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Abstract

In this paper we propose a stochastic approximation algorithm to minimize functions for
which the gradient writes as the expectation of some integrable features. Considering the case
where computing feature moments or sampling from the underlying probability distribution
is not feasible we mix a Markov chain dynamic with the stochastic gradient descent dynamic,
thus combining optimization tools with statistics controls. This approach is motivated with
examples from Empirical Bayesian statistics. We assess the convergence as well as rates of
convergence for various objective functions.

1 Introduction

Computational Bayesian statistics often rely on complex probabilistic modeling which involves la-
tent variables and therefore the underlying a posteriori distribution of the parameters is expressed
as an untractable parameter-dependent integral. For example, some characteristics of the prior
distribution such as the mean or the variance are frequently unknown and are treated as hyperpa-
rameters which leads to consider hierarchical Bayesian models [42]. A first approach is to consider
the joint a posteriori probability distribution and perform inference for the parameters of interest
by marginalizing along the hyperparameters. This framework is referred to as a fully Bayesian set-
ting. However, solving this problem can be computationally prohibitive since it requires to sample
from the joint probability distribution. For instance this can be realized with a Gibbs sampling
strategy but the convergence of the associated Markov chain can be very slow in some situations.
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A second approach, which we consider in this paper, referred to as the Empirical Bayes (EB) set-
ting [7, 8, 40], consists in first finding a single-point estimate for the hyperparameters, similarly to
the Maximum A Posteriori (MAP) estimator, based on the conditional probability distribution of
the hyperparameters given the observations. Second, this estimate is plugged in the a posteriori
distribution of the parameters given the observations and the hyperparameters in order to make
inference. This methodology is theoretically founded: [37, 28, 45, 11] show that fully Bayesian and
EB approaches lead to similar inference conclusions when the sample size is large enough under
additional appropriate conditions. However, EB inference remains a challenging problem since it
relies on the optimization of a high-dimensional parameter-depending integral. When the parame-
ter space is small, numerical integration techniques can be considered, like the recently introduced
nested Laplace approximations [35, 46], however they might introduce some bias which can be
hard to quantify. If the dimension is large, the optimization can be achieved using a Robbins-
Monro scheme [41, 29, 20] which requires to be able to sample from the probability distribution
of the parameters given the observations and the hyperparameters. This former step is usually
tackled through Monte Carlo or Monte Carlo Markov Chain (MCMC) algorithms. EB inference
has found many applications in Bayesian inference problem [21, 6], large-scale inverse problem [50],
biostatistics [47, 26, 17].

In contrast to previous work, in this contribution we propose and analyze the use of inexact
MCMC algorithms to get approximate samples from the a posteriori distribution of the parameters
given the observations and the hyperparameters. While this method introduces some bias in the
estimation of the stochastic gradient used in the Robbins-Monro procedure, we show that it can be
controlled explicitly and does not affect the convergence of the hyperparameter recursion. The use
of inexact MCMC algorithms is justified because while existing results can be applied to stochastic
approximation based on exact MCMC schemes it requires strong conditions on the associated
Markov kernel (see e.g. [2, H6]). The basic condition of geometric ergodicity can be hard to check,
for example for the Metropolis Adjusted Langevin Algorithm [43] or Hamiltonian Monte Carlo [13].
On the other hand, inexact MCMC algorithms such that the Unadjusted Langevin-based Monte
Carlo methods are easier to analyze and can exhibit stronger convergence properties [5, 12, 9, 16].
In addition, they give in practice similar inference results than their exact counterparts at the
cost of a speed and accuracy trade-off. As a result, there have been increasingly popular in the
computational statistics and machine learning communities [49, 33, 18, 22, 36, 24].

The paper is organized as follows. In Section 2 we motivate and introduce our new method-
ology based on a Robbins-Monro procedure using inexact MCMC algorithms for Empirical Bayes
estimation. In Section 3 we summarize our main theoretical contributions and check that they
hold for Langevin-based methods. In particular, we show that under appropriate conditions the
complexity of the proposed methodology is linear in the dimension. Rigorous theoretical treatment
of the convergence of the algorithm is given in the appendix.

Notations and convention

Denote by B(R?) the Borel o-field of RY, F(RY) the set of all Borel measurable functions on R? and
for f € F(RY), ||f]loc = sup,ege | f(x)|. For u a probability measure on (R?, B(R?)) and f € F(R?)
a p-integrable function, denote by u(f) the integral of f w.r.t. u. For f € F(R?), the V-norm of
f is given by ||f|lv = sup,ega |f(2)]/V(z). Let € be a finite signed measure on (R%, B(R)). The



V-total variation distance of £ is defined as

(z)d¢ ()

1€l = sup
FEFRD) || flv<1

Rd

If V =1, then || - ||v is the total variation denoted by | - ||Tv-.

Let U an open set of R%. We denote by C*(U,RP), respectively C¥(U, RP), the set of RP-valued
k-differentiable functions, respectively the set of compactly supported RP-valued k-differentiable
functions. Let f € C1(U,R), we denote by V., f, the gradient of f. f is said to me m-convex with
m > 0 if for all z,y € R?

(Vo (@) = Vaf(y),z —y) = mle—y*.

We recall that if f is twice differentiable at point a, its Laplacian is given by A, f(a) = Zle g% (a).
Let F' € CY(U x V,R) we denote by V., the gradient of F' along the first coordinate and V, the
gradient of F' along the second coordinate. For any A C RY, we denote by OA the boundary
of A. Let A € B(RY), we define Vol(A) = Leb(1a) where Leb is the Lebesgue measure over
(R4, B(RY)). Let B C RY, we introduce its convex hull Conv(B), the intersection of all the con-
vex sets containing B. Let (Q,F,P) be a probability space. We denote by L?(Q, F) = {X :
X is a random variable on  such E[X?] < +o00}. Denote by pu < v if u is absolutely continuous
w.r.t. v and du/dv an associated density. Let p,v be two probability measures on (R, B(R?)).
Define the Kullback-Leibler divergence of p from v by

et (810t 10

400 otherwise .

KL () = {

2 EB inference based on inexact MCMC methods, the Stochas-
tic Optimization with Unadjusted Kernel (SOUK)

2.1 EB inference

Consider the hierarchical model based on the observations y in the subspace Y C R% specified by
the conditional density with respect to the Lebesgue measure (y, x,0) — p(y|z, 6), and prior distri-
butions (z,6) + p(z|0) and 0 — p(f) where x € R? is the parameter of interest and § € © C R™ is a
hyperparameter. Applying Bayes formula, we get that the a posteriori distribution is given for any
z € R% by p(z|y)  [g p(ylz, 0)p(x|0)p()df. The problem of sampling from this distribution is the
subject of many works and remains a challenge. A common strategy relies on the Gibbs algorithm
which consists in sampling from p(6|z, y) and p(z|y, §) alternatively and performing inference using
the marginal distribution along the variable x. However, the two underlying problems are either
computationally very expensive or even impossible to solve. In this paper, we consider the EB
setting where the a posteriori distribution of x given y is approximated by p(y|x, 6*)p(x|0*)p(6*)
up to a normalizing constant with

0" € argmax p(fly) with p(f]y) o /p(ylﬁ,x)p(ﬂf\ﬁ)p(@dx = /p(xlyﬁ)dx - (1)



In order to realize this task, the main difficulty is to estimate 6*. To do so, we use a stochastic
approximation approach defining the recursion (6,,),cn starting from 6, € © for any n € N by

Ons1 = Ilo(0n — 0nt1ly,) , (2)

where Tlg is the projection onto © and, for any 6 € ©, Ay is an estimator of Vylogp(f|y), where
Vy is the gradient with respect to the 6 variable. This estimator can be written in the following

form Vo 0)
v, lo 0 _ op(x, Y,
0 gp( |y) p(x7y’ 0)

where for any 6 € O, my stands for the conditional distribution z — p(x|y, ). This methodology
was already studied and proposed in numerous papers [2, 1] in the case where Ay is unbiased,
directly sampling from gy, or based on a Markov Chain Monte Carlo (MCMC) algorithm targeting
. In this framework, for any n € N

VG n 71 — Vep 7y|0 )
Ay, = —— = - ; (4)
p(0n ; k,y‘@ )

mo(x)da | (3)

where (my)nen is a sequence of positive integers and for any n € N, (X}!)reqo,....m,} is either a
sequence either i.i.d. random variables with distribution 7y, or a Markov Chain targeting this
distribution.

In this contribution, we propose to use inexact MCMC algorithms which do not target exactly 7y
but a close distribution in a sense which will precised below. Indeed, there have been recently several
major results on this family of methodologies showing that while they are biased, they benefit from
explicit convergence properties (and subsampling strategies can be applied in big-data setting)
contrary to most Metropolis-Hastings type algorithms [16, 12, 9]. These approximate MCMC
schemes are based on stochastic continuous dynamics (Y,?);>¢ for which the target distribution
mp is invariant. Two fundamental examples are the Langevin dynamics solution of the following
Stochastic Differential Equation (SDE)

Ay = Vv, Uy(Y?)dt + V2dB, , (5)
or the kinetic Langevin dynamics solution of
av? =ve,  av? = v, Us(Y)dt — VPdt + V2dB, ,

where for any 0 € O, Uy : z — logm(z) and (By)i>o is a standard d-dimensional Brownian
motion. Under mild assumptions on Uy, these two SDEs admit strong solutions for which my and
7o ¢ (z,0) = mo(x) exp(— |Jv]|* /2)/(27)%/2 are invariant probability measures. In addition, explicit
convergence of (Y,);>o (respectively (Y}, V/?);>0) to m (respectively to ), in different metrics
have been obtained [44, 15, 14]. However, sampling path solutions of these dynamics is in general
not feasible. Therefore discretizations have to be used instead. In this paper we mainly focus on
the Euler-Maruyama discretizations [44] of (5)

Xir1 =X — ’vaUa(Xk) + V2V 241 - (6)

where v > 0 is a stepsize and (Zx)ren+ is a sequence of i.i.d d-dimensional zero-mean Gaussian
random variables with covariance matrix identity. We have all the necessary tools to present our
new algorithm. Our new methodology can be also applied to a broad class of stochastic optimization
problems. Indeed, as mentioned previously, the EB estimation (1) can be casted in this framework,
see (2). Therefore, we present it in full generality in the next section.



2.2 Stochastic Optimization with Unadjusted MCMC

The recursion (6) defines a Markov kernel R, g. Under appropriate conditions, for any v € (0,%),
and 0 € © with 4 > 0, we can show that R, ¢ admits an invariant distribution, see Lemma 16 in
the appendix. This observation motivates the following stochastic approximation scheme.

Let © be a convex closed set in R”. Consider an objective function f : ©® — R which we want
to minimize. We assume that f is continuously differentiable and that its gradient is given for any
0 € © by

Vi) = y Hy(z)mo(dz) , (7)
where (0,z) — Hy(x) € C(© x R4LR), for any § € ©, Hy is mp-integrable and (mg)geo is a
family of probability distributions over (R?, B(R%)). Note that in the EB setting, we have from
(3) that Hy(x) = Vgp(x,y,0)/p(z,y,0). As emphasized in the previous section, we propose a
stochastic approximation scheme which relies on biased estimates of Vf(6) through a family of
Markov kernels {K, 9,7 € (0,7) and 6 € O}, for 4 > 0, such that for any § € © and v € (0,%),
K, ¢ admits an invariant probability distribution 7,9 on (R, B(RY)). We assume in addition
that the bias associated to the use of this family of Markov kernels can be controlled w.r.t. to ~y
uniformly in 6, i.e. for example there exists C' > 0 such that for all v € (0,7) with ¥ > 0 and 6 € ©,
|7y,06 — mo|lTv < Cy* with @ > 0. In our applications K, ¢ stands for R, ¢ for any v € (0,%) with
4> 0 and 6 € ©, where R, g is associated with (6).

Let now (3,)nen- € (RN, (my)nen € (N*)" be sequences of stepsizes and batch sizes which
will be used to define the sequence relatively to the variable 6 similarly to (2) and (4). Let (y)nen €
(]Ri)N be a sequence of stepsizes which will be used to get approximate samples from 7y, similarly
to (6). Starting from X € R? and 6y € © we define on a probability space (Q,F,P), ({Xp : k €
{0,...,mp}}, On)nen by the following recursion for n € N and k € {0,...,m, — 1}

Xy is a Markov chain with kernel K, 4, and Xj = X:,Ll;fl conditionally to F,—1 if n > 1 (8)

571 A n
Opir = llo |0, — = ZHQn(Xk) ; (9)
k=1

m'll

where Ilg is the projection onto © and where F,, is defined as follows for all n € N*
Fn=0 (907 {(Xlg)ke{o,..‘,mg} b e {0, .. ,n}}) R (10)

where {(X{)refo,..m. : £ € {0,...,n}} is given by (8). Note that such a construction is always
possible by Kolmogorov extension theorem [27, Theorem 5.16] by (9), for any n € N, 0,11 is F,-
measurable. Then the sequence of approximate minimizers of f is given by (6n)nyen+ where for

any N € N*
N N
On = {Z&nen}/{25n} . (11)

The pseudo-code associated with this method is given in Algorithm 1.

Under different sets of conditions on f, H, (d,,)nen, (Yn)nen and (my, )nen we obtain that (05 ) yen-
converges a.s. to an element of argming f. In particular we consider the case where f is assumed
to be convex, in Section 3. To summarize our results, we establish that if (v, )nen and (6,)nen
go to 0 sufficiently fast, ]E[f(éN)] — ming f goes to 0 with a quantitative rate of convergence. In



the case where (7, )nen is held fixed, i.e. for all n € N, 7, = v, we show that while E[f(0x)] does
not converge to 0, there exists C,a > 0 such that limsupy_, | E[f(fx)] — mine f < Cy*. In the
case where f is non-convex we show that we can apply some results of stochastic approximation
which imply that the sequence (6,,)nen converges a.s. to a stationary point of the projected ordi-
nary differential equation associated with V f and ©. We postpone this result to the appendix, see
Appendix A, since it involves a theoretical background which we think is out of the scope of the
main document.

Algorithm 1 Stochastic optimization with unadjusted Markov kernel (SOUK)
1: function SOUK

2: Inputs:
{K"/ﬁ e > 076 S 9}7 (’Yn)nENa (6n)n€N7 (mn)n€N7 N
3: Initialize:

Xy eR?and 6 € ©

4: forne{0,...,N—1} do

5: if n > 1 then

6 Xp =X,

7: end if

8: for k € {0,...,m, — 1} do

9: Xitor ~ Koo, (X)

10: end for

. i1 =Tlo [0, — 2t 37, Hy, (X7)]
12: end for

13: Outputs:

i = {00t} /{200 0}

14: end function

3 Stochastic Optimization with Unadjusted MCMC

3.1 Convex objective function
We consider the following assumptions on © and f, where © C R™.
A1l. © is a convex compact set and © C B(0, Mg) with Mg > 0.

A2. There exist an open set U C R™ and Ly > 0 such that © C U and f € C*(U,R) is convez and
for any 01,0, € ©
[Vf(01) =V f(0)] < Lgll6r — 02 .

Note that under Al and A2, argming f is non-empty. The following assumption ensures that
the gradient of the objective function can be written as the expectation of some integrable function.

A3. For any 6 € ©, there exist Hy : R? — R™ and a probability distribution mg on (R, B(R?))
satisfying that (0, ) — Hg(x) is measurable, Hy is mg-integrable and (7).



We impose some stability condition on the stochastic process {(X}')ieqo,...,m,} : 7 € N} defined
by (8) and that for any v € (0,7%), with 4 > 0 and 6 € © the iterates of K,y are close enough to
g after a sufficiently large number of iterations.

H1. (i) There exists a measurable function V : R? — [1,400) and A; > 0 such that for any
neN
E[V(X5)[X] < AVXG),  E[V(Xg)] < +oc. (12)

(7t) In addition, there exist 7 > 0, Az, A3 >0, B :RY — Ry such that for any v € (0,%), 0 € ©,
reR andn €N

‘/Rd K7 o(z,dy)Ho(y) — mo(He)| < A2p™"V(2) + A3B(7) - (13)

This assumption does not impose that the Markov kernel K. g, with v € (0,%) where ¥ > 0
and 0 € O is uniformly V-geometrically ergodic. However if an appropriate ergodicity condition
holds for the family of kernels {K, 9,7 € (0,%),6 € ©}, as in H5 below, then (13) can be written
as ||my,0(He) — mo(Hp)|| < AszB(y ) for any v € (0,%) with ¥ > 0 and 6 € O, where 7, is the
unique invariant probablity distribution of K, . We show that this condition holds in the case of
the Langevin algorithm in Proposition 18.

Theorem 1. Assume A1, A2, A3. Let ¥ > 0, (Yn)nen, (0n)nen+ be sequences of non-increasing
positive real numbers and (my)nen be a sequence of positive integers satisfying sup, ey 0n < 1/Ly,
SUPen Y < 7 and

oo +oo —+oo
Z 5n+1 = 400, Z 5n+lB(’Yn) < +o00, Z 6n+1/(mn’7n) < 400 (14)
= n=0 n=0

Let {(X}!)keqo,...m,y = n € N} be given by (8). Assume in addition that H 1 holds. Then the
following statements hold:

(a) (On)nen defined by (9) converges a.s. to some 0* € argming f;

(b) furthermore, a.s. there exists C > 0 such that for any n € N*

(/o) e/ (5)

We start with the following technical lemma. Consider (7,),en the sequence defined for any
n € N by

i = gt {Ho, (X7) — 70, (Ho, )} (15)
k=1

Lemma 2. Under the hypotheses of Theorem 1 we have for any n € N*

p TE [V(XP)]

<
Elllmnlll < (As v D) Aay

+ A3B(77L) .



Proof. Using the definition of (F;,)nen, see (10), the Markov property, Lemma 11 and H1-(ii) we
have for any n € N

Mp+1

E [[[1n+1[[1Fn] < (1/mn41) Z| ko Ho (X2 )~y (Hp,,,) |
Myl
<mpty Y { AP VXD )+ AsB(Ynga) }
k=1

Axp V(X7
h IOg(l/p)7n+1mn+l

+ A3B(Vn+1)

where for the last inequality we use that /725 p7* < p~7/[log(1/p)y]. In a similar manner, we
have " 7V(X )
20 0
————>+ A3B .
[HUOH‘ ] log(l/p) 010 + A3 (70)
We conclude using (12) in H1-(i). O

We now turn to the proof of Theorem 1.
Proof. The proof is an application of [2, Theorem 2, Theorem 3]
(a) To apply [2, Theorem 2], it is enough to show that the following series converge a.s.
+oo Too
> 0nr1(Te(Bn — 601V (0 Z Snttllmll s Y 6 allmall® -
n=0 n=0

where the sequence (7,)nen is defined for any n € N by (15). Since e (0, — dn+1Vf(6y)) is
bounded, we are reduced to proving that a.s. 370 8,41[|7]| < +00. As a result, using (14) and
Lemma 2 we obtain that )« dn1E[[|7,]|] < 400, which implies the stated convergence applying
[2, Theorem 2].

(b) Combining [2, Theorem 3] with A1 we obtain that a.s. for any n € N

anak {f(&k) - m@inf} (16)
k=1

00 — 0% 2 n—1 . n—1
W = OIS 5 (0 — 81 ¥ £(00) — 0°.) + 3 82
k=0 k=0
n—1 n—1
<2M3 +2Mo Y Sprallmell + > 07y llmwll® - (17)
k=0 k=0

Since Y, e Ok+1 |7 || is finite a.s. so is >, o 071 ||7& |- The proof is then completed upon dividing
(16) by >k O

O



In (8), Xg = X\~ ! , for n € N*. This procedure is referred to as warm-start in the sequel. In
the proof of Theorem 1 X{ could be a random variable independent from F,,_; for any n € N with
sup,en+ E [V(X§)] < +oo. This will not be the case in the fixed batch size case, see Theorem 4,
where the warm-start procedure is crucial for the convergence to occur.

We extend this theorem to non convex objective function see Theorem 9 in Appendix A. Under
the conditions of Theorem 1 with the additional assumption that 0O is a smooth manifold we obtain
that (6,)nen converges a.s. to some point 8* such that Vf(6*) + n = 0 with n = 0 if 6* € int(O)
and n € T(6*,00)1 if * € 00, where T'(0,00) is the tangent space of 9O at point § € 90, see [3,
Chapter 2].

In our applications B(y) = 41/2 see Theorem 5. Assume then that there exist a,b, ¢ > 0 such
that for any n € N*, §,, = n=% 7, = n~% and m,, = n° then (14) is equivalent to

a<l, a+b/2>1, a—b+c>1.
Suppose a € [0,1) is given, then the previous equation reads
b=2(1-a)+¢, c=31-a)+¢s, G2 > 61 . (18)

Thus b and ¢ are proportional to 1 — a. This illustrates a trade-off between the intrinsic inaccuracy
of our algorithm through the family of Markov kernels (8) which do not exactly target my and the
minimization aim of our scheme. Note also that (J,)nen is allowed to be constant. This situation
yield v, = n727 and m,, = n3+2 with ¢ > ¢; > 0.

With the additional following assumption we establish quantitative bounds on E[f(6,,) —mine f],
where (6, )nen is given by (11).

H2. There exists Ay > 0 such that for any n € N we have

., 2
(Z Hy, (X%) 7Teﬂ,(Hen)> < AaD (Y5, ma)E [V(XP)] (19)

Note that this assumption strengthens H1 and imposes a control on the mean square error
associated with the family of Markov kernels {K, g : v € (0,7),6 € O} used to target (mg)gco and
the family of {x — Hy(x) : 6 € O}.

Theorem 3. Assume A1, A2, A3. Let (vn)nen, (0n)nen be sequences of non-increasing posi-
tive real numbers and (my)nen be a sequence of positive integers satisfying sup,cy0n < 1/Ly,
Sup,enyYn < Y- Let {(XP)keqo,...mny * n € N} be given by (8). Assume in addition that H1 and

HQ hold, Then, 1&]71676 63%8158 (En)TLEN SUCh th(]t
k=1

E[{Zékf(ﬁk Z(Yk} mlnf
k=1

with for any n € N,

B 9 0 (A1 Vv A2
+ AE[V(X))] Za,zﬂm,;?D(%mk) : (20)
k=0



Proof. Taking the expectation in (16) we get that for every n € N

n—1 n—1 n—1
B[S b { F(00) - ngnf}] <OME+2Mo Y enEllnel] + Y0 02 E Inel? . (@)
k=0 k=0 k=0
Using (15) and (19) we obtain that for any n € N
E [[[921%] < Asme® D(yn, ma)E [V (Xg)] - (22)
Combining (21), Lemma 2 and (22) we conclude the proof. O

In the case where K, gy = R, g is the Markov kernel associated with the Langevin update (6) for
any 6 € © and v € (0,7) with 4 > 0, B(y) = v/? and D(y,m) = m?, see Theorem 5. Therefore
if (14) and 720 0.1 < oo hold then (E,)nen is bounded by E.. Thus we obtain the L'

convergence of the sequence (f(én))neN to ming f with rate (3_;_; 6;6)_1 and explicit bound E.

In the case of the Langevin update (6), if there exist a,b,c > 0 such that for any n € N* 4,, =
n=% v, = n~%and m,, = n°, (14) is equivalent to (18) and the accuracy, respectively the complexity,
of the algorithm are of orders (3.7_, 6x) "' = O(n®~1), respectively Y7, my = O(n3(1-0)+e+1)
for ¢ > 0. Thus for a fix target precision & > 0 the complexity reads e =3 (log(1/¢)/(1 — a))' 7. On
the other hand if we fix the complexity budget to N the accuracy is of order N—G+(+2)/1-a)™
These two considerations suggest to set a close to 0.

A case of interest is the fix stepsize setting, i.e. for all n € N, v,, = . In that case if (§,)nen
is non-increasing, ) cn. 0n = 400, lim,, {0 My, = +00 and lim,, o D(v0, mn)m,; 2 < Ao(0),
using [38, Problem 80] we obtain that

limsup E

{i&cf(%)/i Ok } — min f] < E [V(X0)] (MeA3B(70) + A1doAo(70)) -
k=1 k=1

Similar bounds can be obtained if (my)nen and (,)nen are constant. However if (my,)nen is
constant the convergence cannot be obtained using Theorem 1. Indeed in (14), the condition

> nen On417n + < 400 is in contradiction with the condition Y-, . 0, = +o0.

3.2 Convex objective function — Fixed batch size

In this section, we consider the case where the batch size is fixed, i.e. m, = myg for all n € N.
For ease of exposition we only consider the case where my = 1. However the general case can be
adapted from the proof of the result stated below. For simplicity of notation we let XH_H = X7 for
any n € N. More precisely the recursion (8) and (9) can be written for any n € N as

X, 41 is a sample from K, ;. (X,,-) conditionally to F,, , (23)
Ont1 =To [0n — 6p1Hg (Xnt1)] (24)
starting from 6y € R4, Xo a random variable and where .7:'” is given by
Fo =0 (00, (Xe)eeqo,..n}) - (25)
We consider the following additional assumptions. We impose some Lipschitz-regularity over

(0,x) — Hy(x).

10



A 4. There exists a measurable function V : R? — [1,+00) and Mg, Ly > 0 such that for any
r € R and 01,05 € © we have the following inequalities

1Ho, (x) — Ho, ()|l < Lallfy — 02|V (2)'/2 || Ho, (2)|| < My V' (2) .
H3. There exists a measurable function V : R? — [1,+00) and As > 0 such that for any n € N
E [V(Xa)|Xo] AsV(Xo),  E[V(Xo)] < +oo.

We consider a similar property as A4 on the family of kernels {K 9,7 € (0,%),0 € ©}, with
4 > 0, which weakens the assumption [2, H6].

H4. There exist Ag >0, Ay : (Rj_)Z — Ry and As : (Rj_)z — R4 such that for any v1,7v2 € (0,7)
with 5 > 0, 01,00 € ©, x € R and a € [1/4,1/2]

182 K+1,0, — 80K y.0,|lve < Ag[A1(71,72) + Aa(v1,72) |01 — 02| V() .

Finally, we suppose that each kernel K, g admits an invariant probability measure and converges
geometrically to this probability distribution in V-norm with constants not depending on v and 6.
We show in [10] that this condition holds for the Langevin Monte Carlo algorithm.

H5. For all§ € © and v € (0,7%) with ¥ > 0, K., ¢ is uniformly V -geometrically ergodic, i.e. there
exists a probability distribution 7,9 on (R4, B(R?)), A7 >0 and x € (0,1) such that for any n € N
and a € [1/4,1]

12— mpllve < Asc™ V().

The following theorem ensures convergence properties for the algorithm similar to Theorem 1.
The proof of this result is based on a generalization of [20, Lemma 4.2], which only holds in the
case of exact MCMC schemes.

Theorem 4. Assume Al, A2, A3 and AJ. Let ¥ > 0, (n)nen and (0, )nen+ be sequences of
non-increasing positive real numbers satisfying sup, ey 6n < 1/L¢, SUp,eny Yo < 7, SUPpen [Ont1 —
6n|072 < 400, 720 8,41 = +oo and

oo 52 I
n 671
Z Ony1B(1m) < +o0, Z +1 > Z + [Al('Yna’YnJrl) + 5n+1A2('7n7’Yn+1)] < +oo.

n=0 " n=0 '"

- (26)
Let (X,)nen be given by (23). Assume in addition that H1-(ii), H3, H/, H5 hold. Then the
following statements hold:

(a) (On)nen defined by (24) converges a.s. to some 0* € argming f;

(b) furthermore, a.s. there exists C > 0 such that for any n € N*

(o) e/ (59

Proof. The proof of this theorem is postponed to Appendix B.1. O
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_ _ —1/2
V20 Ai(m,72) = (1 = 7 HY2 425 [y — 42| and

% Thus we obtain that the following series should be convergent

In our case of application B(y) = ~
_
A2(71,72) =72

—+oo —+oo —+oo

D b/ <400, D bni/vE <400, D> Snir(imis —mD)Y2/E < 400

n=0 n=0 n=0
A possible choice is given §, = n~! and 7, = log(n + 1)~%. In this setting it should be noted
that the sequence of (A, ),en moves slowly compared to the sequence (X, )nen. In the limit case, if
we suppose that 6, is constant we obtain that averaging the sequence (X'n)neN is an estimator of
Vf (én) This is coherent with the increasing batch size approach.

3.3 SOUL method

We consider the following assumption on the family of probability distributions (m)gco.

L1. For any 6 € ©, there exists Uy : R* — R such that mg admits a probability density function
w.r.t. to the Lebesgue measure proportional to x — exp(—Uy(x)). In addition (0,x) — Uy(x) is
continuous, x — Uy(x) is differentiable for all § € © and there exists L > 0 such that for any
z,y € RY,

Sup [VoUs(z) = Valo @)l < Lllz =9l ,

and {||V.Ug(0)|| : 6 € O} is bounded.

Under L1, the Langevin diffusion defined by (5) admits a unique strong solution for any 6 € ©.
Therefore we consider the family of Markov kernels {R,, 9,7 € (0,%),6 € ©} with 4 > 0, induced by
the recursion (6). The recursion step in (8) can be rewritten for any n € Nand k € {0,...,m,, —1}

Xpy = Xi = Vel (XP) + 272y, with X=X ifn>1 (27)

1

given a sequence of stepsizes (Yn)nen, (Mn)nen € (N*)Y and (Z] ) nenkeqt,...,m,} & family of i.i.d
d-dimensional zero-mean Gaussian random variables with covariance matrix identity. Consider one
of the following additional tail conditions on Uy to ensure geometric ergodicity of R, ¢ for any
~v € (0,%) and 6 € ©, with 4 > 0 which will be specified below.

L2. There exist n > 0 and m,c, M, > 0 such that for any 0 € © and x € R4,
(VoUs(x),2) = nllzll g a, e (@) + mlVoUs(@)|* — .
L3. There exist n > 0 and ¢, M,, > 0 such that for any 6 € © and x € R4
(Vo Us(@),) = nllalP Ly 4y, o (2) — ¢,

The next theorem asserts the convergence of the scheme defined by (9) and (27) referred to as
the Stochastic Optimization with Unadjusted Langevin (SOUL) algorithm.

Theorem 5. Assume A1, A2, A3 and there exists Mg > 0 such that for any 6 € © and x € RY,
|Ho(z)|| < MyVY?(z). In addition, assume L1 and L2 or L3. There exists ¥ > 0 such that for
all sequences of non-increasing positive real numbers (Vn)nen, (0n)nen+ and sequence of positive

integers (M )nen, satisfying sup,ey¥n < 7, H1 and H2 hold with B(y) = /2 and D(y,m) = m?.

12



Proof. The proof is postponed to Appendix B.2.4. O
Consider the following assumption for m > 0.

L4 (m). For any 0 € ©, Uy is m-convez, continuously differentiable and satisfies

sup/ exp(—Up(x))dzx < +00 .
0€O JRA

In addition, {y € R? : there exists 6 € ©, V,Up(y) =0} C B(0, M) with M, > 0.

Note that {y € R? : there exists § € ©, V,Uy(y) = 0} is the set of minimizers of the family of
functions (Up)eco-

Proposition 6. Assume A1, L1 and L4(0). Then L2 holds.
Proof. The proof is postponed to Appendix B.3. O

While Proposition 6 shows that L4(0) and additional assumptions implies L2, it does not give
an explicit expression for the constants appearing in this latter condition. In the case where L4(m)
with m > 0 holds, we get the following result which implies that the bound provided by Theorem 3
is linear in the dimension.

Corollary 7. Assume A1, A2, A3 and there exists My > 0 such that for any 0 € © and x € R?,
|Hy(z)|| < MgV'/?(x). In addition assume L1 and L4(m), with m > 0. There exists ¥ > 0 such
that for all sequences of non-increasing positive real numbers (Vn)nen, (0n)nen+ and sequence of
positive integers (M) nen, Satisfying sup, ey on < 1/Ly, Suppenyn < 7 and (14) with B(y) = /2,
and D(y,m) = m?, the conclusions of Theorem & hold with (E,)nen such that for any n € N,
|E,| < Cd, where C = 0 is a constant independent of the dimension d.

Proof. The proof is postponed to Appendix B.4. O
L5. There exists Ly > 0 such that for any x € R and 01,0, € ©

IVoUs, () = VoUe, ()| < Lull61 — 62|V ()12 .

Theorem 8. Assume Al, A2, A3 and A4. In addition assume L1, L5 and L2 or L3. There
exists 4 > 0 such that for all sequences of non-increasing positive real numbers (Yn)neN, (0n)nen=
and sequence of positive integers (mp)nen, satisfying sup, ey ¥n <7, H4 and H5 hold with

1/2

_ —-1/2
Loy Y2 4, / 71 — 2| » Ao(y1,72) <7%R'7

Ar(71,72) = (72

Proof. The proof is postponed to Appendix B.5. O
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A Non-convex objective function

We now turn to the case where f is non-convex. We recall that the normal space of a sub-manifold
M C R™ at point x is given by

T(z, M)+ ifze M;
{0} otherwise

N(z, M) = {

where T(x, M) is the tangent space of the sub-manifold M at point x, see [3].

Theorem 9. Assume A1 and that 0O is a R™ 1 connected manifold with continuously differentiable
outer normal. In addition, assume that f € CL(RP,R), A3. Let 7 > 0, (Vn)nen, (On)nen+ be
sequences of non-increasing positive real numbers and (my)nen be a sequence of positive integers
such that sup, ey 6n < 1/Lg, sup,eyvn <7 and (14) are satisfied. Let {(X}!)reqo,....m,}y : 7 € N}
be given by (8). Assume in addition H1 holds. Then (0,)nen defined by (9) converges a.s. to some
*e{feO: VfO)+n=0, necN(0,00)}, where N(0,00) is the normal space of 9O at point
0.

Theorem 10. Assume A1 and that 00 is a R™™1 connected manifold with continuously dif-
ferentiable outer normal. In addition, assume that f € CHRP,R), A3 and Aj. Let v > 0,
(Yn)nens (On)nen be sequences of non-increasing positive real numbers and (my,)nen be a sequence
of positive integers such that sup,ey6n, < 1/Lg, Sup,en¥n < 7, SUPpen |On41 — 00,2 < o0,
Z:i% Oni1 = +oo and (26) are satisfied. Let (Xp)nen be given by (23). Assume in addition
that H 1-(ii), H3, H/ and H5 hold. Then (0p)nen defined by (24) converges a.s. to some
0* € {0 €O : VFf(O)+n =0, n € NO,00O)}, where N(0,00) is the normal space of 00 at
point 6.

Proof. The proof is a direct application of [29, Chapter 5, Theorem 2.3] using the decomposition
of the error term considered in the proof of Theorem 1 and Theorem 4. Indeed we decompose the
error term 7, defined by (15) as n,, = éM,, + B, where M, is a martingale increment. Then, we
only need to show that the following sums converge

D OknBI6M?] Y Sk E Bl -
k=0 k=0

This is exactly what we show in Theorem 1 with dM,, = 0 and B,, = 1, and in Theorem 4 with
SM,, = 7% and B,, = 02 +n¢ +ne where {7} : n € N,i € {a,b,c,d}} is defined by (34). O

B Postponed proofs
B.1 Proof of Theorem 4

In all the proof we use the following lemma

Lemma 11. Let t € (0,1) and v € (0,7) with ¥ > 0 then ) t"7 < t=7log ' (1/t)y~" and
S ex ™ < 7 log 2 (1/t)y 2.
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Proof. Let t € (0,1) and v € (0,7) with 4 > 0. Using that €* — 1 < ue® for all u > 0 we have

Dot === 1) < =y og ™! (t) exp(—log(t)y) <t Vlog T (1/t)y

neN
and _
> ot =t —1)7 <t {y og ™! (t) exp(—log(t)y)}* <tV log T3 (1/t)y >
neN
which completes the proof. O

Consider (X, 0x)ren defined by (23) and (24) and define for any n € N,
iin = Hp (Xn41) = Vf(0n) = Hy (Xn41) — 5, (Hp) -
In order to apply [2, Theorem 2] we show that the following sums converge a.s.
> k(e [0k — 66V O6)] i) s D> Okraiie s > Gep 7kl (28)
k=0 k=0 k=0

Using ||z +y||* < 2(||x||2j— lyl|?) for any z,y € R?, A1, A2, A3, H3 and A4, we get for any k € N,
E[l|7x]1?] < 2MEAGE[V (Xo)] 4 2supgee |V f(0)]]? < +00, which implies that for any n € N,

n +oo
lZ%ﬂllnkIIQ <supE 7?67 < supE 7l”] > 6% < +oo. (29)
k=1 k=1

By A4 and H5, for any 6 € © and v € (0,7), there exists a function PAI,Y,(; : R? — R? solution of
the Poisson equation,

(1d K, ¢)H, ¢ = Hy — 7, o(Hp) (30)
defined for any = € R? by
=D (K] jHy(z) —my0(Ho)} | (31)
jeN

which satisfies using for all z € R?
1Hy ()| < CpV () , (32)

where Cp = A7log(1/k) 1k~ 7y~ by Lemma 11. Using (30), we consider the following decompo-
sition: for any k € N

i = Hy (Xp1) — K 5 Hy (Xpy1) + 7,5 (Hg ) — 75, (Hp,)
=g + fip + i + 75 (33)

where L L
i = Hg, (Xi1) — K, g, Hg, (Xi) ;
772 = K"/kﬂk 0y, (Xk) 'Yk+17§k+1H9k+1 (Xk"‘l) ) (34)
M = K"/k+1»9k+1H9k+l (Xk'H) o K’)’k O H9k (Xk"‘l)

=, 4 (Hs) — 75 (Hz,) -
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Note that if a.s. the following sums converge
Y k(e [0r = 6V O] )« D Skl
k=0 k=

where i € {a,b,c,d}, then combining this result with (33) and (29) shows that (28) holds which
proves the theorem.

(a) By definition (23) and (34), we have that (j})ren is a martingale increment with respect to
(Fj)jen defined by (25). Then, using (32), A4 and H3, we obtain for any n € N

= Z 51%+1E [”771?”2]
k=0

n

< S B [E 1P| 7] < Do
k=0 k=0

with C, = CpAsE[V(Xy)]. The martingale (37 _, Ok4177 Jnen is then bounded in L?(Q2, P) and thus
a.s. converges. Similarly, the martingale (3_}_, dr4+1(Ilo [Hk - 5ka(9k)] %) )nen is also bounded
in L2(Q, P) and converges a.s..

(b) Regarding (7?)ken, using (34), and a discrete integration formula, we obtain for any n € N,

Z(Sk"'lnk - Z Ok+1 ( Vi O ék (Xk) o K’)’k+17§k+lH§k+1 (X’H‘l))

= Z (5k+1 - 5k) K’Yk;ékﬁék (Xk) - 6"+1K’Yn+1 9n+1ﬁ0~n+1 (X"‘H) T oK Yo, 90H50 (XO) :
k=1

We have using (32), A4 and H3 for any n € N

> 0k = 0| (K g, |15, (R0)] < C0 > o1 — bl
k=1

k=1

where C, = CpAsE[V(Xp)]. Since by (26) and suppey 7 < 7, Z:ﬁ% 62/yk < +oo, then the
condition supyey |0k+1 — 0x|0; % < +oo implies

D ks = Ol E K, 5, 15, (X0 < Cosuplidis =6 67} 3 o < oo
keN*

Therefore, D, e« (Ok — Oky1) K., 4 f[ek (Xk) is a.s. absolutely convergent. On the other hand, we

||H~n+1 ||( n+1) is bounded by ,Yn-',-lMHK g Vl/Q(Xn+1).

have that for any n € N, K g
Yn+1,0 n+1 Yn+1,Vn+1

It follows that for any £ > 0, using the Markov inequality and H3, we get

Z P ( ”’yn 'Yn+17§n+1 HHén+1 H( ”+1 ) Z P ( ”Py’ﬂ ’Yn+179~nvl/2(Xn+1) 2 5)

neN neN

72 Z 5n7n 2]\4-HA5 [V(XO)} < +0o0 )
neN
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by (26). Using the Borel-Cantelli lemma we get that a.s. lim, 40 6, K 5. ﬁg" (X,) = 0. This

completes the proof of the convergence of >, 5k+17"7',2.

We conclude similarly for the convergence of ), _ 0x41(Ile [ék — k11 Vf(ék)} , 719}, upon veri-
fying that for any k € N, ax11 = dp411le [Fr41] where Jp 1 = 05, — 5k+1Vf(§k) satisfies that there
exists A > 0 such that for any k& € N,

lars1 = all < A{|0k41 — 0kl(1 + Ok) + 63} -

Indeed, using A1-A2 and that IIg is non-expansive by A1l and [23, Proposition 4.8], we get for any
keN,

larsr — arll < |0xs1 — 0k| Mo (Prs1)|l + 6k | (Irt1) — o (6r) ||
< Mo [641 — 61| + 6k ||[9k+1 — Ok || < Mo |Sk41 — Ok| + k0 sup V£ -

(c) We now turn to (7)ken. We start by giving an upper-bound on |7y, 9, — Tvy,,0,/11/2 for
1,72 € (0,7) with 41 > 72 and, 61,0, € ©. Let f : R? — R be a measurable function satisfying
sup,ere{|f| /V'/?} < 1. Using H5, H4, H3 and Lemma 11, we get that for any 71,72 € (0,7) with
Y1 > Y2, 01,05 € O, z € R? and ¢ € N*

L

4
| Y15 91 Y2, 92 Z Y1, 91 ’Yl 01 K’Yz,@z) {K’(y2 9]2)f(x) — Ty2,02 (f)}

=0

V4
7§ w(E=3)r2

Jj=

K§1,91 (K’Ylﬂl - ’Y2 92)V1/2( )‘

< ArAq ZH“ D2 [Ny (y1,72) + Az(71,72) |61 — O2]] SUPK e V()
7=0

< A7 AgAslog(1/k) " w775 [Ar(v1,72) 4+ Aa(ya,72) 161 — 02]] V(=) -
Taking ¢ — 400 and using H5, we obtain that for any 61,02 € © and 1,7, € (0,7) with 3 > 72,
171,00 = Tz lv < Cog t [A1 (71, 72) + Az (1, 72)[]61 — ba] (35)

with C, = A7AgAslog(1/k)~tk=7V(0). By (31), (32) and H5, we have for any 01,0, € O,
Y1,72 € (0,7) with 71 > 72 and € RY,

HK71,91H’Y,91 (I) - K’Y2792H’Y2792 (‘T) H

Z { 'yl,91H91 = Ty1,61 H91 } Z { v2,92H92 — Tyz,62 H92 }H

LeEN* LeEN*
< Z ||{K'$1,01H91 (1’) = Ty1,01 (Hel)} - {K£2,62H92(x) = Ty2,02 H92 }H .
LeEN*

We bound now each term of the sum in the right hand side. Note first that for any bounded
measurable functions fi, fo from R? to R, 61,05 € ©, v1,7 € (0,7) with v; > ¥, 2 € R? and
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¢ € N*, it holds that

KL o fi(@) — KL o, fo(@) = K o fi(@) — KL, o, fr(@) + KE, o, (f1(2) — fa())

= Z {K’{ll,él - 7T71’91} (K'Yl,el - K’Yz’92) {K'l;;é;Jfl(x) — My2,0, (fl)}
=0
-1 ) ]
3 o { Kb f1(@) = KL, @)+ KL g, (f2() = fa(a))
=0
£—1
) i1
= {K']yl,él - 71—’)’1791} (K"/lﬂl - K’Y2792) {K’yg,ég Jfl(x) T My2,0, (fl)}
=0

- 7T’71791 (K’f/g,lel(x) - fl(x)) + K’gz,ez (fl(m) - fz(x)) N
Setting Hg, = Hg, — 7+,.0,(Hp,) and Hy, = Hp, — 7, g,(Hp,), we obtain that

K! elgal(x)—Kl 0, Ho, (2)

15 V25

—1
. f—1—7 —_
= Z {K’Jhﬂl - 7T’)’1,91} (K"/lﬂl - K’Y2792) {Kfyz,éz JH91 (x) — Ty2,62 (H91)} +=, (36)
=0
where
E= T Ty1,61 (K§2,02H91 (J?) - H91 (33)) + K’$2702 [H91 (.I) - H92 (Z‘) + Tv2,02 (H92) = Ty1,0 (H91)]
= T Ty1,61 K'l;Q,GQHgl (.’,E) + Kf;Q,aQ [H91 (I) - H92 (SC) + Ty2,02 (H92 )]

= (ﬂ-'y2792 - ﬂﬁlyel)(K'l;Q,GgHel (.T) — Tyz,02 (Hgl)) — Ty3,02 (Hgl)
+ K’€2,92 [Hel (x) - H92 (SC) t 2,02 (H92)]

= (7T’Yz,92 - 7T71,91)(K'$2,62H91 (LL') — 3,05 (Hel)) + K£2,62 (H91 - ng)(l') — 3,05 (H91 - H92) .
(37)

For the first term in the decomposition (36), using A4, H5 and H4, we obtain for any 61, 6, € O,
1,72 € (0,7) with v; > 72, 2 € R? and ¢ € N*

{—1

) P
Z {K’Jh,el - 71—’Ylﬂl} (K'Yl>01 - K’Y2,92) {K’m,éb ]H01 (z) — Try,02 (Hal)}
=0

—1
<M Y |{K, 5, = mova } (K0, = K 0) V(@)
§=0
-1 4
< A2A6Mp [A1(71,72) + Aa(v1,72)]|61 — 62])] Z IR Y2 ()
7=0
< AZAe M [ (71,72) + Mo (y1,72) 161 — O2]] 652V () (38)
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For the first term in (37), using A4, H5 and (35) we obtain for any 61,602 € O, 1,72 € (0,7%) with
Y1 > 72, x € R and £ € N*

H(ﬂ—“ﬂﬁl - 71—"/2792)(K’$2,92H91 (33)  Tys,05 (H91)>H A7MH"€Z’Y? H/]T'Ylael — Ty2,02 HVl/2
A

TMuCrk™ 75 [A1(71,72) + A2 (71,72)]101 — O2]]] -
(39)

<
<

For the second term in (37), using A4 and Hb5, we obtain for any 61,02 € O, 71,72 € (0,7) with
Y1 > 2, x € R and £ € N*

|5, o, (Ho, — Ho,)(x) — Ty 0, (Ha, — Ha,)|| < ArLur® )0y — 05| V2 (z) . (40)
Combining (38), (39), (40), (37) in (36), and using Lemma 11, we obtain that for any 61,60, € ©,
Y1,72 € (0,%) with y1 > v, x € R? that
HK71,91 I:I’Ylﬂl (SC) - K’Y2,92ﬁ’)’2,92 (x)H
< Cevy ' [y {A1 (71, 72) + Az (71, 72) 101 — 02|} + 1|61 — 62]] V()

with

C.= A7(Ly + CrMpg)log(1/k) 'k~ + A2ZAs My log(1/k) k™7 .
Combining this result and that for any k& € N, ék+1 — ékH < 5k+1MHV1/2()~(k+1) using (9), A4
and Ilg is non-expansive, we get that for any k € N,

HK’kaék H’kaék ('T) B K'Yk+17‘§k+1 H"/k+1»9~k+1 (J?) H

<C.(1+ MH)%ZL [’Yk_ﬁl {1 (Ves Yiot1) + Ao (Vies Vi1 Okg1 } + Oy ] V(Xkt1) -

Then since sup,,cy E [V(X,)] < +oo by H3, (34) and (26), we get

Y GBI < oo .
keN

(d) By a straightforward application of H1-(ii), H5 and (26), we conclude that Y, 61 [|7¢ ||
converges.

B.2 Proofs of Theorem 5

In this section, we give the proof of Theorem 5 by showing that H1 and H2 hold. However, first
of all, we establish stability results uniform in the parameter § € © for Langevin diffusion (5) and
the associated Euler-Maruyama discretization (6) based on Foster-Lyapunov drift condition with
constants independent of 6.

Under L1, for any § € O, (5) defines a Markov semi-group (P, )0 for any z € R? and
A € B(R?) by P, g(z,A) = P(Yf € A) where (Y,?);>0 is the solution of (5) with Y = 2. Consider
now the generator of (P, g);>o for any 6 € ©, defined for any f € C?(R?) by

Aof = (Vo f,VoUs(x)) + Asf .
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We say that a Markov kernel R on RY x B(R9) satisfies a discrete Foster-Lyapunov drift condition
D4(V, A, b) if there exit A € (0,1), b > 0 and a measurable V : RY — [1,+00) such that for all
r cRe

RV (z) < AV(z)+b.

We say that a Markov semi-group (P;);>0 on R? x B(R?) with extended infinitesimal gener-
ator (A,D(A)) (see e.g. [32] for the definition of (\A,D(A))) satisfies a continuous drift condition
D.(V, ¢, B) if there exist ¢ > 0, 8 > 0 and a measurable function V : R? — [1,4+00) with V' € D(A)
such that for all z € R?

AV (z) < —CV(x)+ 6.

B.2.1 Foster-Lyapunov drift conditions uniform on 6

Proposition 12. Assume L2. Let 7 < min(1,2m) and define V : R? — [1, +00) such that for all
r € RY, V(z) = exp(ko(x)/4) with ¢(x) = \/||z]|2+ 1 and & = n/4. Then there exist A € (0,1)
and b > 0 such that for all v € (0,7) and 6 € © the Markov kernel Ry ¢ satisfies the discrete drift
condition Dg(V,\7,by), i.e. for all x € RY

Ry oV (z) <NV (x)+ by,
with
A= 67274772(21/271)

, b:/%(d+c+21/2/%)exp[/%{(d+c+/%)ﬁ—k¢(max(1,2(d+c)/77,M,7))}].

Proof. Since ¢ is 1-Lipschitz, by the log-Sobolev inequality [4, Proposition 5.4.1] and the concavity
of  — x'/2, we have for any x € R?

~ ~2 ~ ~2
RV,GV(iE) < efiR%g(f)(a:)—i-n 7L em\/Ha:—'yVng(z)H2+2'yd+1+r€ v

Using L2 and v < 2m we obtain that for any = € R,
Iz =y VoUs ()| < ||zl|* = 2v(z, VoUs(2)) + 2|V Us()]|*
< el = 20yl12 ]| L > 00, + (v = 2m) [ VaUg (@)|* + 27¢
< lzl* = 20y l12l| Lz 00, + 27e -

Therefore, for any z € R?, ||z|| > max(1,2(d + ¢)/n, M,), using for any a > 0, vVI+a —1 < a/2,
we get for any 6 € ©

Ve = 1V.To @) + 27d+ 1 - ()
< o) {vV/072(@) (27 + 1 — 2 flef + 27(d + ) — 1}
< o(@) {V1+2362(@)(d+c—nlle]) — 1}
<67 @) (d+ e —llzl) < —me @ lell/2 < —2 72y (4D)

This gives R, oV (z) < e~27"*(2*=1)7 = \7. For all z € R? we obtain with the same arguments

Ve =VaUg(2)[? +27d +1 = ¢(a) < y(d +¢) , (42)
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and consequently, combining (42) and (41)
R,oV(z) <NV (z)+ ( R(d+ctR)y )\7) eﬁ¢(maX(1,2(d+C)/n»Mn))]1”zugmax(m(dﬂ)/mMn) )

Using et — 1 < te! for t > 0 we obtain the result. O

Proposition 13. Let ¥ < min(1,1/L?) and define V : R? — [1,+00) such that for all x €
R4 V(z) =1+ ||z||?>. Assume L1 and L3. Then there exist X € (0,1) and b > 0 such that for all
v € (0,%) and 0 € O the Markov kernel R, g satisfies the discrete drift condition Da(V, X7, by), i.e
for all x € R?

R, oV (z) < NV (x)+by,

with A = exp(—2(n —AL?)) and b = 2(c+ d + n(M} + 1) +7 sup [|[V,Up(0)?).
EC)

Proof. Set Z astandard Gaussian random variable over R? we have using L1 and (a+b)? < 2(a?+b?)

R, oV(z) =1+E(|z —yV.Up(x) + /2vZ|?)
<1+ @] = 2v(z, VoUs(x)) + 27d + 72| Vo Uy ()]
< V(@) + 2ve = 2ynlle|* g gy, e (2) + 27d + 29°L2||]|* + W;ug IV2Us(0)]|
€

< (1=2v(n— L)V () + 2y(c+d+n(M; + 1)+~ sup V.U (0)[?)
S

where Z is a zero mean d-dimensional Gaussian random variable with covariance identity. O

Proposition 14. Let ¥ < min(1,1/L?) and define V : R? — [1,+00) such that for all x €
R V(x) =1+ ||z||*. Assume L1 and LS. Then there exist A € (0,1) and b > 0 such that for all
v € (0,%) and 0 € O the Markov kernel R, g satisfies the discrete drift condition Dq(V, \7,by), i.e
for all x € R?

R, oV(x) <NV (x)+ by,

Proof. Let a,b € RY. We have the following equality
lla+0l* = [la]|* + [Io]* + 4(a, b)* + 2[|a||*[b]|* + 4(a, b) [al|® + 4(a, b) [1b]|* - (43)

Let a = x and b = —yV,Up(x) + /2vZ where Z is a zero mean d-dimensional Gaussian random
variable with covariance identity. Using (43) we get for any § € © and v > 0

RogV (@) = 1+ all + E [| = yVaUs(x) + 2y Z|["] +4E [ (2, —1V.Up(2) + 27 2)?]
+2]al’E [|| = 1V2Us(2) + VIV ZIP] +4E [{z, 1V ) + VIV Z) | ~AVaUs(x) + /32|
+4E [<x Vo Us(z) + /27 2| }

Let n(z) = || V,Us(2)|| and r(z) = (V,Up(z), z). Using the Isserlis formula [25] we obtain that

R, oV (x) = V(z) + v*n*(x) + 4v2d(d + 2) + 49°n?(z) + 492n? (z)d + v*r? (z) + 27||z||? — 4yr(2) |z |

— 432 (x)r(x) — 8y2dr(x) — 16721 (z) 4 22| z||*n?(z) + 4vd||z||* . (44)
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Let ||z|| = M, then r(z) > |z]|*> — ¢, n(z) < L||z| + supgpee || V2Us(0)| and using the Cauchy-
Schwarz inequality we have r(x) < L||z||? 4+ supgeg ||V2Us(0)||. Therefore, using (44), there exists
a polynomial P of order strictly less than 4 such that

Ry oV (2) < V(2) +v(v°L* + 3912 — dn)V (x) + P (||z]]) -
Since ¥ = min(1,7/L?), for all v € (0,7), 6 € © and ||z|| > M,,, we have that
Ry gV (2) SNV (2) +7P(V(2)'/*)
with A\ = exp(7°L* 4 35L2 — 47) € (0,1). Let 1 > A > X and b; defined by

by = sup sup v HA = M)V (z) +P(V(2)*) < +00.
~v€(0,7) z€R?

We obtain that for any v € (0,%), 6 € © and ||z|| > M,, we have
R, gV (z) <NV (x)+ by .
In addition there exists by > 0 such that for any v € (0,%), @ € © and ||| < M,, we have
R, oV (z) < bay.
Let b = max(by, by) we obtain that for any v € (0,7), § € © and = € R?

R, oV (z) < XNV (x)+by.

Proposition 15. The following properties hold

1. Assume L2 then there exist ¢ > 0 and § > 0 such that for all 0 € ©, (Pyg)i>0 Satisfies the
continuous drift condition 2(V,(,B) for V defined in Proposition 12.

2. Assume L1 and L3 then there exist ¢ > 0 and § > 0 such that for all 6 € ©, (P, )i>0 satisfies
the continuous drift condition 2(V,(,B) for V defined in Proposition 15. In addition ¢ and
B are defined by
¢=2n, B=2d+c+n(M;+1)).

3. Assume L1 and L3 then there exist ( > 0 and 8 > 0 such that for all @ € O, (P, )10 satisfies
the continuous drift condition 2(V,(, ) for V defined in Proposition 14.

Proof. (a) Assuming L2 the drift condition is a direct consequence of [12, Proposition 16] for
V(z) = exp(n¢(x)/4) as in Proposition 12.

(b) Assuming L3 and setting V(z) = 1 + ||z||> we get for any z € R? and § € ©

— (Vi Up(z), VV(2)) + AV (z) = =2(V,Uy(x),z) + 2d
< _QU]lE(o,MT,)cV(x) +2n+42d + 2c
< =2V (z) +2(d+c+n(M; +1)).
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(c) Assuming L3 and setting V(z) = 1 + ||z||* there exists a polynom P of order stricly less than
4 such that for any € R and § € ©

d
~(VaU(@), VV (@) + A,V (z) = ~4]e](Vali(@), ) +4]]* Y

d
< g 0y, V(@) + Al Y i + de -tz
=1

< —4nV(z) +P(V(z)/4) .
Since P is of order stricly less than 4 there exists B > such that for all z € RYand € ©

—(VUp(2), VV(2)) + A, V(z) < =3nV(z) + B .

B.2.2 Checking H1
Lemma 16. Let V : R? — [1,+00) satisfying im0 V(x) = 400 and V € D(A).

(a) Assume there exist A € (0,1), b > 0 and ¥ > 0 such that for any 0 € © and v € (0,7),
R, o satisifies Dq(V,\7,bYy). Then for any 8 € © and v € (0,%), R, admits an invariant
probability measure 7,9 on (R, B(R)) and there exists Ag > 0 such that for any z € R% and
keN

5. RE 3V < Ag+ V(z), To(V)< Ao,  Ag=0b\"7/log(1/)).

In addition, for all § € © and x € R?, limp_, 4o ||61R’§79 — 7y 0llv =0.

(b) Assume there exist ¢ > 0 and § > 0 such that for any 0 € O, Ay satisfies 2(V,(,3). Then for
any 0 € ©, the diffusion is non-explosive, Ay admits 7y as an invariant probability measure
and

mo(V) < B/C.

In addition, for all § € © and x € R?, lim;_, | o 164Pst — mollv = 0.

Proof. (a) for any v € (0,7) and 6 € ©, R, ¢ is irreducible with respect to the Lebesgue measure
on R?, has the Feller property and satisfies Dg(V, A7, by) then [30, Section 4.4] applies and R, ¢
admits an invariant probability measure 7., . The discrete drift condition and [12, Lemma 1] give
that for any v € (0,7) and 6 € ©

RE V(@) < V(@) + 037 /log(1/A),  m0(V) < bA7/log(1/A)
We obtain that for all § € © and x € RY, limy 4 o0 ||8: P 0 —my.0|lv = 0 using [31, Theorem 16.0.1].

(b) Using 2(V, ¢, 8) and [32, Theorem 2.1] we get that the diffusion process is non-explosive and
thus (Prg)i>0 is defined for any § € © and ¢t > 0. Using [48, Corollary 10.1.4] for any 6 € O,
(PLo)t>0 is strongly Feller continuous, therefore any compact sets is petite for the Markov kernel
P, g, for any h > 0 and 6 € ©, by [31, Theorem 6.0.1]. Using [39, Chapter 7, Proposition 1.5], [19,
Chapter 4, Theorem 9.17], and the fact that my(Apf) = 0 for any 6 € © and f € C%(R?), we obtain
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that for any 6 € ©, my is an invariant measure for (P;g)i>0. Using 2(V,(, ) and [32, Theorem
4.5, Theorem 6.1] we get that for all 8 € ©, (V) < /¢ and the uniform V-geometric ergodicity
for (Pt,g)t20.

O

As an immediate corollary we obtain that under the conditions of Lemma 16 for any 6 € ©,
v €(0,9) and k € N, mpRE oV < /¢ + bA~7 /log(1/A).

Lemma 17. Let V : R% — [1,400). Assume there exist A € (0,1), b > 0 and 7 > 0 such
that for any 8 € © and v € (0,7) R+ ¢ satisifies Dq(V, A7, by) then there exists By > 0 such that
(X7 )neN,ke{0,...,m,} given by (9) satisfies for alln € N and k € {0,...,m,}

E[V(XP)|X0] <BIV(Xg),  Bi=1+bA"/log(1/}) .
Proof. Let n € Nand k € {0,...,mp41}. By induction we obtain that

k
VXG™) S Xm0 VIXEH) 4 by YA 70
i=1

E[V(XTH|F.] = Ry

n41,Yn+1

In the same manner we obtain for any k € {0,...,mo}

k
E [V(X9)|X3] = RE, ., V(X3) < NOV(XE) +bryg Y Arolk=
i=1
Let pp = D52 Olmj +k, ¥y = 00 and §; = Z;OS ViL(9;.0,,.1(0). Let also Ty, = 370 4 and
I') =T ,. By induction we get for any n € Nand k € {0,...,m,}
I,k
E [VXP)[X0] < A0k V(X +5S 5dlsson
i=1

Since (¥;)ien is nonincreasing and for all ¢ > 0, 1 — A* > —tA\'log()\), we have for all n € N and
k€ {0,...,my,} that

Z,}/ >\F7,+1 g zn:,% H 1 + >\’Yl log()\) )
i=1 Jj=i+1

n

< (AT log(A) TP 8 T (4 Xt log(M)F;) — JT(1 + X7 log(M)7;)
: o

O

Proposition 18. Let V : R? — [1,+00) and My > 0 such that for any x € RY, sup,cga(l +
llz|)?/V(z) < Mys. Assume L1 and there exist A € (0,1), b > 0 and 5 > 0 such that for any
0 € © andy € (0,7) Ry, satisifies Dg(V,\7,by). Assume there exist ( > 0 and 8 > 0 such that
for any 0 € ©, Ay satisfies 2(V,(, ). We obtain that there exists Bs > 0 such that for any 6 € ©
and v € (0,%)

17,0 — molly1/2 < Bay*/?
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Proof. Since for all # € © and v € (0,%) we have that R, ¢ satisfies D4(V, A, y) we also have that
R, ¢ satisfies D(VY/2, \Y/2 pA=7/2/2). Using Lemma 16 we obtain that for any » € R? and 6 € ©

: k
L (7R g = 7o Pakollvie = [1my0 — mollvare -
Following the lines of [12, Theorem 10] we write k = ¢,m~ + ry with m., = [1/v] and ¢,,7, € N

and 0 < 7y < m.,. Using the uniform ergodicity in [10] and that 7y is invariant for P, ¢ with ¢ > 0,
see Lemma 16, we obtain for all § € ©, v € (0,%) and k € N

q'yfl
(641 ¢
||7TeRﬁ,a — ToPyrolly1/2 < Z ||7T9P7(e+1)mweR£f§ (CHD)mytry _ WePyemw,eRE% )mﬁ”\\vl/z

£=0

+ 170 Py (qymoy+ry),0 — WGquwmwﬁR;je”vl/Z
Q'y_l

< Z Ce™ =D 10 Py 9Py, — 7T9P»Yme,9R:T§ [RRYE

=0

+ ||7T0P’Y(‘I'ym'y+r’v)10 - WGP’Yq’Ym'Y’BR:’YeHVl/Q

q~
< ||7T9Pm~{%9 — WgRﬁg ||V1/2 chévmW + ||7T9P7T%9 — WOR:?/QHVU? , (45)

=1

where C' > 0,¢ € (0,1) are the constants given by [10] with drift condition D(V'/2, /2 b/2).
Using L1 and (a + b)? < 2(a? + b?), we obtain that for any € R? and § € ©

IV2Us(2)1* < 2L2|l2]|* + 2 sup || Vo Up (0) ] < 2 [L2MV,2 +sup [V Up(0)]*| V() - (46)
0cO 0€O

Since Ay satisfies a Z(V,(, 8) and R, g satisfies Dq(V, A, b) for any 6 € ©, we obtain that for any
0 €0 andve(0,7)

ToPym, 6(V) < A1, TR 5 (V) < A, Ay =B/C+bA Tlog(1/A) " (47)
Combining (46) and (47) we can apply [10] and we get for any § € © and v € (0,7)
176 Py 0 — 7o R. 3 llvare < BsYY? 1w Pyr, o — mo Ry llyase < ByyM? (48)
with
) 12
By = A4 {292+ sup IV.000D A |
(4SS

Combining (45) and (48) we get for any k € N, # € © and v € (0,7)

9~
7o RE g — 70 Pyr.ollvisz < CBj <Z &t 4 1) V2L OB {1+1/(1-&}A2,
=1
where we used that £7™ < €. We prove the result upon taking the limit in k. O
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B.2.3 Checking H2

Proposition 19. Assume L1 and there exist a measurable function V : R* — (1,400), A € (0, 1),
b>0 and ¥ > 0 such that lim|| 4o V(x) = +00 and for any 0 € © and v € (0,7), R, ¢ satisfies
for any x € RY,

R, oV(z) <NV (z)+by.

Then for any p € N*, there exists By p > 0 such that for any f : R? — R, with supga |f/V /p| <1,
0€0,v€(0,7), 2R andn €N

P

n PE < B47PV(.’E> R

Zn: F(Xy) = mo(f)

where (Xi)ren is the Markov chain starting from x defined by (6). In addition, By, = CSp(b)Sx(\)
with C' a universal constant and Sy, Sy are polynomials such that

sup ](1 +b)*(”“)sb(b)‘ <1, sup|d—APFIS (V| < 1.
beR [0,1)

Proof. Let p € N* and f : R? — R, with supga ’f/Vl/p| < 1,0 € ©and v € (0,7). Using the
Holder inequality, setting ¢ = p/(p — 1), and the triangle inequality we get that

‘ (Z (%) - mf))

k=1

<1y | FKe) = mo(DI </ SIS (Ke) + o ()1}

k=1 k=1
< n/(z (?)mm“ ’; |f|j<X'k>) , (19)

Using Lemma 16 and supga | f/V1/P| < 1 we obtain that

mo(|f]) S CASP By | IfF(Xk)| <nCAYPV(2), Ao < (1+b)(1+A7/log(1/X)) (50)

where C' is a universal constant. Combining (49) and (50) we get that

n p{Zka _7T79(f>}
k=1

where By, = CSp(b)Sa(A) with C' a universal constant and Sy, Sy are polynomials such that

sup E, < Bypn'tP/97PV () < By, V(2)

‘f‘VI/Z\

sup |(1 + \b|)_ISb(b)| <1, sup [(1—=X)Sx(N)|<1.
beR )‘6[071)
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B.2.4 Proof of Theorem 5

L1 and L2 or L3 ensure a uniform drift condition on R, 4, see Proposition 12 and Proposi-
tion 13. Note that the Lyapunov functions V defined by Proposition 12 and Proposition 13 satisfy
sup,era (1 + [|2]|?)/V(2) < +oo. Assumption H1 is then implied combining Lemma 17, Proposi-
tion 18, the result of uniform geometric ergodicity with constants independent from 6 € © in [10]
and that for any § € © and = € RY, ||Hy(x)|| < MyV?/?(x). Note that we have the following
equalities in H1

Ay =By, Az = BoMy Az = BsMy

where Bj is given in [10] and depends only on b and A if L4 holds. Using [10] we show that Bs
depends only on b, \,(, 3 and d and satisfies supyep B3(1 + |d|)™Y/2 < +o0.

We conclude that H2 holds using Proposition 19 for p = 2 and that for any 6 € © and = € R,
| Ho(x)|| < MgV (x)'/2. We obtain that Ay = By M3

B.3 Proof of Proposition 6

Proof. The proof is divided in two parts. First we show there exist n > 0 and R > 0 such that for
any § € © and z € R?, ||z| > R,

Up(z) — Up(0) = nllz|| - (51)
Let M defined by

M = sup Uy(0) + sup Uy(x) .
4SS 6cO, zeB(0,1)

Note that by L1 and since © is compact we have that M < 4o0. By contradiction, we show that
there exists R > 0 such that for any 6 € © {z,Up(z) < M +1} C B(0, R). Assume that for any R >

0, there exist g € O, g € {z,Uy,(x) < M 4+ 1} and ||zg|| = R. Then Vol(Conv[B(0,1) U {zr}])
grows at least linearly in R independently from 6. On the other hand by definition of M and zp
and since L4(0) holds, we have for any R > 0

Vol(Conv[B(0,1) U {zgr}]) < eM“/ e VorWdy < eMH sup/ e Uow)qy
{Uop, () <M+1} 0co Jra

As a consequence, we conclude that there exists R > 0, such that for any 6 € ©, {z,Up(x) <
M +1} ¢ B(0,R). Set « € B(0, R)® and y = Rz/||z||. By L4(0) we get for any 6 € ©

M +1 < Up(y) < RUg(a)/]x]| + (1 — R/||=[[)Us(0) ,

which gives (51) with n = {M + 1 — supyce Up(0)} /R > 0 by definition of M. From (51) and L1,
for any 6 € © there exists ; minimizer of Uy. Thus we get for any x € B(0, R)®

Up(z) — Up(xy) = Ug(z) — Up(0) = nl|z|| -

Furthermore we have for any z € R? we have Uy(z) — Up(x}) > 0. From these results, [34, Theorem
2.1.5, Equation (2.1.7)], L1, L4(0) and (51) we obtain that for any § € © and x € R?

(VoUs(2),x — 25) > (2L) | VoUp(2)|* + nllzl| L5 e () - (52)
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Furthermore, using ab < 27!(ca? + (b%/¢)), the Cauchy-Schwarz inequality and L4(0) we get for
any 0 €O,z cR?and e >0

Combining (52) and (53), we obtain for any # € © and = € R? that

<IVaUs(@)ll25]l < el Vol ()2 /2 + M3 /2¢ . (53)

(VaUp(z), ) = (VaUp(2), @ — 25) + (VaUs(), 75)
2 (VaUy(2), © — ap) — [(VoUs(2), 25)]
> (1/2) 07" = o) Valo(@)|* + nllwll g g e () — MZ/2¢

which concludes the proof upon taking ¢ = (2L) L. O

B.4 Proof of Corollary 7

Proof. Note that applying Proposition 13 and Proposition 15 with V(z) = (||z|| + 1)2/d we obtain
that b, A\, ( and 8 do not depend on the dimension d. Theorem 5 still holds for this Lyapunov function
upon noticing that for any 6 € © and = € R?, ||Hy(z)|| < d"/?MgV (). Let M}, = Myd'/?

Theorem 3 holds using Theorem 5. We recall that the sequence (Fj),en is given by for any
n € N by

A1 V1A
E, = 2MJ + 2MoE [V (X7)] M Z{5k+1/ (veme)} + A3 Z5k+13 (k)
+ AE [V(X)] D 07 vmy > Dy, mi) - (54)
k=0

USiDg that A1 = Bh AQ = BQMI/LI’ A3 = BgM}_I and A4 = B4’2M}§ we have

B;V1)B
E, = 2M3 + 2dY2 Mo MyE [V (X0)] W Z{cskﬂ/ (ywmi)} + Bs ZékHB (v)
k=0
+dBaoMEE [V(X0)] Y 62 imy > Dy, mi) - (55)

k=0

Since b, A, ¢ and 3 do not depend on the dimension d, By, B2, B4 2 do not depend on the dimension
as well. We have B3 < Cd'/?, where C is a constant independent of the dimension. Finally we
obtain that F, is bounded by Cd where C is a constant independent of the dimension. O

B.5 Proof of Theorem 8

We preface the proof by a technical lemma.

Lemma 20. Let V : RY — [1,400) and My > 0 such that sup,cpa(1 + ||z||*)/V (z) < My,4. Let
M > 0 such that for any 6 € ©, v € (0,7), with ¥ > 0 and x € RY, R, gV (z) < MV (x). Assume
L1 and L5, then we have for any 01,05 € ©, y1,7v2 € (0,7) with v, > 2, a € [1/4,1/2] and x € R?

_ 1/2 a
182 R, 0, — 8aRos pullve < Bs |(v3 ' =7 Y2 + %5 2 Iyt — el + %7101 — 62| | V()
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where {R 9,7 € (0,7),0 € ©} is the sequence of Markov kernels associated with the recursion (6)
and

1/2
Bg = max <2Ml/2 [d/4 + sup ||V, Ug (0)||* + L2Mi/§] ,(2M)1/2LU> .
0€0 ’

Proof. Using [12, Lemma 24] we have that for any 61,60 € © and 1,72 € (0,7)

a a 1/2
HSIR’hﬁl - 656R’Y2,92 ”V“ < \/5 (R71791 V2 (m) + R’)’2792V2 (LL')) KL (SIR’Ylﬁl |61R72,92)1/2
< 2MV (@)KL (8, Ry, 0,185 Rozy0,) ' (56)

Denote for any z € R% and 2 > 0, Y:,02 the d-dimensional Gaussian distribution with mean z and
covariance matrix o2 Id. Using that for any z;, 22 € R¢ and o1, 09 > 0,

KL (Vz,02072,02) = In(03/07) + doy {1 — 03 /01}/2 + 03 % || — p2|*/2

we obtain that for any 61,60 € ©, 71,72 € (0,7) and = € R%,

KL (8, R, 0,182 Rs0,) = n(y2/m) + dyy (1= v2/m1) /4 + 75 'E/4, (57)
where = satisfies the following inequalities

E = [ VaUs, (2) = 72V.Us, (2)]?

= M VU, (z) =12 VaUs, (z) + 72V Us, (z) — 72V Us, (1')”2

2|1 VeUs, () — 12 VU, (2) || + 2|72V Us, (z) — 72V Us, (2)]2
2(71 — 72)?|| Ve Us, (2)||? + 292|| V.U, (z) — VU, () ||?
< 2(m = 72)°IVaUo, (2) 2 + 295 LE |61 — 62]2V>%(2) (58)

where we used L5 in the last line. Using L5 again, supgeg ||V2Us(0)|| < +o00 by L1, we obtain that
for any § € ©, x € R% and a € [1/4,1/2] we have

mew<Mwwwfmwwﬂyymw®ﬁ<%ww%
S

NN N

with Cg = 2||supgee || V2Ug(0)[]? + 2L2M41)/‘f. Combining this result and (58) in (57), we have that
for any 01,6, € O, v, € (0,7) with 71 > 72 and € R?

KL (SIR’Ylﬂl‘érR’Yzﬂz)
dyy H(L=2/7)/4 +75 (= 72)* VU (01, 2) |17 /2 + 72 LE |01 — 022V (2) /2

<
—1 —1 2 2 2 2a
< ldv (M =m/m)/4 +72 (0 —2)°Co/2+ 2L |I0r — 02f*/2) V**(2)

This result substituted in (56) completes the proof with the inequality for any a,b € R, (a+b)1/2 <
al/? 4 pl/2, O

Proof of Theorem 8. L1 and L2 or L3 ensure a uniform drift condition on R, 9, see Proposition 12
and Proposition 14. Note that the Lyapunov functions V defined by Proposition 12 and Propo-
sition 14 satisfy sup,cga(1 + [|z]|*)/V (z) < +00. Assumption H3 is obtained using Lemma 17, .
Combining H3, the result of uniform geometric ergodicity with constants independent from § € © in
[10] and that for any § € © and x € R?, || Hy(x)|| < Mg V'/?(x) we obtain H5. Using Proposition 18
and H5 we obtain H1-(ii). H4 is a direct consequence of Lemma 20 O
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