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IRREDUCIBLE UNIRATIONAL AND UNIRULED COMPONENTS OF
MODULI SPACES OF POLARIZED ENRIQUES SURFACES

CIRO CILIBERTO, THOMAS DEDIEU, CONCETTINA GALATI,
AND ANDREAS LEOPOLD KNUTSEN

ABSTRACT. We prove that, under suitable conditions, some moduli spaces of polarised
Enriques surfaces are irreducible, unirational (resp. uniruled).

1. INTRODUCTION

Let £ denote the smooth, irreducible 10-dimensional moduli space parameterizing
smooth Enriques surfaces over C, which is known to be rational (cf. [9]), and &,
(respectively, Eg@) denote the moduli space of polarized (resp., numerically polarized)
Enriques surfaces, that is, pairs (S, H) (resp., (S, [H])) such that [S] € £ and H € Pic(S)

(resp., [H] € Num(S)) is ample with H? =29 —2 > 2 and ¢ = ¢(H) where
(1) ¢(H) :=min{E-H |E*=0,E >0},

cf., e.g., [6]. Thus, g is the arithmetic genus of all curves in the linear system |H|. There
is an étale double cover p: &, , — &, mapping (S, H) and (S, H + Kg) to (S, [H]) by
[6, Prop. 4.1].

It is an interesting open problem to determine the Kodaira dimension of the various
irreducible components of & 4 and £, 4 (cf. [5, §4]), as well as identifying its various
irreducible components, as these spaces are reducible in many cases. It is also in general
an open problem to determine on which irreducible components of £, 4 the inverse image
via p is irreducible or not. It had been conjectured that the moduli spaces of polarized
Enriques surfaces are all unirational (or at least, of negative Kodaira dimension), but a
recent paper of Gritsenko and Hulek [6] disproves this (cf. [5, §4]). On the other hand, it
is known that &3 5 is irreducible and rational (cf. [2]), that £4 9 is irreducible and rational
(this is the classical case of Enriques sextics, cf. [5, §3]) and that & 3 is irreducible and
unirational (cf. [11]). Moreover, £, 4 has negative Kodaira dimension for all g < 17
(cf. [6]).

In this paper we improve the above results, by describing in many cases (for un-
bounded g and ¢) the different irreducible components of &, 4 and ngﬁ and proving
their unirationality or uniruledness. To explain our results, we need to introduce some
notions.

Recall that by [8, Lemma 2.12], any effective line bundle H such that with H? > 0
on an Enriques surface may be written as

(2) H=aE{+ - +a, B,

(here = denotes numerical equivalence), where:
e all F; are effective, non—zero, isotropic, i.e., EZ2 = 0, and primitive, i.e., indivisible in
Num(S);
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e all a; are positive integers;
o n < 10,
and moreover

either F; - E; = 1 for all i # j,
(3) or By - Fy =2 and E; - Ej =1 for all other indices i # j,
or By -Fy =FE;-FE3=2and E; - E; =1 for all other indices i # j,

up to reordering indices. We call this a simple isotropic decomposition.

We say that two polarized (respectively, numerically polarized) Enriques surfaces
(S,H) and (S',H') in & 4 (resp., (S,[H]) and (S,[H']) in &) admit the same simple
decomposition type if one can write

(4) H ~a1E1+--+a,Ey+eKs and H' ~ ayEj+ - +a,E,+cKg, with e =0 or 1

(resp. H=a1Ey + -+ apnkE, and H = a1 E] + -+ a,E))

where ~ denotes linear equivalence, with
e all E; and E effective, non—zero, primitive, isotropic, such that

EZEJ:E;E; for all i # j;

e all a; are positive integers;

o n < 10;

e (3) is satisfied for both H and H’, possibly after reordering indices.
We call n the length of the decomposition type.

If, possibly after reordering indices, there exists r < n such that a; = --- = a, and
E;-E; =1for 1 <i# j < r, then we say that (S, H) and (S, H') admit the same
simple r-symmetric decomposition type.

We note that ¢ = 1 is only needed in (4) when all a;s are even, otherwise one may
substitute any E; having odd coefficient with E; + Kg.

The various irreducible components of Eg,fb are precisely the loci of pairs admitting
the same simple decomposition type, cf. Proposition 3.4. We do not know if the same
holds for components of &, 4, cf. Question 3.5, although it does in many cases by our
results below. One of the advantages of writing polarizations in terms of such simple
decompositions rather than in terms of a basis of Num(S) ~ U & Eg(—1), is that it gives
an efficient way to find all irreducible components of £, for fixed g and ¢. Moreover,
the value ¢(H) can easily be read off from a simple decomposition, cf. Remark 3.9.

The main results of this paper prove that in many cases the irreducible components of
&, 4 precisely parameterize pairs (S, H), with H admitting a given simple decomposition
type, and moreover they are unirational or uniruled:

Theorem 1.1. The locus of pairs (S, H) € £, ¢ admitting the same simple decomposition
type of length n < 4 is an irreducible, unirational component of £4 4.

The locus of pairs (S,H) € &, 4 admitting the same simple decomposition type of
length 5 is an irreducible component of £g 4, which is unirational if all E; - E; = 1 for
all i # j and uniruled otherwise.

Theorem 1.2. The locus of pairs (S, H) € £, 4 admitting the same simple T-symmetric
(respectively, 6-symmetric) decomposition type is an irreducible, unirational (resp., unir-
uled) component of £, 4.
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The theorems are immediate consequences of Propositions 4.5 and 4.6 proved in §4.

We remark that these theorems apply for unbounded g and ¢, in the sense that
line bundles admitting the simple decomposition types as in the statements occur for
unbounded ¢ and ¢. For bounded g and ¢ we can deduce the following corollaries,
proved in §4, which improve [6, Cor. 5.6]:

Corollary 1.3. When ¢ < 4 the different irreducible components of £, 4 are precisely
the loci parameterizing pairs (S, H) admitting the same simple decomposition type and
they are all unirational.

Corollary 1.4. When g < 20 the different irreducible components of &, 4 are pre-
cisely the loci parameterizing pairs (S, H) admitting the same simple decomposition
type. Moreover, they are all unirational, except possibly for Ei65 and 175, which are
irreducible and uniruled.

In the cases of the corollaries one may write down all irreducible components of &; 4,
cf. Lemma 2.5 below and the appendix. For instance, we have
e &,1 is irreducible for all g > 2;

e £, is irreducible for even g and for g = 3, has two irreducible components for g =
3 mod 4 (g > 3) and three irreducible components for g = 1 mod 4;

e &, 3 is irreducible for g < 8 and for g = 2 mod 3 and has two irreducible components
for g Z2mod 3 and g > 9.

We list all irreducible components of &; s and £, 4 for g < 30 in the appendix, and
there are only a few cases in which we cannot determine irreducibility, unirationality or
uniruledness. However, we will not make use of this list in the present paper.

At the other extreme, our results can also be used to describe the irreducible compo-
nents of £, 4 for the highest values of ¢ with respect to g. Indeed, one has #? <2(g—1)
(cf. [4, Cor. 2.7.1]) and there are no cases with ¢ < 2(g —1) < ¢? + ¢ — 2 (cf. [8, Prop.
1.4]). In the bordeline cases, we obtain:

Corollary 1.5. For each even ¢, the space & s 1s irreducible and unirational if
2

+1,¢
¢ =2 mod 4 and has two irreducible components, both unirational, if ¢ =0 mod 4.
For each ¢ > 1, the space Ess41y , 18 irreducible and unirational when ¢ # 6, and

7d)
2
consists of three irreducible unirational components when ¢ = 6.

The cases of the latter corollary are of particular interest from a Brill-Noether theo-
retical point of view, since they are precisely the cases where the gonality of a general
curve in the complete linear system |H]| is less than both 2¢ and L#j, the first being
the lowest degree of the restriction of an elliptic pencil on the surface, the latter being
the gonality of a general curve of genus g, cf. [8, Cor. 1.5].

The last application of our results concerns the map p: £, 4 — gg@ and precisely the
question of the irreducibility of the preimage via p of a component of Em,. We give the
following answer to [6, Question 4.2] in the cases described by Theorems 1.1 and 1.2:

Corollary 1.6. Let C C &4 be an irreducible component parameterizing classes ad-
mitting the same simple decomposition type of length < 5 or being 6-symmetric. Then
p~Y(p(C)) is irreducible if and only if C parameterizes classes that are not 2-divisible in
Num(S) or are as in Example 4.9.
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We stress that our results are completely independent from [6], except for the already
mentioned Proposition 3.4, which is however logically independent of the rest of the
article.

Our proofs of Theorems 1.1 and 1.2 are based on the fact that a general Enriques
surface has a model in P? as an Enriques sextic, i.e., a sextic surface singular along
the six edges of a tetrahedron; such a model corresponds to the datum of an isotropic
sequence (E1, Ey, E3) with E; - E; = 1 for i # j, the E;s corresponding to three edges of
some face of the tetrahedron. The idea is then to exhibit various irreducible and rational
(resp. uniruled) families F of elliptic curves in P? with prescribed intersection numbers
with the edges of some fixed tetrahedron, such that a general Enriques sextic singular
along this particular tetrahedron contains a member of F. One thus gets incidence vari-
eties that are irreducible and rational (resp. uniruled), and dominate the corresponding
components of the moduli space of numerically polarized Enriques surfaces. Section 3
contains technical results which ensure that one can indeed apply this strategy to the
situations of Theorems 1.1 and 1.2.

The paper is organised as follows. In §2 we collect some general facts we need about
linear systems on Enriques surfaces. In particular, Lemma 2.5 contains the classification
of all simple decomposition types of line bundles with ¢ < 5. Section 3 is essentially
devoted to proving the useful technical result Proposition 3.2 about sets of isotropic
divisors, which implies that any simple isotropic decomposition can be written in terms
of particular sets of isotropic divisors, cf. Corollary 3.3. This extends previously known
results on isotropic divisors from [4] and we believe it is of independent interest. In §4
we prove our main results and corollaries stated in this introduction. We finish with the
aforementioned appendix.

Acknowledgements. The authors thank Alessandro Verra for useful conversations on
the subject, and Klaus Hulek for interesting correspondence about [6] and for answering
our questions.

2. GENERALITIES ON LINE BUNDLES ON ENRIQUES SURFACES

Any irreducible curve C on an Enriques surface S satisfies C? > —2, with equality if
and only if C' is smooth and rational. An Enriques surface containing such a curve is
called nodal, otherwise it is called unnodal. On an unnodal Enriques surface, all divisors
are nef and all divisors with positive self-intersection are ample. It is well-known that
the general Enriques surface is unnodal, cf. references in [3, p. 577].

Recall that a divisor F is said to be isotropic if E?> = 0 and E # 0. By Riemann-Roch,
either E or —F is effective. It is said to be primitive if it is non-divisible in Num(S).
On an unnodal surface, any effective primitive isotropic divisor E is represented by an
irreducible curve of arithmetic genus one.

Let H be a line bundle with H2 > 0 and ¢(H) as in (1). By [4, Cor. 2.7.1] one has

(5) ¢(H)* < H*.
We recall from [4, p. 122] that an isotropic r-sequence on an Enriques surface S (called
exceptional sequence in [3]) is a sequence of isotropic effective divisors {E1, ..., E,} such

that E; - E; = 1 for ¢ # j. It is well-known that any Enriques surface contains such
sequences for every r < 10; moreover, by [4, Cor. 2.5.6], we have

Proposition 2.1. Any isotropic r-sequence with v # 9 can be extended to a 10-sequence.
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We will also make use of the following result:

Lemma 2.2. (a) Let {E1,...,E0} be an isotropic 10-sequence. Then there exists a
divisor D on S such that D?* = 10, ¢(D) = 3 and 3D ~ Ey + --- + Eig. Furthermore,
for any i # j, we have

(6) D~ Ej+FE;+E;j, with E};=0, E;;>0 and E;-E;;=E;-E;; =2,

and By, - E; j =1 for k#1,7.

(b) Any divisor D on S such that D? = 10 and ¢(D) = 3 satisfies 3D ~ Ey+- -+ E1g,
for an isotropic 10-sequence {E1,..., E10} consisting precisely of all isotropic divisors
computing ¢(D) up to numerical equivalence. Moreover, if F' is a divisor satisfying
F?2=0and F-D =4, then F = E; ; for some i # j, where E; ; is defined by (6).

Proof. (a) The existence of D is [3, Lemma 1.6.2(i)] or [4, Cor. 2.5.5]. Its properties are
easily checked and E; ; :== D — E; — Ej, cf. also [3, Lemma 1.6.2(ii)].

(b) The first statement follows from [4, Cor. 2.5.5] and its proof. For the last state-
ment, note that F'- E; > 0 for i = 1,...,10 by [7, Lemma 2.1], whence, after permuting
indices if necessary, one must have F'- (Ey + E3) =4 and F - E; = 1 for i = 3,...,10.
Then F'- E19 =0 and E3 - F = E3- Ej2 = 1, so that F' = Ej5 by [7, Lemma 2.1]
again. ([

Notation 2.3. When writing a simple isotropic decomposition (2) verifying (3) (up
to permutation of indices), we will usually adopt the convention that E;, Ej;, E;; are
primitive isotropic satisfying F;- E; = 1 fori # j, B; j-F; = E; j-E; = 2and E; ;- E, = 1
for k # i,j. This notation has already been used in Lemma 2.2. (By Corollary 3.3 below,
there is no ambiguity in this notation.)

Recall that there are no cases satisfying ¢(H)? < H? < ¢(H)?+¢(H)—2 by [8, Prop.
1.4]. Moreover [8, Prop. 1.4] also classifies the borderline cases as follows:

Proposition 2.4. Let H be an effective line bundle on an Enriques surface satisfying
P(H)? < H?> < ¢(H)? + ¢(H) — 2. Then one of the following occurs:

(i) H? = ¢(H)?, in which case H = 28 (B, 4 By ),
(ii) H* = ¢(H)? + ¢(H) — 2, in which case,
o H~ 28L(E 4 B o)+ By if $(H) is odd, and
o H~ 2 U ) L By or H=2FE) + Ey+ E1) if $(H) is even.
The following lemma classifies all possible simple decomposition types with ¢ < 5.
Note that all decomposition types do exist on any Enriques surface, by Lemma 2.2(a)
and the existence of isotropic 10-sequences.

Lemma 2.5. Assume H is an effective line bundle on an Enriques surface S such that
H? =2(g—1)>0. If 1 < ¢(H) < 5, the line bundle H has one and only one of the
following simple isotropic decompositions:
(i) If p(H) = 1, then H ~ (9 — 1)E1 + E».
(ii) If $(H) = 2, then
o H ~ %E1+E2+E3 if g is even,
o H~ 9 By + Erp or H= 97 F + 2B, (with g >5), if g is odd.
(iii) If p(H) = 3, then
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o H~ S2E + By + E1p or H~ 3Fy + 2B + B3 (with g > 9) if g = 0 mod 3,

o H~ S2E + By + Es+ Ey or H~ % Ey + 3E, (with g > 10) if g = 1 mod 3,

° HN%El—l-EQ—l-ELg if g = 2 mod 3.

(iv) If p(H) = 4, then

. H~92E + 3B, + E3, g > 16, or

HN%E1+E2+E3+E1,4,9>12,
if g =0 mod 4,

° H= g%:El—i-ZlEg, g =17, or
H = 9%41E1+2E1,2, g=9, or
H=92F +2E,+2E3, g > 13, or
H~ %E1+2E2+E1,2, g =13,

if g =1 mod 4,

. H~ % E 4 2B, + E3+ By, g > 14, or

H~9%2E 5+ By + By, g > 10,
if g =2 mod 4,

. H~22E +2F,+ Ei3, g > 15 or

H~ 9B +Fy+ B3+ Ey+ Es, g > 11,
if g = 3 mod 4.
(v) If 9(H) =5, then

° H~ %E1+E2+2E1,2, g =15, or
HN%E1+2E2+E3+E4+E5,9220, or
H~ 950 + 4By + B3, g > 25

if g =0 mod 5,

. H~ 9B + By + E3+ By + E5 + Eg, g > 16, or
HNQ;56E1+2E2+E3+E1,4, g =21, or
H~ % E + 5B, g > 26

if g =1 mod5,

. H~ % B + By + Es+ Ey+ Ei5, g > 17, or
H ~ g;57E1—|-3E2—|—E1,2, g =22, or
H~%TEy + 3B, +2E3, g > 22

if g =2 mod 5,

. H~22E 4 2B13+ By, g > 18, or
H~Z8E + 2B, + E3+ B9, g > 18, or
H~ Z2E + 3B, + E3 + Ey, g > 23

if g =3 mod 5,

. H~ 92F) + 2B, + 23 + Ey, g > 19, or
HN%E1,2+E1+E2+E3,9>19, or
H~ 2B + 3B, + Er3, g > 24

if g =4 mod 5,

Proof. The proof is tedious but straightforward and similar to [8, pf. of Prop. 1.4 in
§2.2], and we therefore will leave most of it to the reader. The idea is to pick an effective,
isotropic F such that E- H = ¢(H), find a suitable integer k so that ¢(H — kE) < ¢(H)
(in which case we use the classification for lower ¢), or so that ¢(H — kE) = ¢(H) and
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H — kFE is as in Proposition 2.4(i) or (ii). As a sample, we show how this works in the
case ¢(H) =5 and g = 3 mod 5.

We pick an effective, isotropic E such that F- H = ¢(H) = 5 and set k := g_g‘i.
Then (H — kE)? = 24, so that ¢(H — kE) < 4 by (5).

Assume ¢(H — kE) = 4 and note that E-(H —kE) = E- H = 5. By the classification
in the case ¢ = 4, we have the three possibilities, where we use Notation 2.3:
(a) H—EkE ~ 3F1 + 2F172,
(b) H —kE ~2(F) + Fy + F3),
(C) H —kE ~2F, +2F, + FLQ.
Case (b) is impossible, as 5 = E - (H — kE).
In case (a) we have Fy - (H — kE) =4 and Fy 5 - H = 6, hence E # F, Fy 5. Thus,
E'Fle-FLQ:l. LetF::Fl—I—FLg—E. ThenF2:0, E-FZQaHdFl-le,
so that F' is effective, non—zero and we have

H ~ kE +3F, +2F 5 ~ (k+2)E + F, + 2F.

Using Notation 2.3, we set Ey := F, Ey := Fy and F;3 := F and, recalling that
k+2= %, we obtain the desired form

—3
(7) H~ QTEl + By + 2Ey 5.

As5:¢(H)SEQ-H:%?’—FZwehaveg}l&

In case (c) we have Fy - (H —kE) = Fy- (H —kE) =4 and Fy 2 (H — kE) = 8, hence
E$F17F27F172. Thus, £ - Fy = E - F, :E'FLQ =1. Let ' := F2+F1,2—E. Then
F?2=0,E-F=F-F=2and F, - F =1 and we have

H~EKEE+2F +2F+ Fig~(k+1)E+2F + F> + F.

Using Notation 2.3, we set Ey := E, Fo := Fy, F3 := I3 and Fy3 := F and, recalling
that k +1 = 9;58, we obtain the desired form

—8
(8) H~ QTEl + 2B, + B3+ Ey 5.

As5=¢(H) < Ey- H= 9213, we have g > 18.

We claim that H cannot simultaneously have a simple isotropic decomposition as
in (7) and (8). Indeed, there are two (respectively, three) isotropic, effective classes
F € Num(S) such that F'- H = %7 in case (8) if g > 18 (resp., g = 18), namely
F = E,, E3 (resp., F' = E1, Es, E3), whereas there is only one (resp., two) such classes
in case (7), namely F' = Ej (resp., F' = Ei,E3), as E13- H = 29—5_1 > gT” and
F-H>%241+2="928 for F £ Ey, By, Ey 3 by [7, Lemma 2.1].

Assume ¢(H — kE) = 3. By the classification in the case ¢ = 3, we have the two
possibilities:

(d) H—kE ~3F) + F, + F3 + Fy,
() H—kE ~4F, + 3F,

In case (d) we have Fy - (H — kE) = 3, hence E # F;. Thus, we must have - F} =1
and, possily after rearranging indices, £ - F5, = E - F3 = 1 and £ = F,. Thus, using
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again Notation 2.3, we set F| := E, Fy := Fy, FE3 := F5 and F, := F3 and, recalling
that k +1 = 9;58, we obtain the desired form

-8
9) H ~ gTE1 + 3F> + E3 + Ey,

possibly after substituting £y with Ey + Kg. Since 5 = ¢(H) < Ey - H = 9;58 + 2, we
obtain g > 23.

Because of the different values of ¢(H — kE), it is again not possible that H can be
written both as in (9) and as in (7) or (8).

In case (e) we have F - (H —kE) =3 and Fy - (H — kE) = 4, whence E # Fy, Fy. It
follows that E - F} > 0 and E - F» > 0, so that 5 = E - (H — kE) > 7, a contradiction.

Assume ¢(H — kE) = 2. By the classification in the case ¢ = 2, we have the two
possibilities:
(f) H—kE ~ 6F, + F 2,
(g) H—kE =6F; +2F;.
In both cases, since Fy - (H — kE) = 2, we have E # Fj, whence the contradiction
5=FE-(H—-kE)>6E-F >6.

Assume finally ¢(H — kE) = 1. By the classification in the case ¢ = 1, we have
H—kE ~12F, + F5. As Fy - (H — kE) = 1, we have E # F}, whence the contradiction
5=FE-(H—-kE)>12E-F > 12. O

Remark 2.6. We will later use the observation immediately deduced from parts (i)-(ii)
of Lemma 2.5 that for ¢(H) < 2 there are at most three numerical, effective, isotropic
classes E such that F - H < 2.

3. MORE ON SIMPLE, ISOTROPIC DECOMPOSITIONS

The main aim of this section is to prove that the isotropic divisors occurring in a
simple isotropic decomposition can always be extended to an isotropic 10-sequence plus
one of the divisors Fj; ; occurring in Lemma 2.2. This will be needed in the proof of our
main results, see the comment right after Propositions 4.5 and 4.6.

Definition 3.1. A set {Ey,...,E,} of primitive isotropic divisors on an Enriques sur-
face is called a simple isotropic set if it satisfies (3), possibly after permuting indices.

It is called a maximal simple isotropic set if it is of the form {E\, ..., Ei, E; ;}, where
{E\, ..., Ei} is an isotropic 10-sequence and E; ; is defined up to numerical equivalence
as in (6) for some i # j, that is, F; j = %(El +---+ Ey) — E;— Ej.

Note that since any simple isotropic set of n elements contains members of an isotropic
(n — 1)-sequence, any simple isotropic set contains at most 11 elements (cf. [4, p. 179]).
Also note that by [3, Rem. p. 584] any maximal simple isotropic set form a basis of
Num(S).

We will prove the following result, which can be viewed as a generalization of Propo-
sition 2.1, and which we hope is of independent interest.

Proposition 3.2. Any simple isotropic set can be extended to a maximal simple isotropic
set.

IThis includes the case of simple isotropic sets of 11 elements, which means that such are automatically
maximal.
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Before giving the proof, we discuss some consequences.

Corollary 3.3. Let H be any effective divisor on an Enriques surface such that H? > 0.
Then there is an isotropic 10-sequence {E1, ..., F1o} (depending on H ) such that

(10) H =agFE1 2+ a1Ey + - - + a0 FEho,

where E1 9 = % (E1+ -+ Ey) — By — Ey (¢f. (6)) and ap,aq,...,a19 are nonnegative
integers, at least one being 0.
More precisely, any simple isotropic decomposition of H occurs in this way.

Proof. By Proposition 3.2, any isotropic divisors occurring in any simple isotropic de-
composition of the form (2) can be extended to a maximal simple isotropic set. O

Proposition 3.4. Two numerically polarized Enriques surfaces (S,[H]) and (S',[H'])
lie in the same irreducible component of £, 4 if and only if they admit the same simple
decomposition type.

Proof. Since the torsion free part of H?(S,Z), which is equal to Num(S) ~ U @ Eg(—1)
(see [1, Lemma VIII.15.1]), is constant among all S € &, the only if part is immediate.

Conversely, it is proved in [6] that the irreducible components of gg@ correspond
precisely to the different orbits of the action of the orthogonal group on U & Eg(—1).
Since this group acts transitively on the set of isotropic 10-sequences by [4, Lemma 2.5.2],
and Ej 9 = %(El + -+ Ey9) — By — Es, we see that any two numerical polarizations
admitting the same simple decomposition type lie in the same irreducible component of
§g7¢, as claimed. O

Question 3.5. Does Proposition 3.4 also hold for polarized Enriques surfaces? In other
words, is it true that (S, H) and (S, H') lie in the same irreducible component of £, 4 if
and only if H and H' admit the same simple decomposition type? (The “only if” part
follows as in the first lines of the proof of 3.4, as Pic(S) ~ U @ Eg(—1) @ Z/27Z is also
constant among all S € £.)

Theorems 1.1 and 1.2 give a positive answer in the case of simple decomposition types
of length <5 or 6—symmetric.

Proposition 3.2 is a consequence of Lemmas 3.6, 3.7 and 3.8 below, together with
Proposition 2.1 and Lemma 2.2.

Lemma 3.6. Let {E1,...,E.} be an isotropic r-sequence with 2 < r < 9, and F an
isotropic divisor such that F'- Ey = F - FEy =2 and F - E; =1 for alli € {3,...,r}.
Then there is an isotropic 10-sequence {E, ..., Ey, Erq1,...,FE19} such that F - E; =1
forallie{r+1,...,10}.

Proof. The divisor D := E; + Eo + F satisfies D?> = 10 and ¢(D) = 3 = E; - D for all
ie{l,...,r}. Thus, 3D ~ Eq +-- -+ Ejy for an isotropic 10-sequence {F1, ..., E1g} by
Lemma 2.2(b). Since F'- D = 4, we have ' # E; for any i, hence F - E; > 0 for all ¢ by
[7, Lemma 2.1]. As 12 =3F-D =F-(3D) =4+ F - (E3+ ---+ Ejp), we must have
F-FE; =1 for all 1. O

Lemma 3.7. Let {Ex,...,Eg, F'} be an isotropic 9-sequence. Then, for any extensison
of {E1,...,Eg} to an isotropic 10-sequence {E1, ..., E1o}, we have either

(i) F = E;, fori=29 or 10, or

(ii) F- Eg = F - Ey9 = 2.
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Proof. If F'- E; =0 for i =9 or 10, then F' = E; by [7, Lemma 2.1] and we are done.
Otherwise, as E1 + - - - + Fqp is 3-divisible by Lemma 2.2, we must have

F-(Eyg+ Ejp) =1 mod3 and F-E; >0 for ¢ =09,10.
We are therefore done if we show that
(11) F-E; <2, for i€ {9,10}.

To prove this, assume by contradiction that n := F - Eg > 3, say. Set k = L”T_lj >1
and B:= F + Eg—kFE;. Then B> € {2,4} and E;- B=2—-k <1forallic {2,...,8},
contradicting Remark 2.6. This proves (11), whence the lemma. (]

Lemma 3.8. Let F} and Fy be isotropic divisors such that Fy-Fy =2 and {Ex, ..., E.}
be an isotropic r-sequence, with 0 < r < 8, such that F; - E; = 1 for all i € {1,2},
je{l,...,r}.

Then, for k =1 or 2, there is an isotropic 10-sequence {Fy, E1,...,Er, Eryq,..., Eo}
such that, for j # k, Fj - E; =1 forie{r+1,...,8} and F} - By = 2.

Proof. Assume first that » < 7. By Proposition 2.1, the set A of A € Pic(S) such that
A2=0,A-Fl=A-FEi=---=A-E, =1, A2E, + Ey+ F3— Fyifr =3,

is nonempty. Pick A € A such that A - Fy is minimal.

Claim. A - Fy < 2.

Assume, to get a contradiction, that n := A-F, > 3. Let k = [25}] and set
B := A+ F, — kFy. Then 2 < B? < 6 and B has a simple isotropic decomposition
containing at least two summands. None of these may be Fy, since B — Fy, = A — kF
is not effective, unless £ = 0, in which case B = F» 4+ A is not a simple isotropic
decomposition.

Since Iy - B = n — 2k, the intersection of F5 with each of the summands in the simple
isotropic decomposition of B is smaller than n. Since Fj - B = 3, there is at least one of
these summands, say E’, such that F} - B/ = 1. If r = 0, since F, - £’ < n, the curve E’
contradicts the minimality of A and finishes the proof in this case.

If r > 0, then, as E;- B=2—k for any i € {1,...,7}, we must have k < 1.

Case k = 0. Thenn =3, B~ A+ F,, B> =6 and ¢(B) = E; - B = 2. Thus, by
Lemma 2.5, B can be written as a sum of three isotropic divisors, containing all E; for
i € {1,...,r}. This implies » < 3. Since F; - B = 3, for ¢ = 1,2, each summand has
intersection one with Fj, for ¢ = 1,2. This implies r = 3. Indeed, if < 3, then at least
one of the summands of B, say F’, is different from the E;s, and has E' - E; = 1 for
i=1,...,7. Hence E' € A and E’'- F, = 1, contradicting the minimality of A. Since
r =3, we have B = E1 + E5 + E3. But then A= E; + Ey + E3 — Fy, thus A € A, a
contradiction.

Case k = 1. One has B~ A+ I, — Fy and ¢(B) = E1 - B = 1. Moreover B2 = 2n — 6,

hence (n, B) € {(4,2), (5,4), (6,6)}.

Subcase (n,B?) = (4,2). As E;- B =1, for i € {2,...,7}, by Lemma 2.5(i) we have

r<2and,if r =2, we have B=FE; + FEy. But3=F, -B=F,-(E1 + E;) =2, a

contradiction. Hence we have 7 =1 and B ~ E; + E} with E}*> =0 and E; - B} = 1.
We have Fy - B = 3, and since F} - By = 1, we have Fy - E), = 2. Since Fy - B = 2

and 5 - By = 1, we have Fy - B, = 1. Set G := [} + [, + E}. Then G? = 10,
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Fi-G=4and ¢(G) = E1-G = E;, -G = F» -G = 3. By Lemma 2.2(b), we have
3G ~ Ey + E\ + Fy+ F{ + - - - + F} for an isotropic 10-sequence {E1, E), Fy, Fy, ..., Fi}.
As Fy - (3G) =12, and F; - (Ey + Ey + F») = 5, it follows that Fy - (F] +---+ F}) =7,
whence Fy - F/ =1 for all i € {1,...,7}. Since F» - F/ =1 for alli € {1,...,7}, we find
a contradiction to the minimality of A.

Subcase (n,B?) = (5,4). As E;- B =1, for i € {2,...,7}, by Lemma 2.5(i) we have
T:1andB~2E1+E§withE§2:OandEl-Eézl. As Fi -B=F-B =3, it
follows that Fy - E, = F, - El, = 1, contradicting the minimality of A.

Subcase (n, B?) = (6,6). As Ey- B =1and Fy - B = 3, we must have B = 3F; + F}.
But then we get the contradiction

4:F2'(A+F2—F1):F2-B:3E1'F2+F1'F2:5.

Therefore, we have proved the claim that A - Fy < 2.

Assume now that A-F, = 2. By Lemma 3.6, the isotropic sequence {Fy, A, F1, ..., E,}
can be extended to an isotropic 10-sequence such that Fy - Fy = Fy - A and Fy has
intersection one with the remaining divisors in the sequence. Hence, we are done.

Assume next that A - Fy = 1. We then repeat the process starting with the isotropic
(r + 1)-sequence {F1,...,E,, E.+1 := A}, unless r + 1 = 8. We thus reduce to proving
the lemma when r = 8.

For the rest of the proof we therefore let » = 8. Then we can by Proposition 2.1
extend {F1,..., Eg} to an isotropic 10-sequence {E1, ..., E19}. We claim that

(12) there is an ¢ € {1,2} and a j € {9,10} such that F; = E.

Indeed, if not, by Lemma 3.7 we must have all F;- E; =2 for i € {1,2},j € {9,10}. Set
B:=F + F,+ Eg+ Eyjg — 2E;. Then B> =6 and E; - B = 2 for all j € {2,...,8},
which is impossible by Remark 2.6. This proves (12).

By (12) we have, say, F; = Ey19. Then Eg # Fy, so Fy - Fg = 2 by Lemma 3.7. Hence,
{F1,FE1,...,Egs, Eg} is the desired isotropic 10-sequence. O

We can finally give the:

Proof of Proposition 3.2. Consider the simple isotropic set {E1,..., E,} satisfying (3).
If B;-E; =1 forall ¢ # j, and if r # 9, we apply Proposition 2.1. If instead r» = 9, we
apply Lemmas 3.7 and 2.2(b). If E; - E5 = 2 and otherwise E; - E; = 1 for i # j, we
apply Lemmas 3.8 and 2.2(b). Finally, if £y - E; = E; - E3 = 2 and otherwise E;- E; =1
for i # j, we apply Lemmas 3.6 and 2.2(b). O

Remark 3.9. Writing a simple isotropic decomposition of H as in (10) has the advan-
tage that ¢(H) is calculated by one among Ej o, E1,...,E19. More precisely, setting
a:= Z}QO a;, one has

(13) ¢(H) = a — max{a; — ag,az — ap,as,...,ai,ap —a; — az}.

Indeed, for any nontrivial isotropic effective E # Ey 9, F1,...,Fi9,onehas E-H > a >
a—a; =FE;-H, for any ¢ > 3. Then (13) follows since E; - H = a+ ag — a; for i = 1,2
and F1o-H = a+ a1 + a2 — ap. By symmetry and Lemma 3.7, one can furthermore
make sure that

(14) a1 >0, a1 = ag, ag > --- = ag and either ag > 0 or as > ag,
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in which case
(15) ¢(H) =min{E, - H,E3 - H,Ey 9 - H} = a —max{a; — ag,a3,a0 — a1 — az}.

Remark 3.10. Even imposing the conditions (14) does not make the decomposition
type unique, and the properties such as the length or being r-symmetric may also vary
with the different ways of writing the decompositions. Consider for instance the decom-
position type H = 2FE + Ey + E3 + Ey+ Es5 + Es + E1 7 (with ¢ =30 and ¢(H) = 7).
This has length 7 and is 5-symmetric, but not 6-symmetric. By Proposition 3.2 we may
extend {F1,...,Eg} to an isotropic 10-sequence so that E 7 is defined as in (6). Let
also E7g be as defined by (6). It follows that Ey + Ey 7 ~ Eg + E7g. Thus, we may
also write H = Fy + Eo + E3 + FE4 + E5 + Eg + Eg + E7g, which has length 8 and is
6-symmetric.

4. TRREDUCIBILITY, UNIRATIONALITY AND UNIRULEDNESS OF MODULI SPACES

We have the natural forgetful map

(16) 597(;5 — €&,
whose differential at a point (S, H) is the linear map
(17) HY(S,En) — H'(S,Ts)

coming from the Atiyah extension of H
0—0s —Eyg — Ts —0,

by [10, Prop. 3.3.12]. Since h'(Og) = h%*(Os) = 0, the map (17) is an isomorphism,
hence &, 4 is smooth and the map (16) is an étale cover.

We note that &, 4 need not be irreducible. Moreover, as already mentioned in Ques-
tion 3.5, all members in an irreducible component of £, 4 must admit the same simple
decomposition type. Theorems 1.1 and 1.2 prove the converse of this in many cases.

We now extend a construction from [11]. First we recall some basic facts about
classical Enriques sextic surfaces in P3 (see [4]).

Fix homogeneous coordinates (zg : 1 : T2 : 23) on P? and let

T = Z(l‘0$1$2l‘3)

be the coordinate tetrahedron. Consider the linear system S of surfaces of degree 6 which
are singular along the edges of T'. They are called Enriques sextic surfaces. The surfaces
in S have equations of the form

(18) C3(a:0x1x2)2 + cz(x0x1x3)2 + (w0x2x3)2 + co(x1x2x3)2 + Quor11973 = 0,

where Q = >, gijv;zj. This shows that dim(S) = 13 and we may identify S with the
P'3 with homogeneous coordinates

g=1(co:c1:c2:C3:qo0:qo1:qo2: qo3: q11: 12t q13 422 23 © G33)-

If ¥ € S is a general surface, its normalization ¢ : S — ¥ is an Enriques surface and
H = ¢*(Ox(1)) is an ample divisor class with H? = 6 and ¢(H) = 2. More precisely,
H ~ Eqi 4+ Es 4+ E3, with the usual Notation 2.3, and the edges of T" are the images of
the curves E; and E} ~ E; + Kg, with i = 1,2,3. (Recall that for a primitive, isotropic
E, the complete linear system |E + Kg| has a unique element.) We will write ¢; (resp.
) for the line image of E; (resp. of Ef). This means that we have marked one face of T
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and chosen an ordering of its three edges. We denote by v the vertex of T' not contained
in the marked face.
We thus have a natural rational map

p:S - &2,

assigning to a general surface 3 € S the pair (S, H), where ¢ : S — 3 is the normaliza-
tion and H = ¢*(Ox(1)). Composing with the forgetful map €42 — £, we have a rational
map S --+ &, which is dominant. Indeed, given a general, whence unnodal, Enriques
surface S, we can find a 3-isotropic sequence {F1, Ey, E3}. If we set H = Ey + FEy + Es,
then (S, H) € £;2 and the linear system |H| determines a morphism g : S — P2, cf.,
e.g., [4, Thm. 4.6.3 and 4.7.2], and, up to a change of coordinates, ¥ = g (S) is an
Enriques sextic surface. Accordingly, the map p is dominant. If (S, H) is a point of £4 2,
the fibre p~1(S, H) consists of the orbit of ¥ = ¢y (S) via the 3-dimensional group of
projective transformations which fix 7.

Next we denote by F;, i = 0,1, 2, the family of smooth cubic (resp., quartic, quintic)
elliptic curves F' C P? such that v ¢ F and F meets
e all edges of T exactly once, if i = 0;
e the edges ¢ and ¢} of T exactly twice, and the remaining edges exactly once, if i = 1;
e the edges (3 and /5 of T exactly once, and the remaining edges exactly twice, if i = 2.

Lemma 4.1. (a) The family Fy is irreducible, 10-dimensional and rational, and each
F € F5 is contained in a 3-dimensional linear system of Enriques sextics.

(b) The family Fy is irreducible, 8-dimensional and rational, and each F € Fi is
contained in a 5-dimensional linear system of Enriques sextics.

(¢) The family Fo is irreducible, 6-dimensional, and rational, and each F € Fy is
contained in a T-dimensional linear system of Enriques sextics.

Proof. We first prove (b) (resp. (c)). Let F' € F; (resp. F' € Fpy). The linear system S
cuts out on F' a linear system of divisors with base locus (containing) TN F and a moving
part g of degree (at most) 8 (resp., 6). Note that S contains the 9-dimensional linear
system formed by surfaces of the form 7'+ @, where @Q is a general quadric in P3: looking
at equation (18), these are the surfaces obtained by setting ¢; = 0, fori = 1,...,4. Since
quadrics cut out on F' a complete linear system, we see that g is complete, of dimension
7 (resp. 5). This proves that the linear system of Enriques sextics containing F' has
dimension 5 (resp., 7).

The family of quartic elliptic curves in P3 is 16-dimensional. Let Z be a configuration
of eight points outside the vertices of 1" and distributed as two points on each of ¢;
and ¢} and one point on each of the remaining edges of 7. Then there is a unique
quartic elliptic curve through Z. Indeed, otherwise there would be a net Q of quadrics
through these 8 points. Fix the attention on a face Il of T' containing four of these
points (on three edges). By imposing to the quadrics in Q to contain two general points
of II, the plane II splits off the quadrics of Q. Consequently, the remaing four of the
eight points should be coplanar, a contradiction. Hence, the set of quartics with the
given incidences with the edges of T is irreducible, 8-dimensional, and birational to
Sym?(¢1) x Sym?(€;) x fy x £y x €3 x ¢4 ~ P8, This proves (b).

If F € Fy, then F spans a plane IIp C P3, which intersects the set of edges of T in six
points. The set of plane cubics through these six points is a linear system of dimension
3. Thus, Fp is a P3-bundle over |Ops(1)| ~ P3, and is therefore irreducible, rational and
6-dimensional. This proves (c).
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As for item (a), the fact that F» is irreducible, 10-dimensional and rational is proved
in [11, Prop. 1.1 and §2]. The rest of the assertion is proved exactly in the same way
we did it for cases (b) and (c) above. O

We next define Fyy to be the family of ordered pairs (F, F’) of smooth cubic elliptic
curves I, F' C P3 such that F, F' € Fy and F and F’ intersect exactly in one point not
on T, with distinct tangent lines.

Lemma 4.2. The family Fog is irreducible, 11-dimensional and rational and each pair
(F,F") € Foo is contained in a 2-dimensional linear system of Enriques sextics.

Proof. The family Fyy can be constructed in the following way: fix a pair of general
planes IT and II’ in P3 intersecting along a line ¢, and fix a point p € £. Consider in both
IT and II' the family of cubic curves passing through p and the six intersection points
of IT and II', respectively, with the edges of T'; each of these is a two-dimensional linear
system. Varying II, II' and p and taking the two families of cubic curves, we obtain all
elements of Fgg. This description shows the rationality and the dimension.

Now fix (F, F') € Foo and let Sy g be the linear system of Enriques sextics containing
F U F’. First we prove that dim(Spyp) > 2. Indeed, the linear system Sg of Enriques
sextics containing F is 7-dimensional by Lemma 4.1(c). It cuts on F” a linear system of
divisors with base locus (containing) 7N F and p = F'N F’ and a moving part of degree
(at most) 5, hence of dimension at most 4. Therefore, containing F’ imposes at most 5
conditions on Sp.

Next we prove that dim(Spypr) < 2, which will finish our proof. Consider the pair
F c Tand F' C Il in Foo, with the planes they span. Set ¢ = IINII" and FN¢ = {a, b, p}
and F'N{ = {d,V,p}. Let ¥ € Spyp be general. Then ¢ intersects ¥ in six points,
among these are {a,b,d’,b’, p}, call p’ the sixth point. The surface ¥ intersects II (resp.,
IT') in a cubic G off F (resp., G’ off F'), passing through o/, ¥’ and p’ (resp., a, b
and p’), in addition to the six intersection points of II (resp., II') with the edges of T'.
Thus, G and G’ are uniquely determined. Consequently, ¥ N (ITUII') may at most vary
with the point p’ € ¢. Thus the restriction Sy of Spyp to ITUII is at most one-
dimensional. Consider the restriction map Spypr --+ Spumr, which is linear, rational
and surjective by assumption. Its indeterminacy locus is the unique surface TUTITUII'.
Since dim(Spurr) < 1, we deduce that dim(Spypr) < 2, as desired. O

We next define Fy;, for ¢ = 1,2, to be the family of ordered pairs of smooth elliptic
curves (F, F') in P? such that F € Fy, F' € F; and F and F’ intersect exactly in 4
points not on 7', with distinct tangent lines.

Lemma 4.3. The family Fo; is irreducible, uniruled and (14 —i)-dimensional and each
pair (F, F") € Fo; is contained in a linear system Sp pr of Enriques sextics of dimension
at least i—1. If (F, F') € Fo; is contained in an Enriques sextic ¥ whose normalization S
is an Enriques surface, then Spy g has dimension exactly i—1, unless F+F" is contained
in only nodal Enriques sextics (that is, Enriques sextics whose normalizations contain
smooth rational curves).

Proof. We have a natural dominant map q : Fo; — F1 x (P?)Y sending the pair (F, F")
to F' € F; and the plane I spanned by F in (P3)V.

For i = 1, the fiber of ¢ over (F’,II) consists of the union of four 2-dimensional linear
systems of cubics in II through the six intersection points of II with the edges of T" and
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one of the four intersection points of II with F’. This proves the irreduciblity because
the monodromy action of the four intersection points is the symmetric group, and shows
also the uniruledness. The dimension also follows easily.

For i = 2, the fiber of ¢ over (F”,II) consists of the union of six 1-dimensional linear
systems of cubics in II through the six intersection points of II with the edges of T" and
two of the four intersection points of II with F’. As above, this proves irreduciblity,
uniruledness and the dimension.

The dimension of the linear system of Enriques sextics Sgs containing a fixed F' € F;
is 5 by Lemma 4.1(b). Containing an additional cubic F' € Fy intersecting F” in i points,
imposes at most 6 — ¢ conditions, arguing as in the proof of Lemma 4.2. Therefore, the
linear system of Enriques sextics Spi g containing a pair (F, F') € Fy; has dimension
at least 5 — (6 —i) =i — 1.

Let X be an Enriques sextic containing '+ F” such that its normalization ¢ : S — 3
is an unnodal Enriques surface. The linear system S cuts on X a linear system whose
pull-back on S via ¢ is the sublinear system of |6(E; + E2 + E3)| with base locus twice
the sum of the pullback of the edges of the tetrahedron, which is

2(By + By + By + (By + Kg) + (Bz + Kg) + (Bs + Ks) ) ~ A(Ey + By + Ey).
Hence, the free part is |2(Fy + E2 + E3)|. So we have a linear, rational restriction map
SF-‘,—F’ -—2 |B|, with B := 2(E1 + E2 + Eg) — (F + F,)
whose indeterminacy locus is just the surface X.

We have B? = 2(i — 2). If i = 1 and S is unnodal, then |B| = ), which shows that
Srir = {X} has dimension 0, as wanted. If i = 2, then B> = 0 and E; - B = 1,
hence h°(B) = 1 by Riemann—Roch. This implies that dim(Spy ) < 1, proving the
assertion. O

Consider now the incidence varieties

G ={(F,X)e F,xS|FcXx},
for i =0,1,2, and
Goo := {(F,F/,E) € Foo X S ’ F+F C 2},
which are irreducible, rational and 13-dimensional, by Lemmas 4.1 and 4.2. Similarly,
fori=1,2, let
Goi == {(F, F',%) € Fo; x §| ¥ is unnodal, F + F' C %},
which are irreducible, uniruled and 13-dimensional, by Lemma 4.3.
Proposition 4.4. If G is any of the incidence varieties G;, for i = 0,1,2, Goo, Gos,
for i = 1,2, the obvious projection w : G — S is dominant, hence generically finite.

Accordingly, if £ € G is a general point, then ¥ = w(§) is a general element of S and its
normalization S is a general Enriques surface.

Proof. We prove the assertion for G = G, the proof in the other cases being similar.
Let S be a general Enriques surface. There is an isotropic 5-sequence {Fy,...,E5}
on S. Set H = FE| + FEy+ F3. Then ¢y : S — ¥ C P3 maps S, up to a projective
transformation, to a general surface in S. Moreover Ey4, E5 are mapped to two elliptic
cubic curves F, F’ meeting at a point. This proves the assertion. O
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We now define various maps from these incidence varieties to some &, 4s, for various
g and ¢, which we eventually prove to be dominant, establishing irreducibility and
unirationality or uniruledness.

Consider a general element (F,X) of G;, for ¢ = 0,1,2. Then the normalization S of
Y. is an Enriques surface and on S we have the three curves E1, Esy, E3, plus the strict
transform of F' which, by abuse of notation, we still denote by F. Similar convention
we introduce for Gy;, for ¢ =0, 1, 2.

Fix four nonnegative integers aq,aso, a3, ay, at least two nonzero. Then, for each
1 =0,1,2, we have a rational map

gc170c2,0l3,a4 1Gi - &9
sending the general point (F,X) € G; to (S,Og(a1E1 + asFs + azEs + a4 F)), where
g =pa(a1 Bl + aoFEs 4+ asEs + oy F) and ¢ = ¢(a1 By + aaEo + azEs + oy F). Similarly,
for each i = 0,1, 2, we have a rational map
!
flal,ag,ocg,ou; : gl “T* Cg0
sending the general point (F,X) € G; to (S, Og(a1 E1 + agFEy + agFEs + oy F + Kg)).
Next, fix five positive integers aj,...,as, at least two nonzero. For each i = 0,1, 2,
we have a rational map '
a02170627063,a4,a5 2 Goi ==* Eg.0
sending a general (F, F', X)) € Gy, to (S, Og(a1 By + asEs + asEs + ayF + a5 F')), where
9 = pa(a1B1+agErtazE3+asF+asF') and ¢ := ¢(a1 E1 +as By +azEz+as F+as F').
Similarly we have a map
;!
f02a170270¢370¢4,a5 : Goi - 9,6
sending a general (F, F', X)) € Gy; to (S, Os(a1 E1 + agFs + agEs + auF + asF' + Kg)).
Let now (F,X) € G be general and consider the curves Ey, E9, F3, F on S. Then
Ey + E5 + F satisfies the conditions of Lemma 2.2(b). Since E; - (Eq + E2 + F) = 3, for
i =1,2,3, we obtain an isotropic 10-sequence {E1, Ea, E3, Ey, ..., Ej9} such that

3(E1—|—E2—|—F)NE1—|—---+E10.

Note that each E; for ¢ > 4 is uniquely determined up to numerical equivalence class
and permutation of indices; in particular, F4y + --- 4+ F19 ~ 2F1 + 2F> + 3F — E3 is a
well-defined element of Pic(S). For any five nonnegative integers «p, ..., a4 such that
at least one among «y, ..., as is zero, we can consider the rational map

hao,a1,a2,as,a4 :Gg --» gg,qﬁ

sending (F, X)) € Gy to (S, 0g(aF + a1 Ey + agEs + asEs + ag(Ey + - - - + E1g))), where
g := pa(F + a1 E1 + aoFy + azEs + au(Ey + -+ - + Eyo)) and ¢ := ¢(aoF + a1 By +
aoFEy + agFEs + ay(Ey + -+ + Eqp)). Similarly we have a map
h;o,a1,a2,as,a4 1G22 &g

sending (F, 2) € Gy to (S, Os(aoF + a1 + aoFEs + asFEs + 044(E4 + -+ ElO)) + Ks).

Finally, let (F,F’,¥) € Gpa be a general point and consider Ey, Es, E3, F, F' curves
in S. Then F + F' + E satisfies the conditions of Lemma 2.2(b). Since F - (E; +
F+F)=FE-(E1+F+F') =3, for i =1,2,3, we obtain an isotropic 10-sequence
{El, FEs, B3, By :=F Ex, ... ,Elo} such that

3(E1+F—|—F/)NE1—|—---—|-E10.
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Note that each E; for ¢ > 5 is uniquely determined up to numerical equivalence class
and permutation of indices; in particular, E5 +---+ Ejg ~ 2, +2F +3F' — Ey — E3 is
a well-defined element of Pic(S). For any six nonnegative integers ay, ..., as such that
at least one among «y, ..., a4 is zero, we have a map

hgoyal7a27a3,a4,a5 : g02 - 597(;5
sending (F,F',%) to (S,O0s(agF’ + a1 Ey + asEs + asEs + auF + a5(E5 - - - + Enp))),
where g = pg(aoF’ + a1 E1 + agEs + asEs + auEs + as(Es + -+ + Ey)) and ¢ =
o

: N
Qp,a1,02,03,0,05 Go2 9,6

Sending (F, F,, E) to (S, Os(OAQF/ + a1+ asFEs + asFBs + ag F + 045(E5 + -+ ElO)) + Ks).

Our main results, Theorem 1.1 and Theorem 1.2, are, respectively, immediate conse-
quences of the following two propositions.

Proposition 4.5. Let i € {0,1,2} and aq,...,a4 € N, at least two nonzero. The map
: (respectively, f1. ) is dominant onto the locus of pairs (S,H) € &4

Qaq,02,03,004 ia1,012,0!3,oc4
admitting the same simple decomposition type as a1 E1 + agFEy + asEs + a4F (resp.,
o1 By 4+ agFEy 4+ agFEs3 4+ au F' + Ks).

Let i € {0,1,2} and ay,...,a5 € N, at least two nonzero. The map

respectively, fOi/ is dominant onto the locus of pairs (S, H) € &, 4 admitting
a1,02,03,004,05 9,9

the same simple decomposition type as a1 E1+asEo+asEs+asF +asF' (resp., a1 B+
ag By + asFEs3 + oy F + a5F’ + Ks).

07
o1,02,003,04,05

Proposition 4.6. Let ag,...,aq4 € N, with at least one among «y,...,a3 nonzero.
The map hag,ar,a0,03,00 (T€SPECtiVEly, Ny o) 0n.as.04) 15 dominant onto the locus of pairs

(S,H) € &4 admitting the same simple decomposition type as agF + a1Ey + aoFa +
azB3+ayg(Ey+---+ Eg) (resp., aoF' +a1E1 +agBy +asb3+ay(Ey+- -+ Eio) + Ks).
Let ag, . .., a5 € N, with at least one among oy, . . ., aq nonzero. The map hg{07a1’a2,a37a47a5
(respectively, h%mal,az,as,a%%) is dominant onto the locus of pairs (S, H) € &, 4 admit-
ting the same simple decomposition type as agF’' + ay B+ asFo+ asEs+ asF + as(Fs +

R Elo) (resp., OzoFl + a1 B+ asEy + agbEy + ag B+ a5(E5 + -+ Elo) + Ks).

The proofs of Propositions 4.5 and 4.6 require the results of Section 3 to make sure
we have enough isotropic divisors in the decompositions of H to map S to an Enriques
sextic in the appropriate way. For instance, if H = a1 F1 + asFq9, one writes H =
a1 1+ asE1o + 0FEs + 0E3 so that E7 + Es + E3 defines a mapping of S to an Enriques
sextic (following Notation 2.3 everywhere).

We use the following definition in the proofs of Propositions 4.5 and 4.6.

Definition 4.7. Given an isotropic 3-sequence 3 = {E1, Ea, E3} on the Enriques surface
S, the set ]-N'Z-(J), fori=20,1,2, will denote the set of all primitive, isotropic divisors F
on S satisfying
(1,1,1) if F e Fo(J),
(F-E\,F-EyF-E3)={(2,1,1) if Fe R,
(2,2,1) if F e F(J)
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and the set fOi(ﬁ), for i =0,1,2, will denote the set of all pairs (F, F") of primitive,
isotropic diwvisors F,F' on S such that F' € Fy(J) and

e /e Fo(3) and F-F' =1, ifi =0,

e e Fi(J) and F-F' =1, ifi=1,

e e Fi(J) and F - F' =2, ifi = 2.

Proof of Proposition 4.5. Let (S, H) be as in either of the statements of the proposition.
In particular, H admits a simple decomposition type of length n, with 2 < n < 5.
By Proposition 3.2, if n < 4, we may write H E~a1E1 4+ asFEy + agFE3 + a4 F with
J = {FE1, Es, E3} an isotropic 3-sequence and F' € F;(7J), possibly allowing some of the
;s to be 0. If n = 5, we may write H = a1F1 + aoFa + azE3 + auF + asF' with
(F,F") € Fo;(3). We may assume (S, H) to be general, in particular, S is unnodal.
Then by [4, Thm. 4.6.3 and 4.7.2] the complete linear system |E; + Eo + E3| maps
S birationally onto an Enriques sextic in P3, with double lines along the edges of the
tetrahedron T' defined by the images of all E; and E! := E; + Kg. Under this map, F
(respectively, (F, F")) is mapped to an element of F; (resp., Fo;), finishing the proof. O

Proof of Proposition 4.6. To prove the surjectivity of hag,. . a4, assume (S, H) admits
the given simple decomposition type as in the statement. We may assume that ay > 0,
otherwise the result follows from Proposition 4.5. By Corollary 3.3, we may always write
H ~ agE12+ a1 By + aoFy + azE3 + oau(Ey + - - - + Eyp), possibly allowing more than
one among oy, 1,2, a3 to be zero. Since Fy g € ]-'2(E1,E2, Es), the result follows as
in the proof of Proposition 4.5. The proof of the surjectivity of Ay, ,, is identical.
To prove the surjectivity of hgow.’%, assume (S, H) admits the given simple decom-
position type as in the statement. We may again assume that as > 0. By Corollary 3.3,
we may always write H ~ agE1 4 + o1 By + asEy + a3E3 + auEy + as(Es + - - - + Eqp),
possibly allowing more than one among g, a1, a2, a3, as to be zero. Then (Ey, Ey4) €
.7?02 (E1, E2, E3) and the result follows as in the proof of Proposition 4.5. The proof of

is identical. O

the surjectivity of hoixo,---,as

Next we prove the:

Lemma 4.8. Let C be an irreducible component of €, 4, such that (S, H) and (S', H')
both lie in C if and only if they admit the same simple decomposition type as in (4). If
some of the a;s are odd, then in (4) one may always assume ¢ = 0, so that both pairs
(S,H) and (S,H + Kg) lie in C.

If all the a;s are even, then there is a different irreducible component C' of £, 4 such
that (S, H) lies in C' if and only if it admits the simple decomposition type H ~ a1 FEy +
ot anE,+ (1 —¢)Kg.

Proof. The first assertion is trivial. So assume that all the a;s are even. Assume in (4)
one has ¢ = 0. This means that H is divisible by 2 in Pic(S). The pairs (S, H + Kg)
do fill up an irreducible component C’ of &, 4, and we claim that it is different from C.
Indeed if C = C’, given a general Enriques surface S, we would have a relation of the
form H ~ H' + Kg, with H and H’ divisible by 2 in Pic(S). This is impossible, since
K is not divisible by 2 in Pic(S). The proof is similar if ¢ = 1. O

We finally give the proofs of the four corollaries in the introduction.
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Proof of Corollary 1.3. By Lemma 2.5, all cases with ¢ < 4 admit simple decomposition
types of length n < 4, except for the decomposition type gTqu + FEo + E3 + B4+ E5.
The result thus follows from Theorem 1.1. O

Proof of Corollary 1.4. Since g < 20, we have H? < 38, whence ¢ < 6 by (5), with
equality ¢ = 6 possible only for H? = 36 by Proposition 2.4, in which case the simple
decomposition type has length 2. Thus the result follows from Theorem 1.1 in this case.

We have left to treat the cases where ¢ < 5. By Lemma 2.5, all cases with ¢ < 5 and
g < 20 have decomposition types of length n < 5, except for the type F1 + Ey + E3 +
E, + E5 + Eg for (g,¢) = (16,5), which is the only type occurring for these values of
g and ¢. Hence &6 5 is irreducile and uniruled by Theorem 1.2. Again by Lemma 2.5,
all remaining cases with ¢ < 5 and g < 20 admit simple decomposition types of length
n < 4 or of length 5 with all nonzero intersections occurring equal to one, except for the
type 2E, + E3 + Es + Ey + Ey 5 for (g,¢) = (17,5), which is the only type occurring
for these values of g and ¢. Hence &7 is irreducile and uniruled and all irreducible
components of the remaining &£, 4 are unirational by Theorem 1.1. O

Proof of Corollary 1.5. When g = %2 + 1, equivalently H? = ¢?, then Proposition 2.4,
Theorem 1.1 and Lemma 4.8 yield that, when % is even, i.e., =0 mod 4 (respectively,
when % is odd, i.e., » =2 mod 4) then E£+1 5
nents (resp. only one irreducible, uniratio2nal 7component), corresponding to the simple
decomposition types % (Eh + E12) and % (Ev+ E12) + Kg (resp. % (Ev+ E12)).

When g = w, Proposition 2.4 yields that there is a unique simple decomposition

type, of length 3, for each ¢, except for ¢ = 6, where there are three possible types
2E1 +3E12+ Es, 2(E1+ Ex+ Ev2), 2(E1+ Ex + Eq2) + Kg,

The result follows from Theorem 1.1 and Lemma 4.8. O

has two irreducible, unirational compo-

Before proving Corollary 1.6, we need an example and an auxiliary result.

Example 4.9. Let S be an Enriques surface and H a line bundle with a simple isotropic
decomposition type of the form
H = aoEl,g + a1 B 4+ asEs3 + - - - + a0 Fh0,

where aq is an even nonnegative integer, and ag,as,...,a1g are odd positive integers.
Then H is numerically 2-divisible, that is, its class in Num(S) is 2-divisible. Indeed, the
claim is equivalent to B := Ey 2 + E3 + - - - + Ejo being numerically 2-divisible. As

B = 3(E172—|—E1 —|—E2)—|—(E1 —|—E2—|—E3—|-"'—|—E10) —2E1,2 —4E1 —4E2

= 2(E1+---+ Ep) — 2F1 0 —4FE — 4E5,

using Lemma 2.2(a), the claim follows.

Lemma 4.10. A line bundle H on an Enriques surface is numerically 2-divisible if and
only if either all coefficients in any simple isotropic decomposition in Num(S) are even
or H is as in Example 4.9.

Proof. The if part is clear. To prove the converse, assume that H is numerically 2-
divisible and

H =aogE1 2+ a1Ey + agEs + agE3 + - - - + ai0L0,
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by Corollary 3.3, where the a;s are nonnegative integers, at least one being zero. By
symmetry, we may consider the three cases ag = 0, az = 0 and ajg = 0. We let E; ; be
defined as in (6).

Assume ag = 0. Since (E;; — E;) - H = 2a; + aj, for i # j, and H is numerically
2-divisible, we must have all a; even, as desired.

Assume a1 = 0. For i = 1,2, we have (Ej;10 — E10) - H = a;, hence a; and ay are
even. For i > 3, we have (E; — Eyg) - H = —a;, hence also a; for i > 3 must be even.
Moreover F3-H =ag+ a1 +as+ag+ -+ ag, and since aq, ..., a9 are all even, also ag
is even, as desired.

Assume ay = 0. Since (E2 — Ey) - H = aj, we have that a; is even. For i # j and
i,j > 3, we have (Ej — E;)- H = a; — a;j. Hence a;+a;j is even for all 4,5 > 3. For j > 3,

we have (Ey 2 — E2 ;) H = —ap — aj +a1. Hence ag+a; is even for all j > 3. It follows
that all ag,as,...,a1p have the same parity. Thus, either all coefficients are even, or H
is as in Example 4.9, as claimed. O

Proof of Corollary 1.6. If [H] € Num(S) is not 2-divisible or as in Example 4.9, then
some simple decomposition types of H and H + Kg have not all even coefficients in front
of the isotropic, primitive summands. Hence, by substituting one F; with odd coefficient
with F; + Kg, we see that H and H + Kg admit the same simple decomposition type,
and thus belong to the same irreducible component of &, 4, by Theorems 1.1 or 1.2
and Lemma 4.8, by the assumption on the decomposition types. Hence p~'(p(C)) is
irreducible.

Conversely, assume [H] € Num(S) is 2-divisible and not as in Example 4.9 and with
a simple decomposition type of length at most 5. By Corollary 3.3 there is an isotropic
10-sequence {E4, ..., E1p} so that

H =agE1 2+ a1 By + as by + a3Es + as By + as Es,

where at least one of aq,...,as is zero. There may be more such sequences, but by
Lemma 4.10, for any such, all coefficients a; are even. Thus, by Lemma 4.8, H and
H + Kg do not admit the same simple decomposition type and therefore do not lie
in the same irreducible component of &, 4, whence p~1(p(C)) consists of two disjoint
components.

The argument is the same if H admits a simple decomposition type that is 6—
symmetric. O
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APPENDIX: IRREDUCIBLE COMPONENTS OF &, 4 AND &, 4 FOR g < 30

Using Proposition 3.4 (and Notation 2.3) we list all irreducible components of the
moduli spaces EM) for ¢ < 30, marking them with roman numbers, and describe the
of these components obtained by Theorems 1.1 and 1.2 and Corollary
1.6. We thus obtain information about all irreducible components of the moduli spaces
&g,6, with few exceptions. The various decomposition types can be obtained from Lemma,
2.5 and Proposition 2.4, and an ad hoc treatment as in the proof of Lemma 2.5 for the
cases ¢ = 6 and 7. The fact that all decomposition types below are truly different can
be checked by computing suitable intersections as in the proof of Lemma 2.5, and the
fact that they all do exist on any Enriques surface follows from Lemma 2.2(a).

properties of p

-1

| g | 1) | comp. | dec. type | p T |
| 2 | 1 | 32,1 | F1+ Es | irred. unirat. |
| 3 | 1 | 33,1 | 2F1 + Es | irred. unirat. |
| 3 | 2 | Ea.2 | Ei+ E12 | irred. rational [2] |
(4 [1[&1 [3Ei+E | irred. unirat. |
|4 [2[€&2 [Ei+E;+Es | irred. rational, [5, §3] |
15 [1]&,1 [4E+E» | irred. unirat. |
5 2 Zﬁ,’% 2E1 + Eh 2 irred. unirat.
5 |2 Eé{;) 2(E1 + E») two unirat. components
| 6 | 1 | 36,1 | 5F1 + FEs | irred. unirat. |
6 |2] &2 2F1 + E> + Es irred. unirat.
6 |3 | &3 FE1+ Exs+ Ei2 irred. unirat. [11]
| 7 | 1 | 37,1 | 6F1 + Fo | irred. unirat. |
7 2 E% 3E1 + Ehr 2 irred. unirat.
7 | 2| &Y | 3B + 28, irred. unirat.
7 3 |&73 Fi1+ Es+ Es+ By irred. unirat.
| 8 | 1 | Es,1 | TE1 + FEo | irred. unirat. |
8 |2]€2 |3EiI+E+Es irred. unirat.
8 3| Es3 2F1+ FEx>+ Ei 3 irred. unirat.
| 9 | 1 | o | 8E1 + E» | irred. unirat. |
9 |2 Z(;I% 4F1 + E1 2 irred. unirat.
9 |2 Eéfé) 2(2F1 + E») two unirat. components
9 |3]20 | 2B + B2+ Brs irred. unirat.
9 3 Z(;I;) 2F1 +2Fs + E3 irred. unirat.
9 |4 |&ga 2(E1 + Ev2) two unirat. components
| 10 | 1 | 510,1 | 9F1 + Es irred. unirat.
10 | 2 510,2 4F1 + Es + E3 irred. unirat.
10 | 3 353)3 21+ FEs + Es+ Ey irred. unirat.
10| 3 E%Ig), 3(E1 + E») irred. unirat.
10| 4 | 10,4 2F12 4+ E1 + Eo irred. unirat.
[11]1 ] &, [10E + E» | irred. unirat. |
11 ]2 Eﬁg 5F1+ Fr2 irred. unirat.
1|2 85 |58+ 28, irred. unirat.
| 11 | 3 | 311,3 | 3E1+ Ex>+ Ev3 | irred. unirat. |
| 11 | 4 | 114 | FEy + FEs + Es + E4 + E5 | irred. unirat. |
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| g | 10} | comp. | dec. type | p ! |
[12]1 [ &1 [11E + Ep | irred. unirat. |
| 12 | 2 | 512,2 | 5F1 + Es + FE3 | irred. unirat. |
12]3 2%, |38 +28, + Es irred. unirat.
12 | 3 Eg@ 3E1+E>+ Eq2 irred. unirat.
| 12 | 4 | 512,4 | 2E1 + Ex+ Es+ Ei 4 | irred. unirat. |
| 13 | 1 | 513,1 | 12F1 + E> | irred. unirat. |
13| 2 ESQQ 6E1 + E1 2 irred. unirat.
13| 2 Eﬁ’fﬁ 2(3E1 + E») two unirat. components
13| 3 Eﬁ% 3E1+ FEs+ Es+ Ey irred. unirat.
133 Eglfﬁ 4F, + 3E> irred. unirat.
13| 4 Eﬁ?A 2FE1 +2E2 + Eq2 irred. unirat.
13 |4 E%Ii 2(E1 + E2 + E3) two unirat. components
13| 4 Eﬁ_{,ﬁ) 3E1 4+ 2E:1 2 irred. unirat.
| 14 | 1 | 314,1 | 13F1 + E> | irred. unirat. |
| 14 | 2 | 314,2 | 6F1 + Es + E3 | irred. unirat. |
| 14 | 3 | E1a,3 | 4F1 + Exo+ Eh 3 | irred. unirat. |
14] 4|8, | 2B + 28 + Bs + B, irred. unirat.
14 | 4 Eﬁﬂ 3E12+ E1+ E» irred. unirat.
[15 [ 1 [E51 [ 4B + By | irred. unirat. |
15| 2 55{522 TE1+ Ei2 irred. unirat.
152 | 85) | 7B, + 2B, irred. unirat.
15| 3 552)3 4F1 +2Fs + E3 irred. unirat.
153|850 | 4B + By + Brs irred. unirat.
154 |85, |28 + B+ Bs + BEu+ E5 irred. unirat.
15| 4 |85 | 3B+ 2B, + By s irred. unirat.
[15]5 |55 [2E1 + E2+2E1 | irred. unirat. |
[16 |1 | &1 | 15E1 + E» | irred. unirat. |
|16 |2 | &2 | TE + B2 + E3 | irred. unirat. |
16 | 3 352)3 4F1 + B+ B3+ By irred. unirat.
16 | 3 Eﬁélg), 5F1 + 3E> irred. unirat.
16 | 4 352{4 3E1 +3FEs + E3 irred. unirat.
16 | 4 Eﬁéﬂi 3E1+FEx+ Es+ Ei 4 irred. unirat.
|16 | 5 [ €165 | BE1+ B2+ Es + Es + Es + Eg | irred. uniruled |
| 17 | 1 | 517,1 | 16FE, + E> | irred. unirat. |
17| 2 3517{2 8E1 + Eh 2 irred. unirat.
17 2 Eﬁ?ﬁ 2(4E1 + E») two unirat. components
| 17 | 3 | 517,3 | 5E1+ E>+ Eq3 | irred. unirat. |
174 |20, | 3B, + 2B, + 2B, irred. unirat.
17 | 4 Eﬁ’ﬁl 3E1 4+ 2E2 + Ev2 irred. unirat.
17| 4 E%{i) 2(2E1 + E1,2) two unirat. components
17 | 4 EYJQ 4(E1 + E») two unirat. components
[17]5 [€rs [2E1+ B2+ Es+ Es+ Eus irred. uniruled
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| g | 10} | comp. | dec. type | p |
[18]1 [ &1 [ 17TE + E» | irred. unirat. |
| 18 | 2 | 518,2 | 8F1 + Es + FE3 | irred. unirat. |

183289, |58 +28, + Es irred. unirat.

18| 3 Eﬁffﬁ 5E1+ E>+ Ei2 irred. unirat.

18 | 4 Eg;& 3E1 +2F2 + Es + Eu irred. unirat.

18 | 4 Eﬁi{i 4F 12+ E1 + E» irred. unirat.

185|205 |38+ By +2E: s irred. unirat.

18| 5 Eﬁffﬂ 2E1 +2E2 + Es+ Ei2 irred. unirat.
| 19 | 1 | 519,1 | 18F1 + E> irred. unirat.

19229, |98+ B irred. unirat.

19 | 2 Eﬁffﬁ 9F1 + 2F> irred. unirat.

19]3 89, | 5B+ B+ s+ B4 irred. unirat.

19| 3 E%@ 3(2E1 + E») irred. unirat.

19 | 4 ESQA 31+ FEx+ Es+ Es+ Es irred. unirat.

19 | 4 Eﬁff}l 4F1 +2E2 + E 3 irred. unirat.

195 35215 2F1 +2FEs +2Fs + Ey irred. unirat.

19| 5 E%IB, 3E12+ E1+ E:+ E3 irred. unirat.
| 19 | 6 | 106 | 3(E1+ Er2) | irred. unirat. |
| 20 | 1 | 320,1 | 19F, + E> | irred. unirat. |
[20 ]2 &2 [9EL+E2+Es | irred. unirat. |
20 [3 [€203 [6E1+Ex+Eis | irred. unirat. |

20 | 4 Eé&l 4F1 + 3FEs + E3 irred. unirat.

20 | 4 Eéfﬁ 4F1 + FEo+ Es+ Ei 4 irred. unirat.

20| 5 Eéﬁ)’s 21 +2FE; + B3+ By + Es irred. unirat.

2 |5 | T2 | 3B + Ea+ 2E» irred. unirat.
[21]1][&n,1 [ 20E: + E» irred. unirat.

21| 2 Eg)g 10E1 + E12 irred. unirat.

21 | 2 Eéﬂ 10F; + 2FE, two unirat. components

2113 Egg 6E1 4+ E>+ Eq2 irred. unirat.

21 |3 | S9N | 6B + 2B + Es irred. unirat.

21 | 4 Eé’ﬁA 5F1 +4F> irred. unirat.

21 |4 | S8 | 5By + 2B, irred. unirat.

21 | 4 Eé’lﬂf) 4F1 + 2Fs + 2F3 two unirat. components

21 | 4 | ESY) | 4By + 2B> + B s irred. unirat.

21 | 5 | EY5 | 2B + Bo + Bs + Ea + Es + Es 77

21 |5 | €92 | 3By + 2Bs + Es + By irred. unirat.
| 21 | 6 | Ea16 | 2(E1 + E2 + Fh2) | two unirat. components |
| 22 | 1 | 522,1 | 21F1 + Es | irred. unirat. |
| 22 | 2 | 522,2 | 10E, + E> + E3 | irred. unirat. |

22|38, |68 + B+ By + By irred. unirat.

2213 Eé’;ﬁ TE1 + 3E> irred. unirat.

224|280, 4B + 2B + Bs + B4 irred. unirat.

22 | 4 Eé’;}l 5E12+ E1+ E» irred. unirat.

25|28 | 3B+ Eat Bs+ By + By s irred. uniruled

22 |5 Eé’;ﬂ 3E1 4+ 3E2 + Ev2 irred. unirat.

22 | 5 | E%'d) | 3By + 3Es + 285 irred. unirat.
[22]6 [ €226 | E1+ E>+ Es+ Es+ Es + Eg + E7 | irred. unirat.
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| g | 10} | comp. | dec. type | p
[23]1 ][ &s1 |22E +E» | irred. unirat.
23 | 2 5%)2 11E1 + Ei2 irred. unirat.
23 |2 | €S0 | 1B, + 2B, irred. unirat.
| 23 | 3 | 5233 | TE1+ Ex+ Ei3 | irred. unirat.
23| 4 |28, | 5B + 2B, + Erg irred. unirat.
23 | 4 | ELD | 4E) + Bo+ Bs + B + Es irred. unirat.
235 | E%s | 4B + Bo + 2B 4 irred. unirat.
23 |5 5&1513 3FE1+2FEy + Es+ Fh2 irred. unirat.
23| 5 | s | 3B + 3Bs + Bs + B4 irred. unirat.
|23|6|523,6 |2E1+E2+E3+E4+E5+E1,6|??
[24]1 [ &u1 [23E1 +E» | irred. unirat.
[24]2 & [11E +E> + Es | irred. unirat.
2 |3 885 | 7B+ Ba+ Ers irred. unirat.
2 | 3| TS | 7B + 2Bs + Es irred. unirat.
20 |4 |8, | 5B + 3B, + B3 irred. unirat.
24 |4 |E1) | 5By + B+ Bs+ Bra irred. unirat.
2 |5 | 855 | 3B+ 2B, +2B5 + B4 irred. uniruled
2 |5 | EWY | 4B1s+ By + By + By irred. unirat.
24 |5 | EWY | A + 3B, + Brg irred. unirat.
20| 6 | €% | 3B+ By + s+ 2B 4 irred. unirat.
24| 6 | EW% | 281 + 2B + By + By + Er» irred. uniruled
[25 [ 1 [Eas1 [24E1 + By irred. unirat.
25| 2 55{,)’2 12E1 + Ei2 irred. unirat.
25 | 2 5&’52 2(6FE1 + E») two unirat. components
25 |3 |E%s | 7B+ Ba+ Bs + B4 irred. unirat.
25 | 3 | T | 8E1 + 3B, irred. unirat.
25 | 4 55{,)4 2(3E1 + 2E») two unirat. components
25| 4 Sééli 2(3E1 + E1,2) two unirat. components
25| 4 5&{,11) 5F1 +2FE5 +2F3 irred. unirat.
25 | 4 | S8 | 5By + 2Bs + B irred. unirat.
2515 5&{,)0 4F1 + FEx + 2FE1 2 irred. unirat.
25 | 5 | T | 3By +2Es + Es + B4+ Bs irred. unirat.
25 | 5 | LD | 4B, 4 4B, + Es irred. unirat.
25 |6 | T8 | 4B + 3B, irred. unirat.
2516 5&{,12 2(E1+ E2 + E3 + Ey) two unirat. components
25| 6 Eéélé) 3E12+ F1+FE2+ Es+ FEy irred. uniruled
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| g | 10} | comp. | dec. type | p |
[26 |1 ]| &1 | 25E1 + E» | irred. unirat. |
| 26 | 2 | 526,2 | 12FE, + E> + E3 | irred. unirat. |
| 26 | 3 | 5263 | 8E1+ E>+ Ei3 | irred. unirat. |
2 | 4 | S8y | 5B + 2B + Bs + By irred. unirat.
26 | 4 5;,2 6E12+ E1+ E» irred. unirat.
2 |5 | €55 | 3B+ Ba+ Es + By + Es + Ee 7?
2 |5 | LD | 4E) + 2By + s + By irred. unirat.
2 | 5 | Eosa) | 5(Er + E) irred. unirat.
26 | 6 5&?6 3E1+ FEx+ Es+2F 2 irred. unirat.
2 | 6 | o | 2E1 + 2Es + 2Bs + By + Bs irred. unirat.
[27]1 ][ &1 | 26E: + E» irred. unirat.
27 | 2 5&22 13E1 + Ei2 irred. unirat.
27 | 2 | €% | 13E) + 2B, irred. unirat.
271 3 5&1;{3 8FE1+ Fa+ Ei2 irred. unirat.
27 | 3 | WY | 8By + 2B + Es irred. unirat.
27 |4 | €0, | 6B + 2B, + E1 g irred. unirat.
27 | 4 5§’7’i 5Ey + B+ Es + By + Bs irred. unirat.
27 |5 | €95 | 4B + Bo+ Es + Ea + Ev s irred. uniruled
27 | 5 | W2 | 4By + 3Es + B irred. unirat.
27| 5 | XD | 4B, 1 3E, + 2, irred. unirat.
27| 6 |E%s | 3B + 2B, + 2B, irred. unirat.
27| 6 | %% | BBy + 2Es + 2Fs + By 4 irred. unirat.
27| 6 | EXD | 2B, + 2By + Es + Ea + Es + Eo ?7?
| 28 | 1 | 528,1 | 27TE, + E> | irred. unirat. |
| 28 | 2 | Ezgg | 13FE1 + E> + E3 | irred. unirat. |
28 |3 |EWs | 8B+ Bot By + By irred. unirat.
28 | 3 5&;13 3(3E1 + E») irred. unirat.
28 | 4 | T8, | 6B + 3B, + B irred. unirat.
28 | 4 | ELD) | 6E) + Es + B3+ Fra irred. unirat.
28 |5 | S5 | 5B + B+ 2B 4 irred. unirat.
28 |5 | EL) | 4E) + 2B + Es + B irred. unirat.
28 | 5 | Eo's) | 4By + 3Es + Es + By irred. unirat.
28| 6 | €% | 2B1 + Es + Es + Eq + Es + Eg + Er | irred. uniruled
28 | 6 | TS | 3(Er + Ea + B) irred. unirat.
28 | 6 | ELD | 8E) 4 2By + Es + Ea + Bus irred. uniruled
| 28 | 7 | 528,7 | 3E1+ FE>+3E12 irred. unirat.
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| g | 10} | comp. | dec. type | p ! |
(29[ 1 €21 [28E1+E, | irred. unirat. |
29 | 2 EQQQ 14FE1 + E1 2 irred. unirat.
29 | 2 Eé{fﬁ 2(TE1 + E») two unirat. components
| 29 | 3 | E29,3 | 9E1 + E>+ Ei 3 | irred. unirat. |
29 | 4|28, | 7B + 4B, irred. unirat.
29 | 4 Eé{,{i TE1+2F 2 irred. unirat.
29 | 4 Eéﬁﬂf) 2(3E1 + E2 + E3) two unirat. components
29 | 4 Eé{,‘;) 6E1 4+ 2FE3 + Ev2 two unirat. components
29 | 5 3219)75 4F1 +2Es +2Fs + Ey irred. unirat.
29 | 5 Eéffj 5E12+ E1+ E2 + E3 irred. unirat.
29 | 5 Eé{;{;) 5E1 +3E>+ Ei3 irred. unirat.
2|6 | €% | 3B+ Es+ Es+ Ea+ Es + Erg 7
29 | 6 Eé{){é 2(2E1 + E2 + Ev3) two unirat. components
29 | 6 Eé{,{é) 3E1+3E2+ Es+ FEi2 irred. unirat.
| 30 | 1 | Ea01 | 29F1 + E» | irred. unirat. |
| 30 | 2 | E30.2 | 14F, + E> + F3 | irred. unirat. |
303 Eégg 9F1 + 2F> + E3 irred. unirat.
303 Eéfﬂ?, 9E1 + E>+ Ei 2 irred. unirat.
30| 4 E;(;{))’zl 6F1 +2Ey + Es + Ey irred. unirat.
30 | 4 Eé{ﬁ TE12+4+ E1+ E» irred. unirat.
30 | 5 E(;{))d S5E1 + E>+2E1 2 irred. unirat.
30 |5 Eéff; 4F1 +2Fs + FEs+ E4 + Es irred. unirat.
30 |5 E%If) 5F1 +4Fs + E3 irred. unirat.
30| 6 Eéﬁ)ﬁ 4F1 + B>+ E3 +2F1 4 irred. unirat.
30 |6 E%Ié 3E1+2E;+Es+FEs+ Ei2 irred. unirat.
30 | 6 | €5 | 3E1 + 3E> + 2E5 + Eq irred. unirat.
30| 6 E;(;{)‘;) 4F 12+ E1+ E2 4+ 2F3 irred. unirat.
307 3287 2E1+ E2+ Es+ Exs+ Es + FE¢ + E1,7 | irred. unirat. (cf. Rem. 3.10)
30 | 7 | €% | 2By + 4Bs + Bs + By + Es irred. unirat.
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