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SPECTRAL INEQUALITIES FOR THE SCHRODINGER
OPERATOR

GILLES LEBEAU AND IVAN MOYANO

ABSTRACT. In this paper we deal with the so-called “spectral inequalities”,
which yield a sharp quantification of the unique continuation for the spectral
family associated with the Schrédinger operator in R

Hyv =Ag +V(2),

where Ay is the Laplace-Beltrami operator with respect to an analytic metric
g, which is a perturbation of the Euclidean metric, and V(z) a real valued
analytic potential vanishing at infinity.
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1. INTRODUCTION AND MAIN RESULT
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Let g be a Riemannian metric on R%, A, the usual Laplacian in the metric g, and
V = V(x) a real potential function, not necessarily short range, such as the typical
examples of long-range interactions in scattering theory (cf. [9, vol.IV Ch.XXX]).
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2 G. LEBEAU AND I. MOYANO

In this paper we prove spectral inequalities for the Schrodinger operator
Hyv = -0, + V() inRY d>1.

Our approach relies on interpolation inequalities, in the spirit of the works [13, 10,
14], but adapted to the unbounded case. We will use spectral projectors, holo-
morphic extension arguments, and suitable interpolation estimates for holomorphic
functions.

In the case V' = 0, we recover some classical quantifications of the uncer-
tainty principle dues to Zigmund [23, pp.202-208], Logvenenko and Svereda [15]
and Kovrojkine [7, 8], among other references (see Section 2.1.2 for further details).

1.1. Geometric conditions for the observability sets. Given R > 0 and x €
RY, we denote by B%(x) the ball of radius R, with respect to the metric g centered
in . When z = 0, we simply write BY, and if moreover g = Id, one can simply
write B as usual. We shall work with Lebesgue measurable sets w C R? satisfying
the condition
mes(w N By (x)) -
mes(B%(z))  — 7
Since in the present work the metric g will be asymptotically the flat metric, (1.1)
can be replaced by the same condition with the Euclidean metric:

(1.2) JR,6 >0, such that inﬂgd mes{t € w, vt —t| < R} > .
EdS

(1.1) JR,6 >0 such that Ve € R

1.2. Main result: spectral inequality for the Schrédinger operator on R,
Let g = g;j(z) be a Riemannian metric in R? and consider the Laplace-Beltrami
operator associated to g, i.e.,

1 . _
(1.3) Agu= o div ( det gg 1Vu) ,
where g7 (z) = (¢%)(z) denotes as usual the inverse metric of g. Given V = V()
a real-valued potential function, one defines the associated Schrédinger operator
(1.4) Hyv :=—-A,+V(z), on D(Hyyvy),

where
D(Hyy) = {u € L*(R% \/det gdx); H, v (u) € L*(R%; \/detgdzzr)} .

We will assume that the metric g and the real-valued potential V' satisfy the
following hypothesis:

(1.5) the metric g is analytic, of the form g = I'd + g with lim g(z) =0,

|z|— 00

(1.6) the potential V is analytic, real valued, with lim V(z) =0,

zj—o0
(1.7) Ja > 0 such that g and V' extend holomorph|ic|ally in the
complex open set defined by U, := {z € C% [Im(z)| < a},
(1.8) Je € (0,1) such that g and V' satisfy for |af < 2
10%G(2)| + 0%V (2)] < Cu(1+ |2))~ 710l vz e U,.

Under these hypothesis one can check (see Proposition 4.46) that the Schrédinger
operator H y is an unbounded self-adjoint operator. In section 4 we will recall some
basic facts on the functional calculus of self-adjoint operators. In particular, the
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spectral projectors II,, (g, V') are defined in (4.55). In this article we will prove that
the family of specral projectors I, (g, V') enjoy a spectral inequality, i.e., an observ-
ability inequality on a set w C R? for low frequencies as long as the observability
set satisfies (1.1).

Given p € R, let us introduce

1 1 )
(1.9) pi=/p >0, pko=Ei/|pf, op<O0.

Our main result is the following:

THEOREM 1.1. Letw C R be a measurable set satisfying the geometric condition
(1.2) and let (g,V') satisfy hypothesis (1.5)—(1.8). Then, there exist constants A =
A(w,g,V) >0 and C = C(w,g,V) > 0 such that for all p € R and all f € L*(R?),
one has

1
3
(1.10) ||H#(g, V)fHLz(Rd;,/idctgdx) <A |ecui| ||H#(g, V)fHL2(w;\/detgdm)'

1.3. A special case: spectral inequality for the Laplacian operator in R%.
When g = Id and V = 0 as Hy = —A, is the usual flat Laplacian, it is well-
known that that o(Id,0) = [0,00) is a purely absolutely continuous spectrum.
Furthermore, the spectral projectors are explicitly determined through the Fourier
transform, i.e.,

1 U
(14,00, = o [ fl©eda,
e Jigen
recalling that the classical Fourier transform is defined by
39 = [ gl Cdn, VeeRY, vge LR
Rd
As a result, one can recast (1.10) as the following familiar spectral inequality.

THEOREM 1.2. Let w C R be a Lebesgue measurable set satisfying the geometric
condition (1.2). Then, there exist constants A = A(w) > 0,C = C(w) > 0 such
that for all p € Ry and all f € L*(RY), one has

(1.11) Ifll2@®) < A(w)ec(“)“HfHLz(w), whenever supp f C B,.

2. CONTEXT OF OUR RESULTS AND PREVIOUS WORKS

2.1. Spectral inequalities, Logvenenko-Sereda inequalities and the uncer-
tainty principle.

2.1.1. Spectral Inequalities. Given a compact Riemannian manifold M equipped
with a metric g the spectral inequalities for V' = 0 have been introduced by the
first author and D. Jerison in [10] and also in [14], among other works (see [11] and
the references therein).

In the non-compact case when M = R with the usual Euclidean metric, the
methods of [13] have been extended in [12] in such a way that inequality (1.11)
holds whenever w C R is an open set satisfying the geometric condition

(2.12) 3R> 0,6 > 0s.t. Yy € RY 3y € R? with B(y/, R) C w and d(y,y') < 4.
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This condition is thus proven to be sufficient for the null-controllability of the heat
equation to hold, as well as for some hypoellipitic equations, like the Kolmogorov
equation, arising in kinetic theory [16]. This condition is however far from being
necessary (see Section 2.2 for details).

2.1.2. Quantification of the uncertainity principle and the Logvenenko-Sereda in-
equality. The classical uncertainty principle in harmonic analysis accounts for the
fact that a function cannot be localised both in space and in the frequency variable
(cf. [17, Prop. 10.2, p. 270]) :
3 . 3
050, ([ epa) ([ eli©ra) 2 Clfl, v e e

A version of this inequality due to Amrein and Berthier (cf. [1]) guarantees that
[f@)Pde+ [ [f©PdE = Clfl ey, mes(w)+mes(E) < co.
R\w R\S

In the aim of giving more quantitative versions of the uncertainty principle in R,
one can find very significant literature (see [3] and the references therein for further

details). In particular, Logvinenko and Sereda proved in [15] that the condition
EnI
(2.13) E C R measurable s.t. 3y > 0, a > 0 s.t. m >
mes(I)

whenever [ is an interval of length «a is sufficient to ensure that
(2.14)

W >0,3C = C(vy,a,b) > 0 s.t./ F@)P dz > O |22y, i supp(f)  (—b,b).
E

On the other hand, the authors do not get a sharp estimate of C' with respect to the
parameters a,b,y. This was achieved by Kovrijkine [7], where the author proves
that

)

K (ab+1)
3K > 0 such that C(v,a,b) = (%)

with v < K. Moreover, the Logvenenko-Sereda inequality (2.14) also holds in any
LP(R) space with p € [1,00]. This is possible by combining the Bernstein’s inequal-
ity, a suitable Remez-type inequality and some previous results by A. Zigmund in
lacunary series [23, pp. 202-208]. The same results were obtained by Nazarov in
[19]. We refer to [6] and the references therein for more details on this subject.

Thus our Theorem 1.2 (when V' = 0 and g = Id) recovers the Logvinenko-Sereda
inequality in R?.

2.2. Controllability of the parabolic equations in the whole space. Some
recent work has been concerned with the problem of characterising the sets having
“good observability properties” in the whole space in the context of the controllabil-
ity of the heat equation and some other parabolic problems. More precisely, given
an open set w C R?, for d > 1, let us consider the heat equation

(2.15) (0 — Ax)u = xug, (t,z) € Ry x RY
where Y, is the characteristic function of w € R% and g is a forcing term, that we

call a control, supported in (0,7) X w. The small-time null-controllability of (2.15)
in an L? setting is equivalent to the following property

(2.16) VT >0, Yug € L*(RY), 3g € L*((0,T) xw) st ulj=r =0,
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where u is the solution of (2.15) with u|i—g = up. According to the classical HUM
method, the null controllability of (2.15) is equivalent to the observability for the
adjoint system

(2.17) (0, — Ap)h =0, (t,z) € Ry x RY,

which is equivalent to the following observability inequality:

T
(2.18) 3C,ps >0 s.t. Voo € L*(RY), / |1/)|t:T|2dx§/ /|1/;(t,:1:)|2dtda:,
Rd 0 w

where v solves (2.17) with ¥]t—o = 0.

In the recent works [21, 5, 18], the authors use the Logvinenko-Sereda inequality
to show that (2.18) holds if and only if w C R is a measurable set satisfying (1.1)
for some R,6 > 0.

2.3. Outline of the paper. In Section 3 we give a proof of Proposition 3.1 which
is a basic interpolation estimate for holomorphic functions defined in a tubular
neighborhood of R?. Although one can obtain this type of result like in [7] using the
Remez inequality for polynomials as a starting point, we choose instead to present
a proof which uses a Carleman estimate for functions of one complex variable (see
Lemma 3.2).

In section 4 we recall some facts on the spectral theory of the Schrodinger operator
and we introduce the Poisson kernel.

In section 5, we prove estimates on the holomorphic extension of solutions to the
Poisson equation.

Finally, in section 6, we show that Theorem 1.1 is an easy consequence of the
previous holomorphic extension estimates.

3. CARLEMAN ESTIMATES AND INTERPOLATION INEQUALITIES
Recall that for a > 0 we denote by U, the tubular neighborhood of R? in C¢,
U, = {2 € C% |Im(2)| < a}.
Let H,, be the Banach space of holomorphic functions f(z + iy) in U, such that

I fll#, = ‘SVP (- + i)l L2@ey < oo
y<a

By the Paley-Wiener Theorem, H,, is the space of Fourier Transforms of functions
g € L*(R?) such that SUP|,<q €779 (Y)|| L2 (may < 00

The goal of this section is to prove the following result

PROPOSITION 3.1. Let w C R? satisfying the density condition (1.2). Then,
there exist constants C = C(a,w) > 0 and v = v(a,w) €]0, 1] such that

(3.19) [ease(firea) ([ ea)

for any f € H,.

Observe that Theorem 1.2 is an easy consequence of Proposition 3.1. In fact, if
f € L?(R?) is such that its Fourier transform f(¢) is supported in the ball [£] < p,
by the Fourier inversion formula one has
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foy =@ [ eiga,  voert

[gl<p

Therefore f is the restriction to R? of the holomorphic function f(z) defined on
Cl by f(z) = (2m)~¢ lEl<p e'*¢ f(£)d¢, and one has by Plancherel theorem

1£C+ i) 3 gy = (2m) / oY () 2dE < £z g

[g]<p

Therefore, from (3.19) we get

v 1—v
ey <€ ([ 157a0) (can®e s

where ¢y is the volume of the unit sphere in R?, and this implies (1.11).

We will prove Proposition 3.1 in several steps. First we prove suitable Carleman
estimates for holomorphic functions of one complex variable. In particular, we
prove the interpolation estimate given in Lemma 3.3 below. We then deduce the
multidimensional interpolation inequality given in Proposition 3.7. Finally, we get
the proof of Proposition 3.1 by a simple covering argument.

3.1. Carleman estimates for 0 in C. In this section, we prove basic estimates
for holomorphic functions of one complex variable. We denote by dA the Lebesgue
measure on C ~ R?,

Let X C C be an open bounded connected domain with regular boundary. We
start with the following classical Carleman inequality.

LEMMA 3.2. Let p(x) be a continuous function on X such that Np = v is a
Borel measure on X. For all f € C§°(X) and all h > 0, the following inequality
holds true

ez e(x)

(3.20) 4h2/XeQT)|3f(a:)|2d)\ > h/ 257 | £ ()2 dv.

X

Proof. Let f € C5°(X) be given and let @ C X be a compact set such that the
support of f is contained in ). We first assume that ¢ is smooth in a neighborhood
of Q. Let P := %8. We define the conjugate operator

h h
P, = ehPe F =A+iB, A= ?896—(;7; =A" B= ?8y+g0; = B".
Set g = ek f € C§°(Q). One has P,g = e Pf and by integration by part we get
1Pegl2x) = 11490 72(x) + |1 Bll72(x) +i(Bg, Ag)r2(x) — i(Ag, Bg)r2(x)

= | AgllZ2(x) + 1Bl Zzx) +i([A, Blg. 9)12(x)
Since [A, B] = AB — BA = —ih Ay, we get

(3.21)

ez

elz) - elx)
22 ant [ FF DI~ Pl 2 h [ @) ap@ar
X X
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and thus (3.20) holds true. Let now ¢(z) be a continuous function on X such
that Ay = v is a Borel measure on X. Let x. be a smooth approximation of the
identity. Then ¢. = ¢ * x. and v. = v x x. are well defined in a neighborhood V' of
Q for e small and one has Ag.d\ = v. on V. The inequality (3.22) holds true for
Y. Since @ converge uniformly to ¢ on @, it remains to verify

Pe

lim | €2 fgm)|f(a:)|2Agas(I)d/\:/X62$|f(17)|2d’/-

e—=0 Jx

Since the total variation on @) of the measures v, is bounded, i.e sup, fQ d|ve| < o0,
one has

Jing /X 255 — 5| f () Pdve = 0.

Then, the result follows from the convergence of the measures v, to v, i.e
lim. o [y g(z)dve = [ gdv for any continuous function g with support in Q. The
proof of Lemma 3.2 is complete.

O

Let K C X a compact subset of X, and p a positive Borel measure with support
in K such that pu(K) = 1. We will assume that p satisfies the following hypothesis:

(3.23)
1
The potential function W(x) = 5 /log |z — y|du(y), solution in D’'(R?)
T

of the equation — AW = p, is continuous on C ~ R?.

For y € X, we denote by G(z,y) the Green function of the Dirichlet problem

(3.24) {—AwG(:v,y)=5w—y in X,

G(,y)lox = 0.
Recall that one has G(x,y) > 0 for all (x,y) € X x X with 2 # y, and that there
exist constants 0 < ¢; < ¢ such that for all x € X with dist(z,0X) small one has

(3.25) cardist(z,0X) < inf G(z,y), sup G(z,y) < codist(z,0X)
yeK yeK

Moreover, G(z,y) is analytic in € X \ {y}, and more precisely one has
G(x,y) = —5; [loglz —y| + H(x,y)

(3.26) —AyH(z,y) =0, in X,
H(z,y)|zcox = 55 [loglz —yl.

Let ®,(z) = [ G(z,y)du(y). Then @, satisfies

—A®, =p, in X,
®,lox = 0.

(3.27) {

By assumption (3.23), the function ®,(x) is continuous on X. Moreover, ®,, is
smooth on X \ K, one has ®,(z) > 0 for all z € X, and
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(3.28) (I)H(x) =W(x) + h(z)
’ —Ah = 0, in X, h|ax = —W|ax.
We will denote by C), > 0 the constant
(3.29) C, = sup @, () = sup ®,(x) .
reX zeK
Observe that from (3.25), one has for all z € X with dist(z, 0X) small
(3.30) P, (z) < codist(x, 0X).

Let Y C X an open subset of X with regular boundary such that K C Y and
Y C X. We will denote by cy > 0 the constant

(3.31) cy = ze)lfr,lyfeKG(x’y) .
From @, (z) = [ G(z,y)du(y) we get

. <
(3.32) ¢y < inf @,(z) .
Let Wy (z) = — [, G(z,y)d\(y) be the solution of
(3.33) AUy =1lzey, Yylox =0.

The function Wy is continuous on X and one has Wy (z) < 0 for all z € X. We
denote by Cy the constant

(3.34) Cy = sup |y (2)] .
€Y

Let p > 0 such that 2pCy < ¢y and define ¢ by the formula

(3.35) (@) = B, (x) + pUy () .

Then ¢ is continuous on X and one has Ay = —p + plyey. Thus we can apply
(3.20) and we get for all f € C§°(X)

(3.36) 4h2/ e2$|5f(x)|2dA+h/ e2¥|f(x)|2duzhp/ %2 £ (2)[2dA.
X K Y

Let g be an holomorphic function in X such that g € L?(X). We will apply (3.36)
to g, with 1 € C§°(X) such that v is equal to 1 in a neighborhood of Y, and V1)
is supported in dist(z,0X) < r with r > 0 small enough to have 4cor < cy. By
our choice of the constants p and r, the following inequalities hold true:

sup p(x) < sup ®,(z) = C,,
reK reK

(3.37) nf p(z) 2 inf @,u(z) - pSup [Ty (z)| > ey /2,

sup plx) < sup  Du(z) <cy/4.
zesupport(V) dist(z,0X)<r

Since d(vg) = goip, we get that the following Lemma holds true, with M =
[0 L~
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LEMMA 3.3. For every holomorphic function g € L*(X) and all h > 0, the
following inequality holds true

(3.38) AR?Me=r / lg(z)|?dX\ + he 7 / lg(z)|*dp > hpe ™ / lg(z)[2dA.

X K Y
REMARK 3.4. Observe that from the definition (3.29) of C,, one has obviously
C# Z Cy.

PROPOSITION 3.5. There exists a constant C', depending only on X,Y such
that for all holomorphic function g € L*(X), the following interpolation inequality
holds true

(3.39) /Y|g(:1:)|2d)\ < c(/}(lg(z)lzdu)‘s(/xIg(x)IQdA)lf‘s, 6= 40:7{0,/ :

Proof. Set X = [ [g(x)[?dX, O = [, |g(z)|?dp and Y = [, [g(x)[>dX. Inequality
(3.38) reads

20,

(3.40) ARMe™ X +e 70> pY .

If O = 0, by taking the limit h — 0, we get ) = 0, hence we may assume O > 0.
Let h, be such that

1 4Cu—cy

F(h) = 4hMe 2h
If h. > 1, we use F(h,) < F(1), hence X < F(1)O, and we write

X
S = Flh),

V<X <FL)P10x.

Observe that F'(1)° is independent of C,,, hence depends only on X,Y.
4C, —c
If h, <1, we use e B < 4M%, and we write

Cu—cy

e 2 20, —c
Ah Me@r X +e i O=2e 7= O<(4M) 0010,

The proof of Proposition 3.5 is complete. O

From Proposition 3.5 we deduce the following Lemma.

LEMMA 3.6. Let X C C be a complex neighborhood of [0,1]. There exists con-
stants C, ¢ depending only on X such that the following holds true. If E C [0,1] is
a measurable set with positive measure |E| > 0, and g a holomorphic and bounded
function on X, one has:

(3.41)
C 9 5 \6/2 1-6 c
sup T S—/ x)|“dx sup |g(x , 0= —"".
S lg(x)] |E|5/2( Elg( )[*dz) (IGX lg(x)]) T oz |E]

Proof. We may assume X bounded with regular boundary. We apply Proposition
3.5 with K = [0,1] and the measure p defined by [gdu = |E|™* [}, g(x)dz. By
Cauchy integral formula, if Y CC X is a complex neighborhood of [0, 1], there
exists a constant C' such that

sup |g(z)] < O /Y la() 20172,

z€[0,1]
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Thus, from (3.39) it just remains to verify the lower bound on ¢. By formula (3.39),
this is equivalent to get a upper bound on C),. From formula (3.28) we get

1
C,<C+ sup —/ |log |z — t||dt < C(1+ |log|E|]),
zve0,1) Bl Jg

with C independent of E. The proof of Lemma 3.3 is complete. O

3.2. Interpolation estimates in R% Let R > 0 be given. Let X C C? be a
bounded complex neighborhood of the closed Euclidean ball Br = {z € R?, || <
R}. Let E C Bg be a measurable set with positive Lebesgue measure, |E| > 0.
The goal of this section is to prove the following interpolation inequality.

PROPOSITION 3.7. There exists constants C > 0,0 €]0, 1], depending only on
X, R and |E|, such that for all holomorphic function g € L*(X), the following
interpolation inequality holds true

(3.42) /B J9() 2di < /E l9(x) 2dz)’ ( /X l9(=) =)

Proof. The proof of Proposition 3.7 is an usual consequence of Lemma 3.6. We
recall it for the reader’s convenience. We may assume R = 1. If X CC X is a
complex neighborhood of B = By, by Cauchy integral formula one has

sup |g(a)] < O /X l9(2)Pldz) 2 .

zeX

Therefore, replacing X by X, we just have to prove
/2 1-6
(3.43) sup 9(a)| < C( [ lg(a)dz)"* (sup lg(@)))' "
reB E reX

Let zg € B such that |g(x)| = sup,cp |g(z)|. Let p €]0, 1] such that |B,| < |E|/2.
Set E = EN{p < |z| < 1}. One has |E| > |E|/2. Let S4! be the unit sphere in
R? and let ¢4 be its volume. For w € S971, define r,, € [0,2] as the largest value of
r > 0 such that zq + rw € By and set

E, = {r €]p,ry], such that zo+rw € E} .
We denote by |E,| € [0,2] the Lebesgue measure of E,, C [0,2]. One has

(3.44) |E| = /sdl(/eE rildr)do(w) < 2471 /Sdi1 |E,|do(w).

Set )
|E| )
2dCd '

By (3.44) one has |E| < |E|/2 4 24V ol(V), hence Vol (V) > |E|/2¢+.

Observe that there exists a > 0 such that X is a complex neighborhood of Bj4,.
Therefore, for each w € V', the function of one complex variable z,

w)

is defined in a complex neighborhood Z of the interval [0, 1] independent of w and
one has zg + ;5w € X for z € Z. Therefore, we can apply Lemma 3.3, and we

V = {w e 8% such that |E,| >

gw(z) - g(xo + ry ta
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get for all w € V,
2/68 2/8 2 2020
o) = P <0 ( [ lotea+raPar) (suploo)) 7
E, reX
with C,0 depending only on X and |E| since with have the lower bound |E,| >
clzﬁ By integration in w € V, using E,, C|p,2[, we get
2(1-6)

Vo lgen’ <~ [ B [ gt + e Pardot) - (supla(s))

/ v/E |Tdflg(x0—|—rw |2drda /|g|2da:,
we w

we get that (3.43) holds true. The proof of Proposition 3.7 is complete. O

Since

3.3. Proof of Proposition 3.1. In this section we prove Proposition 3.1. Let
R,§ > 0 given by the assumption (1.2). For k € Z%, let Br(k) = k + Bg the closed
ball of radius R centered at k. Increasing R if necessary, we may assume that the
family (Bgr(k))peze is a covering of R? and that we have

/. LUEEDY / fl2ds

Let X C U,/2 be a complex neighborhood of Br(0) and for any k& € 74 set wy, =
w N Br(k). By assumption, one has |wg| > § for all k. By Proposition 3.7, there
exists constants C, v > 0 independent of k € Z? such that

2 25 \V 2 1-
(3.45) /B @ so( [ Ise@ra) /X Gz
Set

= [ @ w= [ f@Pd b= [ 5GP

By Holder’s inequality with 1/p=v,1/¢ =1 — v, we get
Dok SO ah ™" <CQan) (bw)'
k k k k
It remains to observe that one has

ar <C [ |f@)Pde, D be <O [ |f(2)Pldz] -
Yo [etis Snse),

The proof of Proposition 3.1 is complete.

4. SPECTRAL ANALYSIS

4.1. Description of the spectrum. The goal of this section is to give a descrip-
tion of the spectrum of the operator H - defined by (1.4). To do this, we apply the
long-range scattering theory developed in [9, Chap. 30], which yields the following
result.
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PROPOSITION 4.1. The operator Hy v defined by (1.4) is self-adjoint in the
space L?(R%; \/det gdx). The spectrum of Hy v is of the form

(4.46) Y(Hyyv)=AU{0} U H,e,

where Hye = (0,400) is the absolutely continuous spectrum, and A is the set of non
zero eigenvalues. Moreover, there exists Ey > 0 such that A C [—Ey,0) and any
eigenvalue N € A is isolated with finite multiplicity.

REMARK 4.2. The set A may be empty, or finite, or countable, and 0 is its only
possible accumulation point.

Proof. According to [9, Sec. 30.2], let us split the operator Hy y in the following
manner

(4.47) Hyy =—A+V(x,d),

where A is the flat Laplacian in R? and
-1

V(x,0) = V(z) —div [(g! — Id)V] — \/fimvwdet 9)- V.

Observe that we may further write

(448)  V(x,0) = 8, [(5i; — 97)0;] — ———V(y/detg) - V + V()

=VE(,0)+V(x,0),

with

(4.49) VE(,0) = (65 — g7)0}; — 0i(9")0; + V(2),
1 -

(4.50) VS(x,0) = — \/mg”[)j(\/det 9)0;,

where we have used the expression in components and Einstein’s convention. We
have to verify that the operator V =V + V! is a 1-admissible perturbation of the
flat Laplacian , i.e., the short-range V°(z,0) = Z'Z:l V.3 (2)0; satisfies

(4.51) Vi (z) < Cs(1+ [a) 717,
and the long-range part VI (z,0) = > lal<2 VE(2)0™ satisfies

(4.52) Je > 0,V|a| <2, |9°VE(x)] < Cup+ |27 18] = 0,1,

The estimates (4.51) and (4.52) follows from (1.8) and the fact that one can write
gt =1Id+ gand detg = 1+ f where § and f satisfy (1.8). Thus the operator
H, v is a 1-admissible perturbation of the flat Laplacian. As a consequence of [9,
Theorem 30.2.10, p.295] we get that the eigenvalues of the operator Hy v in R\ {0}
are isolated with finite multiplicity. Furthermore, applying [20, Theorem 1, p. 530]
ensures that H, - does not have eigenvalues in Ry. Finally, since for f € D(Hy,g)
one has

<Hg,Vf, f>L2(]Rd;\/thdw) > /Rd V(‘T)|f|2 V detgdx > zien]lgd V(x)”fH%Z(Rd;\/ﬁdm)’

one get X(Hyv) C [—Eo,0) for some Ey > 0.
O
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4.2. Spectral projectors and Poisson kernels. According to the spectral the-
orem ( cf. [4, Section 2.5]) applied to the self-adjoint operator Hy v, there exist a
measure dv on R x N, supported in (g, V) x N, and a unitary operator

U: L*(R% \/det gdz) — L*(R x N; dv)
such that
(4.53) UH,vU '(h) = ch(o,n), heL*RxN;dv).

If Fis a bounded Borel measurable function on R, the operator F(Hy ) is defined
by the formula

(4.54) UF(H,v)U™' = F(o).

In particular, for A € R, the spectral projector I1)(g, V'), associated with the func-
tion F(0) = 1y<y, is defined by

(455) 1L (ga V)(f) =U! (]lcr<)\U(f))'

For s > 0, we define the Poisson operator P 1, associated with the function F(o) =
1

efsgip, by the formula
B _sol/?
(4.56) Po+(f) =U (e 7= U(f)),

where the function oi/ % is defined in (1.9).

PROPOSITION 4.3. Let f € L*(R%;\/det gdz) and set us(s,z) = Py (f)().
Then uy (s, x) satisfies the following elliptic boundary value problem
(457) (<02 + Hy)u=0,  in (0,00) x B,

' lim,_,o+ u(s,z) = f(x), in L2(RY;/detgdx).

Proof. Setting

v(s,o,n) =U(u(s,.)),  glo,n) =Uf(z),
the boundary value problem (4.57) writes
{ (=02 + o)v(s,0,n) = 0, in (0,00) x R x N,

(4.58) lim,_,o+ v(s,0,n) = g(o,n), in L*(R x N; dv).

which is true since by construction one has
3
v(s,o,n) = e 7 g(o,n).

5. ANALYTIC ESTIMATES FOR SECOND ORDER ELLIPTIC OPERATORS

5.1. Holomorphic extensions estimates. Throughout this section we use N €
N instead of d to denote the dimension of the space. Let Br = {z € RV |z| < R}
and let X C CV a complex neighborhood of the closed ball Bg. Let Dy > 0,do > 0
be given. We denote by Q = Ox p,,q4, the family of second order differential
operators Q(x, d;) of the form

(5.59) Q,0:) = Y qalx)d”

laf<2
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where the functions g, (x) are holomorphic in X, and such that
sup [|ga | L= (x) < Do,
(07

(5.60) >~ Re(ga(@)E 2 dolél’, Vo e X, VEeRN.

|| =2
Let R’ €]0, R[. The goal of this section is to prove the two following propositions.

In this subsection, we will denote by C; various constants independent of ) € Q
and of a particular solution u € L?(Bg) of the equation Qu = 0.

PROPOSITION 5.1. There exists a constant C' such that for any QQ € Q and
u € L%(BR) such that Qu = 0, the following inequality holds true

(5.61) lull LBy < CllullL2(Ba\By)

PROPOSITION 5.2. There exists constants C; > 0 such that for any Q € Q and
u € L?(Bgr) such that Qu = 0, the function u extends as a holomorphic function in
the set

Y ={z € CV,|Re(z)| < R, |Im(z)| < C1(R' — |Re(2)|)}

and the following inequality holds true
(5.62) SU}Q lu(z)] < CollullL2(By)
z€E

REMARK 5.3. It will be essential in the proof of Proposition 5.5 below that the
constants Cj can be chosen independent of QQ € Q.

Proof. The proof of Proposition 5.1 is classical. Let ¢ € C§°(Bgr) equal to 1 in a
neighborhood of Bg: and 1 € C§°(Bg) equal to 1 in a neighborhood of the support
of ¢. Let s > N/2. By classical pseudo-differential calculus, since @ is elliptic,
there exist a pseudo-differential operator E of degree —2 such that

EQ = ¢+ 4T.
where T is a pseudo-differential operator of degree —s such that

N1VT (D f)llas < Collfll2(Br)

Since the construction of F,T involves only a finite number of derivatives of the
coefficients of @, from (5.60), the constant Cs is independent of @ € Q. From
Qu =0, we get pu = —YTYu and therefore

(5.63) loullzs = ([T (Yu)|| s < CollullL2(By) -

Let us now prove (5.61) by a contradiction argument. If (5.61) is untrue, one
can find a sequence Q,, € Q and a sequence u,, € L?(Bg) such that Q,u, = 0,
tunll LBy = 1 and |[unllL2(B\B,) — 0. The sequence u,, is bounded in L*(Bg)
and from (5.63), puy is bounded in H®. Thus we may assume that w, weakly
converge in L? to some u € L?(Bg) and, since s > N/2, that u,, converge strongly
to uw in L>°(Bgs). Then we have ||ulp=(p,,) =1 and u = 0 on Br \ Br/. Let X'
an open neighborhood of Br such that X’ C X. We may also assume that Q,
converge in Q(X’, Dy, dp) to some Q € Q(X', Dy,dy). Then u satisfies Qu = 0 and
since @ is elliptic with analytic coefficient and u = 0 on Br \ Brr we get u = 0 on
Bp, in contradiction with |lulz~s,,) = 1.
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In order to prove Proposition 5.2, we will use complex deformation arguments.

We first prove that for C; > 0 small enough u extends as a holomorphic function
inY . For r € [0, R] let us define the non negative function ,.(t):

P (t) == max(R' — V12 +12,0), teR.
The function t, is Lipschitz with [¢'(r)| < 1, and supp e, = {|t| < VR? —r2}.

Observe that v, (t) is decreasing in r, ¥/ (t) = 0, 1o(t) = max(R’ — |t|,0). Take
C; > 0 small. For r € [0, R'], let K, be the compact set in C

K, = {z € CV;|Im(2)]? < C192(| Re(2)]), |Rez| < VRZ — r2} .

The interior €2, of K., is given by
Q, = {z e CV; | Im(2)? < C1v2(|Re(2))), | Rez| < VR — r2} .

The open sets €, are decreasing in 7 and one has Qr =0, Qo =Y.

Let I = {r € [0, R/[ such that u extends as a holomorphic function in €, }.

Since Qu = 0, the function u is analytic near Im(z) = 0. Thus for r close to R’
one has r € I. From U, ,Q, = Q,, we get that I is of the form [ro, R’[. In order
to prove ro = 0, it is sufficient to prove that if 0 < r € I, u extends near any point
z0 € K, \ Q. If Im(z9) = 0, this is true since u is analytic in Bg. If Im(zg) # 0,
one has |Re(z0)] < VR? — 12, |Im(20)|*> = C192(] Re 20|), and locally near zg,
is defined by f < 0 with

f(z) = [Tm(2)* = C147(| Re(2)]).
Let 0 = $(9, — idy). At z9 = a + ib, one has b*> = C1¢?%(|a|) and
a

O0f(20) = Co =& +ino, &= Clqua')ﬁa no = —b.

This implies [§o] < v/C1lno|. Therefore, if q(z,() = 32|, —5 ¢a(2)C* is the principal
symbol of @, one finds, using |b| = /C1¢,(|a|) < /C1 R’

Req(z0, o) = Req(a, o) + O(bI¢ol*) = —Req(a,b) + O(/C1b) .

By the second line of (5.60) this implies g(zo,p) # 0 for Cy small. Then the result
follows from the Zerner Lemma that we recall for the reader’s convenience.

LEMMA 5.4 (M.Zerner). Let Q(2,0) = 3_, |oj<m 9a(2)0 be a linear differential
operator with holomorphic coefficients defined in a neighborhood U of 0 in CV
and let q(z,¢) = Z|a\:m 4o (2)CY be its principal symbol. Let f € €1(CV;R)
be a real function such that f(0) = 0 and 0f(0) # 0. Let u be a holomorphic
Junction defined in UN{f < 0}, such that Qu extends holomorphically to U. Then,
if ¢(0,0f(0)) # 0, u extends holomorphically near 0.

Finally, let us verify that (5.62) holds true. Let R’ < R; < Ry < R. Let
¢ € C§°(Br,), equal to 1 on Bg,. Let § > 0 small and D = {w € RY, |w| < d}.
For w € D, we deform the real ball By into the countour %,

Yo={2€C? 3ze€Bp, z=z+iwp(x)}.
By the first part of the proof of Proposition 5.2, that we apply with some R’ €

|R2, R[, if § is small enough, the function u extends holomorphically near any
2 € By, w € D. Let uy(x) = u(r + iwp(x)). Then u, € L*(Bg) and one has
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Quw(uw) = 0 where @, is the operator induced by @ on %,,.
One has Q,, € Q(X', Dj,d;) with (X', Dy, dy) close to (X, Dg,do) if 0 is small
enough. Now, we apply Proposition 5.1 with R’ = Ry. We get in particular

sup sup |u(x +iw)| < CllullL2(B\Bg,)-
wEDmEBRl

By taking C; small enough, this implies that (5.61) holds true.
O

5.2. Estimates on solutions of the Poisson equation. Let f € L?(R?;/det g dz)
and uy (s,z) = Py 1 (f)(x) the solution of the Poisson equation (4.57). Let s¢ > 0.
The goal of this subsection is to prove the following proposition

PROPOSITION 5.5. There exists constants b > 0,C' > 0 independent of f such
that, u(so,.) extends as an holomorphic function in the set
U, = {z € C% |Im(z)| < b}. Moreover u(sg,z) € Hp and one has

(5.64) / s (50, 2)[2ld2] < C|I£]2.
zeUy

Proof. Recall that uy (s, ) is a solution of the elliptic equation
(5.65) (=0% + Hyy)usr =0, in (0,00) x R%.
We first choose R €]0, s0/2]. We denote here by Br C R4t the ball

Br = {(0,z) e R o2 4 |z> < R?} .
For w € RY, we define the function u,, (o, z) by the formula

Uy (o, x) =uys(so+o,w+2a).
Then one has u,, € L?(Bg), and u,, satisfies the equation
Qu(uy) =0 on Bpg

with —Q,, = T(,Sm,w)(—6S2+Hq7v)T(507w) where 7, ) is the translation by (so, w).
By hypothesis (1.7) and (1.8) there exist (X, Dy, dp) such that Q,, € Q(X, Dy, dp)
for all w. Let R' < R. By Proposition 5.2, there exist b > 0 and C' > 0 independent
of w € R? such that

sup  |uw (0,2 4+ dy) > < C/ |t (0, )| doda .
|z|<R/,|y|<b Br

This implies

(5.66) sup / lus(so,w + z + iy)Pde < C lus(so + o, w + 2)|*dodz.
ly|<bJ By Br

Applying (5.66) at points wy, = hk, k € Z% with h small enough and adding all
these inequalities, we get with a different constant C

(5.67) sup/ |ui(so,x+iy)|2dx§0/ / lu (s, x)|*dsdz.
ly|<b JR4 Re Js€[so—R’,s0+R’]

This proves u+(so, 2) € Hp and (5.64) follows from [[u(s,.)||L2@e) < || fll£2(way for
all s > 0. g
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6. PROOF OF THEOREM 1.2

Let p € R and let f € L?(R%;\/detgdz) be such that f = II,(g,V)f. Take
s0 > 0. Since the support of U(f) is contained in ¢ < p, we can define the function

h=U"t (e ()

which satisfies

1/2
1Rl < [e*#= || fl| L2 -

The function u(s,.) = Ps +(h) is solution of the Poisson equation with data & on
s = 0 and one has by construction

(6.68) f=ux(so,.) -
By Proposition 5.5, there exists b > 0 such that f € H; and one has

S0 1/2
(6.69) / . [f(2)?|dz| < O[22 < Cle* =" ||| f]| 22
zeUyp

By Proposition 3.1, we get that there exists v > 0 such that

(6.70) [rea<o(firea) ([ ma)

From (6.69) and (6.70) we get

1/2

2(17u)soui
[P as < 0l iR

The proof of Theorem 1.2 is complete.
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