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Abstract

Consider a data set as a body of evidence that might confirm or disconfirm a hy-
pothesis about a parameter value. If the posterior probability of the hypothesis is high
enough, then the truth of the hypothesis is accepted for some purpose such as reporting
a new discovery. In that way, the posterior probability measures the sufficiency of the
evidence for accepting the hypothesis. It would only follow that the evidence is relevant
to the hypothesis if the prior probability were not already high enough for acceptance.
A measure of the relevancy of the evidence is the Bayes factor since it is the ratio of
the posterior odds to the prior odds.

Measures of the sufficiency of the evidence and measures of the relevancy of the
evidence are not mutually exclusive. An example falling in both classes is the likelihood
ratio statistic, perhaps based on a pseudolikelihood function that eliminates nuisance
parameters. There is a sense in which the likelihood ratio statistic measures both the
sufficiency of the evidence and its relevancy. That result is established by representing
the likelihood ratio statistic in terms of a conditional possibility measure that satisfies
logical coherence rather than probabilistic coherence.

Keywords: deductive closure; deductive cogency; general law of likelihood; likelihood
paradigm; possibility measure; possibility theory; pure likelihood methods; strength of sta-
tistical evidence



A DOG, crossing a bridge over a stream with a piece of flesh in his mouth, saw
his own shadow in the water and took it for that of another Dog, with a piece
of meat double his own in size. He immediately let go of his own, and fiercely
attacked the other Dog to get his larger piece from him. He thus lost both: that
which he grasped at in the water, because it was a shadow; and his own, because
the stream swept it away.

(Aesop’s Fables, translated by George Fyler Townsend, Amazon Digital Services,
Inc., p. 18)

1 Introduction

Scientists seek to publish observations that constitute sufficient evidence to accept a hy-
pothesis as a contribution to scientific knowledge. For measuring the strength of evidence,
the likelihood paradigm may have advantages over the frequentist and Bayesian paradigms
(Edwards, 1992; Royall, 1997; Blume, 2011; Bickel, 2012; Rohde, 2014).

In this paradigm, the likelihood ratio serves as a measure of the strength of statistical
evidence for one hypothesis over another through the lens of a family of distributions (Roy-
all, 1997, 2000a). That differs from the more familiar uses of the likelihood function as a
tool for the construction of point estimators, p values, confidence intervals, and posterior
probabilities. It has been used to analyze data both in basic domains such as genetics (Strug
and Hodge, 2006a,b; Strug et al., 2007; Hodge et al., 2011; Strug et al., 2010; Strug, 2018)
and in more applied domains such as health care (Blume, 2002; Hoch and Blume, 2008).
Rohde (2014) provides an accessible exposition of the likelihood paradigm.

The paradigm has roots in the likelihood intervals of R. A. Fisher. In a certain sense,
a scalar parameter value 6 is “consistent with the observations” at some level A if and only
if 6= (A) < 6 < 67 (A), where [0~ (A),07 (A)] is the interval of parameter values with
likelihood within a factor of A of the maximum likelihood, provided that A > 1 (Royall,
1997, p. 26). For example, Fisher (1973, pp. 75-76) considered A = 2,5, 15, flagging
parameter values outside the [0~ (A), 0% (A)] intervals as “implausible” and those outside
even the [0~ (15), 07 (15)] interval as “obviously open to grave suspicion” (cf. Barnard, 1967,
Hoch and Blume, 2008). In that context, Fisher (1973, p. 71; cf. 74-75) remarked that the
p value is “not very defensible save as an approximation” (see Bickel and Patriota, 2019).
Royall (1997) instead used A = 23 for strong evidence and A = 25 for very strong evidence;
see Bickel (2014) for additional gradations. For vector parameters, the level-A likelihood set
is the set of parameter values with likelihood within a factor of A of the maximum likelihood.

Just as nested confidence sets may be inverted to define a p value for each parameter value,
likelihood sets may be inverted to obtain the likelihood ratio of each parameter value relative
to the maximum likelihood. Edwards (1992) and Royall (1997) interpreted the likelihood

ratio as the strength of evidence, carefully limiting the scope to comparisons between simple
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(point) hypotheses, in which case the Bayes factor is the likelihood ratio. According to the
(special) law of likelihood attributed to Hacking (1965), the likelihood ratio between two
simple hypotheses quantifies the strength of evidence of one hypothesis over the other, apart
from prior distributions, loss functions, and the sample size (Edwards, 1992; Royall, 1997).
This contrasts with the more generally applicable practice of measuring statistical evidence
for general hypotheses with the Bayes factor (cf. Jeffreys, 1948).

The primary motivation for the limitation to simple hypotheses was to avoid specifying
the prior distributions needed to define a Bayes factor for composite hypotheses, for the Bayes
factor is the ratio of the likelihood means with respect to a prior distribution conditional
on each hypothesis compared. To achieve applicability to composite hypotheses without a
prior distribution of the interest parameter, the prior mean likelihood given each composite
hypothesis was replaced with the maximum likelihood over the parameter values of each
composite hypothesis. The resulting ratio of maximum likelihoods is interpreted as the
weight of the statistical evidence that supports one composite hypothesis over another under
the general law of likelihood (Bickel, 2012, §2.2.3), applicable to pseudolikelihood as well as
to likelihood. For instance, the weight of the evidence substantiating the hypothesis that
0~ (A) <6 < 0% (A) over the hypothesis that 6 ¢ [0~ (A),07 (A)] is

W ([0 (A), 07 (M)]: [o7 (1), 07 (A)]) = A,

where the complement [0~ (A), 67 (A)]° is |—o0, 0~ (A)[U]0T (A), 00[. With an eye toward
clinical trials, Zhang and Zhang (2013a) recommended a special case of the general law
for regular models and sufficiently large samples. Motivated by different concerns, Dubois
et al. (1997), Walley and Moral (1999), Giang and Shenoy (2005), and Coletti et al. (2009)
had previously considered a general form of L ([0~ (A), 0% (A)]), the normalized maximum
likelihood of the hypothesis that 8~ (A) <6 < 61 (A).

Although the general law of likelihood overcomes multiplicity paradoxes without resorting
to a prior distribution and has been applied to genomics data (Bickel, 2012, 2014) and
genetics data (Strug, 2018), it remains controversial. Blume (2013), while advocating the
special law of likelihood, does not recognize a need for assigning a strength of evidence to
a composite hypothesis, maintaining that the level-A likelihood set simply indicates which
distributions are better supported than the others by the data (cf. Zhang and Zhang, 2013b).

Further, it is often thought that the likelihood ratio cannot be directly compared to a
fixed threshold A but that it requires calibration (Severini, 2000; Kalbfleisch, 2000; Morgen-
thaler and Staudte, 2012; Spanos, 2013). For example, Vieland and Seok (2016) made several
adjustments to the case of L (e) defined in Zhang and Zhang (2013a). Frequentist calibra-
tions include those that Bickel (2018a) bases on the fixed-confidence likelihood intervals of
Sprott (2000, §5.3), and Patriota (2013) proposed a quantity based on the likelihood ratio
test. Frequentist calibration would indeed be needed to achieve specified repeated-sampling
coverage rates since a level-A likelihood set can cover the true value of the parameter with



much less than 95% frequentist probability. Likewise, from a Bayesian perspective, a level-A
likelihood set can have a very low posterior probability.

Largely due to those concerns, the most commonly used extension of the special law of
likelihood to composite hypotheses is the Bayes factor rather than the general law’s 1 (e; o).
Being defined as the posterior odds divided by the prior odds, the Bayes factor captures the
intuitive appeal the special law. Indeed, Edwards (1992) commended the special law for its
compatibility with data analyses in the presence of priors, and Royall (2000b) interpreted
the likelihood ratio as the Bayes factor for the case of comparing two simple hypotheses.
To overcome the objection against the Bayes factor as a measure of evidence for composite
hypotheses, Bickel (2013a) presented general classes of prior-free approximations to Bayes
factors.

In science, the Bayes factor is currently the most prominent measure of the relevancy
of the evidence, how relevant the data are when considered as evidence for or against a
composite hypothesis. The degree of that relevance is known as the relevancy of the evidence
to whether some hypothesis is true (Koehler, 2002). The many other proposed measures of
the relevancy of the evidence include the relative belief ratio, which is the posterior probability
of a hypothesis divided by its prior probability (Evans, 2015), and the relevance measure of
Carnap (1962, §67); see Koscholke (2017).

The data or other evidence can be relevant to the truth of a hypothesis without warranting
the conclusion that the hypothesis is true or the conclusion that it is false. That is why the
relevancy of the evidence, also called the probative value of the evidence, is distinguished
from the sufficiency of the evidence to justify drawing a conclusion about the hypothesis
(Kaye and Koehler, 2003). While the Bayes factor succeeds in quantifying the relevancy of
the data to the truth of the hypothesis, it fails to quantify the sufficiency of the data to
warrant a conclusion about the hypothesis (Lavine and Schervish, 1999). Conversely, the
posterior probability and the posterior odds of a hypothesis quantify the sufficiency of the
data to justify a conclusion but not the relevancy of the data. Fiducial probability defined
as an observed confidence level is an alternative measure of the sufficiency of the evidence
(Bickel, 2011), as is its generalization in Bickel (2018b).

Nonetheless, the Bayes factor qualifies as a measure of the sufficiency of the data as well
as its relevancy when the prior probability of the hypothesis is fixed at 50%, for the Bayes
factor is then equal to the posterior odds. The commonly used thresholds for Bayes factors
to achieve certain scales of evidence were originally intended for that case (Jeffreys, 1948).

Another measure of both the sufficiency and relevancy of data is the weight of evidence
under the general law of likelihood, defined in Section 2. That section also defines a gener-
alization of L (e) as a particular conditional possibility measure that is dual to a necessity
measure, as those terms are used in possibility theory (§2.2). Section 3 derives the general
law from idealizations of sufficiency and relevancy as opposed to the idealization of inference
to the best explanation found in Bickel (2012).



Appendix A contrasts this paper’s approach to possibility theory with the interpretation
of possibility as an upper probability.

2 Weight of evidence

2.1 Preliminary notation and definitions

Let x denote an observed scalar, vector, or matrix in some set X of possible observations.
This x, a realization of a random element X, may be a statistic that depends on other
observations.

Consider a set © and a family of density functions { fy, : y € ©} such that the parameter
is identifiable in the sense that fy, # fo for all 6y,0 € © : 6y # 0. If the interest parameter
value were equal to 0, then fp (x) would be the probability density or probability mass of the
observation that X = x. The likelihood function is the function f, (x), that is, fy (x) as a
function of 6 for all 6 € ©, and its maximum likelihood estimate (MLE) is 6 = arg supy fo ().

The function f, (x) may be any pseudo-likelihood function such that fy (x) approximates
a probability density for every § € ©. Thus, f, (x) may be a marginal, conditional, estimated,
or integrated likelihood, eliminating a nuisance parameter. If the profile likelihood does not
approximate a density for a particular model, it may nevertheless be corrected to approximate
a conditional or marginal likelihood in certain cases (Severini, 2000, pp. 310-312, 323).
The prefix “pseudo” is somewhat misleading: even the “true” likelihood function might be
considered a pseudo-likelihood function since a statistical model cannot completely capture
the data-generation process (Lindsey, 1996, §6.5).

Each hypothesis about # may be expressed as “0 € H” for an H C ©. Thus, all possible
hypotheses about 6 correspond to members of §), a set of subsets of ©. For example, if © is
the real line, $ is the set of Borel subsets of ©, and {0} is the complement ©\ {0} of {0},
then the hypothesis that 6 # 0 is the hypothesis that 6 € m, corresponding to the subset
{0}, which is a member of $.

2.2 Likeliness and unlikeliness

For any H € $ and R € $)\ {0}, call

_ SUDpey fo ()
L) = SuPgee fo (7) .

the marginal likeliness of the hypothesis that 6 € H and, if L (R) > 0,

L(H[R) = %



the conditional likeliness of the hypothesis that § € H given 6 € R (Bickel, 2014). Here, the
supremum is the least upper bound in [0, 00|, sup) = 0. It follow that L (H) € [0,1] and
L(H|R) € [0,1].

The likeliness of a hypothesis is insufficient as a measure of its strength of evidence since
the likeliness of the hypothesis’s alternative must also be considered. For that reason, it is
convenient to define the marginal unlikeliness of the hypothesis that § € HasU (H) = L (ﬂ)
and the conditional unlikeliness of the hypothesis that 6 € H given § € R as U (H|R) =
L (ﬂ|R), where H is the complement of . The likeliness and unlikeliness of a hypothesis are
combined into a single measure of evidence in Section 2.4. According to possibility theory,
L (o) is a possibility measure, and 1 — U (e) is a necessity measure (Bickel, 2014).

2.3 Marginal and conditional weight of evidence

Suppose H1, Ha € $. According to the general law of likelihood (§1), the weight of evidence
in the observation that X = x substantiating the hypothesis that 6 € H; as opposed to the
hypothesis that § € H, is the extended real number

SUbacri, (2 )
SUDgen, Jo ()
with the conventions that 0/0 = 1, 1/oo = 0, and 1/0 = co. That will be called the marginal
weight of evidence to distinguish it from the conditional weight of evidence, defined below.
If fo (z) is a profile likelihood function and W (H1; Ha) # 1, then W (Hy; Hs) reduces to the
quantity considered by Zhang and Zhang (2013a), as discussed in Bickel (2013b).

The conditional weight of evidence in the observation that X = x substantiating the
hypothesis that 6§ € H; as opposed to the hypothesis that 8 € Hy given § € R is

W(Hl,Hg‘R) :W(H1QR7H2HR) (4)

for all Hy,Hs, R € $ such that L (R) > 0. This is connected to the likeliness of Section 2.2
as follows.

Theorem 1. For any Hi,Hs, R € $ such that L (R) > 0,

w (7‘[1; Hg) ==

, _ L(H|R)
For any set £ C $ such that UHoeﬁo Ho=H,
L(HIR) = Woenen 0 0) _ qyp pg1m). (©
Supger fo () woeno
As Bickel (2014) claimed, for any partition P C $) of © such that L (R) > 0 for all R € B,
L(H)=supL(R)L(H|R). (7)
REP
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Proof. By equations (1), (4), and (3),

SUPgetnR fo () _ SUPgew,nR fo(z)/ SUPper o (z)
SUPget,nR fo () SUPget,nR fo(z)/ SUPper o (z) 7

W (7‘[1; 7‘[2|R) ==

which is the right-hand side of equation (5) according to equation (2). Equation (1) and (2)
imply that

L(H|R) = U HolR _ SUPwHgeny SUPseHoNR fo () = sup SUPgperonr Jo (Z) |
HoEHo SUPger f9 ((IJ) HoHo SUPger f€ (I)

yielding L (H|R) = supy,eg, L (Ho|R). The other portion of formula (6) is established by
substituting {{0} : 6 € H} for . Since P C $ is a partition,

L(H)zL(”Hﬂ@)zL(HﬁUR)zL(U(HﬁR))zL U Ro|.

REP REP Ro€EP(H)
where B (H) = {R € P : R C H}. Thus, using equation (6),

L(H)= sup L(Ro)=supL(HNR)=supL(R)L(H|R),
Ro€P(H) RER REP

with the last equality following from equation (2). O

Equation (6) is the foundation of the multiple hypothesis method of Bickel (2014).

2.4 Absolute weight of evidence

The strength of evidence favoring the hypothesis that § € H can also be quantified with-
out explicit reference to a second hypothesis by taking that second hypothesis to be the
alternative to the first (i.e., the hypothesis that 6 ¢ H). The conditional weight of evidence
in the observation that X = x substantiating the hypothesis that § € H given 6 € R is
W(HIR)=W (H; ﬁ|R) Likewise, the marginal weight of evidence in the observation that
X = z substantiating the hypothesis that 6 € H is W (H) = W (H|©).

Corollary 1. Under the assumptions of Theorem 1, for any H,R € 9,

LMHIR) _L((HNR) _ supgeunr fo (¢)
UHIR)  LR\H)  supperi fo (2)
supreyp L (R) L (H|R)

supreyp L (R) L (HIR)

W (H|R) =

W (HIR) =

6



Proof. The claims follow directly from U (H|R) = L (H|R) and from equations (1), (5), and
(7). O

Equation (8) (Bickel, 2014) indicates that W (H|R) is a coherent measure of evidence in
the sense to be defined in Section 3. As will be seen, that property supports calling W (H|R)
the weight of evidence.

2.5 Likeliness and unlikeliness from the weight of evidence

While the weight of evidence is the ratio of likeliness to the unlikeliness (8), it is convenient
in some applications to derive the likeliness and unlikeliness from the weight of evidence.

Lemma 1. Given H, R € $) such that L (R) > 0, it follows that L (H|R) = 1 and U (H|R) =
Vwr) if W (H|R) > 1 but that L(H|R) = W (H|R) and U (H|R) = 1 if W (H|R) < 1.

Bickel (2014) proves the result and relates it to the theory of ranking functions treated
in Spohn (2012, §5.2).

3 Derivation from coherence and Bayes compatibility

Let P stand for a probability measure on (6 x X', $ ® X), where X is a o-algebra of subsets
of X. Consider a random parameter ¢ of prior distribution Py = P (e x X) on (0, $)) such
that the posterior probability that v € H is

Py (9 €M) [, fo () dPy(6]H)
[ fo () dPy (0) '

This is considered a function of P such that, if ) were the joint distribution on (6 x X', $ ® X),
the posterior distribution would be @ (¥ € H|z) with @ in place of P and Qy = Q) (e x X)

in place of Fy. The increase in the odds ratio due to the observation that X = x in favor of

the hypothesis that 6 € H given § € R is the ratio of the conditional posterior odds to the

conditional prior odds:

P eHz) =

P (0 € He,R) /P (0 ¢ Hw.R) _ Jiyom fo () dPy (911, R)

AULEIR) = R G EHR) R0 EHIR) Jyy fo () APy (L R)

(10)

The conditional Bayes factor B (#H|R) as a function of H and R, is defined such that
B (H|R) = A (H; P|R) for some fixed probability measure P on (© x X, ® X).

The requirement of Edwards (1992) that a measure of support for one hypothesis over
another be compatible with Bayes’s theorem is generalized to composite hypotheses by the



following definition, differing from the generalization that often forbids accepting a hypoth-
esis of sufficiently high weight of evidence (Bickel, 2013a). Any function u : $% — [0, oc]
measures the odds ratio increase due to the observation that X = x if, for every H € 9,
there is a probability measure Py on (0, ) such that

u(HIR) = A(H; Pu|R) (11)

for all R € $ satisfying L (R) > 0. Functions that measure the odds ratio increase quantify
the relevancy of the body of evidence to whether or not a hypothesis is true.

On the other hand, a property of a measure of the sufficiency of the body of evi-
dence for concluding that a hypothesis is true is the avoidance of asserting that contra-
dictory statements are individually supported by the evidence (Schervish, 1996; Lavine and
Schervish, 1999; Zhang and Zhang, 2013a). More generally, the functions v : $ — [0, oo] and
v: H? — [0, 00] are logically coherent if

U(Ho) < U(?‘h) — (9 €eHy = 0¢ 7‘[1) (12)

v (Ho|R) < v(Hi|R) <= (e HoNR = € H,NR) (13)

for all Hyg,H1 € $H and all R € $H. The main Bayesian logically coherent measure is the
posterior probability. A frequentist logically coherent measure is the compatibility or ¢
value, a generalization of the p value (Bickel and Patriota, 2019).

In short, whereas the odds ratio increase quantifies the relevancy of the evidence, logical
coherence is a minimal requirement of a measure of the sufficiency of evidence. Putting them
together leads to the following definition and theorem.

Definition 1. A function w : $% — [0, 00] measures the relevancy and sufficiency of the
evidence if it both measures the odds ratio increase and is logically coherent.

Theorem 2. If 0yr = arg SUPpennr fo (z) and 573\7{ = argsuPyper\y fo (z) are unique, then
a function w : $H? — [0, 00] measures the relevancy and sufficiency of the evidence if and
only if it is the weight of evidence function W (e|e).

Proof. (<=). The following statements apply for all H,Hp,H; € $ and all R € $. Let
) (0; 57—[072) and ¢ <o; 573\7{) denote the Dirac probability measures on (©,$)) with mass at

01~r and HAR\H, respectively. By equation (8),

W (H|R) = ( _ ; (14)



There is a probability measure P on (© x X', ® X) such that P, (e|H,R) = ¢ (o; §HOR>

and Py (o|H,R) =0 (o; 573\%), in which case equations (14) and (10) imply that W (H|R) =
A (H; P|R). Thus, W (e|e) measures the odds ratio increase. The fact that W (Hy, R) <
W (Hi, R) if and only if Hy C ‘H; demonstrates equation (13). Therefore, IV (e|e) is logically
coherent. Thus, both criteria of Definition 1 are satisfied.( = ). Let w : % — [0, oo] denote
a function that measures the relevancy and sufficiency of the evidence. By Definition 1, w
both measures the odds ratio increase and is logically coherent. Assume that there are H € $
and R € $ and, contrary to the w = W claim and equation (8), such that

SUPgeyrr fo (7)
HIR) # SUPger\H fo () (15)

w (

in order to prove the claim by contradiction. Since w = v, equations (10), (11), and (13)
yield

/ Jo (x) dPy (0|Ho, R) S/ fo(x)dPy (0|H1, R) <= Ho C H,.
HonR HiNR

Since {HAHQR} CHNR,

fo (@) APy (O, R) = /{a @ty (0 {Buen} )

HNR

— [ fo@) @5 (83Gm) = swp fato).
9eHNR
but that requires that [, - fo () dPy (0|, R) = supgeynr fo (x) (cf. Coletti et al., 2009).
Analogous reasoning leads to fR\H fo (z)dPy (0|H,R) = supger\y fo (z). Thus, equations
(10), (11), and (13) establish equation (8), contradicting equation (15), thereby proving the
w = W claim. O

Theorem 2 says the weight of evidence uniquely measures both the relevancy and the
sufficiency of the evidence. That raises questions about the senses in which the posterior
probability and the Bayes factor fall short as measures of the relevancy and sufficiency of
the evidence. Lavine and Schervish (1999) demonstrated that the posterior probability but
not the Bayes factor is coherent as a measure of evidence. This is restated in the following
corollaries in addition to whether each measures the odds ratio increase.

Corollary 2. Given any probability measure P on (0 x X, ® X) satisfying the above con-
ditions, the conditional Bayes factor function B measures the odds ratio increase but is not
necessarily logically coherent.



Proof. By the definition of the conditional Bayes factor B (H|R) = A (H; P|R). Thus,
u = B yields equation (11), establishing the first claim. The second claim is established by
noting that, according to Theorem 2, B is only logically coherent in the special case that

B(H|R) =W (H|R) for all H € $ and all R € $. O

The next corollary uses the posterior odds function, the function odds (e|z, ®) defined on
$? such that odds (H|z,R) = P (9 € H|z,R) /P (¥ ¢ H|z,R) for all H, R € .

Corollary 3. Given any probability measure P on (O x X, ® X) satisfying the above con-
ditions, the posterior odds function s logically coherent but does not necessarily measure the
odds ratio increase.

Proof. Consider an R € §) that satisfies L (R) > 0 and Hy, H; € $ such that Hy C
Hi. By the additivity of probability measures, P (¢ € Holx,R) < P (U € Hi|z,R), from
which odds (Ho|z,R) < odds(H;|z,R) follows. Likewise, any Ho, H; € $ such that
odds (Ho|z,R) < odds (Hi|x,R) are related by Ho C H;. Thus, v = odds (e|z, ) yields
equation (13), establishing the first claim. The second claim is established by noting that,
according to Theorem 2, odds (e|x, ) only measures the odds ratio increase in the special

case that odds (H|z,R) =W (H|R) for all H € § and all R € § satisfying L (R) >0. O

Lavine and Schervish (1999) likewise argued that the posterior probability is coherent as
a measure of evidence. In short, while the Bayes factor measures the odds ratio increase and
the posterior probability is logically coherent, the weight of evidence is the only quantity
with both properties.
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A Imprecise probability as an alternative interpretation
of possibility

The derivation in Section 3 agrees with the general law’s interpretation in terms of logical
consistency (Bickel, 2012; Zhang and Zhang, 2013a; cf. Fossaluza et al., 2017), which is closely
related to the deductive closure condition in the deductive cogency theory of Kaplan (1996).
That theory is essentially possibilistic rather than probabilistic (Bickel and Patriota, 2019),
and L (e) is in fact a possibility measure. The conditional possibility measure generalization
of L (e) is dual to a necessity measure as defined in possibility theory (§2.5). While any
possibility measure is mathematically an upper probability function (Walley and Moral,
1999), interpreting L (o) under the probabilistic coherence theories such as those of de Finetti
(1970) and Walley (1991) differs from interpreting it on the basis of logical consistency (cf.
Spohn, 2012; Bickel, 2012; Zhang and Zhang, 2013a). For that reason, arguments that L (e)
performs poorly as an upper subjective probability are not necessarily relevant to its use in
Section 3.
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