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Global bmo™*(RY) radially symmetric solution for

compressible Navier-Stokes equations with initial density in
L®(RY)

Boris Haspot *!

Abstract

In this paper we investigate the question of the existence of global weak solution
for the compressible Navier Stokes equations provided that the initial momentum
pouo belongs to bmo ' (RN) with N = 2,3 and is radially symmetric. More pre-
cisely we deal with the so called viscous shallow water system when the viscosity
coefficients verify u(p) = pp, A(p) = 0 with u > 0. We prove then a equivalent
of the so called Koch-Tataru theorem for the compressible Navier-Stokes equations.
In addition we assume that the initial density po is only bounded in L>(RY), it
allows us in particular to consider initial density admitting shocks. Furthermore we
show that if the coupling between the density and the velocity is sufficiently strong,
then the initial density which admits initially shocks is instantaneously regularizing
inasmuch as the density becomes Lipschitz. This coupling is expressed via the reg-
ularity of the so called effective velocity v = u 4+ 2uV In p. In our case vy belongs to
L2(RN) N L>®(RY), it is important to point out that this choice on the initial data
implies that we work in a setting of infinite energy on the initial data (pg,uo), it
extends in particular the results of [48]. In a similar way, we consider also the case
of the dimension N = 1 where the momentum pyug belongs to bmo~!(R) without
any geometric restriction.

To finish we prove the global existence of strong solution for large initial data pro-
vided that the initial data are radially symmetric and sufficiently regular in dimension
N = 2,3 for v law pressure.

1 Introduction

We consider the compressible Navier Stokes system:
Op + div(pu) = 0,
O(pu) + div(pu ® u) — 2div(u(p)D(u)) — V(A(p)divu) + VP(p) = 0, (1.1)
(p,u)t=0 = (po,uo)-

Here u = u(t,z) € RN (with N = 1,2,3) stands for the velocity field, p = p(t,z) € R*
is the density, D(u) = £(Vu +' Vu) is the strain tensor and P(p) is the pressure (we
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will only consider v law in the sequel which corresponds to P(p) = ap” with a > 0 and
~v > 1). We denote by A and p the two viscosity coefficients of the fluid. We supplement
the problem with initial condition (pg,ug). Throughout the paper, we assume that the
space variable x belongs to RY with N > 1. In the sequel we shall only consider the
viscous shallow-water system, in this case the viscosity coefficients verify:

w(p) = pp withu >0 and A(p) =0. (1.2)

It is motivated by the physical consideration that in the derivation of the Navier-Stokes
equations from the Boltzmann equation through the Chapman-Enskog expansion to the
second order (see [11]), the viscosity coefficient is a function of the temperature. If we
consider the case of isentropic fluids, this dependence is reduced to the dependence on
the density function. It is worth pointing out that the case p(p) = up corresponds to the
so called viscous shallow water system. This system with friction has been derived by
Gerbeau and Perthame in [20] from the Navier-Stokes system with a free moving bound-
ary in the shallow water regime at the first order (it corresponds to a small shallowness
parameter). This derivation relies on the hydrostatic approximation where the authors
follow the role of viscosity and friction on the bottom.

We are now going to rewrite the system (1.1) following the new formulation proposed in
[32] (see also [6, 26, 25, 31]), indeed setting v = u + 24V In p we can rewrite the system
(1.1) as follows:

(1.3)

Op — 2uAp + div(pv) = 0,
pov + pu - Vo — pdiv(peurlv) + VP(p) = 0,

with curlv = curlu = Vu —! Vu. An other way is also to rewrite the system (1.1) as
follows by using the unknown m corresponding to the momentum velocity m = pu:

Osp + divim = 0,

1
om + 3 (div(m ® v) + div(v ® m)) — pAm — pVdivm + VP(p) =0, (1.4)

O(pv) + div(m ® v) — pdiv(pcurlv) + VP(p) = 0,

(p, m, v)i=0 = (po, Mo, Vo).
This system is an augmented system since we deal with three unknowns (p,m,v). In
the one dimensional case, we observe that the previous system (1.3) can be write simply
under the following form with v = u + 2u0, In p:

{ Otp = 2010zzp + 0z(pv) = 0,

1.5
pOv + pudyv + 0, P(p) = 0, (15)

It is important to point out that systematically in this case the effective velocity v verifies
essentially a transport equation. We recall now the classical energy inequality of the
system (1.1) when the initial density pg is close from a constant state p > 0. Multiplying
the momentum equation by v we have at least heuristically:

£p)t) = [ Grtolutta)f +[p)ee) ~E)de+ [ [ ool Duf(t.)dtds

< [ (nla)luof)?+ ([)(a) = 1)) = £, o).
(1.6)



with II(p) defined as follows II(s) = s( f; @dz - @). Notice that II is convex in the
case of the v law. In order to give a sense to (1.6), it is important to point out that
the initial data must be of finite energy inasmuch as /pouo and (II(pg) — I1(p)) must be
respectively in L2(R™) and in L'(R"). Similarly we have also the BD entropy (see [5]),

multiplying now momentum equation of (1.3) by v we obtain at least heuristically:

2
t 8# t ~
—|—// up(t,x)|curlv|2(t,x)dtd:c+// V2 |2dadt (1.7)
0 JRN 7 Jo JRN

< [ (ul@len(a) + (W) z) ~ TH(p)) i = €3, o).
RN

Eipo)(0) = [ (Golta)lott.) + ((p)(t.) = TI(5)da

As previously, in order to obtain the BD entropy the initial data must verify /povo €
L*(RY) and (I(pg) — (p)) € L*(RY) . In particular it is possible to choose initial data
for which the BD entropy (1.7) is finite but the classical energy (1.6) infinite. In the
sequel we will assume that p = 1 in order to simplify the notations.

When N > 2, we now restrict our attention to the case of radially invariant initial velocity
and radial initial density:

ug(x) = VO(|z[) and po(x) = p1(|x]), (1.8)

with @ a radial function. Under the assumption that this condition is preserved all along
the time ¢ > O:
ul(t, @) = VO(L, Jof) and p(t,@) = pa(t, |2, (1.9)

it implies that curlv(¢,-) = curlu(¢,-) = 0 all along the time ¢ > 0. We can then rewrite
the system (1.3) as follows (provided that we show that (1.9) is true all along the time):

Orp — 2uAp + div(pv) = 0,

. P vy = &y
pOv + pu - Vo + 2M,o v = 2up U (1.10)
om + div(v @ m) — 2ulAm + ﬂp”v = ﬂpWU.
2u 2u

We observe that in this case the effective velocity verifies a damped transport equation
as it is systematically the case in one dimension. It will allow us to estimate simply the
effective velocity v in L>(R™) norm.

In this paper we address the question of the existence of global weak solution for initial
density admitting some shocks. This is motivated by the fact that discontinuous solutions
are fundamental both in the physical theory of non-equilibrium thermodynamics as well
as in the mathematical study of inviscid models for compressible flow. It is important,
therefore, to understand in which functional setting we can deal with shocks on the
initial density. Indeed an important question is to understand if it is possible to prove
the existence of strong solution in a functional setting which includes this case. An
other formulation is, can we prove the existence of global weak solution for initial density
verifying only (pp — 1) € L®(R™) N L?(RY) and is it possible to prove some regularizing
effects on the velocity which are stronger than the energy estimates? We mention in



particular that in [42, 48] the authors proved independently the existence of global weak
solution provided that the initial data verify the classical energy estimate and the BD
entropy. It implies in particular that V,/py belongs to L?(RM). Unfortunately this
assumption is too strong to deal with initial density admitting shocks (we can think for
example to the case pg = a on B(0,r) and b on “B(0,r) with a,b,r > 0).

The second question is to understand the propagation of the shocks on the density all
along the time? Indeed is it true that for ¢ > 0 the density p(¢, -) admits some shocks (and
how to describe them?) or is it possible to imagine that the density becomes regular in
finite time? Similarly how can we describe the regularizing effects on the velocity? The
results of this paper give some particular answers to these questions provided that the
initial data are radially symmetric. Indeed we prove the existence of global weak solution
with initial density admitting shocks and with momentum m = pu verifying all along the
time log Lipschitz estimates. Roughly speaking, it is well known that Lipschitz estimate
on the velocity is often a minimal condition to prove the uniqueness of the solution in
fluids mechanics (we refer in particular to the so called Beale-Kato-Majda criterion [2] or
to the work of Danchin for compressible Navier Stokes equations [16]), it explains why it
is not clear that our solution are also unique .

In order to obtain such results, a key point consists in working with initial data with
minimal regularity assumption. Since we wish to deal with the largest functional space X
in which local or global well-posedness may be proved, it is then important to understand
in which sense a space is critical for the existence of strong solution. In consequence the
notion of invariance by scaling for the equations plays a crucial role, we will say that a
functional space is critical if we can solve the system (1.1) in functional spaces with norm
invariant by the changes of scales which leave (1.1) invariant. We can observe that the
transformations:

(po(x),up(x)) = (po(lz), lug(lz)), (p(t,z),u(t,z)) — (p(I%t, 1), lu(l*t, lx)) (1.11)

have that property for [ > 0, provided that the pressure term has been changed accord-

ingly. A good candidate are the following homogeneous Besov spaces (see [3] for some

definitions) Bgo,oo(RN ) X (B;Ofoo(RN )V, it is well known that it is the largest critical

space ( see [41]). In the case of the incompressible Navier-Stokes equations, it has been

proved by Canonne et al [7] that the equations are globally well posed for small initial
N

velocity ug in the following Besov space Bjoo I(RN ) 2 with p < +o0. In [39], Koch and
Tataru haved proved the global existence of strong solution for small initial data ug in
BMO~Y(RY). It is important to point out that this space is the largest space in which
the existence of global strong solution has been showed for incompressible Navier-Stokes
equations. Let us recall precisely the theorem of Koch and Tataru (see also the results of
Bourgain and Pavlovié¢ in [4] of ill-posedness in BO_O%OO(RN ). Let e!®ug be the solution
to the heat equation with initial data ug. We have then:

x

t

ePug = ug * ¢y; With ¢(z) = 7 ze " and ¢r(z) =t N p(5).

"We will give more indications on this question in the sequel.
*These spaces are embedded in By, (RY)



Therefore BM O™ (RY) is the set of temperated distribution ug for which the following
norm is finite:

_N ¢ 1
|WMW%WZWP@2// 2 uq(y) [2dyds) ?.
£ERN >0 0 JB(z,V/1)

As in [39, 41], we define also bmo™ ' (RY) the set of temperated distribution ug for which
1

for all T > 0 we have sup,cg~ g<i<r (t_% fg fB(x D) le*Aug(y)|?dyds) 2 < +o00. We define

the norm of bmo~'(RY) by:

N [t 1
[uollpmo-1(mry = sup (t2/ / e B ug(y) [Pdyds) 2.
0 B(x,\/zz,)

zeRN 0<t<1
In addition we have the following proposition (see [39, 41]).

Proposition 1 Let ug be a tempered distribution. Then ug € BMO™Y(RYN) if and only
if there exists f; € BMO(RY) with ug = Y, difi. Similarly ug belongs to bmo ' (RY)
if and only if there exists N + 1 distributions fo, f1,--- , fxy € bmo(RN) such that ug =
fo+ 2 1<i<n Oifi

We refer to the Chapter 10 of [41] for the definition of BMO(RY) and bmo(R¥Y). Let us
state now the theorem of Koch and Tataru [39].

Theorem 1.1 (Koch-Tataru [39]) Let N > 2. The incompressible Navier Stokes
equations:

{@u—kdiv(u@u) — Au+ VII =0, divu = 0,

have a unique global small solution in X provided that ug is small in BMO~™Y(RY) with
divug = 0. Here X is defined as follows:

o~ [t 1
Iwmﬂwﬂwmmmwﬂswt2// (s, y)dtdy)®,  (1.12)
teR+ 2z€RN >0 0 JB(z,V1)

We mention that the previous result have been extended to general parabolic equations
with quadratic nonlinearities including the particular case of the Navier Stokes equations
when neither pointwise kernel bounds nor self-adjointness are available. We refer to the
work of Auscher and Frey in [1] who develop a strategy making use of the tent spaces.
In the case of compressible Navier-Stokes equations with constant viscosity coefficients ,
Danchin in [15] showed a result of existence of global strong solution with small initial
data in critical space for the scaling of the system in glimension ]\]fv > 2. More pre]\([:isely the
initial data are chosen as follows (pg — 1,up) € (B;1 RM) N Bfl_l(RN)) X Bfl_l(RN).
N N N N
This result has been generalized in Egp’_117?(RN) X (E;,p; 7?_1(]RN))Nfor p suitably
chosen in [8, 10, 30] with different methods ( see also [18] for some refinements in low

frequencies). Let us make two remarks, the first one is that the initial density (pp — 1) is
~N_ N

systematically chosen belonging to a space By, ; " (R™) which is embedded in CO(RY)

the set of continuous functions decaying to 0 at infinity. In particular such results prevent



the choice of initial density pg admitting shocks. The second observation is that the
velocity wug is generally chosen in a critical Besov space with third index equal to 1.
In particular it allows to prove that the velocity is Lipschitz all along the time or in
other words Vu belongs to L!'(R*, L>(R)). It is important to point out that it is not

N
N
the case for incompressible Navier Stokes equations since ug belongs only to By (RM)

with 1 < p < 400 (see [7]). For some extensions, we refer however to [22], where it is

proven that there exists global strong solution with small initial velocity in H %=1 when
the initial velocity is assumed axisymmetric (it corresponds to the so called Fujita-Kato
initial data [19]). More recently in [17], Danchin et al proved the existence in finite
time for small initial density pg — 1 in L>(R") with initial velocity slightly subcritical
for constant viscosity coefficients. This result allows in particular to deal with density
admitting shocks provided a small perturbation of a positive constant and at the condition
to consider constant viscosity coefficients (indeed this last point is absolutely crucial in
the analysis).

In this paper we wish to establish the existence of global weak solution for the system
(1.1) for radially invariant initial data in a functional framework allowing to consider
shocks on the initial data. In addition, we wish to exhibit some regularizing effects
on the momentum m = pu as it is proved in [39] for the incompressible Navier Stokes
equations. More precisely we are going to deal with initial density verifying 0 < py <
M < 400 and with an effective velocity vy belonging to L*°(R). Furthermore py and
ug will verify the assumptions (1.8). From the definition of the effective velocity we
have mg = poup = povo + 21V po, we deduce that poug is in L®(RYN) + W—Lo(RN), Tt
implies using the proposition 1 that poug € bmo~!'(RY). The proof of the result consists
in combining L™ estimates on the effective velocity v and the Koch-Tataru estimates
on the momentum pu which verifies a heat equation with quadratic nonlinearities in pu
and v 3. More precisely, we will prove in a first time the existence of weak solution in
finite time, it means that there exists a finite time 7" > 0 such that our solution (p, v, m)
belongs to the following space:

Yr = LF(L2(RY)) x (LF(L*RM)Y x (&7 N €7),

with the norms of &r and &} defined as follows:

_N t 2 1
Imller = sup VElm@)| o +( sup 3 / / Im(t, y)[2dt dy)?
o<t<T 0 JyeB(z,Vt)

zeRN, 0<t<T
Imlley, = Il Zoe o v (s o rY))-

Concerning the definition of the Chemin-Lerner spaces for non homogeneous Besov spaces

LP (Bl RY)) N LL(BL, o (RY)), we refer to [3].

The previous choice allows us to choose initial density with shocks since we assume only

that pg belongs to L>°(RY). We observe also that instantaneously the density is regu-

larized inasmuch as the density becomes Lipschitz. Indeed we have using the definition
1

of the effective velocity Vp = ﬂ(pv —m). And by definition of Y7, we observe that for

3The fact that v can be controlled in L* norm depends in a crucial way that v verifies a damped
transport equation (1.10). It is not the case for general initial data since in (1.3) the evolution of v
depends also on the vorticity curlv which is generally not null.



0<t<T,Vp(t,-) belongs to L>°(RY). Combining this information with the fact that
p € L(L™®(RY)), its shows that for 0 < t < T, p(t,-) belongs to WH(RN) and is
in particular continuous and Lipschitz. This result is surprising if we consider that the
density p verifies an hyperbolic equation in (1.1). This is due in fact to the regularity of
the effective velocity v which describes the coupling between the momentum m and the
density p. In other way if v is sufficiently regular then we can expect regularizing effects
on the density inasmuch as the density becomes instantaneously continuous. Next we
will prove that we can extend beyond the time T the solution in a global weak solution
provided that the initial data verify the BD entropy. Since we have proved the existence
of weak solution in finite time, it remains to deal with the long time and to do this we
will show that the solution verifies classical energy estimate for long time and admits
regularizing effects. We emphasize that our initial data are of infinite classical energy
but instantaneously ,/pu(t,-) belongs to L2(RY) for ¢ > 0 if py is far far away from the
vacuum. Conversely we would like to recall some results due to Hoff. In [37, 35, 36] ,
Hoff consider the case of the compressible Navier-Stokes equations with constant viscos-
ity. He proved the existence of global weak solution for small initial data provided that
the initial density (pg — 1) belongs only to L=(R™) N L?(RY) with pg > ¢ > 0 and that
the velocity ug is sufficiently regular (the initial data are of finite energy in particular).
In addition he showed regularizing effects on the vorticity curlu and the effective pressure
pudive — P(p) + P(1). Compared with our result there is no regularizing effects on the
density p inasmuch as the density becomes continuous. This is probably due to the fact
that the effective velocity v which defines the coupling between the density and the ve-
locity u is not sufficiently regular and that there is no BD entropy for constant viscosity
coefficients at least in dimension N > 2 (otherwise it is true). It means in particular that
our results and the works of Hoff are opposite in the sense that the density admits or
not regularizing effects and this is probably translated by the regularity of the effective
velocity v.

We are going now to consider the one dimensional without any geometrical restriction.
Similarly we prove the existence of global weak solution with initial density (pg — 1) in
L®(R) N L*(R). We use the same ideas than previously and the fact that in this case
the velocity v verifies a damped transport equation (see (1.5)). In particular we extend
the work [31] to the case of the viscous shallow water system. Indeed in [31], we prove
for small initial data the existence of global weak solution for initial density in BV (R)
and for effective momentum pgvg in the set of finite measure M(R). In the present work
we do not assume any smallness assumption, however we deal with an effective velocity
which is more integrable since v is in L>°(R). We improve also the regularity assump-
tions on the density since it is only in L>°(R) (whereas in [31] the density is assumed to
belong to BV (R)). For the existence of global strong solution with large initial data in
one dimension we refer to [28, 45, 13].

To finish we will prove the existence of global strong solution for the system (1.1) (cor-
responding to the viscous shallow water system) for large initial data provided that the
initial data are sufficiently regular and that the initial density and the initial velocity
are respectively radial and radially symmetric. We extend in particular the results of
Choe and Kim [12] to the case of euclidean space RY with N = 2,3. In [12] the authors
proved the existence of global strong solution for compressible Navier-Stokes equations
with constant viscosity coefficients in an annular domain. The fact that the authors



work in an annular domain allow to simplify the energy estimates on the velocity and
the density since it avoids all the blow-up phenomena when |z| goes to zero. In some
sense our result is an extension of [28] to the multidimensional case when the data are
radially symmetric. The main difficulty consists in proving that % and p remains in

L®(RY) all along the time. To do this, we will use the fact that the effective velocity
v verifies a damped transport equation in order to obtain L*° estimates on v. Using
now the fact that the density p is governed by a parabolic equation in (1.3), we will use
the maximum principle and the L* estimate on v to obtain L* estimate on p and %.
Combining classical blow up criterion and propagation of the regularity on the velocity
u when the density is bounded and far away from zero, we obtain the existence of global
strong solution.

2 Main results

We are going now to state the main results of this paper.

Theorem 2.2 Let N = 2,3, v > 2, po € L®(RY) a radial function and vo € L=(RY)
which is radially symmetric. We define now the momentum velocity mqg as follows:

mo = povo + 24V po. (2.13)

Then there exists a weak solution (p,m,v) for the system (1.4) on a finite time interval
[0,T) with T > 0 depending on (pg,vo) provided that vo € L*(RYN). In addition (p,v,m)
belongs to the space Yr defined above.

If in addition p%) € L>®(RY) then there exists a weak solution (p,u) for the system (1.1)
on a finite time interval [0,T] with T > 0 depending on (po,vo). In addition (p,v,m)
belongs to the space Yr defined above and % is in L°°([0,T] x RN). Furthermore u €
L2 ([0,T] x RYN).

loc
If in addition we assume that N = 2, vo € L*(R?), (po — 1) € L*(R?) and (uo,vo) are
in (L'(R?))* then there exists a global weak solution (p,u) of (1.1) for v > 2. (p,v,m)
belongs to the space Yr with T defined above and % is in L>=°([0,T] x RY). In addition
we have for any T' > 0:

Ei(p,0)(T) < C,
and for C > 0 large enough.

Remark 1 In the previous theorem, the reqularity on the initial density py seems to
be minimal, in particular our result allows to deal with initial density admitting shocks
(what is not the case in the framework of strong solution except in [17] under smallness
assumption on the density and for constant viscosity coefficients). Furthermore if we
compare with the results of global weak solution (see [42, 48]), we do not ask any BD
control on the initial density. Indeed it is not necessary to assume that V/po and (po—1)
are respectively in L*(RN) and Ly (RY) 4. Otherwise as we mentioned in the introduction,
we can observe regularizing effects on the density even when the initial density admits

shocks. Indeed since Vp = ﬁ(pv —m), it implies that \/tVp(t,-) belongs to L¥(R"N) for

“We refer to [43] for the definition of the Orlicz spaces.



any t € (0,T) because v is in L>°([0,T] x RN) and m in Er. We deduce then that we
have for C' > 0 large enough and any t € (0,T):

C
lo(t, )lwreo@myy < —=. (2.14)
Vit

It implies in particular that the density p becomes instantaneously a Lipschitz function
and in particular a continuous function.

Remark 2 [t is important to mention that even if % is not in L®(RY), we get a weak
solution in finite time for the system (1.4) where the momentum m is a unknown.

In opposite when p% belongs to L=°(RY), we obtain a weak solution for the system (1.1)
where the velocity u is a unknown and is well defined on (0,T). It is important to mention
that in the first case we can deal with initial density admitting vacuum. In addition we
are able to prove reqularizing effects on the momentum since m belongs to L%(Béopo).

Remark 3 It is also interesting to point out that we obtain weak solution in finite time
without assuming that the initial density py or the velocity vy are close from equilibrium
when |z| goes to +oo. Up to our knowledge, in order to use energy estimates all the
results of weak solution concern initial density py and initial velocity ug verifying roughly
speaking:
lim po(jz|) =p and lim wup(|z|) = a,
—+00

|z| =00 ||

with p € RY and w € RN. It is also true when we consider strong solution (see [3]).

Remark 4 We observe that if we assume in addition that vy and (pg—1) are in L?(RN)
with N = 2 then there exists a global weak solution. It implies in particular that the
solution verifies the BD entropy but remains of infinite energy.

We have a similar result in dimension N = 1 without any geometrical assumption.

Theorem 2.3 Let N =1, v > 2, pp € L*®(R) and vg € L*°(R). We define now the
momentum velocity mqg as follows:

mo = povo + 2440z po- (2.15)

Then there exists a weak solution (p,m,v) for the system (1.4) on a finite time interval
[0,T] with T > 0 depending on (po,vo). In addition (p,v,m) belongs to the space Yr
defined above.

If in addition p% € L*(R) then there exists a weak solution (p,u) for the system (1.1)
on a finite time interval [0,T] with T" > 0 depending on (po,vo). In addition (p,v,m)
belongs to the space Yr defined above. If in addition we assume that vg € L*(R) and
(po — 1) € L%(R) then there exists a global weak solution (p,u) of (1.1).

Remark 5 In the previous Theorem we improve the results of [31] inasmuch as we do
not require that pg belongs to BV (R). In particular we can deal with initial density which
have no limits in the left and on the right. In counterpart we need to ask more integrability
on vy since in [31] vy is only in L2(R). We can also mention that we do not need any
smallness assumption on uy and vg.



We finish by giving a result of global strong solution for the system (1.1) when the initial
velocity is radially symmetric and that the initial data are sufficiently regular.

N

Theorem 2.4 Let N = 2,3. We assume that (po — 1,ug) belongs to (Bp’fl(RN) N

55 e N 55 LNy A B I Ny N
By, (RY)) x (B, (RY)N B (R™)) with ¢ > 0 and == < p < 2N. Further-

1—¢
more we suppose that 0 < ¢ < po, po s a radial function, ug is radially symmetric and
v, up € LY(RN) N L®(RYN). We have also:
g(po,UQ) < +00, gl(po,vo) < +00, (2.16)
then:

e if N =2andy =1 ory > 2 there exists a unique global solution (p,u) of the
system (1.1) .

e if N =23 and vy =1 there exists a unique global solution (p,u) of the system (1.1).

The solution (p,u,v) verifies in addition:

1
P € L2 (RT, L°(RM)

loc

_ Ny LN _qa. N LNy, (2.17)
we L. (RY, B NBY )N L} (RT, By NBY )

v e L2 (RY, L2 (RY)).

Section 3 deals with the proof of the Theorem 2.4. In the section 4 and 5 we prove the
Theorems 2.2 and 2.3.

3 Proof of the Theorem 2.4

We wish to prove the existence of global strong solution for large initial data provided
that the initial density pg is radial and the initial velocity ug is radially symmetric ( in
addition (po,ug) satisfy the regularity assumptions of the theorem 2.4). The proof is
divided in different steps, in a first step we recall some generic results of existence of
strong solution in finite time on a maximal time interval (0, 7*). Next we prove that the
solution remains radially symmetric on the time interval (0,7*). The last steps consist
in proving that necessary T = +o00, to do this it suffices to prove that:

T*
/ V()| o dt < +00.
0

In order to show the previous estimate, the main difficulty is to get the following estimate:
1
(o, ;)”LOO((O,T*),LOO(RN)) < +o00. (3.18)

To do this, we will observe that the L norm of the effective velocity v is bounded
on [0,7*] x RN. Using the maximum principle for the mass equation of (1.10) we can
establish (3.18).
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Existence of strong solution in finite time on a maximal time interval

(0,77)

Let us recall a result of existence of strong solution for the system (1.1) in critical Besov
spaces (we refer to [3] for the definition of the Besov spaces). In addition, we will give
a blowup criterion which enables us to prove that the solution exists globally for initial
data verifying the Theorem 2.4. In the sequel we will note ¢ = p — 1 and g9 = pp — 1.

Theorem 3.5 Let N > 2, the viscosity coefficients verify (1.2). Assume now that

N N

LN N _q
(qo, up) € Bp’jl X szjl with 1 < p < 2N and that there exists ¢ such that 0 < ¢ < pyg.
Then there exists a time T such that system (1.1) has a unique solution on [0,T] with:

N N_1

~ . 1 ~ . N
1€ CrlB)), (o) € WFEE)? and ue oy InLh(B™). (319)

If in addition (qo,uo) belongs to B;l’l X B;;i for any s > pﬂl with 1 < p; < 2N then we
have:

q€Cr(Bs, 1) and u e C*T(B;;i) NLp(B3H). (3.20)

. N A |
Assume now that (1.1) has a strong solution (q,u) € C([0,T*), By x B} ) on the time
interval [0, T*) (with T* > 0) which satisfies the following three conditions:

N
1. the function q belongs to L>([0,T"], B,,),
2. 5 € L>([0, T, L=(RY)),

3. we have fOT* |Vu(s)||peeds < +o0,
Then (q,u) may be continued beyond T*.
The theorem 1.1 is a direct consequence of [24, 23, 15, 16]. In [24] the existence is proved

N N
for (qo,up) € BZ] X Bgl_l for 1 < p < 2N with uniqueness for 1 < p < N. The
uniqueness is extended in [16] to the case N < p < 2N. The blow up criteria is given
in [24] following an argument developed in [15]. We can simply recall that the condition
p < 2N is a restriction due to the paraproduct law , indeed we need to define properly
the term of the form VIn p- Du. For the sequel we recall the useful proposition (see [3]).
Proposition 3.1 Let s € R, (p,r) € [1,+00]? and 1 < py < p1 < +oo. Assume that

up € B;J and f € E{}Q (B;;HQ/”). Let u be a solution of the heat equation:
Ou — pAu — (A + p)Vdivu = f, u—o = up.

with >0, A+ 2 > 0.Then there exists C' > 0 depending only on N, u, p1 and p2 such
that:

HUHZPTl (B;‘)?f/m) < C(HUOHBZ&)"T + ||f||ZPT2(B;;2+2/p2)) .
If in addition r is finite then u belongs to 6’([0,T], B;T). Similarly we have:
HUHE?(B;ﬁ?/m) < C(T)(HUOHB;,,. + Hf”i‘}Q(B;;Q“/”?)) )
with C a continuous increasing function on R™. If in addition r is finite then u belongs

to C([0,T), B3,,).
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Remark 6 We refer to [3] for the definition of the Besov spaces (homogeneous and non
iiomogeneqvus), the Littlewood-Paley decomposition and the paraproduct laws. The spaces
LP(B;T), LP(B,,) are the Chemin-Lerner spaces and are also defined in [3]. We will use
in the sequel the same notations as [3].

Existence of strong solution in finite time which remains radially sym-
metric

Let (po,ug,vp) verifying the assumptions of the Theorem 2.2, we now smooth out the
data as follows with by = pp — 1 :

(bo)n = Snbo (uo)n = Snuo. (3.21)

We recall that for w a temperated distribution, we have S,w = X( < )w with x €
C§°(RY), suppx C B(0, ) X is equal to 1 in a neighborhood of 0 with values in [0, 1] and
x (&) radial. We observe then that (bo)n is always radial since the kernel associated to Sp,
is radial and bg is radial. Indeed we recall that the convolution of two radial functions is
radial. Let us show now that (ug),, is radially symmetric for any n € N. Let us prove this
claim, since g is in Lllo . we deduce that S/nu\o belongs to L' and we can use the inverse
Fourier theorem which yields (we have used the fact that ug € L'(RY)):

Sofe) = [ S

We recall that for w a temperated distribution S,w = X( = )w for all n € N. We set
(uok)(x) = (1 — x(kx))up(z) and we denote in the sequel by e,, = m for z € RV\{0}.

ug, k()T
]2

Next we have since (up)(z) =

27’1
= ix(%)vg /RN e (BT ICISJTZ? )da

Since [pn e (%)dm is radial (indeed the Fourier transform of a radial function

remains radial), we have if we denote r = |¢| and since ug € L'(RY).:

S@)(ﬁ) = ’LX( § )Vg/ Al (W)dx

—ixg o [ e (g,
ii —iz1 |¢] Uo,k(x)'x
NG fou @ e

e ¢

= x(5;) 7 Ak (I€D),

27 1El

with:

Aallel = [ memeniel (122 2,

|z ?
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Here Ay, belongs to L™ since ug € L'(RM). Next we have if we define Sﬁu\mk(g) =

x(%)(l — x(k&) o k(&) = Xkn(&)uor(§) , we deduce via the inverse Fourier transform
that:
Sustion@) = [ ()5 Ara€l)de
RN i

=iV [ e (©) A€ de
o C T

— v, [ el L @) A€l de
RN ‘f|

£ ; &1
= [ (©) Ak (€D dE = Bra(@).
=] Sy €]
Next we prove using dominated convergence (because |xi n
|uo k| < |uo|) and the Plancherel theorem that:

< Ixnls [Agn| < |An| and

S kUok —kstoo Sntto in L* and B, —k i Bn a.e. (3.22)
with: ¢ ¢
€T .
Bn(z) = — [ &=y (A4, (¢)de
(z) 2] Jon €] (5,,)An(I€])
uo(x) - x

Al = [ e (U e

When we extract up to a subsequence in k we get almost everywhere:

L[ el Sy () 4 (€. (3.23)

Sl 2

B |z Jrw

In particular we deduce that (ugp), conserves the rotational invariant structure uPn()
with P, radial. We can now observe that we have for s € R, (p,7) € [1, +00]?:

VIEZ, [Aibo)allze < [Aboller and [(Goullsy < Dol

and similar properties for (ug)n, a fact which will be used repeatedly during the next
steps.

We have seen from the Theorem 3.5 that there exists a sequence of strong solution
(P, Un)nen on a maximal time interval (0,7;7) of the system (1.1) for the initial data
(14 (bo)n, (u)n)nen- It is important to point out that these solutions (py,, Uy )nen satisty
(3.19), (3.20) (with p > N defined in the Theorem 2.4) and are in C*°((0,T;*) x RY), this
is due to the fact that any B;l norm is propagated with s > 0 large enough and we use
in addition the Besov embeddings. In addition, (pp, un)nen verify for any 0 < ¢ < T the
energy estimates (1.6) and (1.7). We are now interested in proving that the density p,
remains radial on the time interval [0,7)) and similarly that the velocity w, is radially
symmetric on the interval [0,7}).

Remark 7 In the sequel, for simplicity in the notations we forget the subscript n.
However we will need to use compactness arguments to prove that up to a subsequence
(P, Un)nen converges to a global strong solution (p,w), at this moment of the proof we
will use again the subscript n.
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In other words we wish to prove that (p,u) can be written under the following form for
any t € (0,7*) and x € RV \ {0}:

p(t,z) = pi(t, |z]) and wu(t,z) = ‘%ul(t, 1z)), (3.24)

with p; and u; some functions with values in R. We are going to deal with the case
N = 3. The case N = 2 can be treated in a similar way. In a first time, we want to
check that for any orthogonal matrix A € My (RY) ( A'A = AA* = Idy) we have for
all t € (0,7%):

p(t,z) = p(t,} Az) and wu(t,x) = Au(t, Az). (3.25)

We can observe since (p, u) is a regular solution on (0,7™*) that we have:
A (p(t,)! Az)) + div(p(t,! Az)Au(p(t, Az)) =0
p(t,t Ax)0y(Au(t,! Ax)) + p(t,! Az)Au(t,! Ax) - V(Au(t,' Ax)) (3.26)
— uA(Au(t,! Az)) — pVdiv(Au(t,! Az)) + V[P(p)(t," Az)] = 0.

It implies that (p1(t,-),ui(t,-)) = (p(t,t A-), Au(t,! A-)) is also a solution of the system
(1.1) on (0,T™) verifying the regularity assumption (3.19). Indeed we have:

Bulplt! 4 = 1) =2V [ 1)t Al = ) = Dy
= QIN/ h(2PA(tAx — u))(p(t, u) — 1)du.
RN

Now since h = F 1 with ¢ radial, we deduce that h is radial and we get:

Aulpltt A) = 1)(@) = Ailp(t, ) — 1)(Ax)

We deduce now that we have for any p € [1,4+00] and any ¢ € (0,7%):
1A1p(t" A) = Dllre = [ Au(p(t, ) — 1)l

It implies that p; has the same regularity than p, we proceed similarly for u and uq.

We can now verify that (pg(*A-), Aug(*A-)) = (po, uo) is in B ” L(RN) x B p (RN) Since
(p1,u1)(0,-) = (po, up) (because pg is radial and ug is radlally symmetrlc) we deduce by
uniqueness (see the Theorem 3.5) that p; = p and u; = u which proves (3.25). It implies
in particular that for any rotation matrix Ry ( with 6 is the angle of rotation and the
axis of rotation which is given by the unitary vector h), we have for any t € (0,7*) and
any x € R3:

p(t’ Rh79x) = p(tv CE) (327)

We deduce that the density p remains radial on the time interval (0,7%*) and we have for
any (t,x) € (0,T%) x R3:

p(t, ) = pa(t, ), (3.28)
with py a function. We are going to prove in a similar way that the velocity remains radi-
ally symmetric on the time interval (0, 7). We are interested now in working in spherical
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coordinates, more precisely we define the following orthonormal basis (eyz, €9 5, €4 ) de-
pending on x € R3\{z; = x5 = 0} with x =! (21,22, 73) and 2’ =t (z1,22). We note:

x
Erax = ma
e _t( T1x3 ToT3 B \/x% —i—a:%
L ) ) )
V (@t +23)? + a3(2f +a3) /(2f +23)? +23(ef +23)  Vaf+a3+a3
1 t
epa = ————= (—Z2,21,0).
(3.29)
V}\lfe have in particular eg , =" (%, %, —%l") for z € R3\{z1 = 73 = 0}. We observe
that:
|7’ |er o + T _ 2l 0
X 3€9,x = ‘x,‘ (ZL‘, )
3.30
I (3.30)

t
— —— ="(0,0,1).
| |€r,a: ’ | €0,z ( )

We wish now to prove that we can write the velocity u under the following form for any
t € (0,7%) and = € R3\{z1 = 29 = 0}:

u(t, ) = ur1(t, |z))er e + u2 (b, |2'], 23)eq,w + usa (¢, |2'], 23)ep 2 (3.31)

For the moment since (e 4, €94, €4.) is a orthonormal basis for x € R3\{z; = 2o = 0}
with z =t (21,22, 23), we have:

u(t,xz) = ui(t,z)er o + ua(t, x)eg, + us(t, ey 4. (3.32)

Since uy(t,x) = u(t, ) - ey, ua(t,x) = u(t,x) - egp, uz(t,x) = u(t, ) - ey, we deduce
that up, ug and ug are regular on (0,7%) x (R3\{z1 = x5 = 0}).

For any rotation Rjg we have from (3.25) and for any ¢ € (0,7*) and = € R? with
(z,! Rpox) € (R3\{z1 =20 = 0})%

t t t
ur(t,” RpoT) Rpperiry, oo + u2(t, Ruox)Rpoeg i, g + us(t,’ Rnov)Rupes iR, oo

(3.33)
=u(t,x)ers + ua(t, x)eq , + ug(t, x)eg o
Now using (3.29) and the fact that Ry g is an isometry, we deduce that we have:
ui(t,' Rup)erq + ua(t,! Ryox)Ruoeq g, 4o + us(t, Rnot)Ruoes iR, oo (3.34)

=u(t,x)er s + ua(t, v)eg » + us(t, x)es o

From (3.34), taking the scalar product with e, ., we have since (e, z,€g4,€4s) is a or-
thonormal basis:

uy (t,F Ry ) + ua(t,! R ox)(Rppe9t Ry, gos €rz) + ug(t,! Rpox)(Rh0€p Ry, gos Erz)

2 o). (3.35)
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We have now since Ry, ¢ is an isometry and (e, z, €g 4, €4 4) is a orthonormal basis for any
x such that (z,! Ry g) € (R3\{z1 = 22 = 0})? with 2 =! (21, 22, 23):

t
x Rh,ex
<Rh,9€¢7tRh,9:B) m) = <€¢7tRh,9:m |tRh 9.1/") = <6¢7tRh’9(£a €T7tRh,01'>
=0.
t (3.36)
x Ry px

(Rh,eeo,tRh,Qm m) = <€9,tRh,9x7 m> = (69,tRh79ma er,tRh,9x>
=0.

Combining (3.34) and (3.36), we deduce that for any x such that (z,! R, gz) € (R3\{z1 =
72 = 0})% and any t € (0,T*) we have for any rotation matrix Ry, ¢:

ur (t," Ry ) = uy(t, ). (3.37)

We deduce that uq(t,-) is radial for any t € (0,7*) on R3\{z; = 2o = 0}. It proves in
particular that for any x € R3\{z; = 2o = 0} we have:

ur(t, z) = ui1(¢, |x]). (3.38)
Similarly if we choose h = (0,0, 1), the matrix associated to Ry g is:

cos —sinf O
sinf cos@ O
0 0 1

cos —sinf

We define also Ay as follows ®: Ag = (sin 0 cosd

>. Noting (z')* =t (—x2,21), we
1 0

(tAgm’)J‘ B-tAga:’
theeﬁb:tRh,em = Rh,9 ( |16,| > — <f(1)‘9 (1)> ( |96" ) = epq- (339)

Proceeding as previously we deduce that for A =t (0,0,1) we have for any x such that
r € R®\{x; = 2o = 0} and any 6:

. . . . 0 -1
have then since Ay is a rotation and commute with B = < ) :

us(t,! Aga’, x3) = us(t, o, x3). (3.40)

Indeed we have used the fact that from (3.39), we have 'Ry pes, = €4t Ry gz 1N Other
words we deduce that for any = € R3\{z; = x5 = 0}, we have:

us(t, 2’ x3) = ug1(t, 2], z3). (3.41)

SWe observe that it is a rotation in R? of angle 6.
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Taking again h =" (0,0, 1) and using the fact that ey, = £'(Z; —%‘) for x € R3\{z; =

[z o'
x2 = 0}, we have for z3 # 0:

tAg$/
e I3 4|x’|
t — T
9, Rhygw ’$| _M
z3

tApa!
Ry pe _ 3 (A O [ _
h,0€0 Ry, g — ’Z[)‘ 0 1 _M = C0,x-
x3

When z3 = 0, we have eg, ="' (0,0, —1). We have then easily:

Ay 0 0
Rhﬂe@,tRh’gx = ( 09 1) <_1> = 6073;, (343)

Proceeding as previously and using (3.42) and (3.43), we deduce that for any (t,z) €
(0,7%) x (R3R3\{z1 = 22 = 0}) we have:

(3.42)

ug(t, 2, x3) = ug1(t, |2'], x3). (3.44)

Finally (3.38), (3.41) and (3.44) prove (3.31). In the sequel we note u* (¢, z) = uy (¢, |z|)er.4,
u?(t,z) = ua(t,|2’|, x3)eq and ud(t,z) = us(t, |2, x3)epr With ui1 = ui, ug1 = ug and
u3,1 = us-.

We would like now to understand what is the Besov regularity of each component u!, u
and u3. Let us consider now the vectors u} in R? with i € {1,2,3} defined as follows:

2

uj =" (u, ).

We observe then (with curlu} = 8 (u})2 — 02(u})1) that for any = € R3\{x; = 2o = 0}:

divyus(z) =0, curlyus(z) = curlyu/(x
3(7) (,) / () o o (3.45)
and curly (u] + uy)(z) = 0, divy (u] + us)(z) = divyu'(z).

We recall now that for w a temperated distribution we have F(Au)(§) = go(%)}"u(f)
with £ € R3 and [ € Z. Compared with [3], we choose now a particular Litllewood-Paley
decomposition and we assume here that (&) = ¢1(£)p(&3) with & =t (£1,&) and ¢
radial. Similarly we define A] in R? and A} in R as follows F/(Ajv)(¢') = (pl(%)]:lv(fl),
F3(A}w) (&) = @2(%)1%(53) with F/, F3 respectively the Fourier transform in R? and
R.

From (3.45), we deduce that:

/
F(aub)(©) = oa(3)en (A Fu(e),
with A the Fourier multiplier associated to (A);,lvu,%,curlz/. We deduce using the inverse
Fourier transform that:
/ _ iz’ & 5, / 1383 63 - /
(Bub)(t.) = [ oA [ oG deade

- 2
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Next we have:

/Reim53 (53) (t f)d{g /R —zZ’.g’(/Reiwgfzsgw(&))(/ e_i23f3u/(t,z/,23)d23)df3)d2
_ / 7€ / ¢35 (53)f3 (t,2,)(§3)dEs) dz
R2 R

_ /R AR g’
= FIA[u(t) *))(3)](€).

The notation (’,3) means that the unknown for ¢ is / and for x5 is 3. We obtain then
that: "

Bu)(ta) = [ e GAE)F At )}
= A(D")AAT[u(t) )] (z3)](«")
We deduce then that for any [ € Z, p € (1,+00) and any z3 € R, we have:
|A(t - 23) ey < Coll At (1, 23) | o (3.46)
Integrating in R® we obtain that:

1At )l rogrs) < Cpll At (E, )| 1o sy (3.47)

We deduce in particular that uj and then u3 has the same regularity as u in terms of
Besov spaces By, 6 with p € (1, +00). The same result is also true for v} + u} and then
u! + u?. We are now going to prove that for any ¢ € (0,7*) and any = € R3 we have:

u(t,z) = ui(t, |2)) — = ul(t, z). (3.48)

|z

We deduce then From Appendix, (3.28), (3.31), (5.212), (5.216), (5.217) and (5.218) we
can rewrite the system (1.1) as follows for any (¢,z) € (0,7%) x (R3\{z1 = z2 = 0}):

pou® + p(u - Vu? +u® - Vul +u® - Vu?) — 2udiv(pDu?®) + Bs(t, z)e, . + Ba(t, x)eq, = 0,

with B3 and By regular terms on R3\{z; = x5 = 0}. Taking now the scalar product of
the previous equation with u? and integrating over (0,t) x R3 with ¢ € (0,T*):

t t
/ / p(t, z)0ud - w3 (s, x)dsdx + / / p(t, x)(u- Vud) - ud(s, z)dsdx
0 JRN 0o JRN

t (3.49)
+/0 /RN(p(U?, . VU) - U3 — ,O(U3 . vu3) . UB)(S,fL‘)de:L‘ <0.

It is important to point out that the previous integrals have a sense since u® has the
same regularity as u. Indeed from (1.6), we know that u is in L>°((0,T*), L?), this is
then also true for v®. In addition Vu, Vu? are in L>°((0,T*), L>). We can observe

5Tt is important to mention that Besov space does not depend on our particular choice of ¢ in the
Littlewood-Paley decomposition.
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now that d;u® = du - e, , and then dyu® belongs to L>((0, 1), L?) since dyu belongs to
L>=((0,T*), L?) (it suffices to use the fact that the regularity B3, is conserved on (0, 7™)
for w with s > 0) . After integration by parts, we obtain:

1 t
/ p(t, z)|u|(t, x)dx +/ / p(us - Vu) - usdsdz
2 Jrn 0 JrN

1 t 1 t
+ / / Vp - uudPdsdx + / / pdivu?|u?|*dsdz < 0.
2 0 RN 2 0 RN

We observe now using (3.28) that Vp(s,z) = 0,pi1(t,|z|)e,, for any (s,x) € (0,7%) x
(R3\{0}), it implies in particular using (3.31) that Vp - u3 = 0 almost everywhere on
(0,7*) x R3. Using again (3.31), we can verify that divu® = 0 on (0,T*) x (R3\{z; =
x2 = 0}). It implies from (3.50) that we have for any ¢ € (0,7%):

1

t
5 [ ot Peadn s [ [ plus- Ve usdsdo <o (3.51)
2 RN 0 IRN

Using the Gronwall lemma (this is possible because the term Vu is in L((0, T*), L>(RY))

N
indeed Ll((O,T*),B;1 (RY)) is embedded in L'((0,7*), L°(R")). We deduce that for
any t € (0,7*) we have u?(t,-) = 0 on R3.
Similarly from Appendix, (3.28), (3.31), (5.216), (5.217), (5.218) and the fact that u® = 0,
we can rewrite the system (1.1) as follows for any (¢,z) € (0,7*) x (R3\{z1 = 22 = 0}):

pOu® + p(u - Vu? +u? - Vul) — 2udiv(pDu?) + Bs(t,z)e,» = 0,

(3.50)

with Bs a regular term on (0, 7%) x (R3\{z; = 2o = 0}). Taking now the scalar product
of the previous equation with u? and integrating over (0,t) x R3 with ¢t € (0,7%), we
have:

t t
/ / p(Opu® - u? + (u- Vu?) - u?)(s, z)dsdx + / / p(u? - Vul) - u?(s, z)dsdx
0 JRN o JRN

t
- 2,u/ / div(pDu?) - u*(s, z)dsdz = 0.
0 JRN
(3.52)
We are briefly justifying the sense of the previous integrals. First since u!(s,z) = u(t, z)-
érz €rz, We can verify that it exists C' > 0 large enough such that for all = € RS\{SL'l =
x9 =0} and s € (0,¢] we have:

vul(s.a)l < (M 4 vuge.a)
(3.53)
|V2ul(s, z)| < C(|u§’2x)| + |Vu|(;|, z)l + |V2u(s, z))).

It implies that we have for C' > 0 large enough and since ﬁ and ﬁz are respectively

in L2(B(0,1)) N L>®(R3\B(0,1)) and Lz~<(B(0,1)) N (L= N L2)(R}\B(0,1)) with & > 0
small enough:

IVul (s, )llzz < CUIVuls, e + lluls, )z + [uls, ) 2)
IV2ul (s, ) < C(lluls, )lzee + lluls, )Lz + IVuls, )|z (3.54)

T IVu(s, Yz + [V%u(s, )5 .).

I3
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Now using the fact that u, Vu are respectively in L°°([0,¢], LN L>), Vu € L>([0,t], L*N
L>®) and V?u € LOO(IO,t],L%) (we use here in particular the fact that the norm B3 )
27

is conserved on (0,7*)), we deduce that Vu! and V2u! are respectively bounded in
L>=([0,], L?) and L**([0, 1], L%*) for ¢ > 0 small enough. Similarly Vu and V?u have
the same regularity. Since u! 4+ u? has the same regularity than u we deduce then that
Vu? and V2u? are respectively bounded i m L>=([0,t], L?) and L>([0,1], L3~ ) fore >0
small enough. Using now the fact that u? is easily bounded in L°°([0,t], L? N L*°), we
deduce that we can bound each integral in (3.52).

Using now integrations by parts, we have since u2(0,-) = 0 (indeed ug is radially sym-
metric):

1 t
! / olt, 2)|u? (¢, @) + 2u / / p|Du?|(s, z)dsdx
2 RN 0 RN

. (3.55)
+ / / p(u? - Vub) - u’(s, z)dsdx < 0.
0o JRN
Since 1 5 € L>([0,7] x RM), we deduce that there exists ¢; > 0 such that:
1 t
2/ p(t, ) |u?|?(t, z)dx + 2,uct/ / | Du?|(s, x)dsdx
RY . 0 JRY (3.56)
+/ / p(u? - Vul) - u?(s, z)dsdx < 0.
0 JRN
Since fg S~ [DU?|(s, z)dsdx = %fg Jan (IVU?] + (divu?)?)(s, z)dsdz, we get then:
1 t
2/ p(t, z)|u?|?(t, z)dx + ,uct/ / |Vu?|(s, x)dsdx
RY 0 JRY (3.57)

¢
+/ / p(u? - Vul) - u?(s, z)dsdx < 0.
0 JRN

Let us bound now the last term on the left hand side, it yields by Gagliardo-Niremberg
inequality and Young inequality that for € > 0 and C. > 0 large enough:

t t
| /0 ANP<U2-VU1>-u2<s,w>dsdx|s /0 (s, s llua(s, )34l Ve (s, ) 2ds

t 1 3
§/0 ||P(5,')||L°°||U2(57')||22||Vu2(8,-)||22||Vu1(s,~)||L2ds (3.58)

t
§/0(5|Vu2(8, Wiz + Cellu®(s, )72l o(s, ML [Vt (s, ) I72)ds

Plugging (3.58) in (3.57), we obtain for ¢ > 0 sufficiently small:

1
/ p(t, x)|u? | (t, z)dx + th/ / \Vu?|(s, x)dsdx
2 JpN RN

t (3.59)
< 1 . 205 )12 A L IVul (s, )4 d
S Hp(s, ML llv/ou (s, ) z2llo(s, )L [V (s, ) || 2ds.

Now applying Gronwall lemma we deduce that u?(t,-) = 0 almost everywhere. Indeed
we have seen that ||[Vu'(-)|[72 is in L'(0,¢). We have then proved that our sequence of
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solutions u, satisfied on (0,7;) x R? u, = ul and then remains radially symmetric all
along the time interval (0, 7).

Gain of integrability on the velocity v and v when y=1 and N =23

We forget again the subscript n in the next sections. We have seen that there exists a
strong solution (p,u) on the maximal time interval (0,7), we wish now to prove that
T* = +o0. In addition we have seen that for any ¢ € (0,7*) and any x € RV\{0} we
have:

p(t,z) = p1(t,|x|) and wu(t,z) = u(t, |x\) = Vo(t, |z|). (3.60)

|z
It implies in particular that (Vu—!Vu)(t,z) = 0 for any t € (0, T*) and any = € RV\{0}.
In the case when P(p) = ap, we recall that u and v verify since Vu =! Vu on (0, T*):

poru + pu - Vu — 2pdiv(pVu) + %p(v —u) =0,

p@tv—i-pu-Vv—i-%p(v—u) =0.

Multiplying the first equation by u|u|P and the second one by v|v|P and integrating over
(0,t) x RN with ¢ € (0,7*) (we recall that this procedure is possible since (p,u,v) is
sufficiently integrable and regular), we obtain:

1

t
m Pl 1,2+ 2 / [ ATl 2)deds

// oIV (Jul®) [ [ulP~2 (s, x)dzds (3.61)

up+2 // (v —u) - ululPdxds,
p+2 | Poluol 7 Jul

and:

1 t

) p|v\p+2(t,a:)d:1:+2i/ / plv[P*3(s, x)dsdx
N 0 RN
1

:m

. (3.62)
polvoP2(x)dx + £ / / pu - v|v|Pdzds.
N 2u Jo Jrw

Combining the two previous equation and applying Young inequality, we get for:
t
( / p|urp+2<t,x>dw + [ ool e )de) + 2p(p +2) / / pIVul2luf? (s, x)duds
RN RN
p—2 p—l— p+2
+EP p+2 p|V [ul?)[2|uP~2(s, 2)dxds + ——— plvPT (s, z)dsdx
RN

1 2
< / po|uo|p+2< o+ [l a)do) + p+ / / plolr*duds
RN p+2 RN

2 t
+ a(p—l—)/ / plulP2dads.
H 0 JRN

(3.63)
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Using Gronwall lemma, we deduce that it exists C' > 0 large enough and independent on
p such that for any p > 0 and for any t € (0,7™) we have:

_1 1

L +2 L +2 +2 +2 \ C
o7 u(t, % + o o(t, )2 < (g™ wollT% + llog ™ vollf,2)e“ P+ (3.64)

It implies in particular that it exists C' > 0 large enough and independent on p such that
for any p > 0 and for any ¢ € (0,7*) we have:

1 1

1 1
lp72u(t, )| poe2 + 72 0(t, )| Loe2 < Cllog ™ ol Los> + 10§ voll ov2)e™. (3.65)
Remark 8 We can observe that we can extend this result to the case where the pressure
P(p) verifies P € L>®(R).
Gain of integrability on the velocity ©« when N =2, v > 2

As previously, we wish to prove a gain of integrability on u, multiplying the momentum
equation of (1.1) 7 by u|u[P with p > 2 and integrating over (0,¢) x RY with 0 < ¢ < T*
we get:

1
p+2 gy

t 1
+"p/ / IV (Jul?)[2|uP~2(s, z)dwds < / poluo|PT2(z)dz (3.66)
2 0 RN p+2 RN

t
p‘u|p+2(t7 z)dx + 2#/ / p\Vu|2|u|p(3, x)dxds
0 JRN

t
—H// aVp" - ululP(t, x)dzds|.
0o JrRN

We are now going to estimate the right hand side and by integration by parts, we have:

|/ aVp? - ululP(s,x)dz| = a| — / pldivu ju|Pdz — p/ P uP~2u - Vu|? dz|
RN RN 2 RN
(3.67)

Using Young inequality we deduce that there exists C' > 0 large enough independent on
p such that:

[ aVeulu(s.)dal < [V Pul Hta)do 4 [Pl (s, )da
RN RN RN

+@+nc/ P ulP (s, 2)de.
]RN
(3.68)

At this level, it is important to use the fact that curlu = 0 on (0,7*) x (R™\{0}).
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We are going now to estimate the right hand side as follows with M > 4 and using the
fact that p > 2:

[ s < [ 157 < 11 g P (s, )
RN RN

[ Tl e+ [ Ve G, )de
RN RN

= ((/RN P T oy (s, 2)de) 72+ [{p(s, ) > M}|piz)(/RN plulP2(s, z)dz) 72

p—2

L a2 /RN olulP*2 (s, 2)de) 5 ( /IR plul(s, 2)da)?. 569

We wish now to estimate ([py |p27_1_p% — 1|%(t,$)1{pZM}dx). Before we are going
to prove the following Lemma.

Lemma 1 For N = 2,3 there exists C > 0 large enough such that for any s € (0,T*)
we have: )
||(\/ﬁ - 1)(87 ')HHl(RN) < Ca

1o = 1)(s, )Zan, < C
FAIRE AUSSI POUR v = 1!

(3.70)

Proof: We recall now that (p, u) verify for any 0 < ¢t < 7% (1.6) and (1.7), we are going
to start with dealing with the case v > 1. It implies that V/p and p —1 are respectively
in L*°([0, T*]; L*(RY)) and L*>°([0, T*], L3 (R")) &. Let us prove now that ,/p—1 belongs
to L>([0,7*], H'(RY)). Indeed we have for any ¢t € (0,7*), M > 3 and C > 0 large
enough:

(R™) (RN)
< O (Iltp = D gp-r<any (5, M2

1
+ 1o = Dlgp-rpzany (8, M zvmyHlols, ) = 1] = M},
(3.71)
with % + % = 1. Next we have for C' > 0 large enough:

(o — 1)1{\p—1\2M}(37 ‘)HZ’Y(RN)
M~ '
Combining (1.6), (1.7), (3.71) and (3.72) it implies then that ,/p — 1 is bounded in

L>=([0,T*], HY(RY)). We have then for s € (0,7*) and C > 0 large enough and inde-
pendent on T*:

{lp(s,-) = 1| = M} <

(3.72)

(VP = 1)(5,) 131 @y < C. (3.73)

Since we have p — 1 = (\/p — 1)> + 2(y/p — 1), using (3.73) and Sobolev embedding, we
obtain that (p — 1) is bounded in L*°([0,7*], L(R")). It concludes the proof of the

8We refer to [43] for the definition of the Orlicz space L3 (R™).
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Lemma.
Let us treat now the case v = 1, we recall that in this case we have:

(p) —TI(1) = a(pIn(p) + 1 - p).
For § > 0 we observe that it exists C' > 0 such that:
1
5|P — Ylgpp—1yz6y < (I(p) — (1)) 1p—1)>6}-
Next since it exists Cq > 0 such that:
1 _
a!ﬂ — PP 1p1j<sy < ((p) — TI(1))14p—1)<8)-

It implies in particular that (p—1) is in L (L}(RY)) for any T > 0 since (II(p) —II(1)) is
in L3°(L'(RY)) according to the energy estimate (1.6). By Young inequality we deduce
that it exists C' > 0 large enough:

1
5“(\/5— DIgp—1zallzz < e — Digp—1sall + Cl{lp — 1] = 6} < +oo,

because (p — 1) € L>(L?(RY)). Next there exists C' > 0 such that:

1
SIVe = 1Lgp-y<ay < Ip = lgp-y<aps

it yields that (y/p—1)1f,—1j<s} is in L3°(L?) because (p—1) is in L§?(LT(RY)). It shows
that (,/p — 1) is in L (L*(RY)). Since V,/p is also in L (L*(R"Y)) thanks to the BD
entropy, it concludes the proof of the proposition for v = 1. O

Next we have for s € (0,t), p > 2, M > 4, and C}, > 0 large enough:
—1—-P_ +2 —1—-P_
/RN |p2'Y 1 p+2 — 1|p2 1{p>M}(s x)dl’ < /]RN ‘2(\/5 _ 1)|(2'Y 1 p+2)(p+2)1{p2M}(S’$)dx

<G, [ B 1Oy s, a)de

(3.74)
From (3.74), (3.70) and Sobolev embedding in dimension N = 2 we deduce that there
exists C’; > 0 such that for any s € (0,7*) we have:

/ Pt e 1| 1{p>M}(s z)dr < C’1 (3.75)
RN

Combining (3.66), (3.68), (3.69), (3.72), (1.6) and (1.7) we have for any ¢t € (0,7%), p > 2,
M > 4 and C, > 0 depending on p large enough:

.
p+2
1 2
< poluo P2 (z)dz + Cp/ (/ plulP?(s, z)dx) P42 s
RN

p+2
+ M 2C / / plulPT(s x)dx) b ds.

p|u]p+2(t T d:c—i—,u/ / p|Vul2[ulP (s, x)dzds + “2 / / oV (|ul®) P ulP~2 (s, x)dzds

(3.76)
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Using the Gronwall lemma, we deduce that for any ¢ € (0,7%*) and p > 2 there exists

C)p > 0 sufficiently large depending on p such that:
1 1
lp7 2 ult, ) por2 @y < Coe (L + oG uoll Lov2(m))- (3.77)

Gain of integrability on the effective velocity v when N =2 and v > 2

Since we have seen that (Vu —f Vu)(t,z) = 0 for any t € (0,7*) and any = € RV\{0},

we deduce from (1.3) that the effective velocity v verifies on (0, 77*):
@y 3 .

pov + pu - Vo + ﬂp”’v = 2 (3.78)

Multiplying the previous equation by v|v[P with p > 0 and integrating over (0,t) x RY

for any ¢ € (0,7*) we obtain as previously:

1 +2 ay ! +2
— plv|P (t,x)dx—i—// P |v|PTdxds
1 9 ay, [* '
e T [ [ b
< g | mlnl @z 3 [ oo,
Next we have:
(3.80)

t t p+1 ¢ 1
| / / P - vlolPdads| < ( / / P olP*2dads) 55 / / P2 deds) 7.
0 JRN 0 JRN 0 JRN

From (3.79) and using Young inequality we have for C), > 0 sufficiently large:

1 42 ay [* +2
— ploPT(t, x)dr + — PP dxds
p+ 2 RN 4/.L 0 JRN (3 81)
1 ¢ '
< — polvo|PT2(z)dz + Cp/ / P |ulP2dads.
P+2 /gy 0 JrN

We have now to deal with the term fg S P |u|PT2dzds. We have then for M > 4 and

using (3.70) and (3.77):

t t
[ tapasast <[] 16 < 101y, VAl P dads
0 JRN 0 JRN B
t t
+/ / 1{|p1|2M}\/ﬁ|u|p+2dxds—l—/ / 1{|p,1|§M}pW]u|p+2dde
0 JRN 0 JRN

t L L t )
< (/ / 772~ 1|21{p1|zM}dwd8)2(/ / plul*PHdads)z
0 JRN 0 JRN

t t t

w ([ ol [ ot =11z Myt + 07t [ ] plulrtRdeds
0 JRN 0 0 JRN

< Fy(t)

(3.82)

with F}, a continuous function depending on p and ¢. Plugging (3.82) in (3.81) we obtain

for any t € (0,7%), p > 2 and C' > 0 large enough that::
1 = 1
P2 u(t, )l o+2@ny < (105 voll Lov2 @y + (P + 2)CFp(t)) P42, (3.83)
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Estimates on the density (p—1) when N =2~v>2o0or N=23,v=1

From (3.65) and (3.83) we have proved in particular that for p = N + ¢ with € > 0
sufficiently small that we have for any t € [0,7*):

v, Wier@yy < C), (3.84)

with C a continuous function on [0, 7%]. We recall now that the density verifies on (0,7)
the following equation:
Op — 2pAp = —div(pv).
Using the proposition 3.1, there exists C' > 0 such that for any 7' € (0, 7*) we have (with
qg=p—1):
/ < ’ / 9
ol e < Clloll o+ vl v ) (3.85)

T \"p,1 pl T( p,1 )

with &’ small enough such that % — 1+ ¢’ < 0. Using Besov embedding we have:

-1 1
HPUHE%O(BQW) = HPUHL%O(BgVOO) < HPUHLOO (Le(RN)) < ”,0|| %fLoo)prvHL%O(Lp),

! (3.86)
ool iy =Nl vy, < Dol ot eliecsn
Since the inequality —% + % < % — 1+ ¢ < 0 holds, we get by interpolation with
N _1+ed=0-5+ %) and C > 0 large enough:
1-6 0
ol e scnpvniw(gow)|\pv\|~%o(35i(%_%))
< Cllple s 001 ol iy P NP0l gy (3:8T)
<l (g 02 0 12 197 0 8 1

According to (3.84)and (1.7) there exists a continuous function M; on [0,7*] such that:

1—¢’

1—1=¢
ool vve < ol o MA(T) (3.89)

T( p,1
Plugging the previous estimate in (3.85) it gives:
gl xy < Cllgoll sl + (lall e 2oy + D15 My(T)). (3.89)
T p,1 P 1

From Besov embedding and interpolation, we know that there exists C,C’, C; > 0 such
that:

6 1-60
lallzge oy < Cllgll__ x <Cllal”> b, gl ™ x i s
T \p,1 LT(BPOO Loo(Bpoo )
. (3.90)
< Cillp = 1 o llall ™"
T(BPVOo
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with N = —601N(5— f) (1— 01)( ¢’). From the Lemma 1, we have seen that p — 1

is bounded in L>=([0, T*], L>(RY)), by Young inequality and (3.90) we show that there
exists M’ > 0 large enough such that:

lall Lo (roey <M' + ||QH~o<> N (3.91)

T Bp,l )

From (3.85), (3.91) and by Young inequality we have for C' > 0 large enough:

/

_1—¢
lall . .o < C(llgoll, st (lgll__ s+ M + 1) 75 M(T))
%O Bp,l ) pl LT Bp,l
(N-1+¢) , (3.92)
Cllaol o+ Al + M)+ CMLD)T),
p,1 T p,1
It implies that for any T € (0,7™), we have for C' > 0 large enough:
lall . xyo < Clgoll . + CL(T)),
rn ) Bt (3.93)

with C a continuous function on [0,7*]. From (3.91) it implies in particular that for
any t € (0,7%) we have:
o, ) Lo vy < C(1), (3.94)

with C' a continuous function on [0, T*].

Gain of regularity on pu when N =2 and v > 2
We recall that pu verifies from (1.4) the following equation on (0,7*):

O(pu) + %(div(pu ®v) + div(v ® pu)) — pA(pu) — pVdiv(pu) + VP(p) = 0.

Using proposition 3.1, the maximum principle and the fact that curl(pu) = 0 on (0,7%),
we have for any t € (0,7%), for p = N + ¢ with € > 0 sufficiently small and C' > 0 large
enough:

HPUHE?(B;’OOHL?(LOOOLQ) < C(|lpouo|l peonz2 + Idiv(pu @ U)Hzgo(BEéO) + “VP(P)“E?O(BI;;O))
< Cllpouollpoenr2 + llou @ vl Lge ey + 1P(p) = PVl oo (0 )

-1 1 1
p(Loo)HPQPUHL;X’(LQP)HPQPUHL;X’(L?P)

+|P(p) = P(1) || Loo (L @ny))-

< C(llpovoll nzz + Nl

(3.95)
We have now using (1.6) for any t € (0,7%), M = ||p|| Lo (j0,7%), o0 (rN ) + 2 and C, C1 >0
sufficiently large:

1P(p(t, ) = P} @ny < /RN |P(p(t,2)) — P(D)[PL{1p(t2) 1<y d
< C/RN lp(t, ) — 11y 51 2)—1)< 2y A, (3.96)

< CMNFE2 /N Ip(t,z) — 1|21{|p(t,x)71|§M}dx < Oy MNTE2,
R
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From (3.96) and (3.94) we deduce that for any t € (0,7*), we have:

1P (p(t;-) = PVl Leryy < C(p,t) (3.97)

with C' a continuous function on [0, 7*]. From (3.95), (3.97), (3.94), (3.77) and (3.83) we
deduce that for any ¢t € (0,7*), we have:

HPU”Loo oo)+L00(LoomL2) < Cl(p7 t)v (398)

with C} a continuous function on [0, 7%*]. From (1.6) and (3.94) we deduce that for any
€ (0,7*) we have:
[pu(t, )l L2@ry < C(1), (3.99)

with C' continuous on [0,7*]. From (3.98), (3.100) and by interpolation in Besov space
we deduce that for p = N + ¢ and any ¢ € (0,7%):

lou(t, )l x < C(t), (3.100)
L3 (BP)+L (L)

with C' continuous on [0,7%]. By Besov embedding we deduce that for any ¢ € (0,77):

[pu(t, )| Lee L=y < C(2), (3.101)

with C' continuous on [0, 7]

L> estimate on v when N =2, v>2o0or N=23,v=1

Let us start with the case N = 2 and > 2, we wish to obtain similar estimate as (3.65)
which is true for the case N =2,3, v = 1.
Multiplying again the equation (3.78) by v|v|P for any p > 2 and integrate over (0,¢) x R
for any t € (0, T*) we obtain as previously:

1

t
— plvlPF2(t, x)dfc+62w/ / P |v|P2dads

1 ay [*
< — V) p+2xd1‘+// Ty - v|v|Pdxds.
S RNPol o (z) o )y Jon? v

We have now since v > 2 and using (3.94), (3.101):
2 ay ' 2
/ plv[PT2(t, x)dx + (p+2)/ / pY [vPt2dxds
RN 2u
ay(p +
< [ wleob2@de + EED ol 0 e ) [ [ o s
RN K
< [ ol (@)ds
RN

a’y(p—i—?) 9 1 (p—1)(p+2) 2
g ol o s Mol ey gy [ 1072008 Mg VB0l ads

(3.103)
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We deduce from (3.101), (3.94), (1.6) and (1.7) that for any ¢ € (0,T*) there exists C' > 0
independent on t such that:

i +2
lp72(t, )75

P . ) (3.104)
< llpg " voll 75+ +C(p+2)(t+/ lp72u(s, ) |[P*2ds).
0

Using the Gronwall lemma, it yields that there exists a function C' continuous such that
for any p > 2:

|p72 0(t, )| oo < C(1). (3.105)

It is important to observe that the previous estimate is uniform in p > 2. This estimate
is true for the case N =2,y >2or N =2,3, v = 1.

Proposition 3.2 We have then when N =2, v>2 or N =2,3, y=1:
VT € (0,T7), [Jv]lpge(rey < C(T), (3.106)
with C a continuous function on [0, T*].
Proof: We recall that for all ¢ € (0,T*) the solution (p,v) verifies ?:
p(t,x) > B; >0 Vo e RN and |u(t, )|z~ < C} < 400, (3.107)

with possibly By —;_7+ 0 and C’tl —¢_p+ +00. We observe that Ve > 0 sufficiently small
(such that ¢ < W for ||v(t,-)||L~ # 0), we have for any p > 2 and t € (0,77):

S

lobo()lle > ( / p(t, ) [ofP(t, 2)dz)

{.7,’, |’U(t,.1’)|2||’l}(t,')”Loo _6}

> (ot Mo — ) ([ p(t, 2)dz)? (3.108)

{Z‘, |’U(t,a})|ZH’U(t,')HLoo _5}

> (o, )llze — 6)3; [, [o(t,2)] > o, )|z~ — e}

Since we have B; > 0 and 0 < |[{z, |v(t,z)| > |[v(t,")||~ — €}| < +oo (indeed we recall
that v(t,-) via (1.7) and (3.107) is in L?(R™)), we can pass to the limit when p goes to
+oo in (3.108). It implies that for any € > 0 small enough, we get using (3.105):

o(t, )|z — & < C(t), Vt e (0,T%).
It concludes the proof of the proposition 3.2. 0

It implies in particular that v belongs to L°([0, T*], L>=°(RY)).

9This is true since (p,v) is a strong regular solution on the maximal time interval (0,T*). It implies
in particular that for any ¢ € (0,7™), we have % and v wich belong to L>([0,t], L°°(R™)).
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Control of the L*° norm of% when N=2,vy>20r N=23,v=1
We recall now that the density verifies on (0,7™) the following equation:
Op — 2pAp = —div(pv).

Using (3.106) and the maximum principle (see [40]), we deduce that for any ¢ € (0,7%):
1
||;(t, Wz @ry < C@), (3.109)
with C' a continuous function on [0, T*].

Global strong solution for the approximate solutions when N =2, v > 2
and N=23,v=1

We recall that we have constructed a sequence of strong solution (py, U, Vn)nen for the
system (1.1) in finite time on the time interval [0, 7;") with 7' the maximal lifespan time.
These solutions have for initial data an approximate sequence (p9,u%,v9),en (see (3.21)).
We would like now to prove that for any n € N, we have 17 = 400. To do this we wish
to use the blowup criterion of the Theorem 3.5 with N < p < 2N and p defined as in the
Theorem 2.4. It suffices then to verify the three assertions are satisfied.

First from (3.109), we have seen that pin belongs to L>°([0, 7], L (RYM)). It remains

now to prove the two following claims:

T*
/ [V (t, ) || Lo dt < +00 (3.110)
0

and:

< 4o0. (3.111)
1)

We point out that (3.111) is a direct consequence of (3.93) and (3.70) by interpolation
in Besov spaces. Let us prove now (3.110), we have then on (0,7}):

lpn — 1]
L ([0.73],B

@\2

1
Oy, — 2puAuy, = ——VP(pp) — 2uy, - Vuy, + vy, - Vu, = Fy.

Pn

Using proposition 3.1, we have for any 7" € (0,7,7) and C' > 0 large enough with p defined
as in the Theorem 2.4:

funll . vy Hllunll vy < C(lun0) x oy +Fall . oy )
7303 ARV Y A By N0 (3.112)
Let us estimate now ||FnH~ ~_, , we have then using classical paraproduct laws and
Ly(BD,

interpolation for Besov spaces with ¢/ > 0 such that —% + % < % —1+4¢ <0 and
0<f<1:

. —E

- Vunll xS Clluall i [Vl

T\ "p,1 T p,1 T\ p,1
< Cillunll  x_pa [[Vunl)’ IVunll* ™0 s
L (B, 1+a) T(Bpoo L Bp,£<2 ,,)) (3.113)
0
< Collunll  n oy IIVunII N IIVun||L1 (L2)’
T pl T Bp1
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p — 1+ ¢ <0 holds,

with C,C,Cy > 0 large enough. Since the inequality —% + %
nd C > 0 large enough:

we get by interpolation with % —1+¢& = 91(—7 + )

lunll — x 1 <C|!un||1oo910 Hunﬂe1 NGl

LE@r ) L@ FByn 2 7)) (3.114)
1-60

< ||Un||Loo 12y lunll Lee(r):

Combining (3.113), (3.114), (1.6), (1.7), (3.109), (3.77), (3.65) we have using Young
inequality with £; > 0 arbitrary small:

0
||Un'vun”~l B%—l §51||Vun||~1 N +C, (T), (3.115)

P
T(Bp1 Li(B,

with C¢, a continuous function on [0,7}]. In a similar way, we can prove that:

[4
lvn -Vl 5y <el|Vunl”  x + CL(T), (3.116)
T p,1 LT(Bp,l
with CZ, a continuous function on [0, T};]. Let us deal now with the term VP(pn) when

N =2, v > 2, we recall that pinVP(pn) = 2up" “(vp —up) and pln VP(,on) = 7_IV,o%_l,
it implies by interpolation that for C' > 0 large enough and 6 € (0,1) we get:

1
- < -1 _ o y—1 _ 1-6
Hpnvp(pn)”ilT(Bﬁil) < Cllpy (v — un)|| 39(32700)”V(pn 1)”LT(.;JOVO(%7%)71)
< Cullpl ™ (wn = un) 9 (o |03 = DI 2
(3.117)
with C,C; > 0 large enough. Combining (3.70), (1.6), (1.7), (3.109), (3.77), (3.105),
(3.94) we deduce that there exists a continuous function C' on [0, 7}¢] such that:

1
[—=VP(n)ll .  x_, <C(T). (3.118)
Pn L%F(Bzfl )

For the case N = 2,3, v = 1, we have —VP(pn) = M(vn — up) = aVlnp,, and by
interpolation with 6 € (0,1) we obtain then by interpolation:

1 0 1-6
|‘;Vp(pn)||~l R < Cl[(vn — un)| %O(BSM)HVIDPTLH

.—N(%—%)—l

n LT(Bp,l ) ’ LT (Bp,oo ) (3119)
< Ch[(vn — )HLOO LP) ||lnpn||,;oo (L?)
Combining (1.6), (1.7), (3.109), (3.65), (3.94) we obtain:
1
[—=VP(pn)ll .  ~_, <C(T), (3.120)
Pn Li, BS )

with C' a continuous function on [0,7¢]. Using (3.112), (3.115), (3.116), (3.118) and
(3.120) and taking £; > O sufficiently small, there exists a continuous function C' on
[0, 7] such that for any T' € (0,T)):

hunll  gmn) Fllunll, s < OT). (3.121)

T Bp,l LT BPJ )



It yields in particular from Besov embedding that there exists a continuous function C'
on [0, 7] such that for any T' € (0,7}}):

It proves in particular (3.110) since C' is continuous on [0, T};] and we have lim;_,7: C(t) <
+0o. We have then proved that (py,, vy, My )nen exists globally in time.

From the Theorem 3.5, (1.6), (1.7), (3.94), (3.106) and (3.109), we deduce that for any
T € R and any n € N, we have for Cy > 0 large enough and p, € defined in the Theorem
2.4:

||Pn—1||zoo .% N4 _‘_HUHHEoo .%—1 .%—1+5)+Hun”zl Ny .%4—14—5 SC(T)’

P >%J
T (Bp 1 xBy 7(By1 xBp, 7By XBpi )

1
I podllz ) < C(T),

[vnllLse oy < C(T),
g(pnaun)(T) < Cy, gl(pruvn)(T) < Cy

(3.123)
with C locally bounded. It is important to point out that the function C is independent
on n.

Compactness and global strong solution

From (3.123) it is now classical to prove that there exists a subsequence (p,(n); Uy (n), u(p(n))nEN
such that (py(n); Ve (n), Uep(n) JneN converges in the sense of the distribution to a global weak
solution (p,v,u) of the system (1.1) with initial data (po, v, up). We refer for a proof to

[3]. In addition (p,v,u) verifies for any 7' > 0 and for C; > 0 large enough:

([lp— 1”500 NN,

S P

+ ||UH~ N .%71% + HUH~ %H Nogye < C(T)7
T( p,lX p,1 ) L

%O(sz,ﬁ xB,y ) L%"(Bp,l XBpl,ol )

1
H(;ap)HL%"(LOO) <C(T),

[v]lLee oy < C(T),
E(p,u)(T) < (h, 51(/),1})(T) <y

(3.124)
with p, € > 0 defined as in the Theorem 2.4 and C locally bounded. From ([16]), we
deduce that the solution (p,u,v) is unique. It implies in particular that (p,u,v) is a
global strong solution for the system (1.1) with initial data (pg, ug,vo).

4 Proof of the Theorem 2.2

Existence of approximate solutions and conservation of the geometrical struc-
ture

Let (po, ug, vg) verifying the assumptions of the Theorem 2.2 with p% € L>®(RY) (we will
treat the case where vg is in L'(RY) but p% is not in L>(R™) later, see the Remark 9),
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we define now the regularizing initial data:

. 1 )
P6 = Pudn* po+ — M = Yujn * (Povo)

mg =mgy — 2uVpg (4.125)
ma mg

ug = =2, vf = —%1
Po Po

with j, a regularizing kernel and ¢,, a truncature. More precisely j, = n’¥j(n-) and j
belongs to C§°(RY), is radial (in particular j,(-) = j1(| - |)) and verifies:

0<j<1,suppj € B(0,1) and / j(x)dz = 1.
RN
In addition we take pp(2) = (%) with ¢ € C5°(RY) and radial verifying:

¢=1 onB(0,1), 0<¢ <1 and suppy € B(0,2).

We observe in particular that we have:

0 — weakly * in L= (RY),

mg’l —n—+oo PoVo weakly *in LOO(RN)

First we observe easily that (p{)nen and (mg )nen are uniformly bounded in L (RM).
2)

Now let ¢ € L'(RY), we have since j,(y — 2) = jn(z — ) (indeed j, is radial):

L owswdr= [ [ enmint = mEumididz+ - [ oty
[ [ o s enin@y+ [ oty
RN JRN n Jry

Next we observe that (j, * (¢ 1) )Jnen converges strongly to ¢ in L'(RY). It implies then
that:

/RN 20 (WY (Y)dy —n—syoo /RN /RN po(y)¥(y)dy.

We proceed similarly for (mal)neN. Now since j,, ¢, and pg are radial , we deduce that
py is radial as convolution of radial functions and product of radial functions. We recall
now that vy can be written as follows:

X

povo(x) = mpo(lx\)vé(lx\) = Vamj(|z),

with v§ € L°(R) and (m2)’ = povi. We have now:
(@) = pu(o) [ iAo =y Vil

= —ula) [ Dy bl = smisdy = gule) [ Ve blla = i (uiy
= on(@)V ik = (] 1),
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Since j, and m3(]-]) are radial, we deduce that j,*mZ(|-|)) is radial (with j,*m3(]-])(z) =
7%(]z])) and belongs to C*°(RY). We deduce then that we can write pivf as follows:
€ .
povg (x) = m@n(x)(ﬁ)’(lxl)-
It implies in particular that m{ and ug are also radially symmetric. Now we observe
since py is positive and belongs to L (RY) that p§ verifies:

1 1
<ol < o + —. 4127
<6 < llpollze + — ( )

In addition we can verify that pf — 1 belongs to L*(RY) N L>(R") and by interpolation
we deduce that (pj — 1) is in LJ(R"Y). In a similar way, we observe that V/pf = Ve

belongs to L2(RY) and v is also in L2(RY). It implies in particular that (p2,v%, uf) are
of finite energy for the entropy £ and &;.

We verify in fact using interpolation and standard estimate for the convolution that
(pg— %, uyg) verify the conditions of the Theorem 2.4. Indeed for example, we observe that
(py — L) belongs to W*P(RY) with any k € N and p > N, it implies by interpolation in

N N
A AR
Besov space that (pf — 1) € B (R¥)N B )

(RY) with & > 0 arbitrary small. Similarly

N1
v is in LY(RN) N LP(RY) which implies by interpolation that v% is in B RY) N

N i4e N . N
B (R™) with € > 0 such that - —1+e <0.

From the Theorem 2.4, we know that there exists a global strong solution (py,, Uy, v,) for
the system (1.1) with initial data (pg,ug, vg) and with P(p) = ap? (v > 2) if N =2 and

with the following approximate regular pressure P, (p) if N = 3 defined as follows:
P, =P if p<n
n(p) (pi)1 P (4.128)

P,(p) =a27 " pn"" if p>2n

with for C > 0 independent on n:
P!(p) < Ca(y —1)n""! on [n,2n].

In addition we choose P,, such that P, is increasing. It implies in particular that for
C > 0 large enough and independent on n, we have:
Pi(p) -
1225 e < Cllo™ e

4.129
1P (p)]l 1 < C (4.129)

IPa(p)llze < Cllo 2o

Indeed we have observed (see the Remark 8) that we have a global strong solution pro-
vided that the pressure P, satisfies P, € L*°(R).

We know more precisely from the Theorem 2.4 that (p, — %, Uy ) verifies for any n € N,

p > N and € > 0 arbitrary small:
N N

1 ~ e Nte ~ N N _14e ~ LN N 4e
(pﬂ - E7un) € L?:c(szjl N szjl ) X (L?(?C(Bpljl N sz,)l ) N Llloc(sz,)l N Bplil ))Na
(bns ) € Lis(L=(RY)V+2
Pn
(4.130)
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The previous estimates allow in particular to conserve any regularity (as it is well known
for compressible Navier-Stokes equation), we have in particular for any n € N, p > N,
N.
S > ? .
r r —1\ ~ 71 1\\N
(Pn =~ un) € Lige(Bya) X (Lise(By1') N Lige(By 1)) (4.131)

loc

It implies in particular that we have for any n € N and m,, = ppuy:
(T, vp) € LS(RT, L®°(RY)). (4.132)

It is important to point out that all these estimates are not uniform in n.

We are going now to prove uniform estimates in n on the solutions (py,, my, vy )nen Which
is in C°(R* x RY) since the Besov norm are propagated. When we will have sufficiently
regular uniform estimates, we will verify that the sequence (py, My, Un)nen converges up
to a subsequence in a suitable functional space to a weak solution (p, m,v) of (1.4) in
finite time.

Uniform estimates in n on (p,, Uy, My )nen

We want now to prove uniform estimates in n on the sequel (py, Un, My )nen in Y7 with
T > 0 sufficiently small, for the simplicity in the sequel we forget the subscript n.
bmo:;1 estimates on the momentum m

We are going to estimate the momentum m in the following space &p for 0 < T < 1
sufficiently small (we will define it later):

D=

_N t
lmller = sup VAlmlen+ (s 5 [ e y)Paedy)
0<t<T zeRN  0<t<T 0 JyeB(z,V1)
(4.133)

From (4.132), we recall that m belongs to L9 (L>°(R")), in particular it implies that
[m|le; is well defined. In the sequel we will use also the quantities ||| o0 ((o,7], Lo (rN))
and ||p|| zoo (0,7, 2 (r~v)) Which are also well defined from (4.130).

We recall that we have from (1.10) (we take 24 = 1 in order to simplify the notation):

m(t,) = e®mg — /0 t e =92 (div(v @ m) — VP(p))(s, -)ds. (4.134)

Since mo = povo+21V po and (pg, vo) belongs to L (RY) which is embedded in bmo(RY),
it implies then that mg belongs to bmo~!(RY). We have then by definition of brno~!(R)
(see [41]) that e"®mq belongs to & when T' < 1. More precisely we get for C' > 0:

le*Smolle,. < Cllmollpmo-1, (4.135)

. t
with [[mo|lpmo-1 = (SUPg<i<1 zerN tigfo fB(:c,\/i) le¥ Amg(x)|?>dzds). We denote now by

B(m,v) = f(f e(=9)2div(v ® m)ds. We are interesting in proving now that there exists
C > 0 such that:
| B(m,v)|[ep < C\/THm”gTHUHL%"(LOO(RN))' (4.136)
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To do this we are going to follow the approach developed by Lemarié in [41]. Next let us
start with the L® norm of B(m,v), we split the integral in two domains 0 < s < % and
% < s < t. We have then by integration by parts and making the change of unknown

U= 23\;/;% and for C,Cy,C,C3,Cy > 0 large enough:
1 _le—y?
I / =8 div(v @ m)ds) (@) = | / / e i div(y ® m)(s, y)dyds|
RN (47 (t — s))

le—y|?
<c / / eyl T u(s, y)| [mis, y)ldyds
RN 477 t— s +1

<C / / (v(s, ) © m(s, y))dyds
e Jex (ant - 5)F (1+7‘f/til)N+1 (

SCQ\//N Wi S1+|u’)N+1]v(s,m+2\/t—su)]\m(s,x—i—?ﬁu))\duds
t R —

< Colbmllee ol oy / =l

< Cyllmllez |0l Leo (Lo (mN)-
(4.137)
It implies that we have for any 0 < ¢t < T, there exists C' > 0 such that:

t
\\/E[ =2 div(v @ m)ds| < CVT|mllep 0]l oo (£ r)- (4.138)
2

Next in a similar way using the third line of (4.137), we have for C,C1Cy > 0 large
enough:

|(/02 =92 div(v @ m)ds) ()| < 0/02 /RN (2vt—s —i—l!w — gy)N+1 [v(s,y)lIm(s,y)|dyds

2 1
§C’/ v(s, m(s,y)|dyds
| e e vl s vl

t

2 1 1
=¢ ) )| dyd
B 1/0 /RN 55 (1 + ‘xfyl)N+1|U(S y)l lm(s, y)|dyds

1 1
<C / / v(s, m(s,y)|dyds
1 Z . yefk+01 )t% [max(l—l—]k\—\/ﬁl)]]v"‘ll ( y)|| ( y)‘ Yy

kezZN
<oy [ / . 1 (5,11 m(s. )| dyds
- keZN ly—a+V2Ik|<VANVE -3+ max(1 4 |k| — VN, 1)|N+1 5

1 [0]] oo ((0,6) xR NY 1N
<G // . ) 2dyds) F 2+

= kgzzN [max(1 + [k| — VN, 1)]N+1 ly— x+\ﬁk\<\ﬁ\/’ mis, ) dyds)

1

<G sup / / (5,9)|2ds dy)  [v]| oo (0.0 x )

:(:ERN,0<t<T yeB(x

(4.139)
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It implies that we have for any 0 < ¢t < T, there exists C' > 0 such that:
T
2
Vi / et=92div(v @ m)ds| < CVTmle, vl oz vy (4.140)
0

We now turn to the estimate on the local L? norm. We are going to deal with the
following term:

t s
I :/ / |(/ e(S_T)Adiv(m®v)d7') (z)|*dsdx
0 J|z—z0|<VE 0

We denote by M the following function for s € (0,¢):
J(s,x) = (/ e~ iv(m @ v)dr)(z).
0
We now split the function V' as follows J = M — My — M3 with:
S
My = / e(s_T)Adiv((l — Xt,zo)M @ v)dT
0

M, = (—A)%div/ eTIAN((=A) 2 (Id — €72) (Xt.0om © v)) dT
0

M; = (—A)_édiv(—A)éeSA(/ Xt.zom @ vdT).
0

Here we have use the function ¢ ,,(y) = L (a0, 10v%) (y). Next since s < t, |z — xo| < vVt
and |y — zo| > 10v/¢, we have for C,C; > 0 large enough ( we have used the fact that
|zo =yl < 2z —y|):

5 1

t
1
<o / / L m(r )l ) drdy
0 Jiy—=zo|>10v1 |20 — y’NH

t
E 1
=C // m(7,y)| |[v(T,y)|drdy
0 Jy=zo+vik+v1[0,1]N (\/fmax(l(),\k|—\/]v))N+1’ (7. 9) [o(7,9)]

keZN |k|>4

D=

C 1 t 2 1N
< —— |1Vl goo( m(s, dyds)Zts™
< g Pl @) keZNzl,dM (max(10,|k\—\/ﬁ))N+1(/o /|y_mo—¢zk|s¢wﬁ| (=,3) dyds)

< Cllvll pge(roo@mylImller-

It implies that:

t
N
/O /l |<\/2’M1(Sax)|2d8dx§Ct2+1HU||%%0(L00(RN)”mH?JT‘
T—To|S

We deduce that for any 0 <t < 1T
I 1
(N/ / | My (s, )| ds dz)? < C\/THU”L%O(LOO(RN)HWLH(S‘T- (4.141)
t2 Jo Jlz—zo|<vi
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To estimate My and Ms as in [41], we note M (7T,y) = Xt.z,(y)m(7,y) @ v(7,y). Using the
boundness of the Riez transform on L2(RY), we obtain since My is the sum of terms of
the form R; [ e(S_T)AA((—A)*%(Id — 7% (Xt,uomivj))dr with R; the Riesz transform:

t t s
/ / ]M2|2dsdx§0/ / / eGIAN(=A) "2 (Id — ™) M dr|2ds dz
0 JRN 0 JRN 0

Now using the maximal L?(L?2) regularity of the heat kernel, we get:

/ / | Ms|2dsda < 0/ / )"2(Id — ™) M|2dr da
RN RN

_ TZ
1—e is uniformly bounded on R in 7, we deduce using

Since the function z —
Plancherel theorem that for C' > 0 large enough we have:

t t
/ / |Ms|2dsda < 0/ / 7| M *dr dz
0 JRN 0 JRN (4.142)

< ClITM|| oo (0,0 xRN M | L1 (0,6 xRN -
Next we have using the definition of M and for 0 <t < T

17 M | o< 0.y <y < VEllmller 0]l Los ((0.1) <)

1 N1
Mo < (| (s, ) P ds) 165 ol o)
|z—20|<10v/%
(4.143)
From (4.142) and (4.143) we deduce that there exists C' > 0 such that:
_N t 2 2 t 2 1 N
t™2 | M |“dsdz < C’thHgT||v||Loo((0’T)XRN)( |m(s, x)|“dx ds)2t™ 4
0 JRN 0 J]jz—zo|<10V1
< Ctllm|g, [0l 7o 0,7y x)-
(4.144)
It implies that we have for C' > 0 since ¢ € (0,T):
1
@ [ [ Pdsda)t < VTimley ol oy sy (4.145)

Similarly we have now for C' > 0 large enough:

t t s
// \Mg]stdeC// |(—A)§65A(/ Mdr)Pds da.
0 JRN 0 JRN 0

We make the change of variables s = tsi, 7 = t1, © = V/tx1, y = Vty; and we have for
C > 0 large enough:

t 1
/ / yMg\stdxgc*tH?/ / I(—A)2 M/ Ndr)|?ds; dz1, (4.146)
0 JRN 0 JRN

with N(71,91) = M(t11,v/ty1). We have in particular used the fact that the operator
v/ —A has a kernel wich is homogeneous of degree —N — 1. We recall now the following
Lemma (see [41] p 163).
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Lemma 1 For a a function defined on (0,1) x RN, let A(«a) defined as follows:

t
Ala) = sup t_g/ / |a(s, x)|dsdz
xoERN ,0<t<1 0 Jjz—zo|<vt

Then for B(t,z) = (—A)%etA fot ads, the following inequality holds:

/01 /RN 1B(s, z)|?ds dx < CA(«) /01 /RN (s, )| ds da.

Using the Lemma 1, we get then:

t
N
/0 /RN |M3|2d33 ds < Ct2t3 A(N)HN”Ll((O,I)xRN)- (4.147)

Next we have for any 0 < t < T

1
NN 21 ((0,1) xmN) Z/O /RN Xtzo (VEy)[m(try, Vg Jo(try, Viyr) [ drydys

: /t/
< — m(u, y)v(u,y)|dudy
tz+1 Jo \yfxo\glo\/i‘ (3ol v)

= )
— m(u,y)|*dudy) ?||v|| o nNytaT2
tgﬂ( ; |y—zo|§1o\/£| (u, y)| )20l oo 0.0y xmNY

1
< W”mHETHUHLOO((O,T),LOO(RN))'

(4.148)

IN

Furthermore by definition, we have:

AN = sup s / / XV imlem, Vi otem, Vil
Y1—x0|<

zo€RN ,0<s<1

M\Z

ts
< s / / Xt (9) (1, )0, )| dudy
zoERN 0<s<1 ly—z0Vt|<V/st

N ts 1 1
< s tl(ts) / / ) Pdudy)? (£5)F 0] o (0. )
ly—zoVt|<V/st

zo€RN ,0<s<1

1
< 7||m|\£T||U||Loo((o,T),Loo(RN))-

(4.149)
Combining (4.147), (4.148) and (4.149) we deduce that there exists C' > 0 such that for
any 0 <t <T:

1
t / /RN |Ms|*dz ds)> < CVT|[mlle, 0]l Lo ((0.7), 100 (rNY)- (4.150)
2

Combining (4.138), (4.140), (4.141), (4.145) and (4.150) we obtain (4.136). We are now
interested in estimating the term:

t
Bi(p) = /O el IAV P(p)ds.
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In a similar way as in [39], we know that there exists C' > 0 such that for any 7" > 0 we
have:

1Bi(p)ller < 1P(0)lvs (4.151)
with:

w2

t
1Py = sup tIP(R)(t, Mm@y +  sup r‘// P(p)(t, )\ dt dy.
0<t<T z€RN  0<t<T 0 JyeB(z,V1)

It implies then that:

1B1(p)ller < TIIP ()|l Loo(0.1), L0 &Y))- (4.152)

Combining (4.134), (4.136) and (4.152), we deduce that there exists C' > 0 large enough
such that:

[mlez < Cllmollpmo—1 + C\/T(HmHSTHUHLOO((O,T),LOO(RN)) + ﬁ”P(p)HLOO((O,T),LOO(]RN)))-
(4.153)
L*° estimates on the effective velocity v

We recall that the effective velocity v satisfies (since curlv = 0 on Rt x RY):

P’ P
PO + pu - Vo + () pv = () pu
21 21

Dividing by p the previous equation (it has a sense since in fact we consider the solution
(P, Un, vy) which is regular and which satisfies p% € L>®(R*, L>=(RY))) , we have:

/ /
&w—i—u-Vv—l—P(p)v:P(p)

2p 2pp

m.

Since we have a damped transport equation, we deduce that for any t € R™ we have for
C > 0 large enough:

L Pp)
vl Lo ((0,8), 200 @YY < M[vol| Loomivy + C ; ||T(87 M oo @™y Im(s, )| Loo mvy)ds.
Using (4.129) and since v > 2, we obtain then that for any 7> 0 :
-2
HU”LOO((O,T),LOO(RN) < HUOHLOO(RN) + C\/THp”zoo((QT)’Loo(RN))HmHgT' (4.154)

Estimates in Besov spaces on pu

From the equation on pu in (1.10) we deduce using proposition 3.1 that there exists
C > 0 such that for any 0 < T < 1 we have:

ol g gty + Noullys iy < Climollpzs 4+ lou @ llzy go ) + TIPO) g ().

(4.155)
It is important to mention that the left hand side of (4.155) is well defined since pu
belongs to Z%O(Bgo’oo) for any s > 0 and pu is in L$°(L?) then by Besov embedding
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._N

in EOO(BOO?OO). In addition mg belongs to Byl (RY) since mo = povo + 2uVpo with

po € L¥(RY) and pgvy € L (RN).

We are going now to estimate the term |pu @ v||7, (B )" It comes using paraproduct
T 00,00

laws:
HTv(Pu)HfﬁT(Bgom) < HU”L%O(LOO)||PU||E%(BQO’OO)- (4.156)

Using again paraproduct law, we deduce from Besov embedding that we have for C', Cy, Co >
0 large enough:

||Tl)uv”zgja(5)(3807w) < CH,UHE,%O(B&YOO)HpuHLif‘)‘(s)(Loo)7
< ClHUHL%O(LOO)HpuHLif‘X(s)(Bgo Bk (4157)
< C oo oo T2—a(e 9
—= 2HvHLT (L )||puHL§1 ( )(Bgo,oo)

with a(e) = 1%—: Finally we have (see [3]):

IR ) 2000 o < 10Ul 20 g0 I0IEe (50
T ( oo,oo) T ( oo,l) T 00,00 (4158)
< HUHL%O(LOO)”PUHZQT—W)(B&’OO)

Combining (4.155), (4.156), (4.157) and (4.158) we have using interpolation and Young
inequality for C' > 0 large enough and § > 0, then we get for any 0 < 7T < 1:

ol sty + Wy o < COhmolls TPy
+ TPl e (0l 2 gy + ol ) |
L estimates on the density p
We recall that the density p verifies on Rt x RV:

Op — 2uAp + div(pv) = 0.

Using the Duhamel formula, we have then:
t
p(t,z) = B pg +/ =92 div(pv)ds.
0

Using the maximum principle, it yields for C > 0 and C7 > 0 large enough:

—y; el 1

+ N
Xq

p(t, x)| = |2 py(z) 4+ C / / ———e ) ——————p(s,y)vi(s,y)dsdy|

0 RN;«/LL(t—s) (t—s)2

t
1

< w4+ C
S =

We deduce that for any (t,z) € RT x RY we have:

lp(s, o= l[v(s, )l Leds

t
1
plt.) < Il +C [ ol o oo, e

It implies using Gronwall Lemma that for any T" > 0 we have for C' > 0 large enough:

C\/THUHL%O (Lo°(RIVY)

HpHL%O(L‘”(RN)) < C||P0||Loo(RN)€ (4.160)
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Existence in finite time of a solution for the system (1.4)

In the previous section we have defined a sequence of solution (py,, un, Un)nen Which is a
unique global solution of the system (1.4) for the initial data (pf, u,vg). We define now
the following norm || - ||z, for T' > 0 as follows (in fact Z7 = Y7):

(o, v, M) 27 =llpllLeo (oo (mM)) + 10l Lo (Loo )y + [IMler

+ HmHZ"TO(Bo_ol,oo) + HmHZ%(BéO‘OQ)'
(4.161)
(o v, M) zoo =Pl Loo @ Lo @AYy + [V oo+ oo my) + [IMle

+ HmHZ"O(R+,B§ol,oo) + Hmufl(RﬁBéo’oo)'

We recall that since (pp,, Un, Un)nen is a regular solution, ||(pn, v, my)| 2, is well defined
for any 0 < 7' < 1 and any n € N. We deduce from (4.154), (4.153) and (4.159) that
there exists 6 > 0, C' > 0 such that for any 0 < T < 1 we have:

(o o )|z < llom 3¢ (220 ) +c(uvoum #5) + OVT0all] 2 079 ooy Il

+ MG lomo—1 + CVT (Ml lvnll oo 0.7y, oo @) + VI Pr(on) Lo 0,7y, L0 (YY)
+ loous | gz + Tl Palpn)llLge (roe)

+ TﬂanHL%o(Loo(RN))(HpnunHz%o(B;o{oo) +llonunllzy g )

(4.162)
It implies that we have using again (4.160) and (4.129) for C' > 0 large enough:
(o om )|z < Cllo o avye™ TNz 4O (o oo )
+ OV |31} gy OO 2V TN el || (o, v, 1) | 2 + ([0 o (1.163)
4.163

+ C\F(”(vana mn)HZT + C\FHpO HLOO ®Y) GC'Y\/TII(pny’Unymn)HZT)
C ny,vn, n
+ HPOUOHB;{OO + CT”poHLoo(]RN)e Vfll(p o )”ZT +TﬁH(p’VZ7vnvmn)||2ZT)
We denote by T7* the following time such that:

T, = sup{t > 0,Vs € [0, ] |[(pn, v, mn) ||z, < C1C([[poll oo @y + lP0v0 || oo ()

o Dyl 1+ 10l a)
(4.164)
with C1 > 3 large enough. In the sequel we will note My = C(||pol| oo (mny+ || P0v0l| oo () +
||p%||Loo(RN)Hp()’UOHLoo(RN)(]. + |lpoll oo (mn)))- Let us prove now that for any n € N, we
have T,y > 0. First it is clear by definition of (pf, mg, mg q,vy) (see (4.125)) that we

have:
106 1|Loe < llpollLee, [[mG 1]l < [lpovollLe

115 [[pmo-1 < 2pllpoll Lo + llpovol| Los
Imgllpor < 2llpollze + llpovoll o= (4.165)

1
[vg [ zoe < [|—Ilze<[lpovol| o=
Po
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Now it is easy to observe that for any ¢t > 0 we have for C5 > 0 large enough:

t
pn(t, M| zoe < ||pf||zoeeC? o IVun(sllzocds,

~_2 LN
Since (pn, mn, vy) is a global strong solution, we know that u, € L °(R*, B, ). By

Besov embedding, we get for a constant C'(n,t) large enough and depending on n and ¢
that:

lon(t, )z < llpollzee exp(t? | Vun| %))- (4.166)

Lt (Bp,l

It implies in particular that for ¢t} > 0 sufficiently small and depending on n, we have
from (4.165) and (4.166) for t € (0,¢L]:

1
lon(t; )|l < 2C]pol| L < 2CH%HL°°||POUOHL°°- (4.167)

We can observe now that:
lmnlle, =0 0.

Indeed since (my,)nen satiesfies (4.132), it implies in particular that for ¢ > 0 and Cy > 0
large enough:
Imnlle, < CoV/tllmnl| poo (0,4, &Y))- (4.168)

Combining (4.165), (4.167), (4.168) and (4.154), we can show that for t2 > 0 sufficiently
small, we have for any ¢ € (0,¢2):

[[on(t, )|l < 2C|vg || oo (4.169)
Finally we have for t € (0, min(t%,2)):
lmn(t, ) g2 < llpnvn(t, )llzee + 2pllpn(t, )L < CoMi, (4.170)
for Cy > 0 large enough. As previously, we can show easily that:
lmnllr sy, ) =0 0. (4.171)

From (4.167), (4.168), (4.169), (4.170) and (4.171), we deduce that for any n € N we
have T¥ > 0 provided that C; > 0 is large enough. We define now in the sequel T as
follows:

0<T<1

cC1OVT My < g

CC’1M1\FHPOHL<>0(RN) OOV < 2§CM

CVTC2M? < 2010 (4.172)
C2T |0l o gy €7 VM < zchl

CT o]} gy VM < QSCM

1
TPC?M? < 506 M1
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Assume by absurd that 7" < T, it implies in particular from (4.163), (4.165) and (4.172)
that:

6
(ons vns M)l 27, < ZClAG Lo vy + C (105 ]| Loz

1 1
QOCMl + HmOHme 1+ 200M1 + %Ml + HmSHB;ol,m (4.173)
1
—M —M
+ 500+ 5pe M)
From (4.165) and (4.173) we have:
6 1
1(on, Oy mn) | 2y, < =My + 3 My + O H*HLOOHPOHLOOHUOHLOO +4pllpollLee + [lpol| o= [|vol[ o)
Cq

< 7M17

(4.174)
provided that C; > 3 is large enough. Following the same argument than previously we
can show that:

1(Prs vny mn) ||z = Cp(t), (4.175)

with C! depending on n and continuous. It is a consequence of the fact that (my,, p, — )

n
N
belong to C([0,T7], B, ) for any T' > 0 (because we have a sequence of regular solutions).

It implies then that the function t — v/t||my,(t,-)||L= is continuous. Setting A,(s) =
SUPg<i<s VEl|mn(t, )| Lo, we can observe that A, is continuous on (0,400). Indeed let
T > 0 and € > 0 small enough, we have A, (T +¢) = A,(T) or A,(T +¢) > A,(T). The
last case implies that:

A(T+e) = sup  Vi|mn(t, )|z =emo VT[ma(T, )|z < An(T).
te(T,T+e]

.. . 1 .
Similarly the function By, (T) = sup,,cg~ g<s<r s IN fB(xo,\/E) |mo, (s', 2)|2ds’dz is con-

tinuous. Again for € > 0 we have for ' > 0, B, (T + ¢) = B, (T) or B, (T +¢) > B,(T).
In this last case we have:

B,(T+¢) = sup / / \mn s, x)|?ds'dx
2oERN T<s<T+e § 7 B(zo,\/s

For s € (T, T + €|, we have:

| / / Imn (s, z)[2ds' dx — / / ]mn s, x)|?ds' dx|
B(z0,V/s) T2 B(zo,VT
[ / / I )P + | / / a2 dads|
s2 Tz B(x0,VT B(z0,7/3)\B(x0,VT

+ | N// \mnsx)|2dxds|
:I:O)

Using the fact that m,, is bounded in L°°([0, T], L% N L?) for any T > 0, we deduce then
that:

1 [ 1 /T
|N/ / |mn(s’,m)]2ds'd:r - — / / |mn(s',:c)\2ds'dx| < Cle,n).
s2 J0 JB(z0,\/3) T2 Jo JB(zo,VT)
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with C'(e,n) depending on n and € and with C'(e,n) —-_0 0. It proves that ¢t — ||my]|¢,
is continuous. Similarly ¢t — [|pnlrse(zecys t = |vnllpee(zoe), t = Imnllpse(z~) and
t = [Vmy|| e (o) is continuous since (py,mn, vy) is a regular solution on (0, +00). It
implies then that ¢t — ||(py, Un, My )|z, is continuous on (0, 400).

From (4.174), (4.175) and the definition of T)', we deduce that we have an absurdity. In
other words we have proved that for any n € N, we have:

et 4.176
(s vy )1 2, < CLMi. (4.176)

Remark 9 Let us assume now that p% is not in L®(RYN). We only assume that vy is in

LY(RN). It suffices then to apply the same ideas as previously, we have only to change
our reqularizing process on the initial data. More precisely, we set:

n . 1 n .
PO = Pnin * Po + ﬁﬂjo = ©nJn * V0

mio = povg, my =mg1 — 2uVpg (4.177)
mn

uf = —2.
Po

with jn, and @, defined as previously. We can check that :

P —nstoo po weakly * in L(RN), (4178)
V) —n——+oo Vo Strongly in Ll(RN). ’
Similarly for any v € C§°(RY) we have:
/ POV VAT —p oo / povoda. (4.179)
RN RN
In addition we have for any n € N:
vy llzee < lvollzee, ool < [lpollLe
log lvollze=, lloo | ol (4.180)

1m0 lomo-1npz, < 4llpollzee + 2llpoll Lo llvol| Lo
Existence of weak solution in finite time for (1.4) when pio is not in
L>(RY)
It remains now to prove that the sequence (py, My, vn)nen converges on [0,7] up to a

subsequence to a weak solution (p, m,v) of the system (1.4) on [0,7]. From (4.176) we
have for any n € N and 7" defined as in (4.172) that:

HpnunHZ%(Bécoo) + ||pnun||z%o(3goloo) S Cth (4181)

with C7 > 0 large enough. From (4.181) and interpolation arguments, we deduce that the
sequence (ppUn)nen is uniformly bounded in L?;a(s)(Bgom) for € > 0 small enough and
with a(e) = 127;5 By interpolation, we obtain that he sequence (ppup)nen is uniformly
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bounded in LQT_a(a) (BEOJ). We recall in addition that BEOJ is a Banach space. In addition
we have:

. a (65
O (puttn) = —div(vn ® (pntin)) + 218 (i) — ﬁvan + ﬁpxun

From (4.181) and (4.176), we deduce that 0;(ppuy) is uniformly bounded in L;fa(s) (Bloot

B3l o+BY ). We have used the fact that (p,un)nen is uniformly bounded in L?ME) (Bél),
it implies by interpolation that (ppun)nen is uniformly bounded in LQT_O‘(E) (L>).

We recall now the classical lemma of Aubin-Lions.

Lemma 2 Let Xy, X, X1 Banach spaces. Assume that Xq is compactly embedded in X
and X s continuously embedded in Xq. Let 1 < p,q < +oo. We set for T > 0:

Wrp = {u € LP([0,T], Xo), %u e L1([0,T], X1)}.
Then if:
e p < 400 then the embedding of Wr into LP([0,T], X) is compact.
e p=+o0 and q > 1, then the embedding of Wr into C([0,T],X) is compact.

We have seen that (p,un )nen is uniformly bounded in L?p_a(a) (BEOJ). In addition 0 (ppun)

is uniformly bounded in L2T7a(€) (Biloo + Bitoo + B o). Since cho%o?l is compactly em-
bedded in ngl < L™ for any ¢ € C®(RY), we deduce using the Aubin-Lions lemma

that (pnun)nen converges up to a subsequence to m in L?O‘(S)(L;’SC(RN )). We note in
the sequel az(e) =2 — a(e).

From (4.176), we deduce that (vy,),en converges up to a subsequence weakly * to v in
LO‘?’(E)/([O,T],LOO(RN)) with m + ﬁ(s) = 1. Furthermore since (pnun)nen converges

up to a subsequence to m in Lgﬂg(g)(Lfsc), we deduce that up to a subsequence for any

0 € C([0,T] x RY) we have for any i,j € {1--- N}:

T T
/ / Py Ul pdrdt —p sy oo / / mgvjedadt. (4.182)
0 JRN 0 JRN

Let us deal now with the pressure term P,(p,). By definition of v, we have Vp, =
i(pnvn — pply), we deduce from (4.176) and since (ppuy)nen is uniformly bounded in
ng_a(e) (L) that (Vpn)nen is uniformly bounded in L?F_a(e)(Loo(RN)) for e > 0 suffi-
ciently small. It implies in particular that (p,)nen is uniformly bounded in L?F_a(s) (Whee(RVY)
for € > 0 sufficiently small. Furthermore we deduce that (9.p,)nen is uniformly bounded

in LQT_a(a)(W*LOO(RN )). Using again the Aubin-Lions lemma we deduce that (pp)nen
converges up to a subsequence to p in L2_a(5)([O,T]; Lfooc(RN )). Up to a subsequence,

it implies that (p,)nen converges almost everywhere to p. Using (4.176) and the fact
that (pn)nen converges almost everywhere up to a subsequence to p, we deduce using the
dominated convergence theorem that for any ¢ € C°([0, T] x RY) we have:

T T
/ / P, (pn)pdzdt =100 / P(p)pdxdt. (4.183)
o JrN o JrN
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From (4.176) we have used in particular the fact that P,(p,) = P(pn) on [0,7T] for n
sufficiently large. Multiplying now the third equation of (1.10) by ¢ € C°([0,T] x RY)
and integrating by parts, we have:

T
/ pnun (T, x) - (T, x)dx — / Pntn (0, ) - (0, x)dx — / / Pntin (s, x) - Osp(s, x)dsdx
RN RN o JrN

_ Z/ / Pl (s, 2)0ip;(s, x)dsdr — 2 Z/ / Pl (8, 2)05ipj (s, x)dsdx
ij=170 /RN ij=170 JRY
T
- / P, (pn) (s, x)dive(s, z)dsdx = 0.
0 JrN
(4.184)
From (4.182), (4.183) and since (pnun)nen converges up to a subsequence to m in

LQT_O‘(a) (L7.), we have:

/]RN m(T,z) - (T, x)dx — /RN povo(x) - (0, x)dx — 2u /]RN po(z)dive(0, x)dx

T N T
—/ / m(s,z) - Osp(s, x)dsdx — Z / m;vi(s, x)0ip;(s, x)dsdx
o JrN /o JrN

N T T
-2 Z / m;(s,x)0ip;(s, x)dsdx —/ / P(p)(s, z)dive(s,x)dsdx = 0.
io170 RN o JrN
(4.185)
We have use here the fact that for ¢ > 0 small enough and any ¢ € C°(RV):
Paty —p—sto0 potly in D'(RY), (4.186)
¢pnun (T7 ) —n—+o0 wm(Tv ) in B;ol,;oe .

Indeed we recall that plul = m{, — 2uVp§ and from (4.179), we know that (mf)nen

and (p{))nen converge respectively to povg in the sense of distributions and py weakly *

in L®(RY). It implies then that (pQul),en converges to poug in D' (RY).

We recall now that (pptn)nen is uniformly bounded in L ([0, T, By!.) and that (8;(pntn))nen

is uniformly bounded in Lé_a(e)(Bo’o?oo + Byl + B% o). From the Aubin-Lions Lemma
we deduce that for any 1) € C®(RY), (¢pntn)nen converges to 1 pu up to a subsequence
in C([0,T], By '5f) for € > 0 small enough. It implies in particular (4.186). We can
now pass to the limit in the term [pn pptn(T, x) - ©(T, x)dx using the fact that the dual
space of B! ¢(RY) is Blljs(]RN) and writing (7', -) as follows ¢(T',-) = ¢(T),-)¥ with

Y € CX(RY) and v equal to 1 in a neighborhood of suppp(T),-).

We have seen that (py, )nen converges up to a subsequence to p in L2~ ([0, T7; L2 (RN))

loc
and (vy,)nen converges up to a subsequence weakly * to v in L ([0, 7], L°(RY)). It im-

plies that for any ¢ € C>°([0, 7] x RM)" we have:

T T
/ / PnUn - pdrdt — 55400 / / pv - pdxdt. (4.187)
0 RN 0 RN

Proceeding as previously we deduce that the first and third equations of (1.4) are verified
by (p, m,v) in the sense of distribution.
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(p,v,m) is in Yr

We know from (4.176) that it exists C' > 0 such that for all n € N we have:

sup / / \pnun (s,2)?dsdz < C (4.188)

0<t<T,x€RN t2 2

We have seen that up to a subsequence (p,u, )nen converges almost everywhere on (0, 7") x
RY to m, we deduce then from (4.188) and the Fatou lemma that:

sup / / (s,x)|?dsdx < C (4.189)
t2 2

0<t<T,ze€RN

From (4.189) we deduce in particular that m is in L([0, T, L2, .(RY)).
Similarly since (p,y,)nen converges almost everywhere on (0,7) x RN to m, we deduce
from (4.176) that it exists C' > 0 large enough such that:

sup Vi||m(t, )| p@ny < C (4.190)
te(0,T)

In a similar way, we prove that p is in L°°([0, 7], L>°(RY)). Since the sequence (v,,)nen
converges weakly * to v in L([0, T] x RY), we deduce that v belongs to L>([0,T] x RY).
Similarly we can prove that m belongs to L°([0, 7], B3!,.) N L*((0,T), BY, oo (RY)).

Existence of weak solution in finite time for (1.1) when pio € L>*(RY)

In this case, the main difference is that we are interesting in proving that the sequence
(Pntn ® Up)nen converges in the sense of the distribution to a limit pu ® u. The first
thing is to give a sense to v and not only to m.
As previously we observe that (p, s, )nen converges up to a subsequence to m in L’ as(e )(Lfooc)
and that up to a subsequence (pnun)neN converges almost everywhere to m on (0, T) xR,
We are going now to prove that ( - )nen remains bounded in L*°([0, T, L®(RY)). We
have seen that (vp,)pen is umformly bounded in L>=([0,T], L= (RY)), furthermore (p,,)nen
verifies on [0, T:

Otpn — 2uApy, + div(ppu,) = 0.

Using the maximum principle (see [40]), we deduce that:

1
H;HLOO([O,T],LOO(RN)) < C(T), (4.191)

with C' a continuous fonction on [0,7]. We have seen previously that up to a sub-
sequence (pn)neN converges to p almost everywhere on (0,7) x RV, it implies from
(4.191) that ( o Jnen converges to ; almost everywhere on (0,7) x RY and 1 5 belongs
to L*([0,T], LOO(RN )). Combining this last information and the fact that m belongs
to L2([0,T],L? (RY)), we deduce that u = 2 is in L%([0,T), L2 (RY)). Now since

(mn)nen converges up to a subsequence to m in L7 as(e )(L°° ) and ( —)nen converges to 2

loc
p
in L,

loc loc

([0,T] x RY) for any p € [1,+00) (it suffices to use domlnated convergence), we
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deduce that (uy)nen converges in the sense of distributions up to a subsequence to % = u.

Similarly we verify that (v,)nen and (up)nen are respectively uniformly bounded in
L>=([0,T], L>(RY)) and in L2([0, 7], L? (RY)), it implies since V1Inp, = ﬁ(vn — Up)

loc
that (V1Inpp)nen is uniformly bounded in L2([0,7], L2 (RY)) and converges up to a
subsequence weakly in L? ([0,7] x RY) to w. We deduce in addition since (In pp)nen
converges in L} ([0,T] x RY) to Inp that w = VInp = (v — u). We have proved in
particular that VInp € L2 ([0,T] x RY).

From (4.185), we recall that (p, m,v) is a weak solution of (1.4) verifying for any ¢ €

C([0,T] x RN):

[Ty o@ade— [ o) oO.00dr =2 [ polative(0, oy
RN RN RN
T N T
—/ / m(s,x) - dsp(s, x)dsdx — Z/ m;vi(s, x)0ip;(s, x)dsdx
o JrN =10 Jry
N

T T
-2 Z / m;(s,x)0iip;(s,x)dsdx — / / P(p)(s, z)dive(s,x)dsdx = 0.
=10 Jry RN
(4.192)
Since u =2 € L} ([0,7] x RY) and v = u + 21V In p, we have:

Z / m;vi(s, z)0ip;i(s, z)dsdx = Z / / puj(u; + 210;lnp) (s, £)0ip;(s, x)dsdx
RN

1,j=1 1,j=1
(4.193)

It is important to mention that the last integral is well defined since pu;u; and pu;0;In p
belongs to Li.([0,T] x RY). In addition we observe that pd;Inp = 9;p. Indeed we have
seen that (p,)nen converges up to a subsequence almost everywhere to p on [0,7] x RY
and is uniformly bounded in L>([0, T, L°(R")). It implies that (p,),en converges to p

in L ([0, T]xRY) for p € [1, +00). We recall now that (V In p,)nen is uniformly bounded
in L2([0, 7], L? .(RY)) and converges up to a subsequence weakly in L%([0, 7], L3 (RY))
to Vln p. It implies in particular that for any ¢ € (C°(RY))™ we have:

T T

/ / PV 10 py, - odads =1 o0 / / pVinp - pdxds. (4.194)

0 RN 0 RN

In addition we have similarly:
T T
/ / pnV1Inp, - pdrds —p 400 / Vp - edxds. (4.195)
0 RN 0 RN

Combining (4.194) and (4.195), we obtain that Vp = pV Inp.
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From (4.192) and (4.193), we deduce that we have
[ @) o ado = [ poo(o) - o(0.0)de ~ 20 [ pola)dive(0, )
RN RN RN

T N T
_ / / pu(s,x) - Os(s, x)dsdx — Z / / (puju; 4+ 2p0;p) (s, )04 (s, x)dsdx
0 RN 0 RN

1,j=1

N T T
-2 Z / / puj(s,x)0iip;(s,x)dsdx — / / P(p)(s, z)dive(s,z)dsdx = 0
0 JrN 0 JrN

ij=1
(4.196)
We have then finally for any any ¢ € C2°([0,T) x RY):

- [ o) 90,00z =20 [ po(a)dive0,2)do
RN RN

+00 N +oo
— / / pu(s,x) - Osp(s,x)dsdx — Z / / (puju; + 210;p) (s, 2)0;p;(s, x)dsdx
0 RN 0 RN

ij=1

N +o00 +oo
— 2 Z / / pu;i(s, z)0ipj(s, x)dsdx — / / P(p)(s, z)dive(s,z)dsdx =0
ij=170 RN 0 RN
(4.197)
Proceeding in a similar way for the first equation of (1.1), we deduce that (p, ) is a weak

solution in finite time on [0,7) of (1.1).

Global weak solution for (1.1) when N =2

We are now interested in proving the existence of global weak solution (p,u) for the
system (1.1) with the assumptions of the Theorem 2.2. We assume now in particular
that (po — 1), v belong to L2(RY) and ug, vg are in L' (R™). It implies in particular that
Vpo is also in L'(RY). We consider the same approximate sequence (pp, My, Vn)neN a8
in the previous section except that we change the regularization on the initial density pf
and we set:

P = Pnin * (po — 1) + 1, (4.198)

with j, and ¢, defined in (4.125). Since it exists ¢ > 0 such that py > ¢, we have then
P5 > ¢n(c—1) +1 > min(c, 1) > 0. We define now mg, mg, vy and ug as in (4.125).
We observe in particular that we have:

b = Hizzy < llpo = Ll 2y, sup pp (@) < llpollze

zeR
1
1)||,00U0|\L2(RN)’ 10606 | L1 @~y < [lpovoll L1y

n
—
||U0||L2(RN) = min(c,

16u6 1zt @y < llpovollr@ny + IVpoll L@y + Venl oy @ayllpo — Ll v vy
(4.199)
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We observe now that the approximate solution (py,un,vy,) satisfies the BD entropy. In
other words we have far all ¢ > 0:

;/R ot 2)om 2 (1, x)d:c+/N(H (pults ) = T (1))da + C, / / IV (o) (5, 2)dsda

:/R Rl dx—lr//RN I, (1))de
(4.200)

with Hn(s) = 3( 18 P»Zgz) dz—Pn(l)) and Fé(pn) = 4/ i (p") . From (4 199) (4200), (4176)
and (4.191), we deduce that (V In py,)nen is uniformly bounded in L2([0, T], L2(RY)) with
T defined above for n large enough. Indeed we have use the fact that for n large enough

we have F) (p,) = %. Similarly from (4.200) and (4.191) we deduce that (vy,),en is

uniformly bounded in L>([0, T], L2(R™)) for n large enough. Since u, = v, —2uV In p,,
we deduce that (uy,)nen is uniformly bounded in L2([0, T], L2(RY)) for n large enough.
Multiplying the momentum equation by su,, and integrating over (0,¢) x RV with 0 <
t < T, we have for n large enough:

1 1 [t
5 [ ot olunP ez =5 [ [ (s, a)fun s, 2)dsda
2 RN 2 0 RN

' 2
+2H/0 /RN $pn (8, )| Vg (S,x)dsdx+/ t(IL, (pn(t, x)) — I, (1))dx (4.201)

/ [ 0o (t.) = T, (1)) da

From (4.200), (4.176) and the fact that (u, )neny is uniformly bounded in L2([0, T, L?(R))
for n large enough, we deduce that (v/t\/pnts)nen is uniformly bounded in L>([0, T, L*(RY))
for n large enough. From (4.191) it implies that (v/fu,)nen is uniformly bounded in
L>=([0,T], L>(RY)). We have then obtained from (4.200), (4.201), (4.176),(4.191) for
C(T) > 0 independent on n (with 7' defined as in (4.172) and n large enough) and any

€ (0,7):

.

[Vl oo (0,17, L2 @Y )AL (RY)) < C(T')

Vitlun(t, )| oo @ynr2@yy < C(T)

lon = U Lo 0,1, 22@®N)) < C(T) (4.202)

VIV pa(t, ) 2@y < C(T)

V| pn(t, )o@y < C(T).

By interpolation we deduce that for any p € [2, +o0] we have for any t € (0,7):

{\fllun( Wer@yy < C(T),
Vtlpa(t,-) = Ulwro@yy < C(T).

(4.203)

We are now going to estimate the L' norm of (p,un)nen. We recall that we have since
Un, 18 irrotationnal:

{ Ot(pnun) + div(ppv, @ uy) — 2uA(pruy) + %ﬁpn)(vn —up) =0

Ot(pnvn) + div(pru, ® v,) + %ﬁfn)(vn —Up) = 0.
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Let f a regular function from R to R, we have then for any j € {1,--- ,N}:
8tf(:0nufll) + div(vnf(pnuﬁ)) + divoy, (anﬁf,(anﬁ) - f(PnU{T)) - QIUAJC(PHU%)
+2Mf//(Pnun ’v(anNNQ + 228 ( )(vn un)f/(pnun) =0
at(f(pnvn)) + dlv(unf(pnvn)) + leUn(PnUnf/(PnU%) - f(pnv%))

2200 (v, — ) ' (prvh) = 0.

Taking in a classical way f(z) = |z| (in fact we approximate f by a regularizing sequence

(fx)ken and we pass to the limit when k goes to 400 with fi(z) = /22 + E — f we
obtain by integrating over (0,t) x RY with ¢ € (0,7):

, , t WP (pn) . . ,
[ ooz < [ phdlona+ [ [ PuLa(n) (a1 4 i) dsde
RN RN o JrRV 2

/ pulvl|(t, d$+/ / Pn |dxds</ pnlv2](0, z)dx (4.204)
RN RN

/ / p" Pnbu(on) |u! |dsdx
RN

For t € (0,T) we deduce from (4.199), (4.176), (4.204), (4.129) that we have using the
Gronwall lemma for n large enough:

[onun(t, )z @y + lonva(t, )l g @y < C(T), (4.205)

with C(T') > 0 sufficiently large and independent on n.
Using Besov embedding and arguments of interpolation, we have from (4.202), (4.203),
(4.191), (4.176) for any ¢t € (0,7 and n large enough:

) o
(AN N e A
By ®@MnBr RN T Vi
e
" t7. —1 N —_~ 7
Ion) =5 S
1
(9 20 vy < CAT)
" 4.206
ln(8) = vy ey < O(T) (200
T
9Vt zzge <
(6,32 + e s ey < CAT)
c(r
i, Maagaoyoneeguny < o Tont,zaonsssm < O

with p > N, ¢, > 0 sufficiently small such that % —1+¢e, <0 and C(T) > 0 large
enough depending only on 7. We are now going to prove global time estimates on
(P, Un, Un)nen. From (4.206) we deduce that it exists C(7T") > 0 independent on n such
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that for p €| N,2N|[ (and €, > 0 small enough) we have with 7' defined as above and n
large enough:

.
LN N _i4ep =
BF  (RN)NBJP (RN)
7)71Hﬂ .ﬂ+€p S
Bp’jl (RN)ﬂBp’jl (RNV)

1.7

[ (on, p*n)(g, M eemny < C(T)

T 4.207
1on(E) — Ul s gmype) < C(T) (4.207)
2
T
V32 g, < OT)
T

Hun(g, MNrz@vynre@yy < C(T), [lon(ts ) 2@yynre@yy < C(T)

[un(

2| N

T
s Moy + an(§: M rmny < C(T)
In addition we have seen that pn(%, -) is radial and un(%, -) is radially symmetric. Using
the Theorem 2.4, there exists a global strong solution (pp,1,Un,1)nen o0 (%, +00) with
initial data (pn(%, -),un(%, -)) at the time % Furthermore there exists a continuous
function C}, on [0, +00) independent on n such that for any t > % we have:

(ual o clt-1)
Un,1]| _ N, N .. A unl_ Ny N SCO@F—-—o),
" Loo([%vt}vaI,?l 1me1,)1 a p) " Ll([%vt]va,1+1meI:1+l+ p) 2
T
p’1—1~ N N, §Ct——, 4208
H n HLDO([%,tLBpZ:lﬂBpI:;L p) ( 2) ( )
1 T
Ly 7 oo ([T oo S Ct——).
{ [[(pn pn,l)HL (1Z 4),Lo) ( 2)

Now since (pn, un )nen is a regular solution, we recall that (py,, u,)nen verify also (4.130),
and we deduce by uniqueness of the strong solution for compressible Navier-Stokes equa-
tion (see [16]) that:

T
Pn = Pn,1;, Un = Up1 on [5, +OO), (4209)

for n large enough. From (4.209) and (4.208) we deduce that (pn,un)nen verifies uni-
formly in n the estimates (4.208) for n large enough. It is then easy now to prove the
existence of global weak solution when NV = 2 . It suffices to combine the ideas that we
use to prove the existence of weak solution in finite time (typically we focus on the inter-
val [0, 2]) and the classical arguments developed in [3] to prove the existence of strong
solution (at this level, we consider the interval (%, +00)). We note that the solution (p, u)
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satisfies in addition:

( ~ T N . ﬁ"ﬁf
(p - lvu) S L?ooc([ia —|—OO),B;1 n szjl P)
~ T R R e B ~ T RS R N B
X (L?(fc([§7+oo)aBpfl mezjl 1’) ﬂLlloc([§7+oo)aBpI:1 meIjl p))N

1 o0 o0
| (0. € L0, +00), 1),

(4.210)

5 Proof of the Theorem 2.3

The proof follows exactly the same lines as the proof of the Theorem 2.2. Indeed in one
dimension, we can rewrite the system (1.1) as follows:

Or(pu) + 0z (pu) — 2p0x (pdrut) + 0, P(p) = 0.

The crucial point is that in one dimension, the effective velocity v = u+ 210, In p satisfies
a damped transport equation:

Opv + u0,v + 0, F(p) = 0,

with F'(p) = @. In particular it does not require any geometric assumption in order
to ensure that the solution remains irrotationnal (roughly speaking it is always the case
in one dimansion). We can then apply the same estimates as in the previous proof what
is sufficient to show the Theorem 2.3.

Appendix

In this Appendix, we wish to understand the form of the nonlinear terms in the basis
(€rz€0.2,€0.) of R? with & € R3\{x1 = x5 = 0}. We assume here that (p, u) is a regular
solution of the system (1.1) on (0,7) verifying the geometric assumptions (3.28), (3.31):

p(t,z) = p1(t,|z]),
u(t,z) = u(t, |z|)er s + usa(t, |2'], x3)eq » + us(t, |21, x3)ep.x
ul( vx) =ui(t, |z|)erq, u2(t, x) = uso(t, |SU/|,353)€97$, us(t,x) = ug(t, |x/|,x3)e¢7x.

(5.211)
Setting r = |z| and v’ = /2% + 22 with € R*\{z; = 29 = 0}, we will defined in the
sequel the derivatives O,u1, Oprui1, Opuz, Opprua, O3ua, O3 ,ruz...First we can verify that
these derivatives are well defined on R3\{x; = x5 = 0}, let us consider as an example
Oruy; we have then when |z| =7, A\(h) =1+ %:

ur(t,r+h) —ui(t,r) u(t, A\(h)x) - x — u(t,x) - x

r 5 =li = li
Orua(t, ) hlgtl) h hlg(l) h|z|
h—0 h\x!
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We have then for |z| > 0:

Brui(t,r) = Du(t,z)(z) % _ (Vu(t,’;)Q. r) T

We can observe that this formula does not depend on the choice of x. Indeed if A is an
isometry, we have since Au(t, Ax) = u(t, z) for any x € R3:
Duft, Az)(Az) - 2% = Du(t,z)(x) -
u(t, Az)(Az) - — = Du(t,z)(x) - —.
’ 2 ’ 72

Similarly we can show that us (t,7), ua(t, 7/, x3), ug(t, 7', v3) are C* in R3\{z; = 25 = 0}.

Let us give now the form of the nonlinear terms in the momentum equation of (1.1). Few

computations give for z € R*\{z = 0} and ¢ € (0,7*):

2udiv(pDul)(t, z) = 2udiv(pVul)(t, z) = Bi(t, \x|)%
pu' - Vul(t,x) = Balt, m)% (5.212)
VP(p)(t) = (Pou))e(tslel)

with Bi(t, [2]) = |2[2(8-(51)p)r (¢, 2]) +4p1 (¢, 2]) () (& [2]) + (P0)e (8, [2]), Ba(t, |2]) =
p1u10puy (¢, |z|) regular functions on R3\{x = 0}. Similarly tedious calculus give for
r € R3\{z; = x5 =0} and t € (0,7*) (with ' = |2/|):

(vl = P2 0]

Ly

|z
1 2 ‘x,’ ! T3 /
u - Vu“(t,x) = (mul(t, |])Oprua(t, ', x3) + mul(t, |z|)O5ua(t, 7', x3)) € 4
20, /
us(t,r,x x
u?- Vu2(t, x) = —emﬁ(M) + 69733( — ’—u2(t, ' x3)03us(t, 1, x3)

]

]

T3
+ —ug(t,r’, x3)O0mus(t, 1, :L'3))

||
(5.213)
We wish now to estimate Au?, we get in a first time for x € R3\{z; = x5 = 0}:
A(ﬂu (t, |2'], 23)) = ﬂ(_u (t,r, x )(l_i_i)
T e | R PO P
/ 1 2|2'| 2 ' 2 /
+ Oprus(t,r ,x;;)(m P )+ 07 un(t, ' x3) + 05 gua(t, 1!, x3))
T / ’$/|
+ 2763”2(1517“ ,.1‘3)
|| ||
|| / || / 2 1 / 3 ||
A_i tv ) = 7\ ta ) T a’ ta ) — =2
( |$|U2( |2, z3)) ] (—uat,r $3)(|x|2 ’x,|2)+ rug (t, T $3)(|x,| MQ)
2 / 2 / L3 / |2'|
+ 0y pua(t, 1!, x3) 4+ O3 gua(t, r', 23)) + 2m83u2(t,r ,xg)w
(5.214)
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We deduce that we have z € R3\{z; = 22 = 0} and t € (0,T*):

2 1 1 T
Au2(t7l‘) = ( — u2(—2 + - 2) + 8T/u2(— 2 | 2|) + Opr g + 8373U2)69’$
=2 [ 2] ] ’
| 0 (5.215)
+ 283U2 2€ra: +2 0
|z __uz _ Opuz
e |z

From (3.30), we deduce that:

A2 (t,2) = (= sty w) (— + —) + Byt ) (- — 202
)= (e B e T e ? | P2

2

+ 8,,.2/7,',./71;2(t, ' x3) + 8%73u2(t, r, l’g))eg’x + 203us(t, ', x3) ” |2 (5.216)
us(t,r',w3) | Opus(t,r’,w3), 3 ||
~ 9 ECT
'] || |z o ]
Similarly we have € R3\{z; = x3 = 0} and t € (0,T*):
/
divu?(t,z) = ug(t, 7, x3) + —Opus(t,r’, x3) — —83112(75 ' x3)
[EEd] H T " |z] (5.217)

! |
Vdivu?(t,z) = B(t,|2'],23)eq . + C(t, 2], 23)er s,

with B and C functions depending on (¢,|z'],73) and regular on R3*\{x; = 2o = 0}.
Finally we obtain z € R3\{x; = x5 = 0} and t € (0,T*):

B arp(t) |JJ’)UQ (t7 |$/|, 1’3)

Vp -t Vi (t,z) = ™

€o.0- (5.218)

We have finally:

/
Vp - Vu? = [|| || Or POy 2 + 2

a?)u?arp] €0,x-
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