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The Laplace transform (det s)™” exp tr(s~'w) and
the existence of non-central Wishart distributions

Gérard Letac?, Hélene Massam®

“Institut de mathématiques de Toulouse, Université Paul-Sabatier, 31062, Toulouse, France
”Department of Mathematics and Statistics, York University, Toronto, Ontario, Canada M3J 1P3

Abstract

The problem considered in this paper is to find when the non-central Wishart distribution, defined on the cone P, of
positive semidefinite matrices of order d and with a real-valued shape parameter p, does exist. This can be reduced to
the study of the measures m(n, k, d) defined on P, and with Laplace transform (det s)~"/? exp tr (s~'w), where 7 is an
integer and w = diag(0,...,0,1,...,1) has order d and rank k. Our two main results are the following: we compute
m(d — 1,d,d) and we show that neither m(d — 2,d, d) nor m(d — 2,d — 1, d) exists. These facts solve the problems of
the existence and computation of these non-central Wishart distributions.

Keywords: Euclidean Jordan algebras, non-central Wishart, random matrices, zonal polynomials.

1. Introduction

The non-central Wishart distribution is traditionally defined as the distribution of the random symmetric real matrix
X=Y\Y+---+Y, Y], whereY,...,Y, € R? are independent Gaussian column vectors with the same non-singular
covariance matrix X and respective means my, ..., n, which are not necessarily equal. For s in the open cone #; of
positive definite symmetric matrices of order d and w = mym{ +---+m,m, in the closed cone of positive semidefinite

matrices 4, one can readily derive the Laplace transform

E(e_ tr (sX) — 1 —lr[2s(ld+225)’]w}' (1)
det(I; + 2Zs)/2

It is important to note that in this formula, the rank k of w is such that k < min(n, d).

In the same way that the familiar chi-square distribution with n degrees of freedom can be extended to the gamma
distribution with a continuous shape parameter p by replacing the half integer n/2 by p € (0, 0), it is tempting to
extend the values that the power of det(/; + 2Xs) can take in (1). The question is then: given £ € £, and w € P, for
which values of p > 0 does there exist a probability distribution on P_d for X such that, for all s € $,, we have

1 -1
E —tr(sX) — —tr {2s5(1;+2Xs) w}‘ 2
(e det(l, + 255y © @

The hypothetical distribution for X satisfying (2) can be called a non-central Wishart distribution with parameters
Q2p,w, %), or NCW(Q2p,w,X) for short.

The first question is to determine what are the possible values of p. For w = 0, 1.e., for the extension of the ordinary
Wishart distributions, the problem is solved by Gindikin’s theorem [5], which says that NCW(2p, 0, Z) exists if and
only if
1 2 d-2
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In Proposition 8 below, we give a proof of Gindikin’s Theorem, which we borrow from [15] because it is the most
adapted to the zonal polynomial techniques used in this paper. The Wishart distributions with w = 0 and when 2p not
necessarily an integer and satisfying 2p > d — 1 have densities proportional to e~ "® 9 (det x)?~@*1/2 concentrated
on £,. A simple argument (see Proposition 1 below) shows that if NCW(2p,w, X) exists, then for all € > 0 the
distribution NCW(2p, ew, %) also exists. By a limiting argument, this observation implies that if NCW(2p,w, %)
exists, then NCW(2p, 0, %) exists. Hence p € A, and the difficulty concerning the possible values of p is overcome.

The second question is a more difficult one. In the ordinary non-central Wishart (1), we have seen that the rank k of
w must be such that k < n = 2p. Do we have a similar constraint for the NCW(2p, w, ¥) distribution? In other words,
does the NCW(2p, w,X) defined by (2) fail to exist if k > 2p? We have a counterexample when (d — 1)/2 < p < d/2
and k = d. Indeed, similarly to the case w = 0, it has been proved (see, e.g., [9]) that, for any w, the distribution
NCW(2p,w,X) exists and has a density if (d — 1)/2 < p.

The main objective of the present paper is to answer this question. We will see that:

(@) If pefl/2,2/2,...,(d - 2)/2}, then NCW(Q2p,w,X) exists if and only if the rank k of w is such that k < 2p.
(b) If p>(d—-1)/2, then NCW(2p,w,X) exists for any w.

As just noted above, Statement (b) has already been proved for p > (d—1)/2 and the density of the NCW(2p,w, %)
distribution is known. For p = (d — 1)/2, Statement (b) is established by observing that

NCW(d—1,w,5) = lim NCW(@2p,w,5).
( w.Z) Pl(t}?ll)ﬂ 2p.w.2)

2. Reduction of the problem: The measures m(2p, k, d)

Let k be an integer such that 0 < k < d. We consider the diagonal matrix I(k, d) with its first d — k diagonal terms
equal to 0 and the last k equal to 1, viz.

I(k, d) =[ O”(’)"‘ 2 ]

For p € A, we define the positive measure m(2p, k, d) on ?Td such that, for all s € P,, we have

1 -1
~w 602, k, d)(dx) = tr{s™ 1kd)} 4
Ld e m(2p, )(dx) (detsy? e 4)

Note that m(2p, k, d) may or may not exist. For example, formula (23) below shows that the density of m(1, 1, 1)
on (0, 00) is cosh(2 v/x)/ vrx. More generally with p > 0, we have

l -1

x"
m(0,0,1) =8y, m(0,1,1) =3¢ + {Z m} 10,00y (x)dx,

n=1

p—1

x (o)
m(p.0.1) = =— 1w @dx, m(p,1,1) = {Z

xn+p—1

I'(p) i n!l'(n + p)

where 6y denotes Kronecker’s delta.

For 2p > d — 1, formula (53) below gives m(2p,d, d). If k and n are integers such that 0 < k < n < d, formula (7)
gives m(n, k, d). Finally m(1,2,2) is computed in Section 3. The measure m(d — 1,d, d) is computed in Section 4.3
and details about m(2, 3, 3) are given in Section 4.4. We will show below that these examples are the only cases of
existence. For instance the function s — exp tr(s~!') on P, is not the Laplace transform of a positive measure if d > 2.

The following proposition links this unbounded measure m(2p, k, d) defined by (4) with our initial existence prob-
lem. Proposition 1 is important for the solution to the problem of existence or non existence of the non-central Wishart
with continuous shape parameter p: it focuses the problem at its core by ignoring the normalization constant and the
parameter X, and by reducing the parameter w to its most important characteristic, namely its rank k.

} 1(0,00)(x)dx,



Proposition 1. Let X € Py, w € P, and p € Ay. Suppose that rankw = k. Then NCW(2p,w,X) as defined by (2)
exists if and only if m(2p, k, d) exists. Furthermore, if m(2p, k, d) exists, then p belongs to the Gindikin set (3).

Proof. Assume that m(2p, k, d) exists and let us show that NCW(2p, w, ) exists. The proof is based on the following
principle. Let u be a positive measure on a finite-dimensional real linear space E such that its Laplace transform
L,(s) = fE e~ u(dx) is finite on some convex subset D(u) of the dual space ET with a non-empty interior. Let a
be a linear automorphism of ET and let b € ET such that L,{a(b)} < co. Then there exists a probability P(a, b) on
E with Laplace transform Lpgp)(s) = L,{a(s + b)}/L,{a(b)}. This probability P(a, b) is obtained in two steps: first
take the image v(dy) of u(dx) by the map x — a'(x) = y, where a" is the adjoint of a. Its Laplace transform is
L,(s) = L,{a(s)}. The second step constructs P(a, b)(dy) as the probability e *»v(dy)/L,{a(b)}: it is a member of the
exponential family generated by v.

Let us apply this to the case where E is the Euclidean space of real symmetric matrices of order d with scalar
product (x,y) = tr(xy) and where u is m(2p, k,d). Here D(u) = P,. We take b = (2Z)"! and a to be the linear
transformation s — a(s) = gsq', where ¢ is an invertible matrix of order d such that

2022wyt = ¢k, d)(gT) . ®)
We have a' (x) = g xg. The distribution P(a, b) is the non-central Wishart NCW(2p, w, Z) distribution since
L{a(s + b)} 1

L {a(b)} B det(l; + 2Xs)P

—tr (2s(I;+2Z5)"'w) (6)

Using (5), we show (6) as follows:

w[[(@H s+ D)V g = (gD @D)g k. )]
= tr[[{s + 22)""} ' = 2%1¢7 Ik, d)(gT) ] = —tr 2s{l; + 2Zs} ' w).

The only thing left to prove is the existence of ¢ satisfying (5). To see this, since the matrix 2(2Z)"'w(2X)~! of ﬁ;
has rank k, we write 2Q2Z)"'w(2X)™' = uAu", where A = diag(0,...,0, /lf, cee /li) with 4; > 0 and where u is an
orthogonal matrix of order d. Taking ¢ = diag(1,...,1, /ll‘l, e A;l) u" provides a solution of (5).

The proof of the converse follows similar lines.

Suppose now that m(2p, k, d) exists and let w € P, of rank k. Then, from the first statement of the proposition,
NCW(Q2p, ew, ) exists for all € > 0. The characteristic functions of NCW(2p, ew,X) and of NCW(2p,0,X) are
easily deduced from (2) and (1). Using these characteristic functions and Paul Lévy’s continuity theorem, we deduce
that NCW(2p, ew, ) converges weakly to NCW(2p, 0, %) when € — 0. Therefore we can claim that NCW(2p, 0, %)
also exists. From Gindikin’s theorem, p must be in A, defined by (3). O

Example 1. When 0 < k < n < d we can use the above principle for constructing NCW(n, 21(k, d), 1;] from m(n, k, d).
We take g = 1; and b = I;/2. Since a is the identity, we have

m(n, k, d)(dx) = 29"2e* e "2 NCW/(n, 21(k, d), I,1(dx). (7)

The next three propositions reformulate known facts in the language of the measures m(2p, k, d).

Proposition 2. Let n and k be integers such that 0 < n,k < d. The measure m(n, k,d) exists for 0 < k < n < d.
Furthermore, the measure m(d — 1,d, d) exists.

Remark 1. The proof of the existence of m(d — 1,d, d) given below is easy, but its explicit computation is done in
Section 4.

Proof. Formula (7) provides an explicit form of m(n, k,d). For 2p > d — 1 the probability NCW(2p, I, 1;) exists as
proved in Proposition 2 of [9]. This implies that

lim NC(W(ZP, Id,ld) = NCW(d - l,Id,Id)
pld-1)/2

3



exists by considering the characteristic function of NCW(2p, 14, 1;) deduced from (2) and Lévy’s continuity theorem.
From Proposition 1, we have the result. O

Proposition 3. Suppose d > 3. If m(d — 2,d — 1,d) does not exist then, for any pair of integers (n,k) such that
0 <n <k <d mn,k,d) does not exist either. If m(d — 2,d,d) does not exist then, for any integer n such that
0<n<d-2, m(n,d,d) does not exist either.

Proof. Suppose that m(n, k, d) exists for some pair (n, k) such that 0 < n < k < d. We define m’(dx) as the measure on
P, with Laplace transform

1 .
—tr(sx), 7 _ tr s~ {I(d—1,d)-1(k,d)}]
e m(dx)=———e .
fpd )= et pyaror

Since the rank of I(d —1,d) - I(k,d) is equal to d — 1 — k and is less than or equal to d —n —2 then, by Propositions 1-2,
m’ exists. Now we write the convolution m(n, k,d) + m’ = m(d — 2,d — 1, d), which contradicts the non-existence of
m(d — 2,d — 1,d). Similarly, suppose that m(d — 2, d, d) does not exist and that there exists n such that 0 <n < d —2
and such that m(n, d, d) exists. Then m(n,d,d) * m(d — 2 — n,0,d) = m(d — 2, d, d) also leads to a contradiction. [

An important result which is a consequence of [12] is the following.
Proposition 4. If d > 3, the measure m(d — 2, d, d) does not exist.

Apart from Proposition 9 below, our main result is as follows.
Proposition 5. If d > 3, the measure m(d — 2,d — 1, d) does not exist.

The proof will be given in Section 6. In the remainder of the paper we develop the tools that lead us to this proof.
They will also enable us to give another proof of Proposition 4. Let us emphasize the fact that Propositions 1-5 lead
to a necessary and sufficient condition of existence of the distribution NCW(2p, w, X). It is worthwhile to make the
following synthesis of Propositions 1-5 about the existence of NCW(2p, w, ) in the following proposition.

Proposition 6. Let X € P;, w € P_d with rank k € {0,...,d} and p > 0. Then the non-central Wishart distribution
NCWQ2p,w,X) exists if and only either 2p > d — 1 or2p =n € {0,1,...,d — 2} and 0 < k < n. In particular, for
d = 2, the probability NCW(2p,w,X) exists if and only if 2p > 1. For an arbitrary d, NCW(0,w, X) exists if and
only if w = 0.

Proof. From Proposition 1, the existence of NCW(2p,w,X) is equivalent to the existence of m(2p, k, d) when rank
w=k.

=: We have seen in Proposition 1 that p must be in A, as defined in (3). If furthermore 2p = n € {0, ...,d — 2} let us
show that 0 < k < n. Suppose the contrary 0 < n < k holds. A reformulation of the first part of Proposition 3 is the
following: if there exists (n, k) such that 0 < n < k < d and such that m(n, k, d) exists then m(d — 2,d — 1,d) exists.
This contradicts the statement of Proposition 5. Thus the ‘if” part of Proposition 6 is proved.

&: If 2p > d — 1 Proposition 2.2 of [9] proves the existence of m(2p, k,d) without constraints on k. Passing to the
limit when 2p = d — 1 shows the existence of m(d — 1,k,d) also forany k. If 2p = n <d-2andif 0 < k < n,
Proposition 2 shows that m(n, k, d) exists. O



3. Computation of m(1,2,2)

In this section, we compute le ,2,2), which exists, as we know from Proposition 2. We will use only elementary
tools. We parameterize the cone $, by the cone of revolution

C= {(x,y,z)eR3 Cx > ‘/y2+zz}

using the mapping ¢ from C to P, defined by

x,y,2) = ox,y,2) =

X+y z
; x_y]. ®)

Note that tr{¢(a, b, c)p(x,y,z)} = 2ax + 2by + 2cz.

Proposition 7. Consider the positive measure pu on C such that, for a > Vb2 + 2, we have
1 2

S ~ . f e 2202 dy, d),
Va? — b? - ¢? c

i.e., such that the image of u by ¢ is m(1,2,2). Then u(dx,dy,dz) = r(dx,dy,dz) + f(x,y,2)1c(x,y, 2)dxdydz, where
the singular part r is the image of the measure g(2\y?* + 72)dydz on R? by the map (y,7) = (x,9,z) = ({y? + 22,7, 2)
with g(t) = {2 cosh(2 1)}/ (nt) and where, for (x,y,2) € C,

2 A=Y= 1 @)
f(x,y,Z)—ﬁkZ(; kl(k + 1! Zr(m+2k+5/2) m!

m=0

Proof. Using the notation D = d/dx, the Faa di Bruno differentiation formula states that, if f(f) and g(x) are functions
with enough derivatives, then

! Dg(x))"  (Drg(x0)"
D”f{g(x)}:Z#(D"f){g(x)}{ g(’“)} { g(x)} , ©

1! n!

where k = k; + --- + k, and where the sum is taken on all integers k; > O such that k; + 2k, + -+ + nk, = n. For a
reference, see, e.g., [16]. We apply (9) to g defined by x + x> — y> — 22 for fixed y,z and to f(t) = ". Noting that
D? g = 0, we obtain

n [n/2] 22 2k n—2k:
I (x=y —-z)" _ 20"

2_ 22y 2 ) 10

ox" &=y =) =n k;)kg! % ky! ><(11—2k2)! 10

For simplification in the sequel we write E = 222022 and F = =20 V¥*+2-2by-22_We now recall (see Formula 3.24
in [11]) that when p > 1/2 we have for a > Vb2 + (2
1 2 1 22 232
—_— = — X ———— —y° =) “Edxdydz. 11
@@= -y~ & TpIp-172) fc(x yomEy b o
Define

(2a)
(az — b2 - 62)n+3/2 ’

L) = Qa)f f (2 —? — 22Y'Edxdyds = g Al T(n +3/2) ¥
c
where we apply (11) for p = n + 3/2. The idea of the proof is to write the Laplace transform of u as follows:

2a
€7 A2 1 S 2ay! 1

V2= -2 N - -2 gt D@ =b =yl

1 - 1
" Ve p-@ vr Z (% DT+ 372) 1 - (12)

5




A first step is to observe that for k € {0, ..., n}, we have

k
Ii(n) = 3—k (x* = y* = 22" Edxdydz. (13)
C 6X

Let us prove it by induction on k. It is true for k = 0. Suppose that it is true for k¥ < n and let us show that (13)
is true for k + 1. Observe that for fixed (y,z), the root +/y2 + z2 of the polynomial x > (x*> — y*> — z%)" has order n
and this implies that 8*(x*> — y* — z2)"/dx* is zero for x = 4/y? + z2. Using this remark and integrating by parts with
V(x) = e 2 and U(x) = 0F(x? — y* — 22)"/9x*, we compute the following integral:

k+1

6]‘ 0 Kl
2ax 2 2 2\n _ —2ax 2 2 2\n
fysz e @(x -y —Z)dx—f\/szzze m(x —-y" =7 "dx. (14)

With (14) we are in position to prove (13). We have

o o
2af ()C _ y ZZ)ndedde — f —2by-2cz f —2ux_ ()CZ _ y2 _ ZZ)ndx dde
ox axk 2+z Ox*

k+] ak+l
f —2by—-2cz [f : —2azxW (x2 _ y2 _ ZZ)ndx] dde — j; an+l ()C2 _ y2 _ ZZ)ndedde’
Vy2+z

which proves (13). We will need (13) only for k = n.

The second step is to express I,,+1(n) as the Laplace transform of a positive measure. We compute 7,(n) as ex-
pressed (13) by using again an integration by parts. The new fact for k = n is that the integrated part will not disappear
and will provide a term for the singular measure s given in the statement of the theorem. This calculation of the
integrated part will use (10). Taking V(x) = —e~2** and U(x) = 0"(x* — y* — z2)"/0x", we write

Iiy1(n)

an
Lio(n) = 2al,(n) = f —2by-2cz [ f — =y - zz)"dx} dydz = A, + S, (15)
=
with
an+1
A, = f e (x* —y* = 22)"Edxdydz, (16)
c OX

Sn

| =2by-2cz | _ ,—2ax n]® — 2 2\"
n [ e ez = [ (24 2) Fayes, a”n

where (17) comes from (10) by keeping only the term k, = 0. We will carry this value of 1,,;(n) = A, + S, in (12).
Doing this, we can guess that S, will contribute to the singular part of m(1, 2, 2). But the term 1/ Va2 — b? — ¢2 in (12)
will also contribute to it.
More specifically, the third step of the proof is to represent the function on C \ dC defined by (a,b,c) —
— b2 — ¢? as a Laplace transform. Exploiting the Gaussian integral below, we obtain

1 f a2 +*)~2b P —v?)—4 2 f -1
aumy WV dudy = 2y +7%) Fdydz.
\/ — b2 - C2 R2 ]RZ( )

To obtain the second identity, observe that the map on {(u,v) : u > 0} defined by y = u> — v?, z = 2uv is a bijection
with R?; the same is true with {(«,v) : u < 0}. Furthermore dydz = 4(u®> + v*)dudv = 4+/y? + z2dudv and therefore

dudv = dydz/(4 \/y?* + z%). This leads to the conclusion.
Now comes the fourth and final step. We use I'(n + 1/2) = (2n)! v/n/(4"n!) and we consider the function

00

g =— _2 cosh(2 Vh).
it

Z (n+ 1)'F(n + 3/2)

6



We then define the measure r(dx, dy, dz) concentrated on the boundary

= {(x,y,z) DX = )2 +zz}

of the cone C to be the image of the measure on R?

1
g(20? + 2)dydz = ——— cosh{2¥(y* + 2)"*)dydz
Ty + 22

by the map (y,2) = (x,¥,2) = (4 + 22, , 7). This measure r will be the singular part of the image u of m(1,2,2) by
the reciprocal of ¢ defined by (8):

dydz 2« 2"(+fy% + 22)"
Eds f 2 + 2?2 )Fd dz—f — f Fdydz
fc RQé’( \Y? o+ 2)Fdy SR \/,7; w 1+ DT +3/2)"
1 L2 S Sa
Va2 -2 -2 V& (n+ Dnll(n+3/2) ’

Finally we focus on the absolutely continuous part of u. We will need the following formula, similar to (10) and
also obtained using (9):

(18)

n [n/2] 2 2 2vka—1 n—2k

P R 1 (X" =y —27)? (2x)" 2
R T TSI .

T R e | Y Ty

The absolutely continuous part of u is given by (16) and (12). Its density is

1 6n+1
(n+ D!'n!T(n+3/2) ox+!

f(x,,2) -y =) (19)

2 (o)

&
= i N 1 6” 2 .2 2yn-1
B \/_Z;J(n—l)'n'l"(n+1/2)6"(x y-%)

) oo 1 [n/2] 1 ()C2 _ y2 _ ZZ)kz—l (zx)n—2kz
- 72:;‘ (’1+1/2) (kz—l)'x ky! ><(n—2k2)!
_ _i(x -y —z) 1 Qx)"
T 4 KRG+ D! AT+ 2k+5/2) ml

From (19), (12) and (16) the Laplace transform of f is

2 © A,
Efdxdydz = — . 20
fc fdxdydz \/77”2:(;(;1+1)!n!1"(n+3/2) (20
Let us add (18) and (20) and use (12). What we get shows that the parameterization u of m(1,2,2) by ¢ is the sum of
r and of the absolutely continuous part with density f. Formula (20) shows that f is as given in Proposition 7. O

Remark 2. The following point is essential for understanding Section 4. Remark first that the image by ¢ of the
measure r(dx, dy, dz) is concentrated on the set S| C P, of matrices of rank 1. Any element of S| can be written as

A 0] -
u[oo]u,



where u is an orthogonal matrix of O(2) and 4; > 0. We can compute the image of r(dx, dy, dz) by the map

2 2
x+y 2z ]:[Vy +2+y ]»—>/11—2/y + 22 @1
z  x-y z V+2Z -y

If A, = {(x,y,2) : 2+/y? + 22 < 1}, then using polar coordinates y = A; cos a, z = A; sin @ with Jacobian equal to 1 /2,

we have .
r(A)—fr(dxd,dz)—f 21/ + 7 ddz——f (A)A1dAy.
t Yy m«g y ))’ X gA)1a4;

Since g(11) = 2(m1;)"! cosh2 /1, , the image of the measure 7 by the map (21) is

c0sh(2 v 10,00)(A1)dA1 (22)

Now an important observation is the following: consider the measure m(1, 1, 1)(d1) on (0, co) whose Laplace transform
is, for s > 0,

1 s _ L 12 f 0
\/E e nysn+l/2 f Z n,r(n + 1/2) \/— COSh(Z \/_)d/l

This last line implies
11
m(1,1,1)(dA) = — —— cosh(2 VA)1(g.0)(A)dA (23)
vV VA (0

and one observes that m(1, 1, 1) is quite close to (22). To summarize this remark, the singular part of m(1,2,2) can be
seen as the image of vrA;m(1, 1, 1)(d4;) ® du by the map

A 0] 1
(u,/ll)Hu[ 0 O}u

from (0, 00) X O(2), where du is the uniform probability on @(2). This is the key to the generalization of the compu-
tation from m(1, 2, 2) to the computation of m(d — 1,d, d) for d > 2 done in the next section.

4. Computation of the measure m(d — 1,d, d)

Before stating Proposition 9 which describes m(d — 1, d, d) we set some notations, we recall some facts about zonal
functions and polynomials and we prove three lemmas. The Lebesgue measure dx on the space of real symmetric
matrices of order d has the normalization associated to the Euclidean structure given by (x,y) = tr(xy). Note that
Muirhead [13] has a different normalization. As mentioned on page ix of the Introduction of [13], zonal functions are
the essential tool of non-central distribution theory. Our reference will be Faraut and Koranyi [4], abbreviated from
now on as FK.

4.1. Zonal functions

Let &, be the set of sequences k = (my, . ..,my) of d integers such that m; > --- > my > 0. For k € &;, we consider
the two zonal polynomials
(d) — @D
D (x) = D,y

1peenst mg

(x), C9(x) = C(1)P P (x),

where C,((d)(ld) is defined below in (25). In FK p. 228, the @, are called spherical rather than zonal polynomials, and
on p. 234 the notation Z, is used instead of our notation C,Ed) . We use the definitions given in FK, while [13] and [18]
have other ways to introduce the zonal polynomials. To define (I),((d) we consider

Ac(x) = Ar()™ " A ()™ - Mgy (1) AG ()™,



where for the real symmetric matrix x = (x;;)1<; j<4, the function Ar(x) = det(x;;)1<; j<x is the principal determinant of
x of order k. The function (I)id) is then defined by

DD (x) = f A(uxu™)du, (24)
O(d)

where du is the Haar probability on the orthogonal group O(d). When x € P, definition (24) makes sense even when

,,,,,

From (24) one obtains easily the following formula for any x and y in S;:
f D (xuyu")du = D (x)dD(y).
)

To give the value of the constant C,(fl)(ld), we need the notations £(x) = max{j : m; > 0}, [x| = m; +--- + my and

d .
-1
P, 20) = ]‘[r(zj_ JT)

j=1
defined whenever z; — (j—1)/2 > O for all j € {1,...,d)}. If p is a real number, we use the notational convention
Fa(z+p)=Tu(z1 +p,...,2a + Pp).

If k € & and p > (d — 1)/2, we define the Pochhammer symbol as (p), = ['y(x + p)/T4(p). Since p — (p).is a
polynomial, we extend its definition to the whole line. If k € &, the constant C,ﬁd)(ld) is

cP) = CW (Id)=22|K||K|!(£l) isi<jsen@mi —2m; — i+ ))
x ey 2] TI92m; + ) - i)

(25)

_ |«|! Bl(j—i+1)/2,1/2]
T @2 [ Blmi—m; + i+ )/2,1/2]" (26)

1<i<j<d

Form (25) of the spherical polynomials is given in [13] p. 237 formula (38), where there is a reference to [2] for
a proof. Form (26) can be proved from FK by combining Propositions XI. 4.2 (i), p. 230, and XI1.4.4, p. 232, and the
definition of Z,(x) = C,((d)(x) on the last line of p. 234. We never consider C,(fi)(x) if k ¢ &,. The exact value of C,(fl)(ld)
will be crucial in the proof of Proposition 9 when we need the following formula which is Formula (3), p. 259, of
Muirhead [13]:

1
et = Z Wcy’(x) . 27)

keEy
Since we have introduced the zonal polynomials, we use them here to recall the result of [15] leading to the elegant
proof by Peddada and Richards of Gindikin’s Theorem.

Proposition 8. Let p > 0 and let W be a random variable of P_d such that E(e™") = {det(I; — s)}P when I; — s is
positive definite. Then, for all k € &;, we have E{Cfol)(W)} = (p)« and W exists if and only if p is in Ay as defined
by (3).

Proof. Consider the scalar product for polynomials on S, defined in FK, p. 220, as
0
P.q) = p(a)q(x)'xo-
Then (see FK, p. 234) the spherical polynomials are an orthogonal family. In particular

Fesn) = q)id)(ﬁ)E(el”Wﬂ_o=d)i")(i){detud—s)rpi_o
5= ds 5=

os
= oe(2 @C(f’)(s)l_ (28)
ds| & K|V ¥ 5=0
KESd
= (POPIFCD(1y) = (p) (29)

9



where (28) comes from (27), (29) comes from the orthogonality of the spherical functions, and the norm of (I),(fi) is
given in FK, p. 234. Since ®” (W) > 0 we have (p), > 0 for all x € &, and this implies that p € Ag. O

It is interesting to compute the zonal polynomials for d = 2. This is given as Exercise 5, p. 237, in FK. Define the
Legendre polynomials (P);”, by their generating function

P,
Z K0 = Vl —2zx+z

Further let
| a+b ¢
e ¢ a-b
in P,. Then for (my,m,) € E, we have
Dy (X) = (@ = B = H)mm2p (#) (30)
)
We now detail the proof of (30). The Legendre polynomial Py satisfies
1 T
Pi(cosht) = — f (cosh ¢ + cos u sinh 1)*du. 31
T Jo

To check this, call Oy the right-hand side of (31). The computation of Y5>, Oxz* gives (1 — 2zx + z%)~1/2 for Iz
small enough. This proves (31). Let

cosf —sinf -1 0
R(Q)_[ sinf cos6 ]’ J_[ 0 l}

and observe that SO(2) = {R(0) : 8 € R} and O(2) \ SO(2) = JSO(2). Writing

HEE!

a small calculation yields

a+b c a+B C
R(0) o }R(—e) S P ] (32)
a+b c a+B -C
JR(6) a—b ]R(—H)J = C a-B ] (33)
The two formulas (32) and (33) enable us to compute the zonal polynomial
1 1
Dy, (x) = f Aoy, (uxu)du = —f Aoy, (uxue)du + —f Aoy, (uxue)du
0Q) 2 Jso) 2 Jo@)\so@)
1 21
= Il (A i ARO)XR(=0)} + Ay ymy {JR(O)XR(—60)J }1d0
1 27
= @--AH"=— | (a+B™™do
2r
= (@ -b"-cH"- f (a+ Vb2 + 2 cos )™ ™ d
wrom | - bz I 5 my—my
- (az—bz—cz)sz—f [ a T s o .
Va2 -b2—c*  Na? - b2 -2
Using form (31) of the Legendre polynomial yields (30). Using (26) we also obtain
+my)! 1
cO (y= M X . 34
) = G mat  GI2 = mam, oY

10



4.2. Three properties of zonal functions

X1 X12

Lemma 1. Let x = [
X21

] € Py and [x]y = x1 € Py_1. Then for all complex numbers my, . ..,my we have

.....

0D (x) = (detx™ f@ O

Proof. Consider v = [ vol (1) ] € O(d), where v; € O(d — 1). Observe that for any y € P, we have
yv'l = vilylivy . (35)
We write
T | o " (36)
= (det x)’"df Ay...mg, (uxu"1y)du 37
0(d)
= (det x)m"f Aml,,__,m(,_]([vuquvT]l)du (38)
0(d)
= (det x)”’"f Ay 01 [uxu v 1v] du (39)
0(d)
= (detx)™ f [ f Avnsrimg s 1 L™V 1T vy | (40)
ow) | Jow-1)
= (detx)™ f QWD (luxu"]1)du. 41)
0(d) ”

In the equations above, (36) comes from the definition of CDf(d)(x), (37) separates the roles of [uxu']; and det(uxu™) =
det x in the definition of A, (uxu"), (38) uses the fact that du is the Haar probability, (39) follows from (35) applied to
vy = uxu', (40) uses the fact that the Haar measure dv; of Q(d — 1) has mass 1 and (41) comes from the definition of
oWl (). O
Lemma 2. [f x € Py, then @), (x") =0~ (v).

~~~~~ M-y

Proof. Define p € O(d) by

and define A} . (X) = Ap,.mg.m(pXPT). We can write P (x") as

f Aml,...,md,l,md(ux_l MT)du = f A-I_—ml R (uqu)du 42)
0(d) o@
_ f Ao Gttt el 3)
0(d)
In this list (42) comes FK, Proposition VIL1.5 (ii), p. 127, which states that Ay, m,(x™') = AT, (x), and
(43) comes from the invariance of the Haar probability du on O(d) by u — pu. O

11



Lemma 3. If x € Py, then @, _,, (x)(detx)? = O

..........

Proof. By definition,

0D (x)(det x)? = f Ay, (uxu ") (det uxu™ Y du = f Aoy prmgepuxuDydu = @), (),
O(d) O(d) o
which completes the argument. O

4.3. The derivation of m(d — 1,d,d)

Proposition 9. Define the singular measure r(dt) on Py and concentrated on the set S 4_ of symmetric matrices of
rank d — 1 as the image of the product measure

(rdet x)!/2

T/ @ 1d-1d-1)dn)®du

by the map from P,_; X O(d) to P_d defined by

( u)—>t= u[ E)C 8 ]uT =uiu'
Define
C(d)(l)
_ -1 K
Jut) = (detr) {2 T @3 (44)

where &'y = {k € &g 5 my > 0}. Then m(d — 1,d,d)(dt) = r(dt) + fu(t)1p,(t)dt.

Proof. The function f;() is an analytic function around ¢ = 0 because, from the definition (24) of (D,(fj), the polynomial

.....

FK, Lemma XI.2.3, p. 226, or Muirhead [13] Theorem 7.2.7, p. 248):

d+1)/2 (D(d)(x) d 1
f e—tr(sx)(det x)p—( th2_TK A 0y = (D)(( )(S_ )(det s)7P. (45)
5 T+ p)

Note that the choice of the suitable Lebesgue measure dx is crucial in (45). Formula (45) holds true for p + my >
(d - 1)/2. For m; = 0, this was proven in the references [13] and FK. When m; > 0 we observe that

OPV(x) = | (x) = (det)y™@ ) = (detx)™ DL, (x). (46)
Asa consequence
(d) (d)
f - [r(”)(det x)p_(d+1)/2 D7 (x) dx = f e—tr(sx)(det x)p+md—(d+1)/2 (DK—mu(x) dix (47)
Py La(k + p) P, Ly(k + p)
= @Y, (s")(dets)Pm (48)
= OD(s)(dets)?, (49)

where (47) and (49) come from (46), and (48) from (45), where p is replaced by p + my.
From (27) we know that, for 2p > d — 1, the Laplace transform of m(2p, d, d) is

—tr (sx) Z,d,dd = (det i Kk 7 . 50
J, e emep.d.axan = e Y (50)

keEy
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Observe that the Laplace transform of f;(¢)1p,(£)dt as defined by (44) is easily deduced from (45) and is equal to

) —1
L (, e "D £ (ndt = (det s)—<d—1>/2{z %} (51)

keE

In (50), take 2p = d — 1. Using the Laplace transform (51), we now want to prove that the Laplace transform of r(dt)

is
(o - 6™ w Clen(s™)
fﬂe “Or(dr) = (det 5)™“ ”/2{ > = (= et @nrg — (52)

keENE 4 Kk€E4-1

To prove (52) we start from the definition of r(dr). Observe first that, for 2p > d — 1, (45) and (50) imply

()
2p,d,d)(dx) = (det x)P~@*D/2 — "y (X)dx. 53
m(2p.d, d)(dx) = (det x) {K;wrd(ﬁm P, ()dx (53)

In particular, in (53) let us replace d by d — 1 and let 2p = d — 1. We obtain

CV(x)
Il! Ta_t ik + (d — 1)/2}

(det x)"*m(d - 1,d — 1,d - 1)(dx) = { } 1p, , (x)dx. (54)

ke&q-1

‘We can now write

du (55)

1/2 C(d 1)()6)
e tr(st)r(dt) — n f —tr (suxu™) dx
Ll, [d/2) Jow | Jo,., ; k! Ty-1{x + (d — 1)/2}

ce-» PN
— (Id ) —tr ([u" sul;x) K ()C)
- r(d/2> Z ! fp T (c+ @ = Dy |

Equality (55) comes from (54) and the definition of r. Now we compute the last double integral as follows

O(a)

v " (x)
—tr ([u" su];x) K dxld — det T1-1 d/Z(I)(d—l) T1-1 d
L(d)[f?d]e rd-[{K+(d—1)/2} xjdu @(d)( C[MSM ]1 ) K ([MSM ]1 ) u (56)
= f ) (usu™ 17 du 57)
W)
= f q)(fdr;;_)ﬁd/z ..... 7m,7d/2([”S“T]1)d” (61
W)
_ (d)
= O i cm-d20(8) (59
_ (d) —1
= Qv mg a2 (60)
= o (et s 61)
= ) o5 (detsTH D, (62)

In the equations above, equality (56) follows from (45) by replacing (d, p) by (d — 1,d/2). Equalities (57) and
(61) come from Lemma 3. In the identities following (58) we have replaced « by (my, ..., my_;) for clarity. Formulas
(58) and (60) come from Lemma 2, and (59) comes from Lemma 1. The proof of (62) is more involved and is a
consequence of formula (iii) in Theorem XIV 3.1 of FK, where we replace (d, r, 4, i) respectively by 1, d and
d-1 d-3 d-3 d- 1)

T Mg T ——, T —

A 4 Ty 4 4

1l
B
+
3

M = <—T,m1 +T,m2+T,...,md_1 ——).



The fact that y is a permutation of A and the reference above imply (62). Now we observe that

712

T Cily-1) = CoUy), (63)

implied by formula (26). Finally we gather (55), (62) and (63) to obtain
-1
f e—tr(st)r(dt) - (det S)—(d—l)/z Z C(K,O)(S ) i
ﬁ" KESd_l |K|!

which proves (52) and Proposition 9 itself. O

4.4. Example: m(2,3,3)
To illustrate Proposition 9 we consider the function f3(¢) defined on 5 by (44). More specifically we have

1 (SN ()
[ = Tots Z

(my +my +m3)!my ! T(my + 1/2) (m3 — DV

my=my>m3>0

We also consider the measure m(2, 2, 2)(dt) on $, parameterized by (a, b, c) — t = ¢(a, b, c) as in (8). From (54), we
have

(2,2,2)(da, db, dc) ! Z Coni (1)
S 2 2REGAD 0= et 2 W G+ )Ly [T +172)

>my>0

1 S (@2 = b2 — 2yr+k=D/292n
_Zz(a - k! ka( = )
\r e £ (B/2+k),(n+ k) k! (2n)! V2 —p2 -2
This last formula is obtained by using the calculations done in Section 4.2 for (I>,(qfl),m2 in (30), for C;%),mz () in
(34) and the change of indexes (m; — my, m;) = (k,n). Finally the singular measure r(df) concentrated on the set of
matrices of rank 2 in the cone $5 of positive semidefinite matrices of order 3 is constructed as follows. One considers

the product of m(2, 2, 2)(da, db, dc) by the uniform probability measure du on the orthogonal group Q(3). The measure
r(dt) is the image of this product measure by the following map:

a+b c 0
(a,b,c,u) > t=u ¢ a-b 0 |u".
0 0 0

Proposition 9 says that the measure m(2, 3, 3)(d?) on the set P of semipositive definite matrices of order 3 defined by
the Laplace transform (det s)~! exp trace s~! is the sum r(dt) + f3(t)1p,(¢)dt.

5. Convolution lemmas in the cone P_d

Let Gy the set of linear subspaces G of dimension k of a Euclidean space E of dimension d. Let us endow Gy
with the uniform distribution, i.e., the unique probability on Gy such that G ~ uG for all u € O(d). Lemma 4 below
describes an intuitively obvious fact. For the sake of completeness, we offer a proof, although other ones may already
exist in the literature.

Lemma 4. Let F be a fixed linear subspace of dimension n of the Euclidean space E of dimension d. If the random
linear subspace G of E has the uniform distribution on Gy and if k < d — n, then Pr(G N F # {0}) = 0.

Proof. 1t is enough to prove the lemma for £ = RY, F = {0} xR¥™ and k = d — n. Let Zy,...,Z, be iid random
variables in R following the standard Gaussian distribution N'(0, ;). Let G be the random linear subspace of E

14



generated by the vectors Zy, ..., Z,. Since for all u € O(d) we have (uZ,...,uz,) ~ (Z,...,Z,), clearly G ~ uG and
G follows the uniform distribution. Introduce the matrix

M=1[2,....2,] = (Zij)lsisd, 1<j<ns

whose columns are the vectors Z,...,Z,. Then x;Z; + - - + x,Z, = MX, where X = (x1,...,x,)". Now GN F # {0}
implies that there exists a non-zero X such that the first n elements of MX are zero. In other terms, considering the
square matrix M of order n defined by M = (Z;;)<;, j<n, Wwe have that G N F # {0} implies that there exists a non-zero
X such that M;X = 0. This happens if and only if det M; = 0. Since the n? entries of the matrix M; are independent
N(0, 1) variables, the event det M; = 0 has probability zero and the lemma is proved. U

In the sequel we will denote by S, the set of x € ?Td with b =rankx =0,...,d. Of course S, = P,.

Lemma 5. Let Y be a random variable in S, and assume that uYu" ~ Y for all u in the orthogonal group Q(d). Let
X0 € S4. Then xo + Y is concentrated on S ,p ifa+b <doronS,;=Pgifa+b > d. Furthermoreif xo € S¢, if xo+7Y
is concentrated on S 1 and if a + b < d, then ¢ = a.

Remark 3. If a + b = d and if xo + Y is concentrated on S ;4 = S 4, Xo could be on any S, witha < ¢ < k.

Proof. Apply Lemma 4 to F = xoR? and to G = YR?. Then almost surely we have dim(F + G) =a+ bifa+ b < d.
Furthermore we always have rank (xo + Y) < a + b.

To see that rank (xy + Y) = a + b almost surely, let us suppose that (xo + Y)R? # E = F + G. Let x; and Y’ be
the restrictions of the endomorphisms x( and Y to the linear space E. Since xy and Y are symmetric, this implies that
xoE = F and Y'E = G. Since (x; + Y')E # E, there exists v € E \ {0} which is orthogonal to (x; + Y’)E and thus
(x5 + Y)v = 0. Since xjv € F and Y'v € G and since F N G = {0}, this implies that x;v = ¥’v = 0, and v is in
Ker(x;) N Ker(Y”). But since we have almost surely F/ & G = E (a direct sum, not necessarily an orthogonal one), we
have also almost surely Ker(x;) ® Ker(Y’) = E, which implies Ker(x;) N Ker(Y’) = {0}. Thus almost surely v = 0,
which is a contradiction. Finally, (xo + Y)R? = E = F + G and rank (xo + Y) = a + b. If a + b > d then F contains a
subspace of dimension d — b and dim(F + G) = d.

To conclude, suppose now that xy € S, and that xy + Y is concentrated on S ,,, witha + b < k. If ¢ + b < k then,
by the first part of the lemma, x( + Y is concentrated on S ;. But S 4+ = S+ implies ¢ = a. If ¢ + b > k then, by the
first part of the lemma again, xo + Y is concentrated on S ;. This is impossible since S ;15 # S 4. O

Lemma 6. Let yu and v be positive measures on Py such that v is concentrated on S, and v is invariant by the
transformations x — uxu", u € Q(d). Leta € {0,...,d — 2} be such that a+ b < d. Then u v is concentrated on S 4.,
if and only if u is concentrated on S ,. Furthermore pu + v is concentrated on S ; = Py if u is concentrated on S 4—p.

Proof. =: For yo € §, consider the distribution Ky (dy) on S, of the random variable Uy U™, where U is uni-
formly distributed on the orthogonal group O(k). Let D, the set of diagonal elements yy of S, of the form yy =
diag(4i,...,4p,0,...,0) such that A; > --- > 4, > 0. Then there exists a unique positive measure vy on D}, such that
the following disintegration holds:

V(dy) = fD Yo(dyo) Ky, (dy).

It follows that
(u* V)(dx) = fS Vdy(dx - y) = fs u(dx ) f vo(dyo)K, (dy) = f voldyo) fs u(dx - YK, (dy).
b b Dy, D, b

Therefore the measure y * K, is concentrated on S 4., for vo almost all yo € D;. From Lemma 5, this implies that u is
concentrated on S ,.

& : If pis concentrated on S, with a + b < d, it is an easy consequence of Lemma 5 that y * v is concentrated on
Sa+b~ O
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Lemma 7. Let a,b € {1,...,d — 1} such that a + b < d. If m(a, a + b, d) exists, it is concentrated on S .

Proof. From the Laplace transforms of the measures we know that m(a, a + b, d) *m(b,0,d) = m(a+b,a + b, d). From
Proposition 2.2, we know that m(a + b,a + b,d) is concentrated on S ., since this is the case for the singular non-
central Wishart N(n, I(n,d), 1;) with n = a + b. Since the Laplace transform of m(b, 0, d) is (det 5)™""%, we know that
m(b, 0, d) is invariant by the transformations x - uxu" for any u € O(d). By Lemma 6 we deduce that m(a, a + b, d)
is concentrated on S, if it exists. O

6. m(d-2,d —-1,d) and m(d — 2,d, d) do not exist for d > 3

In this section we prove Propositions 4 and 5.

Proof of Proposition 4. Suppose that m(d — 2, d, d) exists. Then m(d —2,d,d) * m(2,0,d) = m(d, d, d). From (45) and
(50), the measure m(d, d, d) has a C* density g. As a consequence

ﬁ ¢ "Im(d — 2.d, d)(dx) = det s f

Py Py

e " g(x)dx = (—1)"f e "9 det(9/0x)g(x)dx.
Pa

P

This implies that m(d — 2, d, d)(dx) = (—1)" det(0/9x)g(x)dx has a density. However, since m(d —2,d, d) +m(1,0,d) =
m(d — 1,d,d) this would imply that m(d — 1,d, d) is absolutely continuous, which contradicts Proposition 9. O

Proof of Proposition 5. Suppose that m(d—2,d—1, d) exists. By Lemma 7, the measure m(d—2, d—1, d) is concentrated
on S 4_». Therefore there exists a positive measure m(dy) = m(dy;, .. .,dys—2) on R¥42 = R¥ x ... x R? such that for
all s € P, we have

T syt Va2 _ 1 tr (s~ Id-1.))
e Vi d-2 m(dy) = ————e .
Lri((l—z) () det s@-2)/2

We write the elements y = (yy,...,ys—2) more conveniently with the help of the transposed matrix y" = (y; ;) with
d—2rowsy/,...,y; ,and d columns ci,..., ¢y
le Y11 cee Yid
yT: = =[Cl,...,Cd].
y;lr_z Yda-2,1  ---  Yd-24d
With this notation introduce the Gram matrix G(c¢) = G(cy,...,cq) = ({cj, cx))1<jk<q and denote by m(dc) what we
denoted by m(dy) before. We get
1 .
e lr{sG(c)}m de) = etr{s l(d—l,d)}. 64
fR( (de) = Gersan ©4)

Equality (64) means that m(d —2,d — 1, d)(dx) is the image of m(dc) by ¢ — x = G(c).

Now in (64) we choose s = diag(1, s;) where s; is a symmetric positive definite matrix of order d — 1. We also
desintegrate m(dc) by introducing a probability kernel K(c», ..., c4; dcy) and a positive measure m;(dcs, ... ,dcy) such
that

e’””‘”zm(dcl ,dcy, ..., dcg) = mi(dca,...,dcg)K(ca,. .., cq;dcy).
With these notations we can write
1

n 2
Te‘tr(sl HooZ f e_tr{SG(C)}m(dC) — f e lleill” p=tr{siGlea,...s Cd)}m(dC], des, . ..,dcy)
det s(l =2/ Rd(@-2) RAW@-2)

.....
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since K is a probability kernel. The last equality says that the image of m(dcs,...,dcy) by the map (cz,...,cq) —
x = G(cy, ... ,cq) is nothing but m(d — 2,d — 1,d — 1)(dx). Denote G, = G(c», ..., cy) for simplicity. Since c3,...,cq
are vectors of a Euclidean space of dimension d — 2, the rank of G, is less than or equal to d — 2. To prove this
elementary fact of linear algebra we use G € P,_;. This implies that if x = (x2,...,x4)", then Gox = 0 if and only
if xTGox = 0. Since x"Gox = ||x2¢2 + - - - + x4¢,4]/> the linear space of x € R4! such that xy¢5 + - - - + x5¢4 = 0 has
at least dimension 1, the kernel of the endomorphism of R*~! with matrix G, has at least dimension 1 and its image
has at most dimension d — 2. This contradicts Proposition 9 which says that m(d — 2,d — 1,d — 1) has an absolutely
continuous part and therefore charges matrices with rank d — 1. t

7. Bibliographical comments and acknowledgments

The question of the existence of the non-central Wishart distribution was addressed in [9] where we claimed,
in Proposition 2.3, that such a distribution exists if and only if p is in A; without any restriction on ¥ € P, or
w € P,. However the proof of the “if” part was not given in [9] since we considered it obvious that if p was in the part
{1/2,2/2,...,(d—1)/2} of Ay, then NCW(2p,w, X) did exist without restriction on the rank of w. This gap in [9] was
kindly pointed out to us, in a private communication, by E. Mayerhofer who later showed in [12] that the statement
was not only unproven, but false. More specifically, Mayerhofer [12] showed that if NCW(2p,w, X) exists, if d > 3
andifn = 2pisin{l,2,...,d — 2}, then rank w < n + 1. We reproved it in a different form in Proposition 2.4 of the
present paper. Mayerhofer [12] used a stochastic process valued in the set of symmetric matrices in order to prove this
statement. Finally, he conjectured in [12] that rank w < n holds, and Proposition 2.5 shows that the conjecture is true.

Our present paper corrects the mistake in [9] by giving a necessary and sufficient condition for the existence of
NCW(Q2p,w,X) through Proposition 2.6 and thus gives a proof of the aforementioned conjecture by Mayerhofer.
We follow the lines of the arXiv paper [10], with a correction to the proof of Proposition 2.4 and a complement to
Proposition 2.1. Recently, Graczyk, Matecki and Mayerhofer in [8] have also given a proof of the same result, using
the same techniques as [12]. Clearly, the methods of the present paper are based on linear algebra and are of a different
nature.

Because of the gap in the ‘if” part of Proposition 2.3 of [9], it happened that the proof of the ‘only if * part became
also incomplete. This fact has been pointed out by Piotr Graczyk in a private communication. With the help of Mauro
Piccioni, we have been able to design the simple proof of the second part of Proposition 2.1 of the present paper. We
have taken the idea of Proposition 2.3 from [12]. Jacques Faraut helped us with Lemma 4.2.

The ‘only if” part of Proposition 2.6 has a long history: for w = 0, an unconvincing proof appears in [14] and
is commented upon in [1]. Later on, this result was conjectured by Eaton [3], who was unaware of [5]. Gindikin’s
proof is described in FK Theorem VII 3.1, where it is explained why (3) is also called the Wallach set. Shanbhag in
[17] gave an elementary and elegant proof, which is now the classical one. Peddada and Richards [15] gave the proof
described in Proposition 4.1 of the present paper. They also proved that p € A when w has rank one.

The proper mathematical framework for this paper is that of Euclidean Jordan algebras rather than the linear
spaces of real symmetric matrices. But working in that general framework might have obscured our statements
without adding any insight: the extension of our results to Euclidean Jordan algebras is straightforward. However,
past experience comparing the real and the complex case [6, 7] makes us aware that replacing real symmetric matrices
by Hermitian ones could lead to more elegant formulas than in the real case. To conclude, our deepest thanks go to
Eberhard Mayerhofer, Jacques Faraut, Piotr Graczyk, Mauro Piccioni and the two referees.

Acknowledgments. H. Massam gratefully acknowledges support from the Natural Sciences and Engineering Re-
search Council of Canada through Discovery Grant No A8947.
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