Fgl (1—1/n*1b,) the ran-
dom variable 1y z1<n,3Z + 1§z m,3 Mz behaves like Z over all bootstrapped
samples with probability of order 1 — 1/n?. However, as n — +o0, truncation
arguments would be cumbersome.

The first weighted bootstrap process o to be considered is defined at (EI)
and (@) We study the joint convergence of (o, (F), o (F)) with rates. Eval-
uating the weak distance between o and its limit is crucial since each new
bootstrap sample X7, ..., X* is affected by it. Likewise, in order to control the
global distortion in play by not using P™ when bootstrapping a collection of
estimators S,, with law ¢(IP,,) we shall approximate jointly the b,, bootstrapped
empirical processes. The coupling error being quantified in the very strong sup-
norm over F, b, has to be sufficiently small to guaranty that the confident bands

for infinitely many estimated parameters are uniformly not over-biased.



Beyond the classical one, let us introduce three other weighted bootstraps -
only the first two are studied, the third one satisfies similar results however
with heavier notation.

The raking-ratio empirical process. What we call the raking-ratio algo-
rithm was introduced by Deming and Stephan [[14] and rectified by Stephan [34]
then justified by Lewis [25], Brown [12], Sinkhorn [32, B3] and finally Ireland
and Kullback [21]. This procedure consists in changing iteratively the weights
of each X; to match known probabilities of discrete marginals. Special cases
or closely related methods are stratification, calibration, fitting after sampling,
iterative proportions or matrix scaling. A rather general study at the empirical
measure level was conducted in [[] from the viewpoint of auxiliary information
of partitions. Let us briefly introduce the suitable notation and a few results in
our setting where entries of the algorithm are random.

For all N € N* assume that my = 1 and AgN), e ,A%\Q c A is a partition of
X such that the discrete marginal P(AMN)) = (P(Agl)), ce P(Ag,]LVN))) is known
and py = Minjgj<my P(AE.N)) > 0. Let P and o) denote respectively
the empirical measure and process associated with the raking-ratio method,
defined to be ]P’%O) =P,, 0420) = a, and, for N > 1 and on the event Bl =
{mini<jamy BV (AN) > 0},

]P(N)(f) _ mn P(A§N))
n Z (N=1) / 4(N)
P, (Aj )

J=1

aM(f) = PN (f) - P(f), feF. (1.6)

PVD(f1 ), (1.5)

In particular, piY) (AJ(,N)) = P(Ag.N)) and a%N)(AE.N)) =0forall NeNand j =

1,...,my. Notice that P%N) is the Kullback projection of ]P’s,,Nfl) satisfying the

N-th step constraint P(A®M)) according to Proposition 1 of [[l]. We proved that

under classical entropy conditions on F, oV (F) converges weakly as n — +0o0
to a centered Gaussian process GV defined similarly to oz,(lN) — see Proposition

4 of [1]. More precisely, write E[f|A] = P(f14)/P(A) and set G = G to be
the P-Brownian bridge indexed by F then define the P-raked Brownian bridge
to be, for N € N*,

my
M (1) =NV ()~ JEFATIGN VAN, feF )
j=1
We established that the covariance of the limiting process G?V) is

Cov(GM(£),6M(g)) = Cov(GV(£),GV(g)) — Rn(P. [.9) (1.8)

where Ry (P, f, g) has the following closed form expression given at Proposition



7 in [[]:

N

Ry (P f.9) = Y, (P, ) Var(GIA®]) - oV (Pg),  (19)
k=1

oM (P, f) = i P(P,1)- P[f|AV),

Il
-

where P[f|AW] = (P(f|Agl)),...,P(f\AgL)l)),P(P,l) € R™ The asymptotic
uniform variance reduction is induced by the fact that Ry (P, f, f) = 0 for
all N > 1, f € F. Likewise all finite dimensional covariance matrices of
GWN )(}" ) are decreasing compared to the initial one. The strong approximation

of aslN ) by G™V) established by Theorem 2.1 of [1] further shows that the bias

E(IPSALN)( f)) — P(f) is uniformly small and provides rates of uniform quadratic
risk reduction over F. If recursive loops are performed among p partitions with
known probabilities, for n sufficiently large the finite covariance matrices of a%kp )
decrease at each loop k. We also compute — see Theorem 2.2 of [[lf — a simple
expression for GV) as N — +00 when raking with two partitions alternatively
— the basic case of a two-way contingency table.

Raking the bootstrapped empirical process. According to the bootstrap
paradigm, in order to estimate the distribution of aslN) one has to re-sample
according to the weighted PP, then apply the N-th order raking-ratio procedure
to P*. This gives access by Monte-Carlo approaches to the unknown distribution
of GIV) — yseful since P is unknown. Define the raked bootstrapped empirical
measure to be IP’;';(O) = P* then, recursively and conditionally to X;, ..., X,, on
the event BN = {minj<j<my P:(Nfl)(Ag-N)) > 0},

my Pn(A(-N))

PEN)(f) = Z vy
n N— N
j=1 P 1)(A§' )

ay ™ (f) = Va@iN(f) = Pu(f). feF. (L.11)

The centering with respect to P, in () should be discussed. In (@) the
centering P, stands for the conditional expectation of P* and plays the role of
the expectation P of P,, in «,,. On the opposite, there is a bias inherent to the

PENTD(£1 ), (1.10)

raking-ratio procedure so that P is no more the expectation of PYY) in (@)
This bias was established by Proposition 5 of [[] to be uniformly small, hence
P is confirmed as the targeted probability measure and the limiting process is
centered. In order to simulate the influence of this bias we center the boot-
strap () on P,,. Therefore IE”fL(N) and a:;(N) use the auxiliary information
P, (AN = (P, (AgN))7 e ,]Pn(A%?)) instead of the original P(A®)) and sat-
isfy
PV (AN =, (AN), XM (AM) =0, j=1,...,my.

Bootstrapping the raked empirical process. A way to exploit directly the
information of partitions is to bootstrap by using a probability that is possibly



closer to P than P, is, namely P%N). Let Ty(LN)/n denote the mean of 71, ..., Z,,
under the discrete measure PY"), that is T\ = Sy nIPELN)({Xi})Zi. In par-

ticular, TT(LO) = T,. Given N € N, define the bootstrapped N-th order raked
empirical measure and process to be, on the event BL-Y

n B (17
P = 3 e ), (112)
i=1 n

OéglN)*(f):\/E(HD;N)*(f)_pg\’)(f))7 feF.

This reproducible imitation of «, is a variant of (@)

2 DMain results

2.1 The class F

In all this paper, one assume that X is measurable with o-field A. For ap-
proximations results X is not required to be metric separable nor A be Borel
sets, however this may helps differentiability questions for the statistics to be
bootstrapped. Let M be the set of measurable real valued functions on (X, .A)
and F ¢ F < M be such that supser | f| < Mr < +oo, F is countable and

each f € F is the point-wise limit of a sequence belonging to F. This condition
ensures that the empirical process «,, and the variants defined in the previous
section are point-wise separable and hence ball measurable, which allows to
restrict their weak convergence to ball measurable test maps and avoid outer
probabilities — see example 2.3.4 of [35].

For a probability measure @ on (X,.A) we endow M with the semi-metric dQ
defined by dQ*(f,g) = §,(f — h)?dQ. Let N(F,e,d) be the minimum number
of balls of radius ¢ for the semi-distance d needed to cover F. Let N[ |(F,¢,d)
be the minimum number of e-brackets for d necessary to cover F. One assume
throughout the paper that F satisfies either (VC) or (BR) below, which encom-
pass many useful examples. Typically (VC) concerns small classes well behaved
with respect to all P, like VC-classes. On the opposite (BR) concerns classes
that are very large or well behaved only with respect to a few P.

Hypothesis (VC). There exists co > 0, 19 > 0 such that supg N(F,¢,dQ) <
coe "0 where the supremum is taken over all probability measure Q on (X, A).
Define g = 1/(2 4 51p) € (0,1/2) and By = (4 + 51p)/(4 + 10v).

Hypothesis (BR). There exists by > 0, 0 < ro < 1 such that Ny j(F,e,dP) <
exp(b3e ™). Define vo = (1 —19)/2r0.

Under (VC) or (BR) the process a,(F) converges weakly to the P-Brownian
bridge G(F) in £*(F) endowed with the sup-norm ||H||z = sup;cz|H(f)|.
According to Propositions 1 and 2 of Berthet and Mason [8] the rate of weak
convergence is of order at most = (logn)” under (VC) and (logn)~7° under



(BR). A slightly improvement and interpolation of these rates and conditions
are possible, however we focus on our main topic. Thus we keep the original
@0, Bo, Yo and uniform boundedness — instead of square integrable envelope
function — and it would suffice to substitute improved rates of approximation
with no change in our statements. Recall that G(F) is a centered Gaussian
linear process with covariance

Cov(G(f),G(g)) = P(fg) — P(f)P(g), f.geF.
Write 07 = Var(f(X)) = P(f?) — P(f)? and 0% = sup;cr 07 < +0.

2.2 Strong approximations
For n e N, we write LL(n) = L(L(n)) with L(z) = max(1,log(x)).

Proposition 1. Assume (@), (@) and either (VC) or (BR). There exists a
finite K = K(F, P%)) > 0 such that

n
limsup, | ——||P* — Pllr < K a.s.
imsup [ [P - Pl

Next define u,, = n, v,, = n~ (logn)? if F satisfies (VC) and u,, = logn, v,, =
(logn)~ if (F, P) satisfy (BR). Berthet and Mason (see Propositions 1 and 2
of [8]) proved that we can construct a probability space on which the sequence
of empirical process a,,(F) can be defined together with a coupling sequence of
P-Brownian bridges G,,(F) such that, almost surely, ||a, — G,||z < Cuv, for
some C' > 0 and all n large enough. By applying this strong approximation
to P(X:%) we obtain the following version for the weighted bootstrap empirical
process o, which we formulate in the same way as in [g].

Theorem 2.1. Assume (B), (@) and either (VC) or (BR). For all 6 > 0
there exists Cyp > 0, ng > 0 and a probability space supporting a sequence
(X, Zn)} of i.i.d. random variables with distribution P%) and a sequence
{(Gn(F),GE%(F))} of pairs of independent P-Brownian bridges such that for all
n>ng,

1
P({llan = Gullz > Covn} v {llas, = Gillz > Covn}) < 5. (2.1)

On the same probability space as above there also exists independent sequences
{G,,(F)} and {G} (F)} of independent versions of G(F) such that

k
1 / 1
1 x 1
I * '’ <
P <\/ﬁ kmrgnggcsnﬂx/ﬁak ; G} || > Co%) S u (2.3)

for all n = max(ng, kn.p), where ky g = [2M%(In(8) + (1 + ) Inn)].

10



The independence of G,, and G} comes from Lemma E The brldges G* (resp
Gy) are not pair-wise independent, whereas by construction the G * (resp G.)
are mutually independent. Notice that Theorem applied with 6 > 1 not only
implies that o almost surely weakly converge to G but also provides rates of
weak convergence. In particular this establishes the asymptotic independence
of the processes «,, and a. Moreover, by substituting G,, and G their residual
orthogonality is quantified through

1
limsup — sup [Cov(a,(f),al(g9))| <+ a.s.
n—+w Un f geF

Consider now the Monte-Carlo experiment of b,, iterated bootstraps. Let P* )

denote the j*"* independent bootstrapped empirical measure built from weights
(Z1,Gj)s -+ > Zn,(j)) drawn from PUZIX=Xi) » ... x PUZIX=Xs) conditionally to

1, Xn. Write oy o (f) = Vn(P* G- P,(f)) the associated empirical
process. For b, = 1 the following result reduces to Theorem P.1|, otherwise the
rates of approximation are slowed down. If F satisfies (VC) then define

bp ) oo n 5v/(4410v) bo ag 5
n = | —(1 1 — < | = 1 o
o= () () < (G) e

If (F, P) satisfy (BR) then define

1 Yo 1 Yo
Wy =——) =(—) .
<log(n/ b%)) (logn>

Theorem 2.2. Assume (@), (@) and either (VC) or (BR). Let b, € N,
be such that bn/nl/5 — 0. For all 0 > 0 there exists Cy > 0, ng > 0 and
a probability space supporting a triangular array {(Xn, Zn (1), Zn,b,))} Of
i.i.d. random vectors distributed as PX1Z1.00Z1.0m) and a triangular array
{(G}, 0)(F). Gy (1) (F)s -, Gy (F))} of (bn + 1)-uplets of mutually indepen-
dent P-Brownian bridges such that, for n = ng,

b
" 1
P <{|an - G;FL,(o)H]-' > Copwn} U U{”O‘:,(j) - GZ,(]‘)”}' > Cewn}> < e’

j:1 (2.4)

The coupling we perform implies that G G and G* n, (k) are dependent if m # n
and independent if m = n and j # k The followmg uniform central limit
theorem immediately follows, if b, = b is fixed. For b bootstraps define the
Rb+1_valued empirical process indexed by F**! to be

R (FU) = {(tn(fo)s @y (F)s- sy (F0)) £ = (o o o) € FVH.

Consider any norm ||.|| on R®*! then endow ¢*(F*+! — R**1) with the distance
associated to the sup-norm [|A[[p41 = sup pero+1 [|[A(f)]]-
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Proposition 2. Under the assumptions of Theorem @, for any fixed b € N,
the sequence A, »(F*F) converges weakly in (*(F '+ — R*1) o

Gb(fb+1) = {(G?O)(fOLGEkl)(fl)v ey szb)(fb)) : f = (va fla ceey fb) € fb+1}
where G’("O), GE"U, - 7GE"b) are mutually independent P-Brownian bridges.

Theorem @ also implies that the distance in distribution between A,, 5, (F°»+1)
and G, (F+1) = (G (fo), G (f1),- - G () : f € FP+1 is at most
O(w,,), which is severely impacted by b, and requires that b,/n'/> — 0. Let

dpr n(p, v) denote the Prokhorov-Lévy distance between two probability mea-
sures (p, ) on (P (Fontl — Ront1),

Proposition 3. Under the assumptions of Theorem @ we have
dPL,n(An,bn (-/—'.b”Jrl)aGn,bn (fb7L+1)) = O(wn)

Comments. Proposition E shows that for one bootstrap experiment the biased
empirical process v/n(P; \(f) — P(f)) is asymptotically distributed as G, +
Gz“l) and hence v/2G so that its asymptotic variance is 2Var(f). Moreover,
thanks to Theorem the study of weak convergence of functionals estimated
by b, bootstrap experiments which are conditionally independent versions of o
is made easier by substituting the Gj;(j) to the a;’;(j). Furthermore, when n is
large the distributions of the statistics of interest are typically very concentrated
and nearly Gaussian, thus bootstrapping only b,, times with b, /nl/ 5 0s
not so penalizing once the uniform performance is guarantied by Theorem P.9.
The assumption ([L.4) could be relaxed in Theorems and by taking into
account the tail behavior of Z through the function ¥z(z) = —logP(Z > 2),
z > 0, however at the cost of additional technicalities.

The above coupling results can be applied to control in general estimators boot-
strapped b,, times and expressed as smooth transforms of P (F). In R.3 we study
in particular the variance and the distribution function uniformly over a class
of such estimators. In @ we derive uniform over F Berry-Esseen type bounds.

2.3 [Estimation of variance and distribution function

Motivation. In a bootstrap Monte-Carlo procedure the PZ(f) have to be
reevaluated b,, times by redrawing the n weights Z; according to the conditional
distribution P(ZIX=X:) (Classically b, = 1 and the bootstrapped moments of a
smooth transform of several mean estimators PX*(f) is evaluated by Edgeworth
expansions. When b,, = b > 1 estimators of the moments of P} ( f) have also been
studied, but typically not jointly. For instance, Booth and Sarkar [[L1] showed
that the distribution of the bootstrap estimator of the variance of a statistic is
approximately a chi-squared distribution with b — 1 degrees of freedom. They
deduce b > 1 necessary to obtain a relative error less than a fixed bound with
some probability, assuming n large — for an error less than 10% with probability

12



0.95 about b = 800 are required. Chandra and Ghosh [[13] studied the distribu-
tions of smooth functions of the empirical mean by using Edgeworth expansions
and proved that these statistics converge to a centered Chi-squared distribution.
In the same spirit, Babu [5] showed that the bootstrapped version of smooth
transforms of a single empirical mean has a similar weak asymptotic behavior
by assuming that the functional is three times continuously differentiable.

Let us extend these results to the case of functionals of the empirical measure
itself instead of one or several empirical means, under a generic assumption of
first order differentiability on the space of measures.

Hypothesis. We study the bootstrap estimation of moments and distribution
of a statistic S,, = ¢(IP,,) with ¢ differentiable in the following weak sense. Let
@ : LP(F) — R be a real-valued function such that, for all Q € £*(F),

e(P+Q)=¢(P)+¢(P) Q+R(Q), (2.5)

where ¢'(P) € L({*(F),R) is a linear application satisfying |¢'(P)-Q| < ||Q||,
R : (*(F) — R is an application such that in a ball B centered on the zero
function |R(Q)| < ||Q]|% for some ¢ > 1. The local expansion (@) includes
Frechet differentiability and examples pages 11-16 in Barbe and Bertail [6].
The key factor showing up in this setting is 02 = Var(¢/'(P) - G), with G
the P-Brownian bridge. One could refer to o2 as a conditional coefficient of
variation. The following table makes (R.5) explicit for some classical estimators,
in particular the associated finite classes and the differential ¢'(P) - G.

Sp = @(Pn) F SD/(P) .G o2
Mean
P (o) (fo} G(fo) Var(fo(X))
Variance 5 5 ;
Pou(f3) —Pu(fo)? | oo S0} G(f3) Var(f3(X))
Inverse mean "
D) {fo} P G (fo) Var(fo(X)
.P.n(fo)
Cond];)tl(of?liflﬂmean (folla, 14} G(fola)—P(folA)G(A) | Var((fo(X)— E([fo)( )AL xen)
P

Variance and distribution estimations by bootstrap. Write S* G) =
o(P* (j)) for 1 < j < b,. Whenever S,, is asymptotically normal, or regular in

terms of Edgeworth expansion, Var(S,) is crucial to provide confident bands.
The variance and distribution function of S,, could be estimated by the following
bootstrap estimators

=

b
1 2
(Sy () Sn) 2 b, (@(PZ,(]-)) - @(Pn)> )

j=1

n

3

1
®) _
Var S =

<z}*

@\H

n (])

z
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Results. The next statement provides a confidence interval of Var(S,) from
the value Var(S¥). In particular the statistic (nb,, /o?)Var(S}) is asymptotically
close to a x2(by).

Corollary 1. Assume (@), (@) and (VC). Letb,, € Ny be such that b, /n'/®> —
0. There exists Cy,ng > 0 such that for all n > ng,

n -—-— a 1
P (L Var(s3) = Var(Sa)| = 8 + Cowan®™/) <at . (26)

with «, 6 such that P (‘%:T‘) — 1) > 5) < a. In particular, almost surely there
exists Cfy > 0,n( = nj(w) > 0 such that for all n > ny,
Co
Vb,
Remark. Ifb, = is fized and the class F is finite we get the same approxima-
tion for b as Booth and Sarkar [11] to have a relative error for Var(S¥) less than
§ with a probability greater than 1 — «, namely b ~ 2|®~1(a/2)|?/6%. Moreover
Corollary [ provides a second order control of both the width and probability of
the confident interval for the variance, uniformly in n and for infinite classes.

Var(S3) — Var(S,)| <

(2.7)

The following result is a DKW-type inequality for bootstrap statistics. It evalu-
ates the uniform deviation between the unknown distribution function of .S,, and
the estimated empirical distribution function Fgx by also taking into account
the shift due to the unavoidable bias B, = S,, — ¢(P).

Corollary 2. Assume (@), (Q) and either (BR) or (VC). Let b, € Ny be
such that b, /n'/®> — 0. Almost surely there exists Cy > 0,19 = ng(w) > 0 such
that for all n > nyg,

logn

sup |ﬁ51< (x + Bp) — Fs, (z)| < Co

)
zeAS bn,

with Ap = [p(P) — an; (P) + an], an = o4/log(logn/bywy).

Remark. Let A denote the class of strictly increasing continuous mappings of
R onto itself. The Jy-topology is defined by the Skorokhod metric (see Billings-
ley [10])

(2.8)

d(F,G) = inf max <sup [A(x) — x|, sup |G o A(z) — F(as)|) .
AeA zeR zeR

Let dao(F,G) denote the above distance when the second supremum is only

evaluated on x € A. Since \/nBy, —weak @' (P) -G then By, = O, 5. (1/log(n)/n)

and it follows from (@) that

~ logn 1
P <dAS(FSmFSff) >C b, ) S 3
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2.4 Rates of weak convergence

Local Berry-Esseen bounds. Let ® be the distribution function of the stan-
dard normal law. Singh[B1] — see also section 3.1.3. of [29] - established several
Berry-Esseen type inequalities for the distribution of the sum of bootstrapped
variables of a given sample with respect to the distribution function of the sum
of the variables of this sample and then with respect to ®. In particular, under
certain conditions he established that the uniform deviation between these dis-
tributions is almost-surely at most O(n~/2). With Edgeworth expansion tech-
niques, Hall [18, 19] studied the leading term of the expansion of the uniform
deviation conditionally to the sample and found the same rate as the statistic
n 32NN X3P+ 2 Y0 X converges to 0 — that is also O(n™1/2) if the
fourth moment exists. In this section, we derive a Berry-Esseen inequality for
the bootstrapped empirical process indexed by functions, i.e. uniform results
among large classes of statistics, however with slower rates than the O(n~1/?)
for a single smooth statistic.

Uniform Berry-Esseen bounds. Let £ be a set of Lipschitz functions defined
on {*(F) such that all ¢ € £ has a Lipschitz constant bounded by Cy < +o0
and the density ¢(G(f)) is bounded by C; < +oo for all f € F.

Corollary 3. Assume (@), (Q) and either (VC) or (BR). There exists C >
0,n9 > 0 such that for all n > ny,

Sup sup sup P (¢ (e (f)) < ) =P (p(G(f)) < )| < CCoCrvm, (2.9)
supsupsup [P (¢ (o (f)) < x) = P (¢(an(f)) < 2)| < CCoCrop. (2.10)
¢eLl feF zeR

In particular, if 5% = inffer Var(f(X)) > 0 then

sup su % T T L’U

2k for P( Var(f(X) ) 20| < Foma o
o2\ _pf_e  _\. ¢

iﬁﬁ?ﬁ?% VarF (X)) ) P( Var(f(X)) ) S Voo

3 Raking-Ratio results

3.1 Strong approrimation of a:(N)

Fix Ny € N* and denote Py, = H%”lejv, Mpy, = H%“Zl mpy. The boot-
strapped empirical measure associated with the Raking-Ratio method assumes
the following law of iterated logarithm:

Proposition 4. If F satisfies (VC) or (BR) then there exists K = K(F,Z) > 0
such that,

n

limsup max [P*N) — P|| < Kby, a.s.,

n—+o 1<N<No \| LL(n)
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where by = 1 and by, =[xy (1+ Mz/py).

The bootstrapped empirical process afl(N)

type concentration inequalities:

also satisfies the following Talagrand

Proposition 5. Let Kr = max(1l, Mx) and assume (@), (@) and that oY
and a:(N) are both defined for every 0 < N < Ny. For alln > 0,\ > 0 we have

/\P2
P *(N) < 4No+1 2 P No
(OSHngNO ||04n |7 >A Ny Mn, |an||l7 > 3MNO(4Kf)NO(1 +)\/\/ﬁ)2No

NP}
18M3, MEME(4K 7)2No (1 + A/ /)™ ) °
(3.1)

+ 2NoF2 N exp (—

Under (BR) it holds, for n > ng and Ao < A\ < Dg4/n,

#(N) _ 2
P <0gr§1vangU [l | 7 > /\> < Dy exp(—D2)?), (3.2)

for some positive values Ao, Do, D1, Da. Under (VC) it holds, for n > ng and
/\0 <A< 2M]:\/ﬁ,

*(N) Vo _ 2
P (osnz\lfango [lax | 7 > A) < D3y exp(—DaA7), (3.3)

for some positive values Ao, D3, Dy.

The following theorem establishes the strong approximation of aZ(N) to GIV)
defined by (@)

Theorem 3.1. Assume (B), (@) and either (VC) or (BR). Let @ > 0. There
exists Cp,ng > 0 and a probability space supporting a sequence {(X,,Zn)} of
i.i.d. random variables with distribution P%) and sequences {(G%N) (F)), G (F)}
of pairs of independent versions of GN)(F) for all 0 < N < Ny such that for

all n > ny,

1
P ( max ||a*™) — G*V)||z > Cgvn) <= (3.4)
ISN<Ny n
1
(N) _ V) _
P (KI?VZXNO [y, GVl > C@’Un) <. (3.5)

A stronger result of this result keeping the same spirit as Theorem ?7 is the
following:

Theorem 3.2. Assume (B), (@) and either (VC) or (BR). Let § > 0
and b, € Ny be such that bn/nl/5 — 0. There exists Cy > 0, ng > 0 and
a probability space supporting a triangular array {(Xn, Zn (1), Zn,b,))} Of
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i.i.d. random vectors distributed as PX1vZ1.w0Z1.00) and a triangular array

{(Gy () F), Gy (1) (F)y s G ((F))} of (bn + 1)-uplets of mutually indepen-
dent P-Brownian bridges such that, for n = ny,
#(N) _ q*(N) 1
P (;-_T?.’fbn (Dmax [y, gy — G ll7 > Cewn) < 5
1
]P’( max  max ||a£l : G(N) yF > ngn) <
j=1,...,b, 1ISN<Np n

In particular, Theorem @ implies that the bootstrapped empirical process as-

sociated with this method oV converges weakly in £*(F) to the Gaussian
(N

process GV) as the same way as ay, . A simply way to simulate the law of the
Raking-Ratio process is to bootstrap the initial available sample and apply the
Raking-Ratio method. We can therefore estimate the covariance or variance
of the raking-ratio empirical process by Monte-Carlo method without apply-
ing ([L.§). The next result is a corollary of Theorem and gives details about
the precision of these estimators:

Corollary 4. Assume (B), (@) and (VC). Letb,, € Ny be such that b, /n'/> —
0. Almost surely there exists Cy > 0,n9 = no(w) > 0 such that for all n > ng it
holds

S #(N) 1 (N) (V)
p X, Sup E; w0 ) = Pa(D)E) (9) = Pal9)) = ~Cov(GN(£),6N)(g))
1
< Cologn a6
n
b
15 21 ) Cologn
o250, 522 5, 24 Py ()~ Pnl)* = L Var @) < =52 )

Remark. Proposition || is an interesting result since we could estimate the
variance and covariance of the raking-ratio process, and so the efficiency of an
auziliary information, without knowing probabilities P(AN)) for N e N*. If the
auxiliary information has a cost — for example if this information is provided
by experts, statistical learning or by data purchasing — the statistician could test
the efficiency of the information before paying it.

3.2 Strong approrimation of a(N)*

We defined our raked bootstrapped empirical process a:(N) by bootstrapping a,,
in a first time and raking among known partitions after and we have shown that
this process has the same asymptotic behavior as the Raking-Ratio Gaussian
process GMY). So a natural question is whether the behavior is the same for
aﬁlN)*, if we apply the Raking-Ratio at first and bootstrapped in a second time
by adding random weights. The answer to this question is negative, main reason
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being that our process osz(N) no longer satisfies the constraints given by the

auxiliary information P,,(AY)) and has no reason to have the same asymptotic

limit as that the non-bootstrapped process a%N). However, we can prove that

a%N)* has the same asymptotic behavior as a.

Proposition 6. Assume (E), (@) and either (VC) or (BR). For all 0 >
0 there exists positive constants Cy, ng and a probability space supporting a
sequence {(Xn, Zn)} of i.i.d. random variables with distribution PX%) and a

sequence {(G,(F), G;O)*(]:), e ,G%NO)*(}"))} of P-Brownian bridges such that

for alln = ny,

No
1
P <{||an — GyullF > Covp} U U {[lalM* — GV*|| £ > Ce’l)n}> < 7 (3.8)
N=0

4 Proofs

By definition of v, there exists ¢ € (0,1/2) such that v,n'/?7¢ is of the form n®
or n®(logn)? with some o > 0, 8 € R. We fix this value of ¢ for this section.

4.1 Decomposition of o

We introduce at Step 1 a simpler definition of the boostrapped empirical pro-
cess. This new process can be expressed through the classical empirical process
indexed by a special function class. In fact, this class is an extension of F and
is defined at Step 2. At Step 3 we give the decomposition of this new process
via the empirical process indexed by this class of function.

Step 1. In order to study o(F) from (@) it is more convenient to first work
with the conditionally centered version & (F) that we define to be

1

n

B = VAL - ZuBalf) = = D7 Zf(X), feF, (4]

S

where, by recalling also (EI) and (@)7
B = D ZA(X), Fu=""= 1312 af(f) = 2-aR(). (12)

Step 2. Define ¢p(z) = max(—M,min(M,z)) for z € R and M > 0 and
let 1 denote the application equal to 1 on R or X. Given f € F write hy =
WY — P(£)R® — b where

WP (2,2) = our, (2)f(2), B (@,2) = dar, (), B (@,2) = f(2),  (43)
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for (z,2z) € X x R. The functions of (@) belong to the following extension of
]:

Fir={h(z,2) = f(z)g(2) : f € Fu{l},g€{dnm, 1}}. (4.4)

The folowwing lemma proves that the enlarged class F; has the same entropy
as F.

Lemma 1. The class Fy defined by (Q) is uniformly bounded, point-wise
measurable and satisfies (VC) or (BR) with respect to P%) with the same
powers as F with respect to P, that is cq, v, by, To-

Proof. Let h = fge Fy with f € Fu{l}and g € {1,ép}. Clearly h is bounded
by My = max(1, Mz) - max(1, M) < 4. For (z,2z) € X x R, f(x) is the limit
of a sequence {f,(z)} with f, € F, so h(x,z) is the limit of f,(z)g(z) where
gfn € F x {1, ¢} which is countable and independent of h. If F is covered
by N(F,e,dp) balls then F; can be covered by 2N (F,e/My,dpx.z)) because
d?Q(h7 fog) < M%dQQ(f, fo). If F is covered by N[ |(F,¢e,dp) e-brackets then F;
can be covered by 2N |(F,¢,dpcx.z)) e-brackets since f_(v) < f(z) < fy(x)
implies f_(2)g(2) < h(z,z) < fi(x)g(z) for g positive. Hence if F satisfies (VC)
or (BR) it is the same for F; with larger constants ¢y or by. O

Stlep 3. By (@) we have E(Zf(X)) = P(f) =E(ZP(f)). By (EI)7 &% can be
split into

VREL) = Y (X0~ 2 (Z f(Xn)

_ é Zi(f(X;) — P(f))_ - o)
\/ﬁ

. X
i) (14 (% 1)),

The last expression is a linear functional of the empirical process oz,(lx’z) built
from the sample (X1, Z1), ..., (Xn, Z,) and indexed by F; from (@) since

(f) = aD WD)~ P(f) - oA (hP) — oSO 1) (1 T (T - 1)>

— a5 () — ol (f) (T - 1) , (4.5)

n

where hgcl), h(?), h(fS) € JF1 are defined by (@)
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4.2 Proof of Propositions B, and B

Let t,, = v/n/LL(n) and fix ¢ > 0. At Step 1 we prove a law of iterated log-
arithm for the simpler empirical bootstrapped measure P}. Proposition [ is
proved at Step 2 as a direct_consequence of Step 1. At Step 3 we use Proposi-
tion [ll to prove Proposition H Finally, we prove Proposition f at Step 4.

Step 1. By Lemma ﬂ, F and Fi satisfy both (VC) or (BR). The law of the
iterated logarithm holds — see Alexander [2] — then with probability one there
exists ng = ng(w) > 0 such that for n > ny,

tul|Pn — Pllr < V20r(14¢), tu||Pn— Pllr, < V20r(1+e). (4.6)

According to the law of large numbers with probability one there exists n; =
n1(w) > 0 such that for n > nq,

T,

"—1':(Pn—P)(Z)|<s. (4.7)
n
Notice that

thﬁ): - P||.7: < tn”ﬁ: _ZnPnH]: + thZnPn - PH]: (48)

Decomposition of & given by (@) and (@) imply that for all n = ng

tn”ﬁ: _7nPn||J-' < tn”Pn - P||J—'1(2 +Mr+ 5)
<V2075,(1+6) (24 Mr +¢). (4.9)
Using that F < Fy, (@) and (@) we can write for all n = max(ng,n1) by:

_ r 7
thZnPn_PH]::tn Zz:il
n

(55 rox ) e

tn [Pn(Z)(Bn(f) = P(f)) 5, + Mrta|Pn(Z) — P(Z)]

<
< (Mz + M#)(1+¢). (4.10)

We have shown by (@), (@) and () that for all n > max(ng,ny), tn|[Py —
P||7 < Ko(1 +¢) with Ko = Ko(F, P9)/2(07,(2+ Mz) + Mz + Mz) > 0.

Step 2. By (@) we have for all n > 0,

tnl[P, — Pl = tal B — Pll=.

1
1+ (T,/n—1)

According to the conclusion of Step 1 and (@) for all n > max(ng,n1) and
e € (0,1/2) it holds,

K,
tallPf = Pllz < 72 (1+¢€) < 2K(1 +¢).
— &
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Proposition m is proved with K = K(F, PX:%) = 2K (F, PX:%)) > 0.

Step 3. Let b = v/20 7. A sufficient condition to prove Proposition H is to show
that with probability one there exists K = K(F, P(5%) > 0,ny = ny(w) > 0
such that for all n > no,

tol|[PEN) — P|| 7 < (Kby — b)(1 +¢). (4.11)

The case N = 0 is proved by Proposition ﬂ Now let assume that this condition
is satisfied for some fixed 0 < N < Ny. Then by () for all n = no,

tal[PEVHD — Pl < tol[PEVFD — PRV || + 2, [PEY) — Pl|5

<t |[PENTD —PEN| |2 4 (Kby —b)(14+¢)  (4.12)
Notice that m 41 < p(vy) and [P (F14)17 < MrPE™)(4). By (L) and
() we have for all n > max(ng, nga),

PEY (£1, ven))
n A
to|[PENHD _ pE(N)|| - = ¢, Z W

jgmN+1 n ( g )

Mr
< 7(tn||Pz(N) *PH}'JFthPn - P||J~')
PN+1

Mz

R (AHD) — (A

n J

F

< Kby(1+¢). (4.13)

PN+1

Remind that byy; = bn(1 + Mr/py+1). By (B.12) and () we have for
all n > max(ng,na), to||PENT — Pl|x < (Kbyy1 — b)(1 + &) which proves
Proposition Y by induction.

Step 4. Denote BSY)(F) the process defined by B8V (f) = a(PE™(f) —
P (£)). Notice that o™ = 85N + oY) — a,,. For all A > 0,

P (lax™llx > 33) <P (llanllz > 2) +P (laf™]l7 > A) + B (1817 > A) .
(4.14)
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Remind that Kz = max(1, Mx). For K < py and K’ < py — K we have

P (1815 > A)
r(g;

mn 1)
llewl |7 + 1185117 A )
<P — — >
(Zl p:(N 1)(A§N))]P’£1N 1)(A§N)) 2K

Jj=

AK? AK?
<P N A P (N-1) A
(Healle > o) 42 (I8l > o

-HF’(‘ min IP’Z(N_U(A;N))<K)+P< min IP%N_I)(A§N))<K>
J

=1, my j=1,.cmn

AK? AK?
<P " A P (N-1) 4
(lealle > 2 ) 42 (I8l > o

B ([0l + I8N Vllr > KV + P ([l > K'vin)

AK? AK? AK?
<P (|, AR ) Lap (gD AN Lo ((jaVD _ARE
(”O‘ 17> 4mNKf) + (”ﬁ" 17> iy ) T2 el > e )

where the last inequality holds provided that K’'\/n = AK?/2myKz. Define

(N) (N)
#}p *#(N— 1)(f ™) — L (f]l (N))
*(N 1) A(N) Al (N 1)(A(N)

)

B: 6(071)7 K:/BPN7 K/:PN(l_ﬁ)

1
1+ M/\/n
Since py < 1/2 for any N > 1 it holds K’ > 0 and K'v/n > AK?/my(1+ Kz).
By iteration we obtain that

AP}
(N) <2Vt =
P (18015 > A) <2V 7P ('O‘n”f " My(AKA)N(1+ A/\/ﬁ)”)

N (0 AP} )
+ 2P (1801 > i

AP2
NP (5) N :
+ (KP}??’?,N”% 17> SN AR O+ 3 v
(4.15)

Notice that PZ/My(4K7)N(1 + A/vn)?N < 1. By using (1.14), (L.19) and
Proposition 3 of [[] we have, under the event that o) are defined for every
0<N < No, that

AP
#(N) < 4N+1 N
IP’<||an ||;>>\)\4 J\71\4N19>(|oén||]r>3 T f)N(1+A/\/ﬁ)2N)

AP}
oN+1p (0) N )

(4.16)
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Since &(lo) = a¥ and according to Hoeffding inequality we have
noy A p(|T, —n| > A/n
T, MZ M]:\/> My Mx
)\2
<2 —_— . 4.17
o (~33rgaz) 1
With () and () we have

P (||a;§<N>||f > A) < ANTINMyP <|an||f >

{ERIEESY <P(

)\P2
SN (AK7)N (1 + AJy/) 2N>
)

A2P4
18M2 MAMZ(AK £)2N (1 4 A/y/n)*N

+ 2N 2 exp (

The latter bound is increasing with N and P(maxo<n<n, ||a:(N)H}- > )\) <

%" (Han(N)H]: > ) which leads to (@) Inequality (@) is a consequence
of Theorem 2.14.2 and 2.14.25 of van der Vaart and Wellner [35] whereas (B.3)
is a consequence of Theorem 2.14.9 of [35].

4.3 Construction of limit Gaussian processes

Bootstrapped Gaussian processes.The Gaussian processes leading the asymp-
totic behavior of the weighted bootstrap empirical processes are as follows. Let
GO(F) be the PX+%)_Brownian bridge indexed by F;. The bootstrapped Gaus-
sian process G*(F) and the standard P-Brownian bridge G(F) — which is ac-
tually in this section the margin process of G°(F;) — are defined to be

G(f) =G°(h") = G(f x 1), (4.18)
G*(f) =G1Y) = P(NG (D) ~ G, feF.  (419)
Note that by linearity one can define G°(hy) = G*(f). The following lemma

establishes the distribution of G*(F) and G(F) and the independence between
them.

Lemma 2. If (E) and (@) hold then G*(F) and G(F) are independent
P-Brownian bridges.

Proof. By definition of G°(F}), the two processes G*(F) and G(F) are centered
linear Gaussian, indexed by F such that, for all f,g e F,

Cov(G(f),G(g)) = P(X’Z)(h“)h(?»)) _ p(X,Z)(h§§))p(X,Z)(hg3))
= P(fg) — P(f)P(g)-
By (@) we have hf (X Z) ( )(f(X) ( ))*P(f) a.s. thus (@) implies

P(XZ)(hf) E(Z(f(X) = P(f)) = [(X))
E(E(Z|X)(f(X) = P(f) = P(f) = =P(f)-
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Since G is also linear and (@) implies E((Z —1)?|X) = 1 we get

Cov(G*(f),G*(g)) = PXA ((hy + P(f))(hg + P(g)))
=E((Z - 1)*(f(X) = P(/)(9(X) = P(9)))
= P(fg) — P(f)P(9).
Moreover, for all f, g € F we get, since (@) implies E(Z — 1]X) =0,

Cov(G*(f), G(g)) = Cov(G°(hy),G°(h())
= PX2) ((hy + P(f)) () — P(g)))

=E((Z - 1)(f(X) = P(f))(9(X) — P(g))) =0,
which proves the independence. O

Raked bootstrapped Gaussian process. Let GV)*(F) be the raked boot-
strapped P-Brownian bridge defined recursively by:

GO = (), GV ) = GO = 3 BAATIIET VAT,
P=
(4.20)

where G*(F) is defined by () through G°(F;). The following lemma estab-
lishes the distribution of G*() and the independence between this process and
GWM(F).

Lemma 3. If (@) and (@) hold then G*(N)(F) and GWN)(F) are independent
Gaussian processes with same distribution.

Proof. Let f,g € F. By Lemma E we have

Cov(G*(f),G(g)) =0,
Cov(G* ) (£),G*(g)) = Cov(G (f),G(g)).

If we assume that

Cov(G* M (f),GM(g)) =0,
Cov(G*M(f),G*M)(g)) = Cov(GM)(£),GN)(g)),

for some N > 0 then by construction of GMN)(F), G*(N) (F) respectively defined
by (@) and () we have necessary

Cov(G*NHD(f),GN+(g)) = 0,
Cov(G*N U (f),G* N1 (g)) = Cov(GN TV (f), G+ (g)),

which prove the lemma by induction the same distribution. O
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Bootstrapped raked Gaussian process. Let GO’(N)(}]) be the P(X2).
raked Brownian bridge defined recursively as in (|L.7) from G%(©) = G° and the
following auxiliary information, for all N >0 and j =1,...,my,

ASN) = (ADD A% Oy A4S = AN [0, M), (4.21)

Notice that P(X:%)(A%(N)) = P(AMN)). The bootstrapped raking-ratio Gaus-
sian process G(N)*(F) is defined through

G (f) = G*M WYy - P(HGEM(hP) — "M (P, feF. (4.22)
By linearity, one can define GO () (hf) = GM)*(f). The following lemma gives
the distribution of G(")* (F).

Lemma 4. If (@) and (@) hold then for all GMN)*(F) and G(F) are inde-
pendent P-Brownian bridges.

Proof. By (E), Lemma E and definition of G(N)*(F) given by () and we
have for all f,g e F,

Cov(GM*(£),GMM*(g)) = Cov(G*™M (hy), G (hy,))
= Cov(G°(hy), G (hy)) — Rn (P2 hy hy)
= Cov(G(f),G(g)) — Rn (PN by, hy).

Let hi, he € Fy defined by h;(x, z) = fi(x)g:(z) for i = 1,2. By the definition of
Ry given by (L.9) we have ™ (P(X2) 1) = &M (P, f,) and Var(G[AM]) =
Var(G°[A%(N)]) since for every 1 < ji, ja < my,

COV(GO(A?;(N))7GO(AE?;(N))) _ P(X,Z)(A?;(N) A AE?;(N)) . P(X,Z)(A?;(N))P(X,Z)(A?;(N))
= PAGY 0 ATY) = PG P(AST)
= Cov(G(AM),G(AM)).

These remarks lead to RN(P(X’Z), hi,he) = Ry (P, f1, f2). Then

Ry(PXD by hg) = Ry(PY2) 1Y — P(HR® — P 1N — P(g)n® — h)

=—P(f)P(g)Rn(P,1,1).
By using (@) and the fact that G(1) = 0,G™Y) (1) = 0 we have
Rn(1,1) = Cov(G(1),G(1)) — Cov(GM(1),GN) (1)) = 0.

We have shown that Cov(G™M*(f), GIV)*(g)) = Cov(G(f),G(g)). By Lemmaa
G%(9) = G* is independent of G and if for all f,g € F,

Cov(G™M*(f),G(g)) = Cov(G*(hys),G(g)) = 0,

then
Cov(GNTV*(f),G(g)) = Cov(G>NHD(hy),G(g)) =0,

since G+ (h;) is a linear combination of elements of G*(™)(F;). By induc-
tion we have proved the independence between GV)*(F) and G(F). O
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4.4 Proof of Theorem @ and @

At Step 1 we_prove Proposition H below. At Step 2 we deduce Theorem @ from
Proposition Hpand derive at Step 3 Theorem from Theorem P.1|. Fix 6 > 0.

Proposition 7. Assume (E), (Q) and either (VC) or (BR). There exists
constants Cp,ng > 0 and sequences {(Xn, Zyn)} of i.i.d. random variables with
distribution P%) and a sequence {(G,,(F),G*(F))} of pairs of independent
P-Brownian bridges, all of these sequences being defined on the same probability
space, such that for all n > ny,

~ 1
P ({llan = Gnllz > Covn} v {l1@5 = Grll > Covn}) < —5. (4.23)

On the above probability space there also exists independent sequences {G],(F)}
and {G¥ (F)} of independent versions of G(F) such that, for all n > ng,

( max ||[Vkay — Z G,|l7 > C’gvn) < (4.24)

\/71< =

k
1 y .
F (\/ﬁ max ||V - ;Gi |7 > Om) < (4.25)

:gm‘ =

Step 1. By Lemma m one can apply Propositions 1,2 and Theorems 1,2 of
Berthet and Mason [§] to a5?) (F1). There exists Cy = Co(0) > 0,n9 =
no() > 0 and a probability space where one can construct a sequences of inde-
pendent random variables {(X,, Z,)} distributed as P(*+%) and two sequences
{GY(F1)}, {GY(F)} of independent P*%)-Brownian bridge satisfying for all
n > no,

1
P (l0f* G5, > Cova) < — (4.26)

k

/ 1

(f 1 a§ ||fa Z) — Z G? H]:1 > CO'Un> < 6? (427)
=1 n

We only prove (and () by using () We can adapt the follow-
ing proof to show (.23) by using (4.2G). Let denote {G,,(F)} and {G¥(F)} the
processes defined respectively by ( and () both built through {G9 (F1)}.
According to Lemmaa AGr(F)}, {GE(F)} are independent P-Brownian bridges.
(X’Z)(h;g)) = ay(f), inequality (

Since ay ) is satisfied in particular. Write
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Cl = Comax(2, Mr). By () one can write that for all n > ng,

k
1 * !
F (ﬁ 15k, [Vkag - ;Gi lF > Co“n)

sup max foz h(l) G (A > Clu,,
(ﬁegm ) - 67 041 > ¢4
(X,2) (2 o’ (2 ’
oo (e H(f W) - 316800 | i,
k
B /
sup max \/E h > Coop,
<\/7f€]21<k<n ; 0 >
3y, 1 .
!/
e (s s, VR 0 33 0] - i

1 1
<K -—+P ( max l|\/%a,(€x’z)||}-l .

0
28 V/n 1<k<n

1 &
T le(Zi -
The last right-hand side member of () can be bounded by
k
1
R 2%im
i=1

<P ( max ||oz,(cX’Z)||}-1 > QCovnn1/2€> +P < max
1<k<n

1<k<n

1)] > C(’)vn> . (4.28)

1
P( max [||¢Ea2x’z>||fl~

!/
T, > Covn> (4.29)

1 k
ﬁ ;(Zz n5> :

By Hoeffding inequality and definition of € there exists ny = n1(f) > 0 such

that for all n > nq,
2n2e 1
) < 2nexp (_W) < Gl (4.30)

1 k
<l<k< F D ;

Moreover by () we for all n > ny,

P < max ||a( ’ )H]-'l > 2Cyvp, n1/25)
1<k<n

k
2 1 o’ 1/2—¢
<P (121132( ||O‘k 7 Z G; ||l7 > Covnn )

i=1

L o’ 1/2—¢
+P (éll?é‘n” Z G|z > Covan )

1:1

< Gl +P <max H\f ZGO |7 > Covant/?~ 5) ) (4.31)
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By Borell-Sudakov inequality — see annex A.2.1 of [B5] — there exists ny =
n2(0) > 0 such that for all n > no,

0’ 1/2—¢ 1/2—¢
<1I<n]?i( ||\/>2G |7 > Covnnt/ > Z < ZG |7 > Covnn!/ )

z 1
(Covpnt/?=¢)? 1
<2 ——— | < —.
”eXp< BE[[GY][5]2 ) ~ 6uf,

So (ft2d), (.3d), (L31) and (.39) imply that for all n > max(ng, n1),
P € max ||\/Ea(X’Z)Hf |2 i(Z
/N 1<k<n k LEA

Inequality () is proved by () and () with ng = max(ng,ni,ne) and
Cy = Cj.

Step 2. Now we prove (@) and (@) of Theorem EI By adapting the fol-
lowing proof we can also show (R.1)). According to Proposition [], there exists a
constant Cy = Cy(0),n9 = no(f) > 0, a sequence {(X,, Z,)} of i.i.d. random
variables with distribution P(>%) | a sequence {G/,(F)}, {G* (F)} of indepen-
dent P-brownian bridge satisfying, for all n > ng, (R.2) and

(4.32)

1
- 1)] > C’(’,vn> < g7 (4.33)

k
1 o 1
P (\ﬁ max IVFkaE — ;Gi |7 > C’ovn> <1 (4.34)

By definition of & given by (@),

k
(\f o [Vkaj = Y G |l7 > 3Covn>

i=1

k
1 r\./ !
2 (e I V- 31651 s

i=1

1 k ~k & *'
S CRENE B AT

+P (f ) 9\k<n|| (;f - 1) Z GY ||» > Covn> . (4.35)

=1

According to Hoeffding inequality there exists ny = ny(6) > 0 such that for all
n>ni,

k n Ty 1 n
P — =2 < Pl—<:|< P(|Ty — k| = k/2
( pers ) kz (k 2) (| : kl k/)
k

kno<k<n T

=kn.,o k:kn,e
N 2(k*/4) 1
<2 ) exp (— ) S e (4.36)
k=Fkn ¢ Z
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Using () and (), we found that for all n > max(ng,n1)

k
1 ’ 1
P * 2 < —. 4.
(ﬁknlgn\alz{<n|| (\/> ;Gz )H]'— > Covn> 200 ( 37)

By definition of € one can write that

1 koo
(G (5 - ) 6l oo

<F (/ e | Bl > c)

+P max
kn,o<k<n

Vi (;fk - 1>' 8) . (4.38)

With the same calculations as () — but on the class F — we show that there
exists ng = ng(#) > 0 such that for all n > nq

x>

1
—1/2+ %
P (n e nglgz; H\f E G} ||l > Covn> < 1 (4.39)

By () and Hoeffding inequality, there exists ng = ng(6) > 0 such that for

all n > ng,
k k Tk—k
— —1 =P €
\/E<Tk >'>n> (kngl\ak<n Tk \/E ‘>n>

]P’( max
kn,o<k<n
T, — k| n° k 1
<P (o 27> 7) P (mp, o> 2) < g @0

By (.39, (£.37), (£39), (L3d) and (.4d), we have proved R.9) with ne

max(ng, n1,n2,ng) and Cyp = 3C).

Step 3. Let F3, be an extension of F; defined by

]:bn = {h(xazla .- 'azbn) = f(x)g(zl) 1<i< bnvf eFu {1}79 € {(bMZ?l}}
The fact that 73,

satisfies the same metric entropy conditions than F is easy
to check. Let GO (F,, ) be the P(X:Z2"....2")

-Brownian bridge. For ¢ < b,,
we define the bootstrapped i-marginal process G*(F) by
GHO(f) = G (hiy)) -

where

PG (12 ) =GO (7). f & Fo,

WS (@, 21, o,) = F@)oar, (1), b (@2,
13

e 2b,) = M, (2i),
fbn(‘razlw . '7an) = f(ZZJ)
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In fact G*',...,G*" are independent P-Brownian bridges. Theorem @ im-

plies that there exists positive constants C' = C'(by, ), no, a sequence {(X;, Zi(l), cee Zi(b"))}

of i.i.d. random variables with law P(X:Z"2"")) and a sequence {(G(F),GEY(F),...,GEbe (F))}
of independent P-Brownian bridge such that for n = ny,

b
" . ; 1
P(Bn) =P <{||an = Gullr > Cvn} v U{HO‘Z(]) -Gyl > OUn}) < n2’
j=1
(4.41)
where ol )(]-') is defined by a*(z)(f) (h(1 z)) is the bootstrapped empirical

process with weights constructed from (Z(Z) Cey ,(f))

4.5 Proof of Theorem @ and @

Process o™ )(.7-') could be seen as the process a:;(N_l)(}') corrected with par-
tition AMY) since

kN () = V@M (f) = Pu(f))

_\/7 my (A(N)) #(N—1)
=vn Zlmpn (f1,00) = Pu(f1,00)
J

mn (A(N)) (N) (N)
N-1 N—-1
- 1W< a1 y0) = En[f1AT Jar VY (AF)),
Jj=

where E,[f]4] = 3L
P, (AN
(N) _ n\7 (N) (N) (N)
bnj = *(N,l)(A(N)) -1 a, (f)= [f|A ] - E[f‘Aj J.
Pr j

Then,
ar®™(f) = ap®™ Do ¢<N>(f> + I (1),
N N - N
2 Py @ 0 G5 (F) = (L Py ) (Has ™D (AFY),
By successive iterations we get
M) =t 0 gyo-- 0 (f) + F (), (4.42)

N
= Y T (@) 0 -+ 0 by (F)).

k=1

«

3%
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Let introduce the same notations than [1]. For all f € F, N < Ny for some fixed
Noand j =1,...,my we denote

o) (F) = (F ~EUIAN DL, 00, o) = 57 dvp (),
and function classes

Fvy = ¢y o 0oy (F),
Hoy= | U 6w o dm o odum(F)

1<k<N 1<j<my

F(): U F(N), 7‘[0: U H(N)

0<N<Np 0SN<No

The following lemma establishes that the bootstrapped process s (F(n)) is the
main process contributing for afL(N) (F) and F %N) is an error process. It is the

equivalent of Lemma 2 of [1].

Lemma 5. Assume (@), (@) and either (VC) or (BR). For any &,0 > 0
there exists ng g > 0 such that, for alln > ng g,

1
P (N) n) < 5.
<0<%sz0 F3 17 > &v 7

Fix 6, > 0. Now we prove Lemma B at Step 1 and apply it at Step 2 to prove
Theorem @ In Step 3, we describe how to prove Theorem B.2.

Step 1. Let bound the terms of error:

(N) #(N—=1) A (N) N-1
p) = (FnAT D —Ba T (A7) llan|l7 + [|ox™ |17
PRI (A5Y) Vipw = [ln ™|
(N) (N)
1 = |2 ZEVATIR AT | b a1
n . ‘F = ~ )
’ P, (A1) Vipx = [eallz
].'
N mE
k —
IFNF < 35 max (9351 5 0k 0 6k 0 Gy 0+ 0 o) f]
h=1 SIS j=1
k k —
+ max (1L p0] gl 030 (4))))

# (k) (N) (N oW)
< S max_[lx®l, (PO + 1+ PO,

(N) #(NV) (No) (No) (No) ()(No)
L (7l < S _man o™l (PN + QU + PNOIQU))

N k N k
where P{V) = Maxo<k< N MAX1<j<my |p5L;|, Q; ) = MaXo<k< N MAX1<j<my |q£LJ) .

For € € (0,1/2) there exists ng > 0 such that for all n > ng, v, > 4Sn,(1 +
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2Mz)n®/(y/npn,). Then, for every n > n¢ we have

0<N<No 0<N<Nj

4ns/4 4M]:TLE/4
+ 2P (P,§N0> > ) + 2P ( (No) ) 4.43
N Qn o (4.43)

According to Lemma 1 of [[] and Proposition E there exists ng = no(#) > 0 such
that for all n > ng we have

v ( max ||F V]| > 5””) =F ( max |Ja ||, > ”5/2>

1
(N) €/2 -
g <0<I¥lva<XN [l o > 7 > s 3nd” (4.44)

Moreover there exists n1 = n1(6) > 0 such that for all n > nq,

P (llall > n7*) + B (s a2 > T

1
+1P>< max_ |[a*™)||z > m) < —, (4.45)

0<N<N, 2 6nf’

AMns/4 Vnpy
P <Q$LNO) > m) <P (HOénHJ-‘ > n€/4) +P <|O‘n||}' > TO
1

6nf
By (), (), () and (), Lemma a is proved with ne o = max(ng, no, n1).

Step 2. By Lemma 1 of [I] we can apply Lemma ﬂ, Theorem EI and Theo-
rem 2.1 of [l to Fy. Since these two last theorems are based on the Berthet
and Mason strong approximation of a,,(F) to G(F), the following Gaussian
approximation is satisfied. For some constant Cy = Co(¢) > 0 and ng > 0 one
can build on a probability space (2, T,P) a version of the sequence {(X,,, Z,)}
of i.i.d. random variables with distribution P(*:%) and a sequence {G?(F)} of
independent P-Brownian bridges in such a way that, that for all n > ny, (@)
holds and

4
P (P,EN(J) S Ant ) <
\/ﬁpNo

(4.46)

<

1
P <{||a: —G}|7 > Covn} U {0 max ||F NF > Covn}) <50 (4.47)

Let denote {G™)(F)} the N-th raked P-Brownian bridge defined by (1.2d)
built through {G%}. This construction implies G, *0) = GEX. Successive iter-
ations given by () give maxj<n<n, ||an *() — G| < jax - GEl|x +
mMaxo< N< N, ||Fn H; By () we have for all n > ng,

P < max || -GNz > QCovn>
1<N<No

1
P(||laf — Gk||7, > Covy) + P (0 Hg\lfax I1FM|| 7 > C’ovn) < -
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We have proved (@) of Theorem @ with Cyp = 2Cp > 0.

Step 3. To prove Theorem @ we only need to extend the notations of previous
steps and use Theorem @ instead of Theorem EI at Step 2.

4.6 Proof of Proposition B

Let 6 > 0. Proposition E below is proved at Step 1 then Proposition E is proved
at Step 2. Like & (F) given by (@)k}t us define the process &,&N)*(]-') by
&%N)*(f )= (TTE,N) / n)a&N)*( f). The following proposition establishes the strong
approximation of &%N)*(}') to GN*(F).

Proposition 8. Assume (E), (Q) and either (VC) or (BR). There exists
Co,mng > 0, a sequence {(Xn,Z,)} of i.i.d. random variables with distribu-
tion PX%) and a sequence {(G,(F), G%O)*(]:)), e G;NO)*(}')} of P-Brownian
bridges, all of these sequences being defined on the same probability space, such
that for all n > ng,

No

1

P <{|an —Gullr > Covn} v | {laV* = GIV*| 5 > Cgvn}> < 5o (448)
N=0

Step 1. By Lemma m one can apply Theorem 2.1 of [l] to (agX’Z))(N) (F1)
the N-th raked empirical process of a¥%) defined b (.6), the law P(X:%)
and the auxiliary information A%®) defined by () There exists Cy =
Co(0),n0 = np(f) > 0 and a probability space which supports a sequence of
independent random variables {(X,,, Z,)} distributed as P(X*%) and a sequence
{G%’(O) (F1),y -y G%(NO)(}'l)} of process of independent P(X:%)-raked Brownian
bridge satisfying for all n > ng,

1

0<N<Ny

Since ay,(f) = (a,(zx’z))(o)(h?)) then () implies immediately

1
P - < 0 4.
(lan = Grll 7 > Covy) no (4.50)
Let decompose &%N)*( f) as the same way as (@)
A () = (@) (AE) ~ B[] (2™ (1)
— (@XM @) (14 (TN /n - 1)), (4.51)

where h(l),h@),h;‘g) are defined by (@) Let C) = C{(0) = Comax(1, Mr).
By (), (1.51) and definition of GN)*(F) given by () it holds for all
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n > no,

P (o u, 198 ~6L11x > o
T
n

-1

3
e (X,Z)7(N)
S T F (05&/&2{% Iew™ " s > CO%) . (52

Last term of () can be bounded as the same way as () By () and

definition of € we have for all n > ng,

(o, ol > con )
<P (||(0<£LX’Z))(N)||E > Oovnnl/%g) +P ( max n 7(1N) —1| > n€>
0<N<No n
1 (N)
< o +P (”G?{(N)”}‘l > C(l)vnnl/z_s) +P <0<r?va<XNo n ZL -1 > n5> .

We do the same calculations as () By Borell-Sudakov there exists ny =
n1(0) > 0 such that for all n > nq,

_ 1
PCL™ 5, > Cpvun®/~) < . (4.5
Since /(TN /n — 1) = (@55D)YM(1 x ¢ar,), Proposition 3 of [[I] implies
that there exists no = n2(0) > 0 such that for all n > no,

1
€ (X,2)\(N) € _—
>n><PQ£gMK% ) Ha>n)<7m.
(4.55)
By ()7 .59), (.59), () and (|1.55) we have shown that ({1.48) is satisfied
with ng = max(ng,n1,n2) and Cy = Cj.

Step 2. According to Proposition E there exists Cy = Cy(6) > 0,9 = ng(0) >
0, a sequence {(X,,Z,)} of i.i.d. random variables with distribution PX+%)
and a sequence {(G,(F), ((}%O)>’<(.7-'))7 e ,G%NO)*(}')} of P-Brownian bridges, all
of these sequences being defined on the same probability space, such that for all
n > no,

5nf
(4.56)

No
~ 1
IP’<{||OénGn|f>Covn}U LJ{HQSVHG%VHHff>Cb%J> <7
N=0
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In particular for all n > ny,

1

B (llan = Gullr > Cova) < .

(4.57)
To prove (@) we use the same method as the proof of Theorem EI We write
(V) _ (V)=
P <O<n]\1[a<xN |y, Gy V¥ ||lF > 3C’0vn>

<IP’( max

(N)* _ x(N)*
x5 186"~ 6" - > 2, )

- (N)*
+F <o<r?v2XNo 7% 1‘ Gy " (|7 > Co%) . (4.58)

From one hand, using () one can say that for all n > ny,

(N)% _ m(N)*
F <O<HJ\IIa<XN0 T(N H Gy llF > 2001}”)

(N)
(V)% _ (V)= -
<P (K%ag(N 16 I COU”) F <0<I§lvag{1vo n 1> 1/2>
1
< (X,2)\(N) ' .
= +P <0g§1va\<xN0 (@G| 5, > ﬁ/Q) (4.59)

By Proposition 3 of [[] there exists n; = ny () > 0 such that for all n > ny,

1

(X,2)\(N) -
P (s, 0D, > vif2) < oo (4.60)

By () and () we have shown that for any n > max(ng, n1),

P ( max (4.61)

(V)= (N)*
0<N<Ny T(N) ” G’ﬂ ||-7: > 2001]'”) <

5nf°

From the other hand, we write

P ( max
0<N<Ny

<IP< max ||G(N)*H}->Covn 1/2- 6)4—1?’(
0NN

ST 1‘ |GV)*|| 7 > Covn>
TN

>

(4.62)

0<N<Ng

By definition of ¢ and Borell-Sudakov inequality, there ny = n2(6) > 0 such
that for all n > ns,

P (HG:Hf > C’vnnl/Q_E) <— (4.63)

5nf’
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There also exists ng = n3(#) > 0 such that for all n > ns,

1
€ (X,Z2)\(N) e
<0<N<No ‘>n> <IP)<0<H1\1fa<XNoH(Oé” )l >2n) <5 0
4.64)
By (), () and () it holds that for any n > max(ng,n3),
2
(N)*

P (0<H1\lfa<XNo T(N) ' 1G " lF > Covn) S5 (4.65)

By () ()7 () and () we have shown (@) with ng = max(ng, ni,n2,n3)

and Cy = 3Cy > 0.

4.7 Proof of Corollaries a and @

For the proofs of these corollaries we need to introduce the following quantities

a, oz:(j) + ay,
Bono = VnRt (w) ’ —

By definition of R these quantities are bounded by

RJ:\/ER< >,j:1,...,bn. (4.66)

(27 M| |% + 297 1||0‘ (])H}')
ng—1/2

q
@7
< Joulle R, e <

[1Fen, na-1/2°

Talagrand inequalities given by Proposition E and Proposition 3 of [l] applied
to a, and o (j) prove that for any £, 0 > 0 there exists n¢ g > 0 such that for
all n > g0,
1 .

P(HRn’jH]—'>£)<ﬁ7 i=0,1,...,b,. (4.67)
According to (), Borell-Sudakov inequality and Theorem @, there exists
Ci,n1 > 0, an array {(Xn,Zp (1), Zn,b,))} of ii.d. random vectors dis-
tributed as P(X1:%1.(0»Z1.¢m) and an array {(G* 0 )Gy y(F), - Gy (bn)(}'))}
of mutually independent P-Brownian bridges such that for n > nq,

Ple, > Crwy,) < (4.68)

3n2’

with e, = maxj=1,...o, ([lon = G% )7, 0% ;) = G% ( lr. [ Rl |7, | B sl )-

Now we prove Corollary E at Step 1 and Corollary P at Step 2.
Step 1. Since F satisfies (VC), by Borell-Sudakov inequality there exists ny > 0
such that for all n > no,

1

IEDI ()(0/2 éi
(¢ > no) < o

(4.69)
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with €], = max;—o.1,. 5, ||G:’(j)”]-'. By () one can write

n(Var(S*) — Var(S,))
b

3

% =1(90(1P:’(j)) —¢(P,))* — Var(o(Py))
B 3]

2
(ap'(P) can gyt R+ Rn,()) — Var (¢'(P) - an + Ryo)

|
5=
{ngby

I
-

J
which implies

b

| bn
;TZ )~

There exists ng > 0 such that for all n > n3, 13(Ciw,)? + 1001wnn“°/2 <

11C1w,n/2. Notice that all G* e are independent so Z "L @2(P) - G* )

has the same distribution as o2x?(b,). By (), () and () for all

n > max(ny,ns,n3) it holds

n|Var(S*) — Var(S 0|+ 13e2 4 10e,¢’,. (4.70)

P (a% ‘\721\1?(8:) - Var(Sn)‘ >0+ 1101wnn°‘°/2>
bn
i Z ('0/2(P) G:’(j) —o?

1
<P|—
(02 b, =
b

2
X (bn) 1 1

> 5) + P (ei > (Clwn)2) +P (ene; > Clwnno“)/z)

We have shown that (@) is satisfied for Cy = 11C} and ng = max(ny, na, n3).
2
According to Hoeffding inequality, P ()% — 1‘ > 5) < 2/b,0%. There exists

ns > 0 such that for n > ny, o2 (\/% + Cownno“)/2_1> < Ch/+v/by, for some
C}) > o2. For § =n/+/b, and n > ny, (@) implies

P ([Var(sy) = Var(S,)| > Cj/+/b,)
<P <|\7§r(s;';) — Var(S,)| > o2 (

+ Cownna°/21)> < %

1
Vbn
The last inequality and Borel-Cantelli implies (@)

Step 2. We denote G, (x) = }?'S:x; (x + By). Since all ¢'(P) - G*

() have the
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same law we have |G,, — Fs, | < |Fi| + |F»| + F3 with

b
b
Fi(z) = ;Z P (P)+ b/ (P) G

" (J)el[x,x—EnJP

b
1 & 1
e (“”(P) R0 G < ””) |

F3(x) =P (go(P) + ic,o’(P) -G, ) € [z, z - En,o]) ,

NG
1
Bnj = 5 (P) (@) = Gug) + Fng = Bn,
1
En,O = %@/(P) . (an - G:’(O)) + Rn,0~
where R, 0, R, ; are defined by () and I[a,b] means the interval of the real
contained between a and b. Notice that ||E, ;|| < 3e, for j =0,1,...,b,. We

denote C1 = Cy/3 and I,(z) = [t—Cjw,, x+Cjw,]. Remind that 4,, = [¢(P)—
an; o(P) + ay] with a,, = g4/log(logn/b,w2). Then for C = v/2C} /7o > 0 we

have for any n > 1,

1, a?

zeAS 20
I
<C obg". (4.71)
Under the event B,, = {e,, < Ciw,} we have
IB@)] < 3 Z%(P ¢/(P)G* , elu(x)
1 & 1
< b Zl]lap(P)—i-\rap (P)G* , elu(a) ~ P (<P(P) + %W(P) "G}, ) € In(@) ‘
1
+P (gp(P) + %90'(13) . G:,(o) € In(x)) ) (4.72)

Since all G}, ) are i.i.d. we have according to (), () and DKW inequality
that for all e>0andn>1,

1
P <sl}4pc |Fi(z)| > 2+ C c;gn) < dem2bne’ (4.73)
z€AG n
By DWK inequality we have also
P | sup |Fa(z)| >e | <P (sup|Fa(x)] >¢e) < 2¢2ne’ (4.74)
zeAS zeR
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Under the event B, |F3(z)| < P(p(P) + ﬁap’(P) -G} o) € I,(z)) then ()
implies that for n > 1,

1
sup |F3(z)] < Oy

zeA§ bn

We have shown by (), (M), (M) and (M) that for all e > 0 and n > nq,

(4.75)

1 1
P (sup |Gu(z) = Fs, (2)] > 3 +2C Ogn) N

<
z€AS bn 3n2

which implies in particular for € = 1/log(3n) /b, < 24/logn/b, and n > n1,

I 1
P(sup Gn(z) — Fs, (2)] > (6 +20) (;g”> <.

zeAS n n
We have proved by Borel-Cantelli (@) with Cp = 6 +2C > 0.
4.8 Proof of Corollaries (E) and (H)

At Step 1 we prove Corollary (E) and at Step 2 we prove Corollary (H)
Step 1. According to Theorem @, there exists C' > 0,n; > 0, a sequence
{(Xp, Z,)} of i.i.d. random variables with distribution P*>%) and a sequence
of {G*(F)} of P-Brownian bridge such that for all n > ny, P(4,) < 1/n? with
An = {[lan = Gnll7 = Cvn /43| J{llaf = G}l 7 = Cvn/4}.
Then we have for all n > ng
1
P(o(a2(1) <) < (0G5 <+ 10 ) + P(4,)
1 1
<P@(GL(f)) s 2) + 1CCCron + —.

Similarly,

P($(G2(f)) < &) — CCoChuy < P (¢<G;s<f>> <u 10%)

By definition of v, there exists ny > 0 such that for all n > ng, 1/n? <
CCyChvy, /4. So for n > max(ny,na),

sup sup sup [P (¢ (o (f)) < z) =P (o(G(f)) < 2)| < %CConn- (4.76)
peLl feF xeR
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We have shown that (@) holds for ng = max(ni,ns2). As the same way, we can
show that for n > ng,

supsupsup [P (¢ (an(f)) < z) =P (p(G(f)) < z)| < %CCOClvn. (4.77)
el feF xzeR

Inequality () is a consequence of () and ()

Step 2. We prove (@) and (@) is a direct consequence of (@) We decompose
the sum of the left-hand side of (B.4) as

b
1 n N N N N
B o (s~ Con@ . 6315 )
iz
1 b N (PG (V) (N)
® * * *
< bf sup ’G )Gn,(j) (9) — COV(Gn’(j) (f)s Gn,(j) (9))‘
1 f.9eF
N N) N
+ max (lalG) = GG (G + 16T HI=) (@79

According to Theorem @ applied with 8 = 2 there exists C; > 0, n; > 0 and
a probability space supporting a triangular array {(Xy, Zn (1), Zn,(b,))} Of
i.i.d. random vectors distributed as P(X1:41.)Z1.61)) and a triangular array
{(G:‘;(O) (F): Gy, (1) (F) s Gy 4,1 (F))} of (b + 1)-uplets of mutually indepen-
dent P-Brownian bridges such that, for n > nq,

1
L (4.79)

(V) #(N)
v (j—r?,%i(bnx%ixjv ||a o =Gl > Clwn) B

Borell-Sudakov inequality implies that there exists Co > 0,m5 > 0 such that for
all n > no,

P (G > (1
(s, o, 1625 = Cutog)

1
< #(N) ) <. .
b"j Jnax | max P (HG H; > Cylogn e (4.80)
According to Proposition E there exists also C3 > 0,n3 > 0 such that for all
n > ng it holds,

1
et (4.81)

#(N) <
g (j—r{l,éi(bn Og%angvo Ha”a(j) [|l7 > Cslog n) =

Forall f,ge Fandj=1,....b,, GE ) (NGE ) (9)— Cov(GE (1), GE T (9))
is a square-Gaussian random variable — see Definition 3.1 of Kozachenko and
Moklyachuk [24]. Since F satisfies (VC), let apply Theorem 4.1 of [24] with the
following parameters: AT = A~ =1, r(z) =logz, §g = 0r <tog= Mz, M =1,
R(s) = (1 —|s])""/2exp (—|s|/2) — see Lemma 3.2. For = > 2ugox , we find

22¢e¥0 T
D = D7 < —— ¥ —— .
0= = e (-5
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This Theorem implies that there exists Cy > 0,14 > 0 such that for all n > ny,
2ugor < Cylogn and

0<N<N0 f.geF

1
i ( Z max_ sup ‘ijjj}(f)@*f{j)( ) — Cov(GE (1), G (g ))) > C’4logn>

*(N) #(N) - #(N) *#(N)
Sbn max  max.E ( Sﬁepf‘@ HWNET )~ Cov@ 5 (1. €13 (@)] > Ca logn>

1
4n2?’

Clearly, there exists C5 > Cy, ns > 0 such that Cylogn+4Co(C+Cs)wy, logn <
Cslogn for all n > ns. Finally, according to (@), (@)7 () and (),

we have for all n > max(ni,ns,ns, nq, ns),

(4.82)

~x

N N N N 1
Za*&g? a3 9) = Cov(@ () (), €15 (g >>>0510g”><27

IP’( max _ sup
n

0SN<No fgeF|b

which prove (@) with ng = max(ni,ne,ns,n4,ns) and Cy = Cs by Borel-
Cantelli.
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