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Abstract: We study the numerical approximation of the fluid structure interaction for
stabilization of the fluid flow around an unstable stationary solution in a two dimensional
domain, in the presence of boundary perturbations. We use a feedback control law recently
proposed in [Airiau et al. (2017)] which is able to stabilize the nonlinear semi-discrete controlled
system and based on the fluid only. Using Dirichlet boundary feedback, we deduce a boundary
structure displacement. The fluid structure closed loop feedback is tested numerically using a
fictitious domain finite element method based on extended Finite Element.
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1. INTRODUCTION

We study the numerical approximation of the fluid struc-
ture interaction stabilizing the fluid flow around an un-
stable stationary solution in a two dimensional domain,
in the presence of boundary perturbations. The control
is applied through a local deformation of the structure.
The goal of the article is to propose a simple numerical
feedback control based on the fluid flow using Dirichlet
boundary condition and recently introduced in [Airiau
et al. (2017)]. This feedback control is able to stabilize
the nonlinear semi-discrete controlled system coming from
a Finite Element approximation using conforming mesh
refined around the structure. Such control corresponding
to suction/blowing type was extensively studied in litera-
ture [He et al. (2000); Bergmann and Cordier (2008); Park
et al. (1994)].

More recently, interests are focused on morphing control
type. This concept suggests continuous adaptive defor-
mations of the structure see [Ndiaye (2016)] for control
theory and [Dearing et al. (2010); Garland et al. (2015)]
for pratical issue. In the present work, we propose a new
strategy to define such feedback control (based on fluid
only) to deduce the structure displacement. Numerical ex-
periments require particular attention to match the motion
of the structure into the fluid. This difficulty is address
using fictitious domain approach based on extended finite
element method (see [Court and Fournié (2015)]) which
is interesting for the closed loop system. In particular,
no numerical instability is introduced with some risks to
destabilize the flow. The motivation of that work is to
propose an efficient coupling that can be easily adapted to
more complex models.

� M. Fournié would like to thank ANR-Labex CIMI and RTRA-
STAE-Foundation (Project DYNAMORPH) for their supports (sab-
batical year at Imperial College).

Fig. 1. Geometric configuration.

The outline of the paper is as follows. In Section 1, we
define the feedback control issue from the fluid. In Section
2, the fictitious domain method is introduced. Next in
Section 3, we present the closed loop algorithm coupling
fluid and structure. Finally, in Section 4, we perform
simulations and the conclusion is given in Section 5.

2. FLUID CONTROL STRATEGY

The geometrical domain is a rectangular channel Ω = F ∪
S where F stands for the fluid domain and S for the
structure (modeled by a disk), see Fig. 1. We consider the
case where the boundary Γ = Γd ∪ Γn, Γd is the part of
Γ where Dirichlet boundary conditions are prescribed, Γn

is the part of Γ where Neumann boundary conditions are
prescribed and Γc corresponds to the boundary of the disk
included into Γd.

The fluid is modeled by the Navier-Stokes equations

∂w

∂t
+ (w · ∇)w − divσ(w, q) = 0, divw = 0 in Q∞,

w = us + vc + vd on Σ∞
d = Γd × (0,∞),

σ(w, q)n = 0 on Σ∞
n = Γn × (0,∞),

w(0) = ws on F ,
(1)

where Q∞ = F × (0,∞), σ(w, q) = 2νD(w) − qI is
the Cauchy stress tensor with D(w) = 1

2 (∇w + (∇w)T ),
ν > 0 is the kinematic viscosity of the fluid, w denotes the
fluid velocity, q the fluid pressure, ws is the stationary
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velocity (coming from (ws, qs) the unstable solution of
the stationary Navier-Stokes equations), vc is the control
function with support in Γc×(0,∞) ⊂ Σ∞

d , us is supported
in Γi ⊂ Γd, and vd is a time dependent disturbance, with
support in Γi × (0,∞). We choose vc of the form

vc(x, t) =

Nc∑
i=1

vi(t) gi(x). (2)

The functions gi are the supports of the actuators, their
location can be chosen in specific control zone Γc to im-
prove the efficiency of the control (see [Airiau et al. (2017)]
for the characterization of the best control location). The
function v = (vi)1≤i≤Nc is the control variable. Setting
z = w − ws and p = q − qs, the nonlinear system satisfied
by (z, p) is

∂z

∂t
+ (ws · ∇)z + (z · ∇)ws + (z · ∇)z − divσ(z, p) = 0,

div z = 0 in Q∞, z = vc + vd on Σ∞
d ,

σ(z, p)n = 0 on Σ∞
n , z(0) = z0 on F ,

(3)
while the linearized system is

∂z

∂t
+ (ws · ∇)z + (z · ∇)ws − divσ(z, p) = 0,

div z = 0 in Q∞, z = vc + vd on Σ∞
d ,

σ(z, p)n = 0 on Σ∞
n , z(0) = z0 on F .

(4)

2.1 Semi-discrete approximation and control strategy

When we approximate systems (3) and (4) by a finite
element method, the nonhomogeneous Dirichlet boundary
conditions are taken into account in weak form by adding a
Lagrange multiplier τ (t). We introduce finite dimensional
subspaces Xh ⊂ H1

Γo,i
(F ;R2) for the velocity, Mh ⊂

L2(F) for the pressure, and Sh ⊂ H−1/2(Γd;R2) for
the multipliers. We denote by (φi)1≤i≤Nz

a basis of Xh,
(ψi)1≤i≤Np

a basis of Mh, and (ζi)1≤i≤Nτ
a basis of Sh, so

z=

Nz∑
i=1

ziφi, p=

Np∑
i=1

piψi, τ=

Nτ∑
i=1

τiζi, z0=

Nz∑
i=1

z0,iφi, gi=

Nτ∑
k=1

gikζk.

(5)

To simplify the writing of the semi-discrete model, it
is convenient to concatenate the two Lagrange mul-
tipliers p(t) (the discrete approximation of the pres-
sure) and τ (t) into the vector η = (η1, · · · , ηNη )

T =

(p1, · · · , pNp
, τ1, · · · , τNτ

)T . If we denote by boldface let-
ters the coordinate vectors, and Nη = Np + Nτ , we
have z = (z1, · · · , zNz

)T , p = (p1, · · · , pNp
)T , τ =

(τ1, · · · , τNτ )
T ,v = (v1, · · · , vNc)

T , z0 = (z0,1, · · · , z0,Nz )
T.

When vd = 0 (to simplify the presentation), the finite
dimensional approximation of system (4) corresponds to

find z ∈ H1
loc([0,∞);Xh), p ∈ L2

loc([0,∞);Mh), and
τ ∈ L2

loc([0,∞);Sh) such that, ∀φ ∈ Xh

d

dt

∫

F
z(t)φ dx = a(z(t), φ) + b(φ, p(t)) + 〈τ(t), φ〉Γc ,

b(z(t), ψ) = 0, ∀ψ ∈ Mh,

〈ζ, z(t)〉Γd
=

Nc∑
i=1

vi(t)〈ζ, gi〉Γc , ∀ζ ∈ Sh where

(6)

a(z, φ) = −
∫

F

(ν
2
(∇z + (∇z)T ) : (∇φ+ (∇φ)T )+

((ws · ∇)z + (z · ∇)ws)φ) dx,

and b(φ, p) =

∫

F
divφ p dx.

We introduce the stiffness matrices Azz ∈ RNz×Nz , Azp ∈
RNz×Np , Azτ ∈ RNz×Nτ , Azη ∈ RNz×Nη , the mass matri-
ces Mzz ∈ RNz×Nz , Mττ ∈ RNτ×Nτ , Mηη ∈ RNη×Nτ , and
the matrix G ∈ RNτ×Nc defined by
(Azz)ij = a(φj , φi), (Azp)ij = b(φi, ψj), (Azτ )ij =
〈ζj , φi〉Γc

, Azη = [Azp Azτ ] ,

(Mzz)ij = (φi, φj), (Mττ )ij = 〈ζi, ζj〉Γc
, Mηη =

[
0

Mττ

]
,

and G is the matrix whose columns are the coordinate
vectors of the actuators gi. We recall that Nη = Np +
Nτ < Nz and that Azη is of rank Nη, so we have
[
Mzz 0 0
0 0 0
0 0 0

]

z′

p′

τ ′


 =



Azz Azp Azτ

AT
zp 0 0

AT
zτ 0 0



[
z
p
τ

]
−

[
0
0

MττGv

]
.

(7)

The two main difficulties to treat this problem are to
deal with nonhomogeneous boundary conditions when
the normal component of the Dirichlet boundary control
is not zero, and to deal with a controlled system of
large dimension (limitation to solve Riccati equation).
To address these difficulties, we introduce IΠ the discrete
Leray projector of the system and project the dynamical
system onto a space of small dimension. The system (7) is
written into the form

Mzzz
′(t) = Azzz(t) +Azηη(t), IΠT z(0) = IΠT z0,

0 = AT
zηz(t)−Mηη Gv(t).

(8)
We call the result proved in [Airiau et al. (2017)], (z,η) is
the solution of (8) if and only if it is the solution to

IΠT z′(t) = A IΠT z(t) +Bv(t), IΠT z(0) = IΠT z0,

(I − IΠT )z(t) = M−1
zz Azη(A

T
zηM

−1
zz Azη)

−1Mηη Gv(t),

η(t) = (AT
zηM

−1
zz Azη)

−1AT
zηz

′(t)−
(AT

zηM
−1
zz Azη)

−1AT
zηM

−1
zz Azzz(t),

(9)
where the infinitesimal generator A and the control oper-
ator B of the controlled system are defined by

A = IΠTM−1
zz Azz and

B = IΠAzzM
−1
zz Azη(A

T
zηM

−1
zz Azη)

−1Mηη G.

Thus, we have determined the pair (A,B) which is needed
for control strategy of the linearized system (8) (or (9)).
The family (gi)1≤i≤Nc

can be chosen in such a way that
the pair (A,B) is stabilizable in Ker(AT

zη).

2.2 The projected dynamical system

By using the real Jordan decomposition of AIΠT we have

Λ = E−1AIΠTE with Λ =

(
Λr 0R(Nz−d�)×d�

0Rd�×(Nz−d�) 0Rd�×d�

)
,

where d� is the dimension of Ker(AIΠT ) and Λr ∈
R(Nz−d�)×(Nz−d�) is invertible and is constituted of real
Jordan blocks associated with the eigenvalues of AIΠT
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with real parts different from zero. The matrix E ∈
RNz×Nz may be decomposed into the form E = [Er E�]
with Er ∈ RNz×(Nz−d�) and E� ∈ RNz×d� , and the
columns of E� generate Ker(AIΠT ). In particular, for a

given IΠT z, there is a unique ζ such that IΠT z = Erζ and
(9)1 is equivalent to an equation of the form

ζ′(t) = Λrζ(t) + Bv(t), ζ(0) = ζ0, (10)

where B = Bs + Bu, Bs and Bu are defined in (13). Due

to the definition of IΠT , we have RNz = Ker(AT
zη) ⊕

Ker(AIΠT ), and Ker(AT
zη) = ⊕λj �=0,Imλj≥0GR(λj), where

GR(λj) is the real generalized eigenspace associated with

λj ∈ spect(AIΠT ) (for the spectrum).We choose a family
(λj)j∈Ju containing all the unstable eigenvalues (with

nonnegative imaginary part) of AIΠT . For the direct
eigenvalue problem, we set

Zu = ⊕j∈Ju
GR(λj) = vect{e1, · · · , edu},

and for the adjoint eigenvalue problem, we set

Z∗
u = ⊕j∈Ju

G∗
R(λj) = vect{ξ1, · · · , ξdu}.

Thus, we have a decomposition of KerAT
zη of the form

Ker(AT
zη) = Zu⊕Zs with AZu ⊂ Zu and AZs ⊂ Zs,

(11)
and A|Zs

is exponentially stable.

We denote by Eu ∈ RNz×du the matrix whose columns
are (e1, · · · , edu), and Ξu the matrix whose columns are
(ξ1, · · · , ξdu), then we have

Λu = ΞT
u Azz Eu. (12)

We also need the matrices of the Lagrange multipliers asso-
ciated to the different families of eigenvectors introduced

above. For that, we set Ξη,u =

(
Ξp,u

Ξτ,u

)
∈ RNη×du the

matrix whose columns are (ηξ1 , · · · ,ηξdu ).

Projecting the system (10) onto Zu, we have

ζ′
u(t) = Λu ζu(t) + Bu v(t), ζu(0) = ΞT

uMzzz0, (13)

with Bu = −ΞT
τ,uMττ G. (Bs can be defined similarly by

projection onto Zs).

To stabilize system (9), it is sufficient to stabilize (13) the
equation satisfied by ζu and then to define a stabilizing
feedback law Ku using the solution Pω,u of an algebraic
Riccati equation. More precisely, for −ω < Re spect(Λu),
the following algebraic Riccati equation

Pω,u ∈ L(Rdu), Pω,u = PT
ω,u ≥ 0,

Λu + ωIRdu − BuBT
uPω,u is stable,

Pω,u(Λu+ωIRdu )+(Λ
T
u+ωIRdu )Pω,u−Pω,u BuBT

uPω,u = 0,
(14)

admits a unique solution Pω,u and we define

Ku = −BT
uPω,u Ξ

T
uMzz. (15)

The closed loop linear system

Mzzz
′(t) = Azzz(t) +Azηη(t),

z(0) = IΠT z0 +M−1
zz Azη(A

T
zη M

−1
zz Azη)

−1Mηη GKu z0,

AT
zηz(t) = MηηGKu z(t),

(16)
is exponentially stable (with decay rate governed by the
shift parameter ω).

Finally, the same linear feedback law Ku is used in the
nonlinear system (stabilizability can be proved using fixed
point argument).

3. FICTITIOUS DOMAIN APPROACH

For the numerical procedure to solve Fluid Structure
Interaction, a partitioned approach based on fictitious
domain is retained.

3.1 Extended Finite Element method with stabilization
terms

The fictitious domain for the fluid is considered on the
whole domain Ω = F ∪ S. Let us introduce three discrete
finite element spaces X̃h ⊂ H1

Γo,i
(Ω) for the velocity,

M̃h ⊂ L2(Ω) for the pressure, and S̃h ⊂ H−1/2(Γd) for the
multipliers. On the full domain Ω, we consider a mesh T h

with h = maxT∈T h(hT ), hT been the diameter of T .Finite

element discretizations can be defined on the spaces X̃h,
M̃h and S̃h. In order to separate the fluid domain and the
structure domain, we define spaces on the fluid part F and
on the interface Γs only, as

Xh := X̃h|F , Mh := M̃h|F , Sh := S̃h|Γs
.

Notice that Xh, Mh, Sh are respective natural discretiza-
tions spaces defined on the whole domain Ω except where
the basis functions are cutted by the structure. In that
case, eXtended Finite Element Method (Xfem) is used.
The standard finite element method basis functions (φi),
(ψi), (ζi) defined in (5) are multiplied by Heaviside func-
tions (H(x) = 1 for x ∈ F and H(x) = 0 for x ∈ S), and
the products are substituted in the variational formulation
of the problem. This strategy presents several advantages
in practice, however the order of convergence presents
numerical locking and stabilization must be introduced
to recover optimal convergence (see [Court and Fournié
(2015)] for Navier-Stokes problems). Applying Xfem strat-
egy with such penalization to the linearized Navier-Stokes
equation (7) we obtain
[
Mzz 0 0
0 0 0
0 0 0

]

z′

p′

τ ′


 =



Azz+A

γ
zz Azp+A

γ
zp Azτ+A

γ
zτ

AT
zp+A

γT
zp Aγ

pp Aγ
pτ

AT
zτ+A

γT
zτ AγT

pτ Aγ
ττ



[
z
p
τ

]

−

[
0
0

MττGv

]
,

(17)
where matrices indexed with γ are the contributions of
stabilization terms issue from the following bilinear forms
defined for z ∈ H1

loc([0,∞);Xh), p ∈ L2
loc([0,∞);Mh),

τ ∈ L2
loc([0,∞);Sh), and φ ∈ Xh, ψ ∈ Mh, ζ ∈ Sh, by

Aγ
zz(z, φ) = −4ν2γ

∫
Γ
(D(z)n) · (D(φ)n) dΓ,

Aγ
zp(φ, p) = 2νγ

∫
Γ
p (D(φ)n · n) dΓ,

Aγ
zτ (z, τ) = 2νγ

∫
Γ
τ ·(D(z)n) dΓ,Aγ

pp(p, ψ) = −γ
∫
Γ
pψdΓ,

Aγ
pτ (ψ, τ) = −γ

∫
Γ
ψτ · ndΓ, Aγ

ττ (τ, ζ) = −γ
∫
Γ
τ · ζdΓ.

3.2 Extension to Navier-Stokes problem

To consider the time evolution with time step dt and to
have unconditional stability of the scheme, we consider
an implicit discretization based on the backward Euler
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velocity (coming from (ws, qs) the unstable solution of
the stationary Navier-Stokes equations), vc is the control
function with support in Γc×(0,∞) ⊂ Σ∞

d , us is supported
in Γi ⊂ Γd, and vd is a time dependent disturbance, with
support in Γi × (0,∞). We choose vc of the form

vc(x, t) =

Nc∑
i=1

vi(t) gi(x). (2)

The functions gi are the supports of the actuators, their
location can be chosen in specific control zone Γc to im-
prove the efficiency of the control (see [Airiau et al. (2017)]
for the characterization of the best control location). The
function v = (vi)1≤i≤Nc is the control variable. Setting
z = w − ws and p = q − qs, the nonlinear system satisfied
by (z, p) is

∂z

∂t
+ (ws · ∇)z + (z · ∇)ws + (z · ∇)z − divσ(z, p) = 0,

div z = 0 in Q∞, z = vc + vd on Σ∞
d ,

σ(z, p)n = 0 on Σ∞
n , z(0) = z0 on F ,

(3)
while the linearized system is

∂z

∂t
+ (ws · ∇)z + (z · ∇)ws − divσ(z, p) = 0,

div z = 0 in Q∞, z = vc + vd on Σ∞
d ,

σ(z, p)n = 0 on Σ∞
n , z(0) = z0 on F .

(4)

2.1 Semi-discrete approximation and control strategy

When we approximate systems (3) and (4) by a finite
element method, the nonhomogeneous Dirichlet boundary
conditions are taken into account in weak form by adding a
Lagrange multiplier τ (t). We introduce finite dimensional
subspaces Xh ⊂ H1

Γo,i
(F ;R2) for the velocity, Mh ⊂

L2(F) for the pressure, and Sh ⊂ H−1/2(Γd;R2) for
the multipliers. We denote by (φi)1≤i≤Nz

a basis of Xh,
(ψi)1≤i≤Np

a basis of Mh, and (ζi)1≤i≤Nτ
a basis of Sh, so

z=

Nz∑
i=1

ziφi, p=

Np∑
i=1

piψi, τ=

Nτ∑
i=1

τiζi, z0=

Nz∑
i=1

z0,iφi, gi=

Nτ∑
k=1

gikζk.

(5)

To simplify the writing of the semi-discrete model, it
is convenient to concatenate the two Lagrange mul-
tipliers p(t) (the discrete approximation of the pres-
sure) and τ (t) into the vector η = (η1, · · · , ηNη )

T =

(p1, · · · , pNp
, τ1, · · · , τNτ

)T . If we denote by boldface let-
ters the coordinate vectors, and Nη = Np + Nτ , we
have z = (z1, · · · , zNz

)T , p = (p1, · · · , pNp
)T , τ =

(τ1, · · · , τNτ )
T ,v = (v1, · · · , vNc)

T , z0 = (z0,1, · · · , z0,Nz )
T.

When vd = 0 (to simplify the presentation), the finite
dimensional approximation of system (4) corresponds to

find z ∈ H1
loc([0,∞);Xh), p ∈ L2

loc([0,∞);Mh), and
τ ∈ L2

loc([0,∞);Sh) such that, ∀φ ∈ Xh

d

dt

∫

F
z(t)φ dx = a(z(t), φ) + b(φ, p(t)) + 〈τ(t), φ〉Γc ,

b(z(t), ψ) = 0, ∀ψ ∈ Mh,

〈ζ, z(t)〉Γd
=

Nc∑
i=1

vi(t)〈ζ, gi〉Γc , ∀ζ ∈ Sh where

(6)

a(z, φ) = −
∫

F

(ν
2
(∇z + (∇z)T ) : (∇φ+ (∇φ)T )+

((ws · ∇)z + (z · ∇)ws)φ) dx,

and b(φ, p) =

∫

F
divφ p dx.

We introduce the stiffness matrices Azz ∈ RNz×Nz , Azp ∈
RNz×Np , Azτ ∈ RNz×Nτ , Azη ∈ RNz×Nη , the mass matri-
ces Mzz ∈ RNz×Nz , Mττ ∈ RNτ×Nτ , Mηη ∈ RNη×Nτ , and
the matrix G ∈ RNτ×Nc defined by
(Azz)ij = a(φj , φi), (Azp)ij = b(φi, ψj), (Azτ )ij =
〈ζj , φi〉Γc

, Azη = [Azp Azτ ] ,

(Mzz)ij = (φi, φj), (Mττ )ij = 〈ζi, ζj〉Γc
, Mηη =

[
0

Mττ

]
,

and G is the matrix whose columns are the coordinate
vectors of the actuators gi. We recall that Nη = Np +
Nτ < Nz and that Azη is of rank Nη, so we have
[
Mzz 0 0
0 0 0
0 0 0

]

z′

p′

τ ′


 =



Azz Azp Azτ

AT
zp 0 0

AT
zτ 0 0



[
z
p
τ

]
−

[
0
0

MττGv

]
.

(7)

The two main difficulties to treat this problem are to
deal with nonhomogeneous boundary conditions when
the normal component of the Dirichlet boundary control
is not zero, and to deal with a controlled system of
large dimension (limitation to solve Riccati equation).
To address these difficulties, we introduce IΠ the discrete
Leray projector of the system and project the dynamical
system onto a space of small dimension. The system (7) is
written into the form

Mzzz
′(t) = Azzz(t) +Azηη(t), IΠT z(0) = IΠT z0,

0 = AT
zηz(t)−Mηη Gv(t).

(8)
We call the result proved in [Airiau et al. (2017)], (z,η) is
the solution of (8) if and only if it is the solution to

IΠT z′(t) = A IΠT z(t) +Bv(t), IΠT z(0) = IΠT z0,

(I − IΠT )z(t) = M−1
zz Azη(A

T
zηM

−1
zz Azη)

−1Mηη Gv(t),

η(t) = (AT
zηM

−1
zz Azη)

−1AT
zηz

′(t)−
(AT

zηM
−1
zz Azη)

−1AT
zηM

−1
zz Azzz(t),

(9)
where the infinitesimal generator A and the control oper-
ator B of the controlled system are defined by

A = IΠTM−1
zz Azz and

B = IΠAzzM
−1
zz Azη(A

T
zηM

−1
zz Azη)

−1Mηη G.

Thus, we have determined the pair (A,B) which is needed
for control strategy of the linearized system (8) (or (9)).
The family (gi)1≤i≤Nc

can be chosen in such a way that
the pair (A,B) is stabilizable in Ker(AT

zη).

2.2 The projected dynamical system

By using the real Jordan decomposition of AIΠT we have

Λ = E−1AIΠTE with Λ =

(
Λr 0R(Nz−d�)×d�

0Rd�×(Nz−d�) 0Rd�×d�

)
,

where d� is the dimension of Ker(AIΠT ) and Λr ∈
R(Nz−d�)×(Nz−d�) is invertible and is constituted of real
Jordan blocks associated with the eigenvalues of AIΠT
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method. Newton algorithm is used to address the non-
linearity. Particular attention must be done for a moving
particle problem. Indeed, at the time level tn+1 the solid
occupies S(tn+1) which is different from the previous time
level tn. So, the field variable at the time level tn+1 can
become undefined near the interface since there was no
fluid flow at the time level tn (S(tn+1) �= S(tn) for the
solid and F(tn+1) �= F(tn) for the fluid). In other words,
some degrees of freedom for the fluid part which are not
considered at the time level tn must be taken into account
at the time level tn+1, see Fig. 2. The velocity in that
points is estimated by simple interpolation based on the
velocity at the interface which is known at each time level.
The location of the interface is governed by level-set.

Fig. 2. Field variables in the shaded region are undefined
at time tn+1.

4. CONTROL FOR FLUID STRUCTURE MODEL

One classical approach (used to obtain stabilization re-
sults) is the employment of change variables to overcome
the difficulties introduced by the time dependence of the
computational domain see [Ndiaye (2016)]. The feedback
is then applied on one reference configuration (using a con-
forming mesh) and well defined at any time. However, this
strategy is CPU-time consuming (extra terms to consider)
and strongly dependent on the geometrical transforma-
tion. In the present work, we propose a new alternative
based on the tools presented above (no transformation,
non-conforming mesh).

On the hypothesis that the deformation of the structure is
imposed which is a realistic hypothesis, we want to define
a control under feedback form to govern this deformation.
One useful example is a normal deformation (displace-
ment) of two boundary zones (symmetric) and located in
Iθq = [θq−5◦, θq+5◦] for q = 1, 2 (aperture ωq = 10◦) (see
Fig. 3). One deformation in one zone is characterized by
one scalar dq that corresponds to a displacement equal to
dqg

θ
q (ϑ) (with n unitary outward normal at the boundary)

gθq (ϑ)=g

(
ϑ+(−1)qθ

θa
+
1

2

)
n(rc cos(ϑ),rc sin(ϑ))for q=1,2,

g(s)=G (10s)−G (10(s− 1) + 1) ,

G(s)=s3(6s2−15s+10) for s ∈]0, 1[ andG(s)=0 elsewhere.
(18)

Fig. 3. Location structure deformation at θ = ±95◦.

The numerical procedure to solve these FSI problems
is a partitioned approach that treats the fluid and the
structure as two computational fields.

The interfacial conditions (continuity of the velocity be-
tween the fluid and the structure) are used explicitly to
communicate information between the fluid and structure
solutions. Motivation of this approach is to integrate avail-
able disciplinary algorithms (for fluid and structure) and
reduce the code development time.

In order to propose a simple control strategy based on this
partitioned approach, we consider the feedback Ku in (15)
based on the fluid velocity defined on F(0) (considering
no displacement of the structure, F being fixed). The
feedback computed only once allows to determine the
velocity vc in (2) on Iθq using (15) by

vn
c = Ku(w

0 −ws).

The feedback Ku being defined on F(0), it can not be
apply when structure deformation is introduced. Indeed,
for FSI interaction, F(t) depends on time. To overcome
this difficulty (without using reference configuration),

• we extend by 0 the stationary solution ws defined on
F(0) the full domain Ω (so ws = 0 on S(0))

• according to the time, we define two zones where
the deformation acting, Ωd(t) = {F(t)\F(0)} ∪
{S(t)\S(0)}

• finally, we define an auxiliary velocity w̃ by

w̃n =

{
ws in Ωd(t

n),
wn on F(tn)\Ωd(t

n).

The auxiliary velocity w̃ presents the advantage to be
well defined at any time on F(0) where we can apply the
feedback Ku and then we can use

vn
c = Ku(w̃

n −ws).

Finally from this estimation, we deduce the displacement
of the structure dq by simple integration and update the
geometry (level-set) accordantly.

This approach can be justified by the fact that the instabil-
ity of our FSI model is managed by the fluid only (unstable
eigenvalues come from fluid). Moreover, the effect of using
w̃ is weighted by the fact that the measure of Ωd tends to
0 according to the time (depending on the choice of ω in
(14)).

4.1 Closed loop algorithm

For the closed loop system, we suppose that we have
access on F(tn) at the time level tn to (dn, wn, qn, τn),
the displacement, the velocity, the pressure, the multiplier,
respectively. Then we search to compute on F(tn+1) at the
time level tn+1 the solution (dn+1, wn+1, qn+1, τn+1). The
vectors of unknowns are denoted by dn+1,Un+1, P n+1,
Ln+1.

1– Newton algorithm. The computational domain
F(tn) is given by dn. We compute(Un+1,P n+1,Ln+1)

Muu
Un+1 −Un

dt
+AuuU

n+1 +N(Un+1)Un+1

+AupP
n+1 +AuλL

n+1 = F n+1,

AT
upU

n+1 +AppP
n+1 +ApλL

n+1 = 0,

AT
uλU

n+1 +AT
pλP

n+1 +AλλL
n+1 = Gn,
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where N(Un+1)Un+1 is the nonlinear term and Gn

represents the velocity imposed on the boundary of
the structure (on Iθq ) at the time level tn (explicit).

2– Auxiliary velocity. We define

Ũn+1 =

{
Us on Ωd(t

n),
Un+1 on F(tn)\Ωd(t

n).

3– Feedback control. We compute Cn+1 ∈ R2.

Ku(Ũ
n+1 −Us) = Cn+1.

4– Motion of the structure. We compute dn+1 ∈ R2

dn+1 = dn + dtCn+1.

5– Morphing.Update the geometry to determine F(tn+1)
from dn+1 (based on (18))

6– Update the velocity.We completeUn+1 defined on
F(tn) to F(tn+1). The solution on F(tn) ∩ F(tn+1)
remains unchanged while a simple interpolation based
on Cn and Cn+1 is completed (where new nodes
appear see Fig. 2).

5. NUMERICAL EXPERIMENTS

We consider the domain Ω = [−0.5, 2.25]× [0, 0.4] and the
cylinder is centered at the point (0.25, 0.2) with a diameter
D = 0.1. The parabolic inflow condition on Γi = {−0.5}×
[0, 0.4] is

us(−0.5, x2) = (u1
s, u

2
s)

T =
(
6
( x2

0.4

(
1− x2

0.4

))
, 0
)T

.

We define a triangular mesh (approximately 10.000 nodes)
with local refinement near the deformation zones (Iθq ).
In Fig. 4 we represent the immersed disk with refinement
near the boundary of the disk and a zoom on Iθq . The
best choice of locations Iθq are justified in [Airiau et al.
(2017)] and are fixed to θ = ±95◦. The refinements of the
mesh are used to ensure accuracy for any position of the
structure. Some points inside the disk are not used when
Xfem algorithm turns.

Fig. 4. The mesh with immersed disk.

The mesh is conform in the main part of the interface.
When the deformation occurs on Iθq , some elements are
cut by the interface see Fig. 5.

Fig. 5. Level-set to describe the displacement.

We use Taylor-Hood P2−P1−P0 finite element (with Xfem
discretization) for the velocity, the pressure and the La-
grange multipliers respectively that brings to approxi-
mately 200000 degrees of freedom. The time step dt =
10−3 and Re = 100.

To define the feedback Ku, for the linearized Navier-Stokes
equation, we solve some eigenvalue problems using Arnoldi
method with a ’shift and inverse’ (Arpack library) (a shift
parameter fixed at 10 and a size of the small Hessenberg
matrix equal to 400) see Fig. 6. As expected we have two
unstable eigenvalues λ1 = 2.344± 17.542i (λ2 = λ1) that
are used to define the reduced model (small Riccati (14)).

Fig. 6. Eigenvalues for Re = 100 (Im(λ) versus Re(λ)).

In order to test the efficiency of the feedback law, we
introduce a boundary perturbation µ(t)h(x) in the inflow
boundary Γi × (0,∞), localized in time (here t = 0)

and defined by f(t, x2) = 0.375 e−30t2
(
σ(ξ1,pξ1)n.n, 0

)T
,

where σ(ξ1,pξ1)n.n (see Fig. 7) is the most destabilizing
boundary perturbation (see [Airiau et al. (2017)] for more
details).

Fig. 7. Inflow perturbation (σ(ξ1,pξ1)n.n versus x2).

Such perturbation is approximately equal to 1/2 of the
maximum value 3/2 of the inflow boundary condition.
The perturbation is maximum at t = 0 and the control
is all the time applied. For Re = 100, it is well known
that without control vortex street appears. In Fig. 8, we
report the evolution of the control vc corresponding to the
velocity used to determine the deformation at the upper
part of the disk (lower part is symmetric) and the evolution
of the L2-norm of the closed-loop solution z = w −ws.

In Fig. 9, we plot the evolution of the displacement for
the upper part (lower part is symmetric). The maximum
amplitude of the displacement is 0.0076 (for t = 0.059)
which corresponds to 7% of the diameter of the disk.

In Fig. 10, we report the velocity when the displacement
is maximum and the streamlines at the same time (some
recirculation near the bump on the upper part appears).
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method. Newton algorithm is used to address the non-
linearity. Particular attention must be done for a moving
particle problem. Indeed, at the time level tn+1 the solid
occupies S(tn+1) which is different from the previous time
level tn. So, the field variable at the time level tn+1 can
become undefined near the interface since there was no
fluid flow at the time level tn (S(tn+1) �= S(tn) for the
solid and F(tn+1) �= F(tn) for the fluid). In other words,
some degrees of freedom for the fluid part which are not
considered at the time level tn must be taken into account
at the time level tn+1, see Fig. 2. The velocity in that
points is estimated by simple interpolation based on the
velocity at the interface which is known at each time level.
The location of the interface is governed by level-set.

Fig. 2. Field variables in the shaded region are undefined
at time tn+1.

4. CONTROL FOR FLUID STRUCTURE MODEL

One classical approach (used to obtain stabilization re-
sults) is the employment of change variables to overcome
the difficulties introduced by the time dependence of the
computational domain see [Ndiaye (2016)]. The feedback
is then applied on one reference configuration (using a con-
forming mesh) and well defined at any time. However, this
strategy is CPU-time consuming (extra terms to consider)
and strongly dependent on the geometrical transforma-
tion. In the present work, we propose a new alternative
based on the tools presented above (no transformation,
non-conforming mesh).

On the hypothesis that the deformation of the structure is
imposed which is a realistic hypothesis, we want to define
a control under feedback form to govern this deformation.
One useful example is a normal deformation (displace-
ment) of two boundary zones (symmetric) and located in
Iθq = [θq−5◦, θq+5◦] for q = 1, 2 (aperture ωq = 10◦) (see
Fig. 3). One deformation in one zone is characterized by
one scalar dq that corresponds to a displacement equal to
dqg

θ
q (ϑ) (with n unitary outward normal at the boundary)

gθq (ϑ)=g

(
ϑ+(−1)qθ

θa
+
1

2

)
n(rc cos(ϑ),rc sin(ϑ))for q=1,2,

g(s)=G (10s)−G (10(s− 1) + 1) ,

G(s)=s3(6s2−15s+10) for s ∈]0, 1[ andG(s)=0 elsewhere.
(18)

Fig. 3. Location structure deformation at θ = ±95◦.

The numerical procedure to solve these FSI problems
is a partitioned approach that treats the fluid and the
structure as two computational fields.

The interfacial conditions (continuity of the velocity be-
tween the fluid and the structure) are used explicitly to
communicate information between the fluid and structure
solutions. Motivation of this approach is to integrate avail-
able disciplinary algorithms (for fluid and structure) and
reduce the code development time.

In order to propose a simple control strategy based on this
partitioned approach, we consider the feedback Ku in (15)
based on the fluid velocity defined on F(0) (considering
no displacement of the structure, F being fixed). The
feedback computed only once allows to determine the
velocity vc in (2) on Iθq using (15) by

vn
c = Ku(w

0 −ws).

The feedback Ku being defined on F(0), it can not be
apply when structure deformation is introduced. Indeed,
for FSI interaction, F(t) depends on time. To overcome
this difficulty (without using reference configuration),

• we extend by 0 the stationary solution ws defined on
F(0) the full domain Ω (so ws = 0 on S(0))

• according to the time, we define two zones where
the deformation acting, Ωd(t) = {F(t)\F(0)} ∪
{S(t)\S(0)}

• finally, we define an auxiliary velocity w̃ by

w̃n =

{
ws in Ωd(t

n),
wn on F(tn)\Ωd(t

n).

The auxiliary velocity w̃ presents the advantage to be
well defined at any time on F(0) where we can apply the
feedback Ku and then we can use

vn
c = Ku(w̃

n −ws).

Finally from this estimation, we deduce the displacement
of the structure dq by simple integration and update the
geometry (level-set) accordantly.

This approach can be justified by the fact that the instabil-
ity of our FSI model is managed by the fluid only (unstable
eigenvalues come from fluid). Moreover, the effect of using
w̃ is weighted by the fact that the measure of Ωd tends to
0 according to the time (depending on the choice of ω in
(14)).

4.1 Closed loop algorithm

For the closed loop system, we suppose that we have
access on F(tn) at the time level tn to (dn, wn, qn, τn),
the displacement, the velocity, the pressure, the multiplier,
respectively. Then we search to compute on F(tn+1) at the
time level tn+1 the solution (dn+1, wn+1, qn+1, τn+1). The
vectors of unknowns are denoted by dn+1,Un+1, P n+1,
Ln+1.

1– Newton algorithm. The computational domain
F(tn) is given by dn. We compute(Un+1,P n+1,Ln+1)

Muu
Un+1 −Un

dt
+AuuU

n+1 +N(Un+1)Un+1

+AupP
n+1 +AuλL

n+1 = F n+1,

AT
upU

n+1 +AppP
n+1 +ApλL

n+1 = 0,

AT
uλU

n+1 +AT
pλP

n+1 +AλλL
n+1 = Gn,
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Fig. 8. Time evolution of the control vc and L2-norm of z.

Fig. 9. Time evolution of the displacement (upper part).

Finally, we give some snapshots of the flow from the in-
troduction of the perturbation in inflow to the state when
the stationary velocity is recovered. Some illustrations of
the level-set are superposed in Fig. 11.

Fig. 10. Velocity magnitude and streamline at t = 0.07.

6. CONCLUSION

The feedback control based on fluid is sufficient to define
the displacement of the structure able to stabilize the Fluid
Structure Interaction model. The difficulty to define such
control is widely simplified and classical numerical method
can be used. The tools retained with fictitious domain are
powerful and can be extended to other situations, like
complex geometry in 2D and 3D or coupling with other
structure models.
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