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Stability and optimal convergence of unfitted
extended finite element methods with Lagrange
multipliers for the Stokes equations

Michel Fournié and Alexei Lozinski

Abstract We study a fictitious domain approach with Lagrange multipliers to dis-
cretize Stokes equations on a mesh that does not fit the boundaries. A mixed finite
element method is used for fluid flow. Several stabilization terms are added to im-
prove the approximation of the normal trace of the stress tensor and to avoid the
inf-sup conditions between the spaces of the velocity and the Lagrange multipliers.
We generalize first an approach based on eXtended Finite Element Method due to
Haslinger-Renard [12] involving a Barbosa-Hughes stabilization and a robust re-
construction on the badly cut elements. Secondly, we adapt the approach due to
Burman-Hansbo [4] involving a stabilization only on the Lagrange multiplier. Mul-
tiple choices for the finite elements for velocity, pressure and multiplier are con-
sidered. Additional stabilization on pressure (Brezzi-Pitkranta, Interior Penalty) is
added, if needed. We prove the stability and the optimal convergence of several vari-
ants of these methods under appropriate assumptions. Finally, we perform numerical
tests to illustrate the capabilities of the methods.

1 Introduction

Let D C RY, d =2 or 3, be a bounded polygonal (polyhedral) domain. We are inter-
ested in the Stokes equations in a setting motivated by the fluid-structure interaction,
especially by simulations of particulate flows. We thus assume that D is decomposed
into the fluid domain F and the solid one S. The domains F and S are separated by
the interface I', cf. Fig. 1. We also denote I,,,; = 0D and assume, for simplicity,
that I and I, are disjoint. Consider the problem
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—2divD(u)+Vp=f inF, (1)
divu =0 in F, )

u=g onl, 3)

u=0 onlyy, 4

for u and p, respectively, the velocity and the pressure of the fluid filling F. Here
D(u) =  (Vu+VuT) and the viscosity has been set to 1 for simplicity. In appli-
cations we have in mind, i.e. simulations of the motion of rigid or elastic particles
flowing in the fluid, the interface I" is moving in time while the outer boundary I,
is immobile. In this chapter, we shall study Finite Element (FE) discretizations of
the problem above on a mesh fixed on D which is thus fitted to I,,,; but is cut in
an arbitrary manner by interface I'. The interest of these methods in the context of
fluid-structure interaction is that it allows one to avoid remeshing when the interface
advances with time.

®
\_/

wall

Fig. 1: The fluid domain F, the interface I" and the outer boundary I,,;.

Introducing the force exerted by the fluid on the solid at each point of I"
A =-2D(u)n+pn,onT’ 5)

with n the unit normal looking outside from JF, and interpreting A as the Lagrange
multiplier associated with the Dirichlet condition (3), we can write the weak formu-
lation of (1)—(4) as

Find (1, p,A) € H} ,(F)¢ x L3(F) x H~2(I")¢ such that

1 dy 2 i ©
A(uvpvl;va‘b.u’) :E(V,,U), V(VaQa.u') EHwa”(./_") ><LO(]:) XH Z(F)

where
Al pAivq ) =2 /f D(u) : D(v) — /f (pdivy+qdivu) + /F (A-vtp-u)

Loy = [ 1o+ [ gon
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and H! ,,(F) is the space of H! functions on F vanishing on I,,;;. The FE methods
studied in this chapter will be based on the variational formulation (6). They shall
thus discretize the Lagrange multiplier A, alongside u and p, thus giving a natural
approximation of the force exerted by the fluid on the solid.

As mentioned above, our FE methods will rely on a ”background” fixed mesh 7,
that lives on the fluid-structure domain D D F (the boundary of D is I,,,;; and is well
fitted by 7). In the actual computations, the elements of 7, having no intersection
with F will be discarded and the FE spaces for velocity and pressure will be defined
on the mesh 7,° := T/ U 771F where 771F is the union of elements of 7 that are cut by
I" and 7, is the union of elements of 7j, inside F. The FE space for the Lagrange
multiplier will live only on the cut elements 7," , cf. Fig. 2.

r il /
wai @ \ @ ° /©

Fig. 2: The meshes 7, = 77{ u 7;lr : the triangles of 771’ are marked by e and those of 771F are
marked by (@); triangles marked by e are not used.

Denoting by F (resp. F., F} ) the domain covered by mesh 7,¢ (resp. T/', T,1)
we introduce three FE spaces

Vi C Hpot(F)Y, Qn C LA (Ff) NLG(F), Wy C L*(Fj )? )

to approximate velocity, pressure and Lagrange multiplier respectively. Several
choices of FE spaces V},, Oj,, and W), will be considered, but we restrict ourselves in
this chapter to triangular (tetrahedral) quasi-uniform meshes 7} and to the standard
continuous piecewise polynomial FE-spaces PP, (k > 1) or the piecewise constant
space Py on such a mesh.! Our FE spaces will be always based on meshes inherited
from Ty: T,¢ for Vi, Oy, and ’771F for Wj,. Note that velocity and pressure are approx-
imated on a domain 7, slightly larger than F but all the integrals in the discretized
problem will be calculated on F or I'". Note also that we choose the FE space for
A on a domain ]-';: rather than on the surface I" to avoid the complicated issue of
meshing a surface.

A straightforward Galerkin approximation of (6) is not stable in general (al-
though it often works in practice, as will be seen in the numerical experiments at
the end of this chapter). Several stabilization techniques were therefore proposed in

! The case of regular non-quasi-uniform meshes can also be easily treated at the expense of some
technicalities. However, in applications, one will typically use a simplest possible mesh on D (for
example, structured Cartesian) so that the quasi-uniformity restriction seems quite acceptable.
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the literature, using either Lagrange multipliers [12, 4] or a Nitsche-like method [6]
to take into account the boundary conditions on I". We shall be concerned in this
chapter only with the methods based on Lagrange multipliers. Firstly, we adapt the
method of Haslinger-Renard (cf. [12] for the Poisson problem) to Stokes equations.
The method is based on a Barbosa-Hughes stabilization [1] on I" with additional
local treatment on badly cut mesh elements. An extension to Stokes equations was
already presented in [8] but the analysis there relied on a number of hypotheses,
difficult to verify. In this paper, we present a complete theoretical analysis in two
cases :

1. LBB-unstable velocity-pressure FE pairs, namely, P; — Py or P; — Py elements.
A stabilization is needed in this case even on a fitted mesh. We shall show, that
adding the well known stabilization terms such as Brezzi-Pitkiranta [3] for P; —
P; elements (or interior penalty for P; — Py elements) to a Haslinger-Renard
fictitious domain method, as in [8], makes it stable and optimally convergent.

2. LBB-stable velocity-pressure FE pairs, namely, Py — P;_; Taylor-Hood ele-
ments. We show that a version of the method above (with and additional pressure
stabilization on I" but avoiding stabilization over the whole domain F) is also
stable and optimally convergent. Our proofs are presented here only in the 2D
case and under some additional assumptions on the mesh.

We generalize moreover a method by Burman-Hansbo [4] to Stokes equations.
This is also a fictitious domain method with Lagrange multipliers. Unlike the
method by Haslinger-Renard (where the stabilization comes by enforcing (5) on
I' and thus involves all the variables u, p, 1), one stabilizes here only the multi-
plier A by enforcing its continuity in some sense, so that the structure of resulting
matrices is simpler. Fortunately, much of the theory outlined above can be reused
for the analysis of this method. We are thus able to prove the stability and optimal
convergence for the same choices of the FE spaces as above.

The chapter is concluded by numerical experiments aiming at comparing differ-
ent stabilizations and choices of of FE spaces.

Nomenclature.

Domains:  F is the fluid domain where the problem (1)—(4) is posed while .7-"}[, Fi
F }; are the domains occupied by the meshes 7/, 7T/, 7;{ respectively. We have
thus F} C F C F¢ and Ff = F¢\ Fl.

Meshes: T\, T,¢, T,l are submeshes of a background mesh 7, so that 7, = {T €
Tn:TCFLTE={T€Tp: TNI #2}and T,¢ := T UTL.
&r and 8,1; stand for the sets of interior edges of 7,¢ and 7;1F respectively.
Fr (resp. IT) denotes T N F (resp. T NI") for any cut element T' € 7;,F.

Norms: ||+ || stands for the norm in H*(®) where ® can be a domain in R or
a (d — 1)-dimensional manifold. We identify H%(w) with L?(®).
| |k stands for the semi-norm in H*(®), k > 0.
|| - |, stands for the norm in L™ ().
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2 Methods a la Haslinger-Renard

The starting point for the construction of the Haslinger-Renard method (proposed
in [12] for the Poisson equation) is to add to the variational formulation (6) the
Barbosa-Hughes stabilization [1], which enforces the relation A 4+2D(u)n — pn =0
on I'. These terms take the form

*}’Oh/r(l +2D(u)n— pn) - (u+2D(v)n—gn) 3)

with a mesh-independent J > 0. This idea, at least in the context of the Poisson
equation as in [12], produces a stable and optimally convergent approximation pro-
vided the mesh elements are cut by I" in a certain way so that /N7 is a big enough
portion of T for any T € ’7? . If, for some elements, this is not the case the method
can be still cured by replacing the approximating polynomial in such “bad elements”
by the polynomial extended from from adjacent “good elements”. The relation be-
tween bad and good elements is made precise in the following

Assumption A. We fix a threshold 6y, € (0,1] and declare any 7 € 7,l' a good
Fr| |77 ]

element (resp. bad element) if ‘IT\ > Onin (resp. T < Bhin). We assume that one
!
can choose for any bad element T a “good neighbor” T’ € 7716, |T‘p,|}—‘ > Omin, such

that 7 and T’ share at least one node, cf. Fig. 3.

Remark 1. Typically, Assumption A will hold true even for 0,,;, = 1 if the mesh is
sufficiently refined. One could also relax the notion of a neighbor (at the expense of
some complication of the forthcoming proofs) to the requirement dist(7,7") < Ch
with a mesh-independent C > 0.

Fig. 3: Good element 7’ and bad element T

We now define a “robust reconstruction” on F; { for the FE functions on
Definition 1. For any v, € Vj, set v, onany T € 7,1 as

e v, =v,onTifT is a good element,

e (V)i = (v)pr if T is a bad element. Here 7" is the good neighbor of 7' from
Assumption A and the relation should be understood in the sense that v, on T is
taken as the same polynomial as the polynomial giving vj, on 7.
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For any g;, € Oy, one constructs g, in the same way.

We shall show in the subsequent paragraphs that adding stabilization (8) to (6)
and replacing u, v in these terms (sometimes also p, g) by their robust reconstructions
produces indeed a stable approximation to the Stokes equations. We end this general
introduction to the Haslinger-Renard method by a Proposition illustrating the use-
fulness of the selection criterion for good elements, showing that the L? norm on the
cut portion of an element 7' controls L™ (and hence any other) norm on the whole
element with an equivalence constant depending on the relative measure of the cut
portion, followed by a list of interpolation error estimates that shall be needed in the
forthcoming analysis.

Proposition 1. Let p be a polynomial of degree < k and 6 € (0,1]. Then for any
T € Ty and any measurable set S C T with |S| > 0|T| one has

c
1Pl < 257 IPlloss ©)

with a constant C > 0 depending only on 0, k and mesh regularity.

Proof. By scaling, it is sufficient to prove (9) on a reference element. We thus fix a
simplex T € R? of diameter / = 1 and consider for any p € P,

No(p)= . nf  lIPlos
It is easy to see that Ny is a continuous function on the finite-dimensional space P.
Consequently, it attains a minimum on the set Z; := {p € Py, ||p||e,r = 1},1.6. ot >
0 and py € X such that Ng(p) > Ng(py) = a for all p € X;. It remains to prove
o > 0. To this end, let m(8) = meas{x € T : | py(x)| < 6} for any & > 0. Since m(5)
is decreasing down to 0 as § — 0, one can find £ > 0 s.t. m(g) < $|T|. We observe
now ||palfd s > €% (IS| — §|T]) for any S C T, hence a? = Nj(pa) > €25|T| > 0.
By homogeneity, this also proves Ng(p) > &||p||«,r for all p € P; entailing (9) with

C= é (recall that the proof is done on the reference element with 2 =1). O

We are going to establish interpolation estimates on the cut domain. To this end,
we introduce

Assumption B. Q is a Lipschitz domain and there exist constants cr,Cr > 0 such
that for any 7 € 7,1

1. [I7| < Crh~! with I := T NT;
2. there exists a unit vector yr € R4 such that Xt -n > cr a.e.on It where n is the
unit normal looking outward from F.

Remark 2. The bound on |I7| in the first part of the Assumption B is automatically
satisfied on Lipschitz domain. We prefer however to write this bound explicitly in
order to emphasize that some of the estimates below will depend on the constant Cr,
so that I" should be supposed not too oscillating. The second part of the Assumption
B is not too restrictive either. Typically, one can take y7 as the normal n at the
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middle point of I'7 if I'7 is smooth or as the average between the two normals if I
is the union of two segments (in the case when £ is a 2D polygon). Such choices
will suffice on a sufficiently refined mesh.

Proposition 2. Let V), Q;,, W), be (respectively) ]P’ku,I[ka,IP’k/1 FE spaces on meshes
s he,ﬁlr as in (7). Under Assumptions A and B, there exist interpolation opera-
tors I : HY /(F)* = Vi, I € L3(F) — Op I} : H? () — W, s.t. for any suffi-
ciently smooth u,p, A

1 1
o = diullo,F +lu—Lyul 7+ EHM*IZ’MHO,F < Ch™|uls, +1.7 (10)
(for all integer s, : 0 <s, <k,)
= "
(||Vu—VI;qu0I n ||Vu—V1;;u||0,p) < I uly a1 5 (11)

(for all integer s, : 1 <s, <k,)
1
HIP=1iploF+lp=1ph.F

1 —
5 (o= tpllor+ o= Fpllor) < Chrlpls, 1.7 (12)
(for all integer s, : 0 < s, <kp)

1 A
WH?L*I;, Mlor <CRHA[, 1 p (13)
(for all integer sy 10 <s) <kj)

with C > 0 depending only on the constants in Assumptions A, B, and on the mesh
regularity, and k, > 1 in the case of estimate (11). Moreover, operator I;} can be
extended to I,’} HL (F) — W, s.t. forany A € (H 2 (F)NH]!

all Wa”)d and an integer
51, 0< 53 <k

1 - - ~ - - - -
A=Al g+ A= BAL g+ A A or < CHH ALz (14)

=
Vh
Proof. We start with the construction of /;/. Extension theorems for Sobolev spaces
guarantee for any u € H*"!(F)? existence of 4 € H*1(F¢)? with s, 1.7 <
Cllulls,+1,7 and @ = u on F. Let I, : H) ;,(F£) — V, be a Clément-type interpola-
tion operator [9] satisfying

1, - e 1 .. - e 5
zH”*Ih“HO,TJF\“*Ih”h,TJFﬁ”“*lhuno,aﬂr\/EHV(”*IW)HO,()TSChs“|u|su+l,wT

on any T € 7,¢ with @r begin the patch of elements of 7,7 touching T'. Let [;u =
I,ii| 7. Summing the estimates above over all the mesh elements yields immediately
the estimates in L?(F) and H'(F) in (10). Now, on any element T € T,/
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erlu=tuly, < [ G=hajzrn= |
T

]__Tdiv((ﬂ—ihﬁ)sz)—/ (i— i) xr -n

FNIT

since dFy = I7 U(F N IT). Developing and applying the interpolation estimates
above gives

crllu=tul, < [, 20 =5a)V(a—hia)- gr-+ 8- 5ald zoor
T
<2l =Tl + 18 =Bl o7 < O (4 10,)

Summing this over all the elements in F} yields the L?(I")-estimate in (10).
If s, > 1, we have moreover on any 7' € ’7719

h|a—Dyiila,r + V|V (@ = i) o g7 < CH* |als, 1,07

This, by the same argument as above, gives the L?(I") estimate on V(u — ['u) in
(11). In order to extend this to V(u — IZ‘\u) consider a bad element T and its good
neighbor 7’. Both T and T’ belong to the patch @7 and examining the derivation of
interpolation estimates for the Clément interpolator I, reveals that the polynomial
(Iit) |7 gives actually an optimal approximation of i on the whole @y, i.e.

u—Itulyr = i — (T o1 r < i — () 177|100 < CR [ty 11,00

Similarly, § lu—Fiullor + 27 llu—Iullo o < Ch™ [ul;,+1,0,,- Thus, the same argu-

ment as above gives the L?(I") estimate on V(u — I/h”\u) in (11).
The remaining estimates (12), (13) and (14) are proved in a similar manner. We
skip the details and make only the following remarks:

e The operator I,’Z should preserve the restriction that pressure is of zero mean on
F. We thus define it as I p = I p — iy (p) where j, is the Clément interpolation
operator on 7,¢,  is an extension of p to Ff, and i,(p) = [ Ip. The correction
in(p) can be bounded as

. ~ 1. ~ . ~
(o)1= | [ G~ )| < 17115~ Bz, < ¥l

and thus it does not perturb the estimates (12).

e Concerning the interpolation of A, we note that (13) is in fact an easy corol-
lary to (14). Indeed, for any A € H kats (r N)d there exists (by the trace theorem)
A € Ho 1 (FD) satisfying A|r = A and Al 1,78 CIAL, 41 - We can thus
define If,% = I{M and observe that (14) entails (13).
O
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2.1 P — Py velocity-pressure spaces with Brezzi-Pitkiranta
stabilization.

Let us choose P; FE spaces for both V}, and Qj,, add Brezzi-Pitkéranta-like stabiliza-
tion for the pressure and the Barbosa-Hughes-like stabilization on the interface as
described above. We choose to introduce the robust reconstruction from Definition
1 in the last terms only for the velocity in this case (on both trial function uj, and test
function vj). The method thus reads

Find (up,, pp, An) € Vi X Op X Wy, such that

_ 15
APR=BP (o, A Vi @iy ) = LVns i)y V(i G i) € Vi X Op X Wy (15)
where

APR=BP (4 p Aiv,q. 1) = A(u, p, A1v,q, 1)

—yoh/(a +2D(ﬁ)n—pn).(u+2o(v)n—qn)—eh2/ Vp-Vq
r Fe

Vi, Qj, are continuous Py FE spaces on mesh 7,° and W}, is Py or Py FE space on
mesh 7,1, cf. (7).

We remind that the Brezzi-Pitkéranta stabilization (the last term above) should
be present on F to compensate the lack of the discrete inf-sup in P1-P1 velocity-
pressure FE spaces. In addition, in our fictitious domain situation, it is extended to
the larger domain F} thus helping to ensure stability near I'".

In the following propositions, Assumptions A and B are implicitly implied and
the constants C may vary from line to line and depend on cr,Cr > 0 from Assump-
tion B, Oy, from Assumption A, and on the mesh regularity.

Proposition 3. For all v, € V}, one has
RVl < Clvali 7 (16)

Proof. Taking any T € 7;,F and denoting its good neighbor by T’ we observe

R N V7|
IVVrllo. < VT IVVRl =y < CV T || VVall oy < CWHVWLHOIT/

The last inequality above holds by Proposition 1 with a constant dependent on iy,
The last but one inequality is easily proven by scaling given that T and 7" are neigh-
bors. Using the bound |I7| < Crh?~! and summing over all T € T, yields (16).
O

Proposition 4. For all g, € Qy, one has

2 2 2 2
Mlanlr < € (lanlld 7 +71aal? )
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Proof. Using the notations 7,7 as in the preceding proof and assuming that these
two elements share a node x, we observe

lgnllorr < VIIrlllgnll=cry < VL7 |(Ign ()] + 2| Van| =)

VI

<V |(lgnll =y + Al Vanll=(ry) < C e (llgnllo. 7, +nlIVanllor)

We have used again Proposition 1 on the good element 7’. We conclude thanks to
|[7| < Crh®~! from Assumption B and the summation overall 7 € 7,I'. O

We shall also need a special interpolation operator adapted to functions vanishing
on I', the idea of which goes to [13].

Proposition 5. There exists an interpolation operator 12 : Hd (F )d — V}, such that
v —Iv]lox <ChPv17, |17 <CPv|i.7

and I,?v =0on .7-'{ (and consequently I,?v =0onT) for any v € HOl (F) with a
mesh-independent constant C > 0.

Proof. The construction of I,? will be based on the interpolator /;/ from Proposition 2
with k, = 1. For any v € H} (F)“, let us put I)v(x) = I!(x) at all the interior nodes x
of 7,1 (i.e. excepting the nodes lying on 97;") and I'v(x) = 0 on all the nodes of 7, .
Since Igv is the piecewise linear function on 7,°, this uniquely defines it everywhere
on JF;. Moreover, I,?v =0on .7-'{.

Let us denote, for a mesh edge E lying on d.F}, the adjacent element from 771F
by 71" and the union of all the elements from 7;: sharing at least a node with E by
k. By scaling

1y =1V ]lg,p < CVAITVIIoE < CITVIo 71 +AITV] )

Summing over all such edges and introducing the extension ¥ to J; as in the proof
of Proposition 2 yields

Bv— 8o 57 < CUEVg_rg +AIEV], 7)< CIT— IVl e+l 5 -+ BV 57)
Since I?v =0 on F} this entails

v =LavlloF < WlloF + v =Livllo g + 1Ty = Lavllo 7

< CIlg 7 + 19~ vl g + Al r)

We now employ the bound ||7||, Fr < Ch|v|, Fs which is valid since F]  is a band
of thickness & around I and ¥V = 0 on I". Moreover,

1 5 U U ~
o7 =2ivlloz +1livh 7 < €IV, 7
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as follows from the proof of Proposition 2, cf. (10) with s, = 0. Since |¥|;, Fe <
C|v|i,7 by the extension theorem, this proves the announced estimate of ||v —

v]lo.F-
The estimate for the H! norm of Igv follows using the inverse inequality and the
L? error estimates proved above:

C
|I}?V\l,f = |]}?V|1,f,i < |12V_IZV|1,7,§+VZV|1$; < E”I}?V_IIZVHO,F;; +‘IZV|1,f,g <CPliF
O

Lemma 1. Under Assumption A and B, taking Yy > 0 small enough and any 6 > 0,
there exists a mesh-independent constant ¢ > 0 such that

inf sup ATRBE (uy oy, A vi, g, i)

(p,Pn M) EViy X Qi x Wy (VisGnstn ) EVi X Op X W, |||”h7ph> )’hm |||Vh7q/’l7 ,uhlll

where the triple norm is defined by

| 1/2
2 2 2 2 2 2
i, po Al = (|u|1,f+||p||o,f+h |p],f;+hx||o,r+h||u|o,r)

Proof. We observe, using Proposition 3,

AHR?BP(M}prH)*h;Mh? —Ph, _)‘/’l)

= 2(|D(un) 1§ 7 — 432D ()15, + 15|12 = panll5. + O | pal1 7
> 2[|D(un) 15 7 — CWolunl =+ Whl|Ax — punll§ -+ 04> | pil1, 7

1
> E|“h|%,]—' + 10h||An — Phn||(2),r + 6h2|ph|l,]-';,’

We have used in the last line the assumption that Y is sufficiently small and Korn
inequality
Vit F <KIDWIGF, W€ Hyuy(F) a7

Note that the inequality is valid in this form because the functions from H&mll(}" )
vanish on I, i.e. on a part of the boundary d 7 with non zero measure.

The continuous inf-sup condition [10] implies for all p;, € Oy there exists v, €
HY(F)4 such that

= [ pudive, = i3 7 and oyl 5 < Cllpalo - s)

Recalling that v, = I'v,, = 0 on I we can write
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. 0 _ 2 . 0
_/ Phle(Ith) = ||Ph||0,]—‘_/ Phle(Ith_Vp)
F F
= ||Ph||<23,f—/FVPh - (vp = 1}vp) = I pallg 7 — Chlpaly 7 vp 7

> ||Ph||<2),f—Ch|Ph\1,f,§||Ph||0,f (19)

where we have used the bounds from Proposition 5 and (18). Combining this with
Young inequality we obtain

AHR?BP(uhvpha A‘h;llz(l)vpa Oa 0)

Y

0 2
= 1D@n) llo.7[1DUvp)llo.7 + 1Pallo, 7 — Chlpaly ¢ | Pullo.7

Y

1 2 2 2012
D) ||Ph||o,f — Clup| 1.7 —Ch |Ph\1,f;

Recall interpolation operator I,% from Proposition 2 and observe, using Proposi-
tion 3 with Young inequality,

. I I _
A 1,1 23:0,0, L) = 5 [T =0 [ @@= pint o) Ty

> ol = o ol =30 (<l =+ W= panllor ) (Il + ln — o
~2h * 2h : NG ~ ; : )

> L1l - = S 12w — walB = Cluanl? 5 — Chll A — prnll

= g lnllo.r = 5 1y un = wnlfo.r — Clunly 7 = Chll A, = prnllo r

1 2 2 2
> @HuhHoI — Clunly 7 — Ch| A — panll5 r

In the last line, we have used the bound ||u;, — I,’} upllo.r < C\/fz\uhh_y}-, i.e. (14) with

Sy = 0.
Combining the above inequalities, we can obtain for any k,n > 0,

AHR—BP(

n 1 K n
U, Phs Ayt + K1V p, —pp, — A+ *If%uh) > E|”h %,er ) ||Ph||(2),]-'+ ah ||Mh||(2),r

h
+ (8 =CK)I?|paly 7+ (% — C0)R|| A — pinllo.r — C+1)|uslf 7 (20)

In order to split pj, and A, inside ||A;, — ppn|jo,r we establish the following bounds
with any ¢ > 0 and use finally Proposition 4

1
| prn — lh”ar 2 ||PhH(2J.,F + HMH%I —(t+ 1)||Ph||%,r - mHMH%I

t Ct
120 r =5 (Ipalld 7+ 22 1pal} 7)) 2D

_ t
41

Ml =t pull3 - >
1Aullo.r =t pullo,r > P

Substituting this into inequality (20) and assuming Y, k, 7, ¢ sufficiently small, we
obtain finally
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AHRZBE (o, Aty + KLV s — Py — Ay + %IZ} up) (22)

1
2 2 21,12 2 2 2
> (Il + 1l + 1+ I+ ol ) =l 2l
On the other hand, the estimates of Propositions 2 and 5 give immediately
0 oI+ Ll < A
Wlwn + &Ly vp, —pn, —An + ol upl| < Clljun, pn; Anll (23)

Dividing (22) by (23) yields the result of the Lemma. O

Theorem 1. Under Assumptions A, B, Y > 0 small enough, any 6 >0, and (u,p,A) €

H?(F)4 x L(z)(]-") x H? (I), the following a priori error estimates hold for method
(15):

lu—unl1 7+ lp — palo.F + VA = Mllor < Ch(Julor +|plir+ A1 jor) (24)

Moreover, assuming the usual elliptic regularity for the Stokes problem in F, i.e. the
bound (28) for the solution to (27), one has V¢ € H3/? (I

[0 < O ubor + phr 4 Ry slolsr 9

Proof. Use Galerkin orthogonality (taking & = u for the exact solution u and ex-
tending p from F to F})

AR (b D A — Ay Vins s L) = 01> /]:e Vp-Vg, (26)
p
to conclude
AHR=BP (0 [y, py, —1I'p, A — I AV, qns ) = 2/}_D(“_I;:”) :D(vp)
*/J__((P*I,pr)dinh+qhdiv(u—1,‘fu))+/F((X—I,’}7L)~Vh+lih'(“*IIL;”))
1o /F (A=A +2D(u—Ifuyn — (p— 17 p)n) - (s +2D(W)n — gpn)

on / VI'p -V,
T
All the terms in the right-hand side can be bounded thanks to Proposition 2 with
sy =1,5, =155 = 0so that

AHRZBP ([, py—I7 p, Ay — I A3, gy ) < Ch(Jula, 7+ |pl1 7 + A1 2.0 ) 1Vas @ns tal

The inf-sup lemma 1 now gives (24).
To prove (25), choose any ¢ € H>?(I") and take v, g solution to



14 Michel Fournié and Alexei Lozinski
—2divD(v)+Vg=0, divv=0onF, v=¢onIl (27)
as well as 4 = —(2D(v)n — gn)|r. Integration by parts gives
2/ D(u—up) :D(v)—/ qdiv(u—uh)—&—/(u—uh),u:O
F F r

Subtracting this from Galerkin orthogonality relation (26) gives

J=24)-0=2 | Dlu=u):D=vi) = [ ((p=pi)divtv—vi) + (g —g)div(u—w,)

r F F
=2 =)+ (=) (0= 1w)

— oh /F (A= Ay +2D(u—ii)n— (p— p)n) - (1 — o +2D(v — )n — (q — qu)n)

~6i* [_Vpi-Va,
: ]:h

Taking v, =I;)v, g, = I,fq, un = I;}u, applying Proposition 2 with s, = 1,5, =53 =0
and recalling that

(Vl.x+lgli.7+li2r) <Clols)2r (28)

thanks to the elliptic regularity of the Stokes problem, yields (25). O

2.2 Py — Py velocity-pressure spaces with interior penalty
stabilization.

Let us now choose P; FE for V}, and Py for Qj, and add interior penalty (IP) stabi-
lization to the Haslinger-Renard method. The method becomes:

Find (up,, pp, An) € Vi X Qp X W, such that

29
AR (i, AV Gis ) = L£hs )y (ks Ghs Bn) € Vi X Qn X Wi, (29)
where
AT (up, v g, ) = Alu,p. Avv.q, 1)

—h /F (A +2D(@)n — pn) - (1 +2D(P)n — qn) — Oh

AL

E
EeE;

V}, is continuous P; FE space on mesh 7%, Q;, is Py FE space on mesh 77f, and W,
is Py FE space on mesh EF , cf. (7).
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Note that the IP stabilization is applied to the pressure in the interior on F as well
as on the cut elements. The analysis of this method is similar to that of the previous
one (15) and we give immediately the final result:

Theorem 2. Under Assumptions A and B, Y > 0 small enough, any 6 > 0, and
(u,p,A) € H*(F)? x L3(F) x H%(F), the a priori error estimates (24) and (25)
hold for method (29).

Proof. We shall not repeat all the technical details but only point out some important

changes that should be made in Propositions 3-5 and the inf-sup lemma from the
preceding section in order to adapt them to the the analysis of method (29):

e The estimate of Proposition 4 should be changed to

Hlanll - < € (llanll3 5+ Eeeey fslan?)

This can be proved observing on any bad element 7' € EF sharing an edge E
with its good neighbor T’

lanllory = V1T (an) | < V7] (llgnlel + (an) )

— JIG| (ﬁ[qhnm ; ﬁnqhnom) <c (thno,E 4 jﬁnqhnom))

The case of a bad element that does not share an edge with its good neighbor can
be treated similarly by introducing a chain of elements connecting T to T”. The
case when T € T,I' is “good” itself is trivial.

e The term h?| rh, Fe in the triple norm in Lemma 1 should be replaced by
h¥kcee Jp[p)?

e The treatment (19) of the velocity-pressure term inside the proof of Lemma 1 is
now replaced by

~ [ pudivifv, = a2+ [ pudivi, —ifuy)

=IpilBr+ X [ oaln- (v =1iwy)
E€E;

and the bound ¥ pege [|vp —I}?Vp”aE < Ch|vp|1, 7 which is proved as in Proposi-

tion 5.
O

2.3 Taylor-Hood spaces.

We now choose Py (resp. P;_) FE space with k > 2 for Vj, (resp. Qy,). These are well
known Taylor-Hood spaces which satisfy the discrete inf-sup conditions in the usual
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setting and thus no stabilization for pressure “in the bulk” is needed. Intuitively,
some extra stabilization should be now added for the pressure on the cut triangles.
We thus propose the following modification of the Haslinger-Renard method for
Taylor-Hood spaces:

Find (uy,, pp, An) € Vi X Qp, X Wy, such that (30)

AHR=TH (4 DV G ) = £ 0ns ) Y Vs s ) € Via X O X Wi,
where
AHR*TH(u’p’A;V,un) = -A(“’PJ;VML#)

1 /1_ (A +D(@n— pn)- (i +D(%)n—gn)

V,, is continuous P, FE space on mesh 7%, Q, (resp. W,,) is continuous P;_; FE
space on mesh 7,° (resp. EF ) for k > 2, cf. (7). The notation ~ stands here again for
the “robust reconstruction” from Definition 1. We emphasize that it is applied here
not only to the velocity, but also to pressure, unlike versions of the method (15) and
(29) studied above.

The analysis of this method will be done under more restrictive assumptions than
that of the previous ones:

Assumption C. The dimension is d =2, F; ;, contains at least 3 triangles, I" is a curve
of class C2, and the mesh 7, is sufficiently fine (with respect to the curvature of I).

Remark 3. Assumption C covers Assumption B, cf Remark 2.

We shall tacitly assume Assumption C in all the Propositions until the end of
this Section. Proposition 3 will be reused in the analysis of the present case but
Proposition 4 should be replaced with the following

Proposition 6. For all q, € Q), one has

~ 12 2
hllgnllor < Clignlls,#-

The proof is a straight-forward adaptation of Proposition 3 to the pressure space.
Another important ingredient in our analysis will be the discrete inf-sup condi-
tion, cf. Proposition 10 below. We recall first a well-known auxiliary result:

Proposition 7. The exists a mesh independent constant 3 > 0 such that for any
qn € On I .
qn div Vi
Bhlan|, zi < sup L=—— 31)
" ey il
where Vi =V, N (H} (F1))<.

This result is customarily applied to the analysis of FE discretization of the
Stokes equations via the Verfiirth trick [9]. The proof in the 2D case under the as-
sumption that the mesh contains at least 3 triangles can be found in [2]. We note in
passing that a 3D generalization in a similar context is presented in [11].
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Let Bl := 7\ ! and note that the boundary of B! consists of dF} and I'.

Proposition 8. Let p, € Q) and v € H'(BL) vanishing on I'. Then
v| <C r V|| pr 32)
/aﬂ 1Pl < Cllpalo V]

Proof. Take any triangle T € 7;LF such that one of its sides E is an edge on 8]-',’;.
Introduce the polar coordinates (r, @) centered at the vertex O of T opposite to side
E (thus O lies outside F). The part of T inside F can be represented in these coor-
dinates as

Fr={(r,@)suchthat x < ¢ < B, rr (@) <r<ri(@)}

with r-(@) and r;(@) representing, respectively, I' and E C dF;. In view of As-
sumption C, rr(¢) is a C? function and there are positive numbers rpyin and rmax
such that rin < (@) < ri(@) < rmax for all @ € [a, B]. There are 2 options: ei-

ther I7 is very close to edge E so that ™= < p, or F7 covers a significant portion
min

of T so that |Fr| > 0|T|. The positive numbers p and 6 here can be chosen in a
mesh-independent manner.

We start with the first option: 7} e < p. Using the notations above and recalling
v=0atr=rr(p) gives

B B rri(®) Jlp,vr
Ll [“Upwin)ripdo=c [~ | A0 g
a Jrr(e) r
</ / 3Ph

We set [(¢) = ri(¢) — rr(¢) and bound the first integral above using, for any ¢
fixed, an inverse inequality for pj, on the interval (rr(¢),r;(¢)) and Poincaré in-
equality for v on the same interval (recall that v =0 at r = rr-(@))

1 1
B ri(¢) 2 2 ri(¢) 2
/ / / / (8ph> dr (/ vzdr> do
a \Jrr(e) \ Or r(9)
1 1
B 1 ri(¢) 2 (@) /v 2 2
§Crmax/ — (/ pzdr> x [ / <> dr| d
o« 1(@) \Jrr(p) " O o \or v

.
< C — HPhHo FIVllor  (33)

v{rdrd@ + ||pullo.7 [IVV]lo,7 +

1
— |pillo.7 IVlo.z

min

Recalling the bound on ;’:ﬁ (which implies, in particular, ry, > p) we conclude
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1
[t <€ (Inloz 9oz, + ploslos oz, ) G

On the other hand, if |Fr| > 0|T|, extending v by 0 outside F, applying Propo-
sition 1 and an inverse inequality (valid on the whole triangle T') also yields (34):

JLlew] < Villpwloar < Clpivllos +hlpisli.r)

< ClpnllrVllo, 77 + IV palle 1 IV]o, 77 + 1l Prlleo7 | VV]0.77 )

1
< (Ipuloz 9%z + 5 Il 7l )

Summing (34) over all T € 7,1 having a side on d.F} yields

" 1
11 < Clpilog <||VV||0,B,§ + h||v|0,35)

Recall that v =0 on I" and the width of B} is of order A, so that [|v[|, B <
Ch||Vv||, B by a Poincaré inequality. We have thus proved (32). O

Proposition 9. Under Assumption C, there exists a continuous piecewise linear
vector-valued function W, on mesh T,¢ such that W, -n >0 on I, divy), > & on
all the triangles of T,'', and divyy, > —8h on all the triangles of '7;1’ with some
constants &, 01 > 0. Moreover, there is a constant C > 0 such that for any pj, € Q,

A 1,.F+%||Ph‘l/h||071" < Cllpullo,7 (35)
Proof. Let By = {x € R?/dist(x,I") < {} for any { > 0. Thanks to the smoothness
of I', one can introduce orthogonal coordinates (&;,&) on By with some mesh-
independent 1 > 0 such that & =0 on I" and & < 0 on F N By. Let ¢; denote the
basis vectors of these coordinates (e; = dr/dE;). Assuming 1 > h, let us introduce
the vector-valued function given on By by y = &es for |&] < h, y = —h%%geg
for —n < & < —h, left undefined for i < &, < 1, and extended by 0 on F\ B;. Let
v, = Iy where I, is the standard nodal interpolation operator to continuous P; FE
space on 7.

Clearly, divy =1 on I', hence divy > % on B by continuity for sufficiently
small &. Since B, D .7-'{ , one observes on all the triangles of ’EIF

. 1 . 1

divyy 2 5 = div(y =) 2 5 = Chl|Ylly2e(5,) = & >0

since A is sufficiently small and y is sufficiently smooth thanks to the hypothesis on

I'. Turning to the triangles of 7,/ we make the following observation: if I" were a

straight line, ¥ - ¢; would vanish, and y - ¢, would be linear on —n < &, < —h with
h h

the slope —5=% SO that div y;, > —5=% on the triangles of 7;1’ The actual geometry
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of I introduces the corrections of order O(h?) into this argument so that one still
has div yj, > — ;4 on these triangles. We also observe, by construction of v,

Wil g < Chand [[VYy[lee 7e < C

Let us now take any p, € Q. By the bounds on yj, proven above and by an
inverse inequality we deduce on any triangle T € 7}

|prWi|1,r < Chlppli.r +Cllprllor < Cllpnllor (36)

A similar bound also holds on any cut triangle T € EF . One cannot use a straight-
forward inverse inequality in this case, since the width of the cut portion Fr, say
€, can be much smaller than . However, the construction of yj, implies in such
a situation |y} ||« 7, < Ce. Combining this with the inverse inequality |pp|1 7, <
€\|pnllo, 7, one arrives at (36). Summing this over all the triangles 7 € 7 yields
|ph Wil1.7 < C||pullo.7- Finally, in order to bound pj, y;, in L?(I") we recall. Hence

[pnwnll, Wily g < Chllpallo 57 +CVh| pallo.F

By scaling,

prllog < %thﬂoj for any edge E € dF; adjacent to a triangle
7 . . C

T € T, The summation over all such edges yields ||p|| =< Jiillpllo, Fi and

consequently [lpuyilir < CVAllpalor. O

Proposition 10. For any pj, € Qy, there exists vﬁl’ €V, such that
1
. 2 p p
— [ _padivvy =||py and vy |1, 7+ ——=|lv;llor <Cllpnllo,F (37
Proof. The continuous inf-sup condition implies that for all p; € Q) there exists

€ (H} (F))4 satisfying (18). Recalling the interpolation operator I9 from Propo-
sition 5, we observe

Y :—/ divilv, = 2,-/ div(v, — I
Jputivite == [ praviivy = lpulf sy + [ prdivto =)
2 0
= [+/ n~v—/V;~v—Iv
”ph”o,]:h a]__;;ph p 7 pr-(vp—1vp)
2
2 ||Ph||07]:;; _CthHO,BhFWP‘],B}; _Ch|Ph|1,]-‘,';|Vp|1,]:;'l
|
2 2
> ||ph||0fl C|vl7|l]:l (”ph”OBF +h ‘ph|l _7:1)

_zllphllop Cllpally gr —Cpal} £ (38)

We have used Proposition 8, the interpolation estimate from Proposition 5, Young
inequality and [y, -+ v, <CllpulR = = CUlpnl 5 + Ipall 2r):

1]-"
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Moreover, thanks to Proposition 7 and the inverse inequality there exists vZ’i € V}f
such that

- /f padivvy =1 pal} 5 and [v)" 7 < Chlply 7 < Cllpallo 7 (39)

In order to control pj, on Bﬁ , we introduce vh’r = —ppy;, with y;, from Proposi-
tion 9. Then

—/ Phdivvh’rz/ pthh~ll/h+/ pﬁdivwh
F F F
= l/ Pi”"l’hﬂLl/ phdivyy, > @HPhHZ r— Suhlpall} i (40)
2Jr 2J)F -2 0,By, 0,7

thanks to n- yj, > 0 on I" and the bounds on div Y.
Let v = IDv, 4+ kvl + kvl " with sufficiently big k > 0. Then, taking the sum
of (38), (39), (40), and reminding | pa[§ = = [1PAlI§ 5 + I1Pallg pr yields

1
_ divy? > = 2
J_padivit = Sl
Turning to the second estimate in (37), we recall
vl 7+ vl 7 < Cllpallo.r

and [%v, = v"' = 0 on I". Moreover, v/""" is bounded in H'(F) and L*(I") by (35).
Thus

1
|Vf,|1,]-‘+ ﬁ”VZHO,F < C||Ph||0,B{
This entails (37). O

Lemma 2. Under Assumption C, taking Yy small enough, there exists a mesh-
independent constant ¢ > 0 such that

AHR—TH(

. Ui, Phs A Vi @iy i)
inf sup
(P M) EV X Qi x Wy (VisGn st ) EVi X O X W, |||”h7ph> )’hm |||Vh7q/’l7 ,uhlll

where the triple norm is defined by

1 2
nmpxmz(wﬁ;+w%f+mm%f+hw%f)
Proof. As in the proof of Lemma 1, we observe that

_ 1 ~
ATRTH (i, A, — i — ) > g\uhﬁ;*—%h\\lﬁ—PhnH%,F
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thanks to Korn inequality (17) and the smallness of ). Moreover, employing vf
from Proposition 10 and the estimates from Propositions 3 and 6,

AR,y 3434.0,0) = 2 | D(w) : DOR) +pally 7+ [ 29,
—h [ (D)= pin+24)- DO
> Lol = Clun » — ClAIR - — Lall A — B2
= HPhHo,f |'4h|1,f | h||o,r 3 [ An PhnHo,r
We proceed as in the proof of Lemma 1 and arrive at, cf. (20),

_ n 1 K
AFRTH (i, Mgty + K08 —ppy — A+ - uy) > g|uh|%,f + §||Ph||%.f

h
n Yo ~
+ sl e+ (5 =Cn) hlls = inl r — COc+m) g1 = — Ccl 24

The rest of the proof follows again that of Lemma 1, with the only modification that
I pAhnH%I rather than ||psn||3 - will appear in the calculation (21). This gives now

t

Ct
2 2
1 ||lh||o,r - ZHPhHO,J—'

i — 2l =

which is established using Proposition 6 rather than Proposition 4. Substituting this
into the bound above and taking ¢, k, 1 sufficiently small leads to

_ n
ATRTH (i Ay + KV, —pi — Ay + ﬁlf}uh) > c|lup, pas Anll*

Finally, the test function (uj, + kv, —pp, — Ay + %Iﬁ” uy,) can be bounded in the triple
norm via (uy, py, A ). This ends the proof in the same way as as in the case of Lemma
1. O

Theorem 3. The following a priori error estimate hold under Assumption C for
method (30) with Py FE for v and Py_1 FE for p and A (k > 2):

u—upl1. 7+ |p = pallo.r + VRIA = Mllor
< CH(Julesr, 7+ Plr + | Alic1or) (4D

and, assuming the usual elliptic regularity (28) for the Stokes problem (27),
=20 < s+ s + Rl arlolar @)

forall @ € H3?(I").

Proof. The proof follows the same lines as that of Theorem 1. O
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3 Methods a la Burman-Hansbo.

We turn now to alternative methods generalizing that of [4, 5] to the Stokes equa-
tions, cf. (6). The meshes and FE spaces follow the same pattern as before, cf. (7).
We shall employ either Py or P; FE for A and several choices for velocity and pres-
sure. The method reads:

Find (up,, pp, An) € Vi X Qp X W, such that

ABH?livar((uhaph7)Lh;vhaql’nuh) = E(Vhauh)v V(Vhthv.uh) € ‘/h X Qh X Wha
(43)

where
ABH=Ivar (4 p Aiviq, ) = A, p, Asv,q, 1) + S5 (A, 1) + Sy (p,q)

Here, S} (A, ) with [ € {0, 1} is the stabilization term for Lagrange multiplier dis-
cretized by P; FE. We set

S ==vh ¥ [[21-la] and 8}(a.p) =yt [ VA:Va

r
E€E;,

Moreover, Sp*(p,q) with var € {BP,IP,TH} is the stabilization term for pressure
chosen accordingly to the velocity-pressure FE-pair as in the following table

Velocity FE|Pressure FE|Acronym |Stabilization

Py Py BP S, (p.q) ==K’ [z Vp-Vq
Py Po Ip Sy (p.q) = —0hYice, Jclplld]
P Py TH S (p.q)=0

Note that higher order Taylor-Hood spaces (P,—Px_ for k > 2) can also be used but
one should choose then another stabilization for A which we do not develop here.
Remark: The stabilization term S /{ (A, ) does not correspond precisely to the one
introduced in [S] where the jumps in derivatives over elements sides are used. Adap-
tation requires future investigations.

One can show that all the choices above lead to inf-sup stable methods. We pro-
vide here a detailed proof for the case AB#~1-BP (thus employing IP; FE for all the
3 variables) and comment briefly on other cases below.

Proposition 11. Let V;,, Q;,, W), in (7) be P FE spaces on respective meshes. Under
Assumption B, there exists an interpolation operator I}; ‘HY(F )d — V), such that

Iy viF+ —Iivllor <CP|ir (44)

|
— v
Vh
and for all A, € W,

[ 6= 1) <l e A, gy 43)
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Proof. One can cover ]-",{ by patches I}, k = 1,..., Ny such that

1. Each IT; is a connected union of elements of 7;11“ and the number of elements in
I is uniformly bounded;

2. There exist sub-patches IT° C I1Y C ITy, k= 1,..., Ny, which are also connected
unions of elements of TF and have the following properties: HO and HO are
disjoint if k # [; HO contains all the neighbors of elements in I'IO0 [N I'IOO\ >
ch?=! with a mesh-independent constant ¢ > 0.

One can then construct a partition of unity { ¥} subordinate to {IT; }, i.e. ZkNg Lok =
1 and (p(k) >0on FI, supp (p<k) C Iy, and moreover (p(k) =1lon H,?.
Let vﬁlk> be a PP finite element function equal to 1 on ITY° and vanishing at all

the nodes of 7,¢ outside Hilgo. Recall the interpolation operator I} from Lemma 2
(k, = 1) and set

V—I” +Z—fr(p I V)v(k)
k=1 fr(P

By construction, supp vék) C Hk0 so that [~ (p<k) Vh =0 for k # [. Thus, the definition
of II" entails

/<p<")(v—1,{v) —0, Vk=1,... Ny
r

so that, for any A, € W,
Jura o=t = L/w (=20 (=)
Y 5 (k) r
< Y =4, Noram v —1I; vilornm, —(46)
k=1

oa(k .
with l,g ) = ﬁ Jm, An- By scaling

HM—MWWwyS%WHMMM—M)

Moreover, since 0 < v}(lk), o™ < 1and Ir o > meHOO o™ > ch for all k,

oo, 17, < CVR|24]1,m, 47)

(Z)HO,FﬁHkHv I vHOFnHkH lo
Chd I Vi llo,rnIiy

<Clv—Evllornm < CVh| g (48)

T u o H(p
lv—"1, vllornm < ||V*IhV||0,FmHk+Z
=1

where ITj is the set of mesh elements touching IT,. We have used here Lemma 2
with s, = 0 and the fact that the number of patches II; intersecting a given patch II;
is uniformly bounded. Substituting (47) and (48) into (46) yields (45). Incidentelly,
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(48) also proves the L>(I") bound in (44). The H'(F) bound in (44) is established
in the same way as in (48) noting that |v§lk) 17 < Ch8'forallk. O

Lemma 3. Under Assumption B, for any 7v,0 > O there exists a mesh-independent
constant ¢ > 0 such that

ABH*I*BP(

uh7ph7)‘h;vh7qh7.uh)
inf sup
(uh sPhs 2'h)EVhXQhXVVh (‘haqh ph)th XQhXWh |||uhaph7lh|” |||Vh7qh7‘u'h|||

where the triple norm is defined by
1/2
llu, p, Al = <|u|1 7 1PIS 7+ 1Pl 7o +hIAIG - +H2|ALT g ||“||(2),r>
Proof. Take A;, € W, and consider v;, € H'(F)? the solution to
1
/vvl:wjuf/vl-w:/xh-w Ywe HY(F)? (49)
F hJr r
Taking w = v, here yields
" 1
J v =+ L lvalBr (50)

Hence, with the aid of the interpolation operator IhF introduced in Proposition 11,

1
/F/lh-IhFVAZ/Flh-VA—/Fflh-(VA—IhFVA)Z\VA|%.f+*|\VA||3F—C/’1W|1J,{\V/1|1,F
1
Shaliz+4 HWL”OF CR M} g (51)

Let Ih be the P; FE function on F} that vanishes at all the interior nodes of .7-",’; and
coincides with A; on .7-'hF . Taking w = A;, in (49), we observe for any o > 0

~ 1
H/lhl\%,r:/ Vo, :Vthrf/v;ylh
F h

\V/1|1f+ |/1hlf+ |V/1||01"Jr |Mh||01“ (52)

<1 |
~ 2ah h?

Using a scaling argument and the fact that Bl = F\ ]-';; is a strip of width &, we get
A} 7 < [ Al? Fi H?thzfr < hlllhlloaf, +|7th\1fr
(HMHOF +h|/1h|1;r +|)“h\1;r < - MhHor +C\7Lh|1fr (53)

Substituting this into the preceding estimate and taking o sufficiently small yields
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1 1 1 Coh
||7Lh||(2),r < Sah [va ‘%,]—' + hﬁ”"l H(Z),F + EH}%H%J“ + T'Ahlifhr (54)

so that

1
valiF+ E”V/l”(z),l“ > Chl|[A4[Ig - —Ch? |24 ifhr

and, by (51),

/F D1} v3, > CHIMI = CIPIA ) o

Recall that we have a similar bound (19) involving v, defined by (18) and inter-
polation operator I,? from Lemma 5. This allows us to control the pressure. Thus,
for any x,p,n >0

1 n
ABH=Y=B (4o Ay v+ KLV, + I vy —pu, — A+ El;%uh) >

2/|D(up) 5.7 — Clunly 7 (KIvyl1, 7 + Pl vali F)
+ K||Ph||(2),.7-‘ —Cl|pnllo.7(xhlpal1 7 +pllfvaliF)
+ |2l = COR Al -+ 5l = 51l — ol
+ }’hz\lhﬁfhr - Ynh|/1h|1,g{|lfuh|1,f,{ + 0% | pi |

with a constant C > 0 independent form the mesh and from the parameters x, p, 1, 7,
6. We now apply Korn inequality (17), the Young inequality and the bounds similar
to those used in the proof of Lemma 1, such as |I}v,|1, 7 < Cllpallg 5 I} val1.7 <

Chvalir <CVR| o ps llun— L unllo r < CVh|uy

particular, the bound |v; |1, 7 < V|44 jo.r- follows from (50) and Cauchy-Schwarz
inequality. This yields

17> [l unly r < Cluy|y 7. In

1 n
ABHA BP(Mh,Ph’/lh;VthKI,?vp+P1{V17*Ph,*7Lh+El;%uh)

K 2 2 » P’ 2
> (K=Cn)lusl1.z+ (5 =) lpalld 7+ € (p—p? = B ) hl 2
n
+(O=CRIPIpil} 7+ (r=Co =Pl o+ Sl >l prs 22

if k,p,n > 0 are chosen sufficiently small. In particular, p should be small with
respect to K.

On the other hand, the test function (u, + Klfl)v,, + pIth;t, —Pny—An + %Iﬁ”uh)
can also be bound from above in the triple norm by ||uy, ps, A thanks to the
bounds listed above and to the estimate derived from (44) and (50): ﬁ 1Evallor <

ﬁ [vallo.r +Clva 1.7 < CV/h|| An|lo.r- This leads to the announced inf-sup estimate.
O

Analogous inf-sup lemmas can be proved for all the other variants of method
(43) introduced above. in particular, the adaptation to the case BH — 1 —TH is very
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simple: one should just use the velocity-pressure inf-sup Lemma 10 (valid under As-
sumption C). The adaptation to the case BH — 0 — I P requires some more substantial
changes in the proofs that we outline below:

e The term h|)Lh|1J_—hr should be replaced by \//;Mh\ghr = \/EZEes,{ ||[),h]||aE in
both (45) and in the definition of the triple norm in Lemma 3 . The proof of

Proposition 11 follows then the same lines as before. Note in particular that in-
equality (47) remains valid if one changes its right-hand side to C|A| ernm, =

CYeeernm N24]l5 -
e The estimates in (52)—(54) are easily adapted to the case of Py FE for Ay, if one
redefines there A;, as an interpolation of A, to the P FE space on F/ , extended

to Fy by setting to 0 its values at all the interior nodes of 7} . In particular, A, can
be constructed so that

12 = Zallo.r + VAl g < Claler

Using this bound, one arrives at (52) with |A;|, Fr replaced (here and in all the
subsequent inequalities) by ﬁ 2l er-

Having at our disposale the inf-sup lemmas of the type 3, it is easy to establish
the convergence theorems completely analogous to Theorems 1, 2, and 3.

Theorem 4. Consider the three variants of method (43): BH — 1 — BP under As-
sumption B with Py FE forv, p and A; BH — 0 — IP under Assumption B with P\ FE
for v and Py FE for p, A; BH — 1 — TH under Assumption C with Py FE for v and
Py FE for p, A. The following a priori error estimates hold for these methods with
k denoting the degree of FE space V),

u—up|1, 7+ | p— pallo.z + VA = Anllor
< CH(|ulir 7+ [PleF + 1A k1 2r)

and

[~ 20| < CH -+ ol + 1o 9o
forall @ € H3?(I')

Proof. The proof follows the same lines as that of Theorem 1. In particular, all the
necessary interpolation estimates can be taken from Proposition 2. Note that wa
no longer require Assumption A there since it is only necessary for the estimates

involving 1754 and I’p. O
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4 Numerical experiments

In this section we present some numerical tests. The fluid-structure domain D O F
is [0, 1}2. The exact solution for the velocity and the pressure is

Uer(x,y) = (cos(7mx) sin(7y), — sin(7x) cos(y)),
Pex(x,y) = (y —0.5) cos(2mx) + (x — 0.5) sin(27y).

Dirichlet boundary conditions are imposed on I,,,; and I" using u, (contrary to
(4) we have non homogenous conditions but the analysis presented in the paper
remains valid). The domain is represented in Fig. 1 to describe fluid part F outside
the structure defined by a disk centered in [0.5,0.5] of radius R = 0.21, see Fig.
2. In practice, the boundary of the disk I" is defined by level-set. For all tests, the
threshold ratio 6,,;, (Definition 1) for the “robust reconstruction” is fixed to 0.01
and we use Y = 8y = Y= 0.05.

In the following, U, P and A are the degrees of freedom of uy, p, and Ay re-
spectively, with {¢;, },{w;, },{&;, } being the selected basis functions of V;,, O, and
Wi (jus Jjp» Ja are indexes similar to iy, iy, iy). In the experiments, the system is
solved using direct solver Mumps.In the numerical tests we compute the error on
the resulting force exerted by the fluid on I" by plotting the quantity | [i-(A —A;)|.
Rates of convergence are computed using regular meshes based on uniform reparti-
tion of N points (N = 10,20,40, 80, 160) on each side of the boundary I,,,;. So for
the tested configuration (and fixed threshold), three meshes require to use “robust
reconstruction” (Definition 1). More precisely, for N = 20,40 and 160 we have 8,8
and 56 triangles concerned respectively.

4.1 Fictitious domain without any stabilization.

First, we present numerical tests without any stabilization corresponding to (6). The
linear system to solve is of the form

K BT cT U F
B0 O Pl=1]0 (55)
cCo0o0 A G

where K, B, C, F and G are

l,,],, /D¢lu . ¢./u)( zu/p /l[/delV ¢lu luu /CJ)L(plu

= [ 0w (@) = [ s,

Rates of convergence are presented in Fig. 4 for the couples of spaces P, — P| —
Py, P, — P| — Py (velocity-pressure-multiplier) and the choice P; — P; for velocity-
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pressure which suffers of course from the non-satisfaction of a mesh-independent
inf-sup condition. It has to be stressed that in all the experiments without stabiliza-
tion, and particularly for the P — P; case, a singular linear system can be obtained.
However, if we consider P; (see Figure 4) for the multiplier, the resulting system is
non-singular contrary to lower degree Py and as expected the solution is not good.
For P, — Py (u, p) couple, optimal convergence is observed for all unknowns. How-
ever, some problems could remain with too small intersections of elements with
F. In the present configuration, this situation is limited. We refer to [7] where this
aspect is addressed.

velocity velocity
1 £ ——— . ey 10 . — . — 3
0.1 F \/\/ 1 \/\/‘ |
] 1E E
001 | 1 ]
3 0.1 F E
0.001 £ 1 = ]
3 g 1
[ 5
0.0001 £ - oy 0.01 + 3
le—05 & 4 = 1
F ] 0.001 -
le—06 & h ]
[ P, — Py — Py (slope=2.991) —— ] 0.0001 » — Py — Py (slope=1.986) —— _|
le—07 P, — Py — Py (slope=2.745) X - : P, — Py — Py (slope=1.592) X 1
[ Py — Py — Py (slope=0.905) —+— ] P — Py — P, (slope=0.170) —+— |
le—08 | . . N le—05 . . | . . P
0.001 0.01 0.1 0.001 0.01 0.1
h h
pressure multiplier
le+16 T T T T T T le+15 T T T T T T
[ ; B Py — P, — Py (slope=3.010) —— ]
ted 14 1 —— 1 Po— P — R (slope=2.927) - - x 1
le+12 - B le+10 = Pi—P —P (slope=7.852) —s— 1
le+10 - ] 1
le+08 - — 1
b p = 100000 [ B
le+06 - % — Py — Py (slope=2.011) —+— 1 s 100000 1
L' P—P —P(slope=1.644) - x -- «‘ ]
10000 \ — Py — Py (slope=0.543) —«— N < n R
100 - B = ]
e 7 ]
0.01 + ] le-05 ]
0.0001 X B ]
le—06 P | . P le—10 . P |
0.001 0.01 0.1 0.001 0.01 0.1
h h
Fig. 4: Rates of convergence without stabilization for ||u—uy|lo 7, |4 —un| 1,7, ||p — Pallo,7 and

|r(A =)

4.2 Methods a la Barbosa-Hughes.

For the methods a la Barbosa-Hughes, some stabilization terms (multiplied by /)
are added to the system (55) to have
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K+SI BT 481 T 451

U F
B+slh, sk, st Pl=10 (56)
N it i A
C+ Su(;L Spok S?LO)L G

where

(SI01,5, = —40h [ D n.D(0;)n, (SIy), . =2wh [ D@ Inwm. (S8), , =—2mh [ D@L,

(SZ(}’)i],jp = _')/Oh/r Wi,, w/p’ (SZOX)I-[’J-)L = Yoh/r l’/i/?n'le7 (SKOA),‘“A = _}/Oh‘/r Cil 'Cj)L
Notice that no “robust reconstruction” is done using ”good elements” (Defini-
tion 1). Small intersections with the domain occur and no particular treatment are
realized. We report in Fig. 5 the rates of convergence that are already observed in
[8]. The spaces considered are the same as the previous tests (without stabilization).
Results for velocity and pressure are similar with rates of convergence of same op-
timal order. The improvement is clear for P — P; — P; where the force on I" is well

computed with optimal convergence.

velocity velocity
0.1 ¢ — 1 —
0.01 - 1
0.1 _
0.001 1 » ]
[ g 001 b E
0.0001 £ b E ]
le—05 | - L ’
= E 7 = 0001 & E
le—06 ] |
t P, — P — P (slope=2.991) —+— - 0.0001 P, — P — Py (slope=1.948) —+— o
le—07 & Py~ P — Py (slope=2.699) - x Py~ Py — Py (slo 1
L Py — P — Py (slope=2.117) —s— | P — P, — P, (sloy B
le—08 Il . P le—05 . P | . .
0.00 0.01 0.1 0.001 0.01 0.1
h h
pressure multiplier
10000 F ! e ! ————— 0.01 ! e ! ey
1000 | B i
F ] 0.001 ]
100 F N Bl
10 £ e ~0.0001 £ E
L % — P — Py (slope=2.003) —+— ] < 1
[ Pr—P—P(slope=1.654) - - x ] Lo le—05 ]
0.1 & P —P — P (slope=-0.636) —s— N 3 3
001 e T le—06 & B
0.001 3 le—07 L P, — P, — Py (slope=3.123) —+— ]
0.0001 £ 1 P, — P — P (slope=3.264) - x - ]
E B | — Py — Py (slope=1.998) —s— |
le—05 Il . P le—08 . P | . P
0.001 0.01 0.1 0.001 0.01 0.1
h h

Fig. 5: Rates of convergence with Barbosa-Hughes stabilization for ||u — up||o, 7, ||u — un
[P = pallo.F and [ (A — 2y)]

LF>
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4.3 P — IP; velocity-pressure spaces with Brezzi-Pitkdranta
stabilization.

Here, the system (56) is modified using Haslinger-Renard strategy with good ele-

ment (Definition 1) for u only (specified with i instead of u) and adding one term
)

Spp defined by

590) :—GhZ/ V. Vi
(1’” inip 0 Fe Yip- Y Vi

For that choice, the method is robust. The convergence is clear with optimal
rates of convergence. Notice better results as expected by theory are observed for
pressure which is more concerned by the stabilization. The difference between P; —
Py— Py and P — Py — Py is very small (see the slopes). Considering low degree for
the multiplier doesn’t affect the global accuracy of the solution.

K+5% BT 4807 T 4517

an Tﬁ?u U F

B+SP Sh+sp  S1 /1: = g (57)
N N )

C+S8i Si Sia

4.4 P; — Py velocity-pressure spaces with interior penalty
stabilization.

The system corresponds to (57) where Sz(}, is replaced by ng] 7] where

Y [l

s% = —@oh
( [P][P])ipjp EGSZ E

Then the systems is given by

K+88 BT +SM T8l

U F
% 0 6o wT _
C+S;, Spk S

The spaces used for that stabilization are similar as Brezzi-Pitkaranta stabiliza-
tion (and Haslinger-Renard strategy for u only). The results can be compared expect
for the pression which less accurate. Here again, the difference between P; — Py — P;
and P, — Py — Py is very small (see the slopes).
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velocity velocity
0.01 ¢ T ———— T —— 3 1 T —— 7 T
0.001 i 1
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x 1
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0.001 L le—05 L
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Fig. 6: Rates of convergence with Brezzi-Pitkaranta stabilization for ||u —usllo 7, ||u—un||1 7,
lp = pullo.F and | [r(A — A)]

4.5 Taylor-Hood spaces.

Here, the system (56) is modified using good elements (Haslinger-Renard, Defini-
tion 1) for u and p (specified with #& and p instead of u and p).

K+58 BT 481 T 41"

uu T U F

Y 7] 30) _
0 I S A B B ©?
C+Sim Si Sir

Comparing to the results presented in section 4.2 and Fig. 5, the elements having
a too small intersection with the domain are selected to apply “robust reconstruc-
tion” for velocity and pressure. However the effect is not important due to the simple
configuration considered in the present study and we refer to the paper [7] for more
considerations. So it is natural to observed some results very close to the ones given
in Fig. 5.
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velocity velocity
0.01 1 ; —_—
0.001 E B ~
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Fig. 7: Rates of convergence with Interior Penalty stabilization for ||u — up||o, 7, ||t —us||1, 7,
[P = pallo.7 and | [-(A — A)]
4.6 Methods a la Burman-Hansbo.
For the methods a la Burman-Hansbo, some stabilization terms (multiplied by 7y) are
added to the system (55) to have
KB CT\ /yuy F
6
B 0 Pl=|o0 (60)
Cos/)\A G
forl; =0,1and [, =0,1,2 with
14 — (gr0 — 1.0 Y _ (1l — 2 , ,
(So)im - (S[A][)L])i i _thEe.ShF Jel&in - 185,05 (Sl)im - (S“)im =—h f}—hr V&V,
6o __ ¢bo 6o _ ¢ 6o _
So =Spp, S = S[p][p]7 S§' =0

No robust reconstruction” are used and the orders for the finite element spaces
govern the stabilization terms to introduce. Depending on the space for the multi-
plier, we use Sg and S}' for Py and P; respectively. Associated to the velocity, we
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Fig. 8: Rates of convergence with Taylor-Hood stabilization for |[u —uy||o, 7. ||u— up|[1, 7,
[P = pallo.F and | [-(A — 24)|

don’t add more stabilization term ([, = 2, only S;; is considered) for P, contrary to

Py for velocity coupled with P, for pressure that requires the introduction of SZ? for
I, =0, 1. We recover the optimal rates of converges with classical improvement us-
ing higher degree. The results for P, — P — Py can be compared to the ones obtained
using the Taylor-Hood stabilization (see Fig. 8).

5 Conclusion

In this paper, we propose methods that are very interesting to consider in the context
of fluid-structure interaction with complex interface. We combined the Barbosa-
Hughes approach with several stabilization strategies involving a “robust recon-
struction” (Haslinger-Renard) when there are small intersections with the domain.
The error estimates proven theoretically under non-restrictive assumptions are ob-
served numerically. Alternative methods a la Burman-Hansbo are considered theo-
retically and numerically for Stokes problem and allow to recover similar results.
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Fig. 9: Rates of convergence with Burman-Hansbo stabilization for |u —uyllo, 7, ||u— un||1 7,
[P = pallo.F and [ [-(A = 24)|
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