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TREND TO THE EQUILIBRIUM FOR THE FOKKER-PLANCK
SYSTEM WITH A STRONG EXTERNAL MAGNETIC FIELD

ZEINAB KARAKI

Université de Nantes
Laboratoire de Mathematiques Jean Leray
2, rue de la Houssiniére
BP 92208 F-44322 Nantes Cedex 3, France

ABSTRACT. We consider the Fokker-Planck equation with a strong external
magnetic field. Global-in-time solutions are built near the Maxwellian, the
global equilibrium state for the system. Moreover, we prove the convergence to
equilibrium at exponential rate. The results are first obtained on spaces with
an exponential weight. Then they are extended to larger functional spaces,
like the Lebesgue space and the Sobolev space with polynomial weight, by the
method of factorization and enlargement of the functional space developed in
[Gualdani, Mischler, Mouhot, 2017].
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1. INTRODUCTION AND MAIN RESULTS

1.1. Introduction. In this article, we are interested in inhomogeneous kinetic
equations. These equations model the dynamics of a charged particle system de-
scribed by a probability density F'(t,x,v) representing at time ¢ > 0 the density of

1991 Mathematics Subject Classification. Primary: 47D06, 35Q84; Secondary: 35P15, 82C40.
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particles at position € T? and at velocity v € R3.

In the absence of force and collision, the particles move in a straight line at
constant speed according to the principle of Newton, and F' is the solution of the
Vlasov equation

OF +v-V,F =0,

where V, is the gradient operator with respect to the variable x, and the symbol «-»
represents the scalar product in the Euclidean space R®. When there are forces and
shocks, this equation must be corrected. This leads to various kinetic equations, the
most famous being those of Boltzmann, Landau and Fokker-Planck. The general
model for the dynamics of the charged particles, assuming that they undergo shocks
modulated by a collision kernel @) and under the action of an external force F € R3,
is written by the following kinetic equation:

(1) OF +v-VoF+ F(t,x) Vo, F = Q(F),

where @, possibly non-linear, acts only in velocity and where F can even depend
on F' via Poisson or Maxwell equations.

According to the H-theorem of Boltzmann in 1872, there exists a quantity H ()
called entropy which varies monotonous over time, while the gas relaxes towards the
thermodynamic equilibrium characterized by the Maxwellian: it is a solution time
independent of equation (1) having the same mass as the initial system. The effect
of the collisions will bring the distribution F'(t) to the Maxwellian with time. A
crucial question is then to know the rate of convergence and this question has been
widely studied over the past 15 years, in particular with the so called hypocoercive
strategy (see [21] or [10] for an introductive papers).

1.2. Fokker-Planck equation with a given external magnetic field.

1.2.1. Presentation of the equation. We are interested in the Fokker-Planck inhomo-
geneous linear kinetic equation with a fixed external magnetic field 2 — Be(x) € R?
which depends only on the spatial variables z € T3 = [0, 27]3. The Cauchy problem
is the following:

(2)

OF +v-VoF — (WA Be) VoF =V, - (Vo +0)F
F(0,2,v) = Fy(x,v),

Here F' is the distribution function of the particles, and represents the density of
probability of presence of particles at time ¢ > 0 at the position x € T? and with a
speed v € R3. (Where «A» indicates the vector (cross) product.)

We define the Maxwellian

1 2
o —v?/2
w(v) == EE e .

It is the (only) time independent solution of the system (2), since

Op+v-Veu=0, V, - (-Vy4+v)u=0 and (vAB.)-Vyu=0.
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Concerning (2), we are interested in the return to the global equilibrium g and the
convergence of F' to u in norms L2(dwdu) and H'(dzdu) defined by

Vh e L2(dod), [ Erqanay = [ o0 dadn
T3 xR3

vh e H'(dedp), W E eap = 1172 (ean + 1Vl 72 e + IVohl T2 (e

where dp := p(v)dv and the (real) Hilbertian scalar product (.,.) on the space
L?(dwdy) defined by

Vg, h € L*(dxdu), (h,g) = / / hg dzdp.

To answer such questions, when F' is close to the equilibrium u, we define f to be
the standard perturbation of F' defined by

F=pu+puf.

We then rewrite equation (2) in the following form:

Ohf+v-Vof —(WAB) -Vyf =—(=Vy+v) V,f
f(ov‘T?’U) = fO(‘Tv’U)

We now introduce the main assumption on B..

3)

Hypothesis 1.1. The magnetic field B, is indefinitely derivable on T3.

1.2.2. The main results. First we will show that the problem (3) is well-posed in the
L?(dwdy) space, in the sense of the associated semi-group (See [20]). We associate
with the problem (3) the operator P; defined by

(4) Pl = XQ - L,
(5) where Xo=v -V, — (vAB.) -V, and L = (-V, +v) -V,
The problem (3) is then written

of+Pif=0

f(O,.TE,’U) - fo(:E,’U)

Theorem 1.2. Under Hypothesis 1.1 and with fo € C§°(T? x R?), the problem (6)
admits a unique solution f € C*([0,+oo, L?(dzdp)) N C([0, +ool, C§°(T? x R3)) .

(6)

We also show the exponential convergence towards equilibrium in the norm
L?(dwdy).
Theorem 1.3. Let fo € L?(dxdu) such that (fo) = // fo(t,z,v)dedp = 0. If Be

satisfies Hypothesis 1.1, then there exist kK > 0 and ¢ > 0 (two explicit constants
independent of fo) such that

VE>0, (If O r2eazde < ce”™ || foll L2(azdp)-

Note that in the preceding statement the mean (fy) is preserved over time.
We give a result about the return to the global equilibrium p with an exponential
decay rate in the space H!(dxdu).
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Theorem 1.4. There exist ¢, > 0 such that Vfo € H(dzdp) with (fo) = 0, the
solution f of the system (3) satisfies

VE> 0,  |IF O a(dzdn < ce | foll 1 (dadp)-

We are interested in extending the results about the exponential decay of the
semi-group to much larger spaces, following the work of Gualdani-Mischler-Mouhot
in [6]. The following result gives convergence in L?(m) norms of F to p, where the
space LP(m) for p € [1,2] is the weighted Lebesgue space associated with the norm

1

P

| FllLe(m) = I1F'm| > = (/ FP(z,v) mp(v)dudx) :
R3 XT3

for some given weight function m = m(v) > 0 on R®. Since there is no ambiguity
we again denote

(H) = / H dado,

the mean with respect to the usual L' norm. The main result of this paper in this
direction is the following.

1
Theorem 1.5. Let p € [1,2], let m = (v)¥ := (1 + [v[*)*/2, k > 3(1 — =) , and
p

1
assume Hypothesis 1.1 . Then for all0 > a > 3(1 — =) — k and for all Fy € LP(m),

there exists cxp, > 0 such that the solution F of the problem (2) satisfies the decay
estimate

(7) vt >0, [IF(t) = p{Fo)llLem) < crpe™ 1 Fo — g (Fo)ll o (m)-

It is also possible to obtain the same type of results in weighted Sobolev space
WLP(m) which is defined by

WLP(m) = {h € LP(m) such that (v)h, V,h and V,h € LP(m)}.

We equip the previous space with the following standard norm:

1
(8) 1l = (Il gy + Iy + IRl )

Hypothesis 1.6. Let p € [1,2], the polynomial weight m(v) = (v)¥ is such that

1 7 1
9) k> 3( )+ B + max (|Be|Lm('ﬂ-3), §|VIB€||LOO(T3)> .

1- =
p
The second main result of this paper is the following.
Theorem 1.7. Let m be a weight that satisfies Hypothesis 1.6 with p € [1,2] and
assume Hypothesis 1.1. If Fy € W1P(m), then there is a solution F of the problem

(2), such that F(t) € WP(m) for all t > 0, and it satisfies the following decay
estimate:

(10) VE>0, [F(t) = ulFo)lirnm) < Ce™ [[1Fo = (o) 1.0 (m)

with 0 > a > max(al, 1, al, 5, —k),i € {1,2,3}, where al, | and al, , are functions

defined afterwards in (45)-(47) and (54)-(56) and k is defined in Theorem 1.4.
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We will end this part by a brief review of the literature related to the analysis
of kinetic PDEs using hypocoercivity methods. In some studies [11, 19, 21, 22], the
treated hypocoercivity method is very close to that of hypoellipticity following the
method of Kohn, which deals simultaneously with regularity properties and trend
to the equilibrium.

The hypocoercive results were developped for simple models in [5, 9, 17, 22], the
methods used were close in spirit to the ones developed in Guo [7, 8] in functional
spaces with exponential weights.

In recent years, the theory of factorization and enlargement of Banach spaces
was introduced in [6] and [16]. This theory allows us to extend hypocoercivity re-
sults into much larger spaces with polynomial weights. We refer for example to
[3] and [16], where the authors show, using a factorization argument, the return
to equilibrium with an exponential decay rate for the Fokker-Planck equation with
an external electrical potential, or [13] for the inhomogeneous Boltzmann equation
without angular cutoff case.

We conclude this sectio with some comments on our result. For the proof of
Theorem 1.3 , we follow the micro-macro method proposed in [10]. Note that
for the proof of Theorem 1.3, the black box method proposed in [5] (see also [3])
could perhaps be employed, anyway the presence of the Magnetic field induces
same difficulties. To prove Theorem 1.5 and 1.7, we apply the abstract theorem
of enlargement from [6, 16] to our Fokker-Planck-Magnetic linear operator. We
deduce the semi-group estimates of Theorem 1.3 on large spaces like LP({v)*) and
WP ((v)¥) with p € [1,2].

We hope that this first work will help in future investigations of non-linear prob-
lems like the Vlasov-Poisson-Fokker-Planck or Vlasov-Maxwell-Fokker-Planck equa-
tions (see [7, 12] and [8, 23]).

Plan of the paper: This article is organized as follows. In Section 2, we prove
that the Fokker-Planck-magnetic operator P is a generator of a strongly continuous
semi-group over the space L?(dxdu). In section 3, we show hypocoercivity in the
weighted spaces L? and H' with an exponential weight. Finally, section 4 is devoted
to the proofs of Theorems 1.5 and 1.7 with factorization and enlargement of the
functional space arguments.

2. STUDY OF THE OPERATOR P;

In this part, we show that the problem (6) is well-posed in the space L?(dzdpu)
in the sense of semi-groups. By the Hille-Yosida Theorem, it is sufficient to show
that P is maximal accretive in the space L?(dzdpu).

Notation 2.1. We define Py by
Py=v-Vy—WAB.) -V, =V, (V,+0).

The perturbation of the Cauchy problem (2) reduces the study of the operator Py
defined in (4) to the study of Py, since Py is obtained via a conjugation of the
operator Py by the function u, that is to say

Piu= (p ' Pop)u Yu € D(P).
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Similarly, we can define the operator Py as the conjugation of the operator Py by
the function u® with 6 €]0,1]. Note that any result on the operator Py is also true
on the operator Py in the corresponding conjugated space.

We will work in this section on operator P/, which is defined by

Py/s ::v-Vx—(v/\Be)~VU+(—VU+§)-(VU+§):Xo—l—b*b,

here b = (V, + %) and Xy is defined in (5). We now show that operator P, is
maximal accretive in the space L?(dzdv) and note that this gives the same result
for Py in the space L?(dxdp). We study the following problem:

(11) {‘9t“+P1/2U=0

u(0,x,v) = up(z,v).
Proposition 2.2. Suppose that B, satisfies the Hypothesis 1.1. Then the closure

with respect to the norm L?(T? x R3) of the magnetic-Fokker-Planck operator Fl/Q
on the space C§°(R? x T?) is mazimally accretive.

Proof. We adapt here the proof given in [19, page 44]. We apply the abstract
criterion by taking H = L*(T* x R?) and the domain of P, 5 defined by D(P, /5) =
Cs° (T3 x R3). First, we show the accretivity of the operator P; /2. When u €
D(P, ), we have to show that (P;/ou,u) > 0. Indeed,

( Prjgu,u) = (v-Veu— (VA Be) - Vyu+ (=V, + g)(vv + g)u,u>

://U~Vzu><ud:cdv—//(v/\Be)~Vvu><ud:cdv+<b*bu,u>

=0 =0

= [|bul®
=0,

since operators (v A Be) - V,, and v - V,, are skew-adjoint see Lemma A.1.
Let us now show that there exists A\g > 0 such that the operator

T:P1/2+Aold

has dense image in H. We take Ao = 3 + 1 (following [19]). Let u € H satisfy

(12) (u, (Pyj2 + AoId)h) =0, Vh e D(Py3).
We have to show that u = 0.
First, we observe that equality (12) implies that
2
(A, + % 11— Xo)u=0, in D'(R® x T%).
Under Hypothesis 1.1, and following Hormander [14, 15] or Helffer-Nier [19, Chapter
2
8], operator —A,, + UZ +1 — Xy is hypoelliptic, so u € C*°(R3 x T3).

Now we introduce the family of truncation functions & indexed by k € N* and
defined by

6(v) == €(3) ke N,
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where £ is a C°° function satisfying 0 < ¢ < 1, ¢ =1 on B(0,1), and Supp¢ C

B(0,2).
For all u,w € C*°(T3 x R?), we have

// (&ru) - §kw)d:cdv+/ &i(— +1)wud:cdv+//uXo (&w) dadv

= / |Vo&x [Pwu dedv + //(uvvw —wVu) - &V & drdv + (u, T(Ew)).

When v satisfies (12) in particular, when h = &w , we get for all w € C>

/ Vo (&ru) - Vi (§pw)dzdo +/ §,€ —i— 1)wudmdv+//uX0 w)dxdv

:/ |V o&r|Pwudzdy + //(uvvw —wVyu) - & Vpdadu.

In particular, we take the test function w = u, so

(Vo (&pu), Vo (&ru)) / / EH(— + Duldedv + / / uXo(&Eu)dwdv
:/ |V &k |2uldadv.

By an integration by parts, we obtain

(Vo (ru), Vo (Eru)) //gk + 1)udzdv +//§ku Xo(&)dzdv

z//|VU§k|2u2dde.

Which gives the existence of a constant ¢ > 0 such that, for all k € N2,

1
[[€kull® + —||§kvu||2

_k2|IU|I2 —H(v/\Be)&cuIIIIUII-
This leads to
Ikl + gliékoul? < el + S IBZ)Nul? + o]
Choosing 1 < 8, we get
(1) lwul® < e + 1Bl

Taking k — 400 in (13), leads to u = 0.

O

Proof of Theorem 1.2. According to Remark 2.1, the operator P; has a closure Py
from C§° (T3 x R?). This gives Theorem 1.2, by a direct application of Hille-Yosida’s
theorem (cf. [20] for more details for the semi-group theory) to the problem (3), with

D(Py) = C°(T? x R?) and H = L*(dzdy).

O

From now on, we write Py for the closure of the operator Py from the space

C§°(T? x R?) with respect the norm L?(T? x R3).
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3. TREND TO THE EQUILIBRIUM

3.1. Hypocoercivity in the space L?(dxdu). The purpose of this subsection
is to show the exponential time decay of the L?(dxdu) entropy for P;, based on
macroscopic equations. First, we try to find the macroscopic equations associated
with system (3). We write f in the following form:

(14) f(@,0) = r(x) + h(z,v),

where r(f)(z) = /f(:v,v) du(v) and m(f)(z) = /Uf(:v,v) du(v) will be use
later.
Definition 3.1. In the following, we define
A= (1-Ap)Y2,
and introduce a class of Hilbert spaces
H® :={ueS A% € L*(dzdp)}  with o € R,

where S is the space of temperate distributions.

We recall that the operator A2 is an elliptic, self-adjoint, invertible operator
from H2(dxdp) to L*(dzdp) and A, > Id. (cf [11, section 6] for a proof of these
properties).

Lemma 3.2. Let f be the solution of the system (3), with the decomposition given
in (14). Then we have

(15) or = Op1(h),
(16) om = —=V,r — m A Be + Opy(h).
Where Op; denotes a bounded generic operator of L* to H™!.

Proof. We suppose is f is a Schwarz function. In order to show equation (14), we
integrate equation (3) with respect to the measure du . We get

Bt/fdu—i—/v-vmfdu—/(v/\Be)-vaduz—/(—VU—FU)-Vdeu
:<Lf71>:<f7L1>:07

since, L1 =0, L is a self-adjoint operator and
(VAB.) Vuf =Vy-(0ABe)f.

Then, we obtain
0 =+ [ vhdu = Op(b),

hence equality (14).
To show (15), we multiply equation (3) by v before performing an integration with
respect to the measure du, we obteinning

(17) at/vfd,u—l—vz-/(v®v)fd,u—/v((v/\Be)~va)du: (Lf,v),

where V, [(v@v)fdp =30, 23:1 J 000, f dpu. Now, we will calculate term
by term the left-hand side of the equality (17). We first observe that

Vg - /(U®v)fdu = Op1(h) + Vyr.



TREND TO THE EQUILIBRIUM FOR THE FOKKER-PLANCK-MAGNETIC SYSTEM 9

Furethermore,
(Lf.0) = (f o) = {f.0) = [ b

It remains to compute component by component / v((v A Be - Vyf))dp. We have
forall 1 <j <3,

[estwn B Vunau= [ 59, (wn B s
— [V o)) - (07 Bosdn
=4, /(U A Be)fdu

i [or) o

= —5]‘ . (m/\Be)
= —(m/\Be)j.

Therefore /v (WA Be-Vyf))dp = —m A Be, where m is defined in (14).
By combining all the previous equalities in (17), we obtain

om = —V,r — m A Be + Opy(h).

Remark 3.3. Under Hypothesis 1.1, since B, € L>(T?),
m A B, = Opy(h),
so the macroscopic equation (14) takes the following form:

Oym = —Vgr + Op1(h).

Now we are ready to build a new entropy, defined for any u € L?(dxdu) by

Fo(u) = |Jul|® + (A 2Vr(u), m(u)), r(u):= / udp and m(u) := /Uu du.
Using the Cauchy-Schwarz inequality gives us directly that

Lemma 3.4. Ife < %, then

(18) [ull® < Fe(u) < 2ul®

1
2

Now, we can prove the main result of hypocoercivity leading to the proof of
Theorem 1.3.

Proposition 3.5. There exists k > 0 such that, if fo € L*(dzdy) and (fo) = 0,
then the solution of system (3) satisfies

VE >0, Fo(f(t) <e ™ F(fo)

Proof. We write

d

d d,, _
SFAS0) = ISP + (A2 m).
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We will omit the dependence of f with respect to ¢t. For the first term, we notice
that

d
(19) TP =2(LF, f) = =2(VufI* < =2|[AlP%,
by the spectral property of the operator L. For the second term, using the macro-
scopic equations, we get

d

£<A52Vzr, m) = (A, 2V, 0y, m) + (A 2V ,r, Oym)

= —(A;2V,r, Vor) + (A;2V,0pyi(h),m) + (A;2V,r,Opy (h))
< AZVor|l? + CIAZ Ops (W) (1A Varll + [IAZ'Vaml]) .
Now, using ||m|| < ||h||, the Cauchy-Schwarz inequality and the following estimate:
IAZ'Vaoll < 16l Vo € L*(dxdp),

we obtain

4
dt

Poincaré’s inequality on L?(dz) takes the form

_ 1. _
<Am 27‘7 m> < _§||Az 1V$T||2 + C||h||2

Vo € L*(dx), suchthat () =0, [A;'V,6|>> ——|¢|?
cp+1

where (¢) = [¢(z)dz and cp > 0 is the spectral gap of —A, on the torus (see
[10, Lemma 2.6] for the proof of the previous inequality). Using this, we obtain, by
applying the previous estimate to r ( since (r) = (f) = (fo) = 0),

(20) SV m) < 5 =] + Ol
gathering (19) and (20), we get
SFA) < Il = 5=+ Cell?
Now we choose € such that Ce < %, we get
Lr < ——|| ||2—— clirl® < =5 —= AP < -3 T _F).
dt 2 cp + cp+1 dep+1
Which gives the result with x = icj‘:il > 0. ]

We can deduce the proof of Theorem 1.3.

Proof of Theorem 1.3. Starting from Lemma 3.4 and Proposition 3.5, we have, for
f the solution of the system (3),

11 < 2F(f) < 27" Fo(fo) < 4™ foll*.

This completes the proof of Theorem 1.3. g
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3.2. Hypocoercivity in the space H'!(dxdu). We will establish some technical
lemmas, which will help us to deduce the exponential time decay of the norm
H'(dxdu), noting that we work in 3 dimensions.

The following lemma gives the exact values of some commutators will be used
later.

Lemma 3.6. The following equalities
(1) [y, v-Va| = 0., Vie{1,2,3}.
(2) [0y, (=0, +v])] =0, Vi,je{1,2,3}
(3) [Vo,(vA Be) - Vo] = Be AV,
(4) Vo (wABL) Vo] = (0 A V4 B,) - V.

Proof. Let f € C§°(T? x R?). The first two equalities are obvious. We directly go
to the proof of (3) in component. Writting B, = (B, Be, Bs),

[Oun, (0 A Be) - Vulf = 0y (0 A Be) - V) f = (0 A Be) - Vo), f
= Oy, [(v2B3 — v3B2)0y, f + (v3B1 — v1B3)0u, f
+ (v1B2 — v2B1)0u, f)] — (v A Be) - V)01 f
= (B20y, f — B30y, )
= (Be AVy)1f.
Similarly we can show that, for all 1 <i < 3,
[Ov;s (VA Be) - Vy] = (Be A Vy)ie
This proves the equality (3). Now, we will show (4),
[Va, (VA Be) - Vol f = Va((vABe) - Vo) f = (A Be) - Vo) Vo f
=(wAV.Be) -V, /[
O

Now, we are ready to build a new entropy that will allow us to show the expo-
nential decay of the norm H'(dxdyu). We define this modified entropy by

E(u) = Cllull® + D Voul* + E(Vou, Vou) + | Vaull?,  Vu € H' (dwdp),

where C' > D > E > 1 are constants fixed below. We first show that £(u) is
equivalent to the norm H'(dxdu) of u.

Lemma 3.7. If E* < D, then Yu € H'(dxzdu)
1
(21) 5”“”?{1(@@) < E(u) <20l (gpdp)-
Proof. Let u € H'(dxdy). Using the Cauchy-Schwarz inequality, we get
E? 2, 1 2
IB(Va, Vo] < o Voul? + 5 IVl
which implies,
2 E? 2 1 2
Cliull” + (D = =) IVoul® + (1 = I Vau]” < E(u)
2 E? 2 1 2
< Cllulf + (D + 2Vl + (14 3) |V

This implies (21) if E? < D. O
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Note that using the same approach as in Section 3, we can show the existence of
a solution of the problem (3), which will be denoted as f, in the space H'(dxdpu)
in the sense of an associated semi-group. Using the preceding results, we are able
to study the decrease of the modified entropy E(f(t)).

Proposition 3.8. Suppose that B. satisfies the Hypothesis 1.1, then there exist
C,D,FE and k > 0, such that for all fo € H'(dzdu) with {fo) = 0, the solution f
of the system (3) satisfies

vt >0, E(f(t) < E(fo)e ™.

Proof. The time derivatives of the four terms defining E(f(¢)) will be calculated
separately. For the first term we have

S = 2600, )
= _2<U'vmf7f>+2<(v/\Be)'vvfuf>_2<(_vv+v)'vvf7f>

=0 =0

= 2|V fII*.

The second term writes

d 2 _
SNV =2V Vi f, Vo)

= =2(Vy(v-Vaf),Vof) + 2(Vy((vA Be) - Vo f), Vo f)
— 2V, (=V, +0) - Vo f, Vo f)
= -2 <vavvfu vvf> _2<[V’U7 v vw]fa vvf> + 2<[vv7 (U A Be) : V’U]fu vvf>
=0
+2{(((vABe) - Vo)Vuf, Vo f) =2[[(=Vy +v) - vaHQ-
=0
We used the fact that the operators v -V, and (v A B.) - V, are skew-adjoint in

L?(dwdy) by Lemma A.1. According to equalities (1) and (3) of Lemma 3.6, we
then obtain

d
EIIVUJ“H2 = =2(Vof, Vo f) + 2((Be AV £, Vo f) = 2/[(=Vo +v) - Vo |12
The time derivative of the third term can be calculated as follows:
d
(22) %@f’ Vaof) = (Vu0if,Vaf) + (Vo f, V0L f).

We calculate each term of equality (22). For the first term, using equalities (1), (2)
and (3) of Lemma 3.6, we obtain

(Vo0 f,Vaf) = =(Vo(v-Vaof = (VA Be) - Vo f +(=Vy +v) - Vi f), Vo f)
= =lIVafI? = (0 ValVu i), Ve f) = (Vo f, Vo f) = (Auf, Vo - Vi f)
+((Be AV, Vaf) + (v A Be) - Vo) Vo f, Ve f).
For the second term of equality (22), using equality (4) of Lemma 3.6, we have
(Vof,Va0ef) = =(Vof, Va(v - Vo f = (VA Be) - Vo f +(=Vy +v) - Vi f))
= —(Vuf, 0 Va(Vaf)) + (Vo f, (0 AV Be) - Vo f)
+ (Vof s (WA Be) - Vo)V f) = (Vo f, Vi f) = (Auf, V- Vi f).
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Combining the proceding equalities of the two terms in (22), we get

d

E<vv.f7 sz> - Hvz.fH2 - <V'ufa vxf> + 2<(_vv + ’U) ! vva Vy - (sz)>

- [<U : vz(vvf)u vmf> + (va,v : vm(vzf»]
+ <(Be A vv)fv sz> + <va, (v A VIBG) : va>
+ [{((vABe) Vo) Vo f, Vi f) + (Vo f, (v A Be) - Vi)V f)].

According to Lemma A.1, the operators v -V, and (v A B.) - V,, are skew-adjoint
in L?(dzdy), we have

(23) (- Va(Vof),Vaf) + (Vo f,v-Vu(Vif)) =0
(24) <((’U A Be) : vv)v'ufa vxf> + <vvf7 ((’U A Be) : V'u)vmf> =0.

Using equality (23)-(24), we obtain

%<vvf7 sz> = _Hvsz2 - <V'ufa vxf> + 2<(_vv + ’U)va, Vy - (sz)>
+ ((Be AV [,V f) + (Vo f, (WAVLBe) - Vi f).

Eventually, the time derivative of the last term takes the following form

=-2 <Vx(v : fo)a fo> +2<Vz((v A Be) : va), fo>

=0
— 2<VI(—VU + U) : V'ufa vxf>

= _2||vavf||2 + 2<(v A vae) -V f, fo> +2 <((U A Be) : Vv)vva sz>

=0

= _2||vavf||2 + 2<(v A vae) Vo f, fo>a

By collecting all the ties, we get

d
&) =- 20|V flI> = 2DI[(=Vy +v) - Vo f|? = BIIVo fI* = 2V Vo fI?

- (2D + E)<vmfu vvf> + 2E<(_vv + U) : vvfa vv : (vmf)>
+2D((Be A Vo) f, Vo f) + E{(Be A V) f,Vaf)
+ E((0AVaBe) - Vo f,Vof) +2((0 AVeB.) - Vo f, Va f).

Now, we need the following technical lemma.

Lemma 3.9. We have the following equalities in L?(dxdu):

i. (VAVGB) Vo, Vof) = —(Vy A(VaBe - Vof), Vo f).
ii. (VAVeBe) VofsVaf) = —(VyA(VeBe Vauf), Vof).

where VB is the Jacobian matriz of the function

)

r — Be(z) = (B1(x), Ba2(z), B3(2)),
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and

3

<(’U A\ VzBe) . va, va> = Z |:/ 81;1,11(1)) ((vae)zQ 8v3f - (vae)iB 8v2f) 8v1fd$dv:|
i=1
3

+ Z [/ Ova (V) (VaBe)iz Ov, f = (VaBe)ir Ov, f) 6vifd$dvj|
i=1
3

+ [ / O 11(0) (VaBe)it Ouy [ = (VaBe)ia O, [) Bo, fdxdv} .

=1

Proof. Using the fact that v u(v) = V,(u(v)) and integrations by part, we obtain
the result by simple computations. O

Let’s go back to the proof of Proposition 3.8. Using Lemma 3.9, the time deriv-
ative of £(f(t)) takes the following form:

d
S @) =~ 20| Vo flI* = 2D||(=Vy +v) - Vo f[I? = BV fII? = 2V Vo fI?

- (2D + E)<sz7 V'uf> + 2E<(_vv + 1)) : V'ufa vv : (vxf)>
+2D((Be A Vo) f, Vo f) + E((Be A Vo) f,Vaf)
— E(Vy AN(ViBe - Vof),Vof) —2(Vy AN(VaBe - Vaif), Vo f).

Now we estimate the scalar products in the previous equality in L?(dxdu). For all
7, 77/ and 77” > 0, we have

2D+ E)V. £, 9o /)] < 5IV.fIP + 52D + BP9,
2BV + ) Vol Vo - (VD] < Vo (TP + B2~ +0) - Tuf P,
2D{(B A V)1, V)] < 2D Bell | 9%

n 1
[B((Be AV)f, Ve f) < ES VL fII* + E2_77||Be||io”vvf”27
and using than ||[V2f|? < |[(=Vy +v) -V, f||* 4 ||V f]|?, we obtain

n E?
BV A (V2B VDVl < LIV TP + 2 VBl 90
/ 2

E
— . 2
[T +0)- TufI+ (5

< IVaBe|

l\3|3\ [\3|3

+ V%,

The last scalar product is bounded by

" 1
2((Vo A (VaBe - Vo), Vo D) S0 IV Vo fI + FHVWBGH%O IV £1I%.
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Combining all the previous estimates, we have

d E
SE(f) = (=20 +5 (2D+E) +2D|\Be|\oo+2—n||Be||§o
E? 77 1
S 7 VzBe 2 o —r VzBe 2 vv 2
+ g IVaBel% 5 4 Ve BelL) V0]

+(-2D+ B+ L) (=Y, + ) - Vo 1P
1.7
+(-E+ 5+ 5E)[IVef]?
+ (=24 147 ) [[VaVofl?
We notice that
1 2 E 2
A= 5(2D + E)” 4+ 2D| Belloc + 5= | Bell5
2 2n
E? n/ 1
a7 wBe 2 - 7 wBe 2 .
+ 27 [VaBell5, + 5t 7 [VaBell5

We choose 7, 17“, E, D and C such that
(1) p<landn <1.

(2) E > 2.
(3) D> 3(E* + %).
4) C = A
Under the previous conditions, we get

d E E
56 = ~C[VuflI* - ZIIVachI2 < —Z(IIvaII2 + Ve fI%).

Using the Poincaré inequality in space and velocity variables, we then obtain

d E E Ec
Le(f) < -2V, fI12 =2 2 o e
ZE(1) <~V I + IV 1) = SallfIP < —2 sZE0).
E
Which completes Proposition 3.5 with x = 2% > 0. 0

8 2C

Proof of Theorem 1.4. Using Lemma 3.7 and Proposition 3.8, we get x > 0 and
1< E <D < C such that

11 dwapy < 2E(F) < 2Ce™ E(fo)
<A4Ce™™|| foll 3 (dwdpe)-

This completes the proof of Theorem 1.4. O

4. ENLARGEMENT OF THE FUNCTIONAL SPACE

4.1. Intermediate results. In this section, we extend the results of exponential
time decay of the semi-group to enlarged spaces (which we will define later), fol-
lowing the recent work of Gualdani, Mischler, Mouhot in [6].

Notation: Let E be a Banach space.
- We denote by C(FE) the space of unbounded, closed operators with dense
domains in FE.
- We denote by B(FE) the space of bounded operators in E.
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Let a € R. We define the complex half-plane
A, ={z € C,Rez > a}.

Let L € C(E). X(L) denote the spectrum of the operator L and oq4(L) its
discrete spectrum.

Let §& € X4(L), for r sufficiently small we define the spectral projection
associated with & by

1
Iy ¢ := — L—2)"'dz.
L.g o |27§|:r( z)" dz

Let a € R be such that A, N X(L) = {&1,82, ..., &} C Ta(L). We define
111, , as the operator

k
.= Z M-
j=1

We need the following definition on the convolution of semigroup (corresponding to
composition at the level of the resolvent operators).

Definition 4.1 (Convolution of time dependent operators). Let X1, Xo and X35 be
Banach spaces. For two given functions

S1 € LY(RT; B(X1, X2)) and Sy € LY(RT; B(X2, X3)),
we define the convolution Sy * S; € LY(RY; B(X1, X3)) by

Vit > 0,(SyxS1)(t) := /Ot Sa(8)S1(t — ) ds.

When § = S = S and X; = Xo = X3 , we define inductively S¢V =
S and S*0) = S« SCU=1) for any ¢ > 2.
We say that L € C(E) is hypodissipative if it is dissipative for some norm equiv-

alent to the canonical norm of E and we say that L is dissipative for the norm ||- ||
on E if

Vf € D(L),Vf" € E* such that (f, f*) = [|flle = [l/*]| 5+, Re (Lf, f*) < 0.

We refer to the paper [6, Section 2.3] for an introduction to this subject. Now, we
recall the crucial Theorem of enlargement of the functional space.

Theorem 4.2 (Theorem 2.13 in [6]). Let E and £ be two Banach spaces such that
ECé&, LeC(E)and L € C(E) such that L, = L. We suppose that there exist
A and B € C(€) such that L = A+ B (with corresponding restrictions A, B on E).
Suppose there ezists a € R and n € N such that

(H1) Locating the spectrum of L:

(L) NAs = {0} € Xa(L),

and L — a is dissipative on Im(Idg — 11y, 0)

(H2) Dissipativity of B and bounded character of A: (B — a) is hypodissi-
pative on € and A € B(E) and A € B(E).

(H3) Regularization properties of T, (t) = (ASB(t))(*") :

1T ()| Be,py < Cane™.
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Then for all a’ > a, we have the following estimate:
vVt >0, ||S£(t) — S[,(t)HL‘,)QHB(g) < Cy ea,t.

To finish this subsection, we give a lemma providing a practical criterion to prove
hypothesis (Hs) in the previous theorem.

Lemma 4.3 (Lemma 2.4 in [16]). Let E and £ be two Banach spaces with E C &
dense with continuous embedding, and consider L € C(E) and L € C(E) with L5 =
L and a € R. Let us assume that:

a) B — a is hypodissipative on € and B —a on E.
b) A€ B(€) and A € B(E).
¢) There are constants b € R and © > 0 such that

HSB(t)AHB(&E) < CeP* 79 et ||ASB(t)||B(gﬁE) < Cebt =9,

Then for all a’ > a, there exist some explicit constants n € N and Cy > 1, such
that
¥t 20, ||Tollpe,p) < Coe”.

4.2. Study of the magnetic-Fokker-Planck operator on the spaces L”(m)
and W1P(m): This part consists in building the general framework of the problem.
Recall first the equation of Fokker-Planck (2) written in original variable:

(25) OhF =—-PF, F(0,z,0v)=Fy(z,v),
where — Py F =V, - (V,F+KF)—v-V,F,
and where we recall that Py was introduced in Section 2 and with
_ P
2
and B, is the external magnetic field satisfying Hypothesis 1.1. As mentioned in

Section 2, the Maxwellian p is a solution of the system (2). We will need the
following modified Poincaré inequality:

//]1‘3><]R3 Vo (%) 2M(U)dxdu
N = //TSXRS (F - /JR F(v) dv/)z (1+[Vo®|?) p~ (v)dzdv,

where A, > 0 which depends on the dimension (see [16, Lemma 3.6]). See also [17],
[2] and [1].
Now we will define define the expanded functional space.

K(z,v) =v+vA Be(x) =V, ®+ U, where ®(v)

Definition 4.4. Let m = m(v) > 0 on R3 be a weight of class C°° and recall that

e The space LP(m) for p € [1,2], is the Lebesque space with weight associated
with the norm

IENl Loy = 1F'm|lzr = </ FP(z,v) mp(v)dudx>
R3xT3

o We define the technical function ¥, , by

|va|2
2

| ,
+<1—5>VU-K+K-V’”,

m

A,m

\I}m,p = (p - 1) +

m

where K (z,v) =v A Be(x) + v.
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We will show the decay of the semi-group associated with the problem (2) in the
spaces LP(m) where p € [1,2], when m verifies the following hypothesis:

(Wp) The weight m satisfies L? (u=2) C LP(m) with continuous injection and
limsup ¥,  := apmp < 0.
|[v] =400
Remark 4.5. In the following, we note mo = p~'/? the exponential weight. By
direct computation, L*(u~'/?) C L%(my) for any q € [1,2] with continuous injection
and there exists b € R such that

sup Uing,g < b

q€[1,2],vER3

(27) 5 )
sup ( vimo. [Vl ) <b.
vER3 mo mp2

(See Lemma 3.7 in [6] for a proof of the previous property). Under the previous
hypothesis, by direct computation we obtain that the semi-group Sr, is bounded
from LP(mg) to LP(my).

We work now in L”(m) with a polynomial weight m satisfying Hypothesis (W,,).
Lemma 4.6. Let m = (v)* := (1 + [v|*)*/? and p € [1,2]. Then hypothesis (W)
is true when k satisfies the following estimate:

1
k> 3(1--).
(1=2)

Proof. For the proof, see Lemma 3.7 in [6]. O

4.2.1. Proof of Theorem 1.5. From now on, we write Ly for the operator —Fy, the
Fokker- Planck operator considered on the space L?(mg) defined in (25) (respec-
tively Lo for — Py the Fokker-Planck operator considered on the space & = LP(m),

1
with m = (v)*, where k > 3(1 — =) and p € [1,2]) . We will prove Theorem 1.5
p

by applying Theorem 4.2 to Ly. To verify Hypotheses (Hs) and (H3) of Theorem
4.2, we need two lemmas about the dissipativity and regularization properties of Ly
following [6].

Definition 4.7. We split operator Ly into two pieces: for M, R > 1, we define the
operator B by

(28) B=Ly— A with .Af = MXRf,

where xr(v) = x(v/R), and 0 < x € C§°(T3 xR3) is such that x(v) = 1 when |v| <
1. We also denote by A and B the restriction of the operators A and B to the space
E.

Lemma 4.8 (Dissipativity of B). Under Assumption (Wy), for all 0 > a > am p,
we can choose R, M > 1 such that the operator B — a satisfies the dissipativity
estimate for some C' > 0

VE>0, [1S8@E)fllLem) < Ce™ || fllLoim)-

Proof. The proof follows the one given in Lemma 3.8 in [6]. Let F' be smooth,
rapidly decaying and positive function F. Since of W,,, is independent of the
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magnetic field, by integration by parts with respect to v and using Remark A.2, we
have

! d // (LoF — Mxp(v)F) |F|P~2 Fm?(v) dedv
dt «R3

=—(p-1) // |V F|?|FP~2mP (v) dadv
T3 xR3

+ // |FIPT,, , mP(v) dedv — // M xr(0)|F|P mP(v) dedv
T3 xR3 T3 xR3

< // |F|P(V,,p — Mxg)mP(v) dedo.
T3 xR3

Let now take a > @y, . As m satisfies the hypothesis (W),), there exist M and R
two large constants such that

V’UER37 \I]m,p_MXRSCL,
and we obtain
GV sy <a [ PP (o) dod.
T3 xR3
This completes the proof of Lemma 4.8. 0

From now on, a, M and R are fixed. We note that B* is the dual operator of B
relative to the pivot space L?(T? x R?), which is defined as follows:

BF:=V, (V,F — KF)+v-V,F — MygF.

Lemma 4.9 (Regularization properties). There exists b € R and C > 0 such that,
for allt >0,

VI<p<q<2, [SB(t)FollLaime) < C et~ GG —3) HFOHLP(mo)u
¥2< ¢ <p < +00, 1S5 (O Foll o gy < C et CHVGD Ryl

(mo)?

where p' and q' are the conjugates of p and q respectively

Proof. We consider F(t) the solution of the evolution equation
O F(t) = BE(t), Fli—o = Fp.
We introduce the following entropy defined for all ¢ € [0, T], with T'< 1 and r > 1
to be fixed later:
H(t, h) = Bl|hl[Ls () +17G(E, h),
with

G(t,h) = al|hl|Z2(mg) + D tIVohlLa(mg) + E Vol Voh) 12 (mg) + B8 [ Vahl| 7o)
where B > a > D, 3, E < /0D and r is an integer that will be determined later.
We will omit the dependence of F' on ¢t. Using the methods and computations of
the proof of Proposition 3.8 and adapting the techniques used in [10], we choose
the constants o, D and E > 0 large enough such that there exist a constant Cg > 0
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(depending on || Be||zec(13) and ||V Be|| o (r3)) such that
d
796 F) < =Co(IVoF || L2 (ng) + 21V F 2 (n,))

M M
+ <7|AUXR|%°°('J1‘3) + 7HXRH%°°('J1‘3) + M|VUXR|%w(1r3)) IEN17 2 (me)

< =Co(IVoF [ Z2(me) + P IVaF 7 2(me)) + Cxll FllZ2

mg)*
Here, C, > 0 is a uniform constant in 2 > 1 but depends on M.
diH(t,F) = Bi”FHil(mo) +rt" Gt F) + trig(t,F)
t dt dt
< B%HFH%l(mO) +rt" Gt F)
= Cot" (IVoF 1L (mg) + V2 F L2 (1)) + Cx 1 F 72 -

We choose the constants g and T" > 0 such that

Cg Cg
3 — and 7T < =<
< 2r & - 2r(

1 1
R

We deduce that
d d Cg .,
ZHF) < BN F i) = 2t (IV0F ) + E 1Vl 200
dt dt 2
Cy o
(29) + 7Xt ! |\F||2L2(m0)-

Now, the Nash inequality [18] implies that there exists C;y > 0 such that

d

T
// |F(x,v)|> m2 dedv <Cy (// |Vao(F mo)|? d:zcdv)
Td xRe Td xRd

2

T
(30) X (// |F|mg d:zcdv) .
TdxRd
We need to have an estimate based on ||V o F||2(m,). Firstly,
// |Vo(Fmo)|? dedv = // |V, F + gF|2 mé dxdv

<2 (// |V, F|? md dvdv + // |F|2|v|* mE d:cdv)

(31) < 2 (Vo F Iy + 10 Fli3 ey ) -

On the other hand, we use the fact that vmg§ = V,(m§) to estimate |[vF| 12(m,)-

We get
// |F|?|v]* mE dedv = //v |F|? - vm? dedv
= //v |F|? -V (md) ddo,
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and integrating by parts in v in the previous estimate, we obtain

/ |F|2|v]* mE dedv < —// Vo - (v |F|?)m2 daedv
= —3/ |F|2m8d:cdv—2//v-FVva(2)da:dv

< —2//U-FVUF7’TL(2) dzdv.

Applying Cauchy-Schwarz inequality, we get

1/2 1/2
//|F|2|v|2 mé drdv < 2 (// [v?| F|* md d:cdv) X <// |V, F*m d:cdv)
1
<38 //|VUF|2m(2)d:vdv+§/ [v|?|F|? m3 dxdv.
Therefore
(32) //|F|2|u|2m3dxdu <16 //|VUF|2m3dgch,

Using the previous estimate and inequality (31), we have
/ |V (Fmo)|? dedv < 34 / |V, F|*> m? drdv.

Using the previous inequality and the fact that V,(Fmg) = mo V, F (since mq does
not depend on z), there exists C’; > 0 such that the estimate (30) becomes

d
’ a+1
// |F(x,v)|> m2 dedv <C, (// Voo F)?m? d:zcdv)
Td xRd Td xR

2

T
X (// |F|mg d:zcdv) .
TdxRe

Using Young’s inequality with p = (d+ 1) and ¢ = (d+1)/d , we get, for all € > 0,

2

’ d+1

// |F(2,0)|? m2 dedv < Cyt~34/4+1 (// |F|myg da:dv)
Td x R4 Td x R4

d

a+T
x 3d/d+1 <// |VewF |*md da:dv)
TdxR?

< Ceat | Fl|Z1(mgy + € t° [ VaFll72(

m())'

Using the previous estimate, we choose € > 0 small enough that there is a " >0

m())'

d d "o
EH(@F) < BE”FH%I(M) +C I YT
According to Remark 4.5 there exists b € R such that Vp € [1, 2]
d
Sl zrime) < OIEFllzr(me),  VE 20,

Finally, using the previous estimate when p = 1 and choosing r = 3d+ 1, we deduce
that there exists B > 0 such

1"

d " 2 B
EH(@F) < B IFlL1(mg) < ?H(taF>'

m()) —
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Thanks to Gronwall’s Lemma, there exists B”/ > 0 such that
Vi€ [0,T), H(t,F) < B"H(0,Fo) < C|Foll31(my)-
Then,

Q@ C

m()) — t_r
As a consequence, using the continuity of Sz(t) on LP(mg) with p = 2,
vt € (T,400),  [|Flli2mg) = [S5(t =T+ T)F|[F2(,) < Celt=Te IS5(T) Foll 72 (me)

and eventually for all ¢ € (0, +00)
C
IENZ 2 (me) < BT 100171 (1m)

Let us now consider p and ¢ satisfying 1 < p < ¢ < 2. Sg(t) is continuous from
L?(myg) into L(myg) using the Riesz-Thorin Interpolation Theorem. Moreover, if
we denote by C,, ,(¢) the norm of Sp(t) : LP(mgy) — L(my), we get the following
estimate:

2 2_2 ebt

22 2_q 2_2
Cpq(t) < Cy” (1) CFy (1) CFy (1) < Om-

This shows the first estimate.
Now we will show the second estimate. According to the first estimate, we have

1

_ 1_1
VI<p<q<2 [IS5(0)FollLagmy < Ot CHVGT Ryl Loy,

which means

IS ()R] pa < C et CHDGE=D) a1,

mo Bmg

where h = moFp. Then by duality, we get

— 1_1
mo B* m* Lp/ — s Lq/ ’
1S (b, < PG p)

where p, and ql are the conjugates of p and ¢ respectively. Which gives the result
by reusing the definition of weighted dual spaces

_ 1_1
1S5+ (VB 1 gy < €™ ¢ EEVETD R Ly -

This completes the proof. O

Corollary 4.10. Let m be a weight that satisfies Hypothesis 1.6, then there exists
© > 0 such that for all Fy € LP(m) with p € [1,2], we have the following estimate

Vvt >0, ||ASB(t)FQHL2(mO) < Cebt1—© ||F0||Lp(m),
Vvt >0, ||SB(t)AFOHL2(m0) < Cebt1=© ||F0||Lp(m).

Proof. We first prove the second inequality. Let Fy € LP(m) with m a polynomial
weight satisfying Hypothesis 1.6. For all 1 < p < 2 and for all ¢ €]0,1] and v € R3,
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using Lemma 4.9 with ¢ = 2, we get

1S58 AF || L2 (mgy < Ce® t~CHDGE=D AR || 1o (my)
’AFO X @‘

m

< Cebt t7(3d+1)(%7%)

Lr(m)

oM G (g MO ypy
vEB(O,R) m(v)

- O bt = Ba+D(E-1) 1 Fo | Lo my < O btp—© 1ol 2o (m)»

where © = (3d+1)(1/p—1/2) > 0.
To show the first estimate, we proceed step by step.
Step 1: First, we will show the following estimate:

(33) 1S5+ (0)gll Lo’ (my < C €t llgll2me),  Vt 2 0.

Indeed, using the continuous and dense injection LP' (mg) C LP (m), we obtain
158+ ()9l Lo’ (my < 1158+ (£) 9l Lo (1)

then using Lemma 4.9 with ¢’ = 2, we obtain

(34) 1S5+ (1) 9ll 247 (o) < C €t llgllz2(me), V¢ 20,

where © = (3d+1)(1/p — 1/2).
Step 2: Of the inequality (34), it follows that for g = AFp, we get

||SB* AFO”LP’(m) < Oebt ti@ ||AF0HL2(777,0)7
which means, denoting h = mFjy
m
Sy -t AR o < Cebtt=© HAh x HOHL < C' e OB,
by a duality argument and noting that A* = A, we get
A Smpm-—1 bz < Ce®t= ||hl|, .

Finally, according to our definition of weighted dual spaces and replacing h by mFp,
we obtain

(35) A S5(t) FollL2my < C ™t~ || Foll 1o () -
To obtain the result, we notice that
A SB(t) Foll2(mo) < A SB(E) FollL2(m)

and we combine the previous estimate with the estimate (35), which completes the
proof of the first estimate. O

Now we prove Theorem 1.5.

Proof of Theorem 1.5. For p € [1,2]. We consider & = LP(m), E = L*(my), and
denote Ly and Ly the Fokker-planck operator considered respectively on & and F
(defined in (25)). We split the operator as £y = A+ B as in (28). Let us proceed
step by step:

e Step 1: Verification of condition (H;) of Theorem 4.2
Theorem 1.3 shows us the existence of the semi-group S, (t), associated with the
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Fokker-Planck operator defined in (25) on the space L?(mg) and the constants s
and ¢ > 0, for which, for all Fy € L?(m) such that (Fp) = 0,

(36) Vt20, [[F(®)llz2(me) < ce™" | Follz2(mo)-
Which implies the dissipativity of the operator Ly —a on E, for all 0 > a > —k.

e Step 2: Verification of condition (H2) of Theorem 4.2.
According to Lemma 4.8, the operator B—a is dissipative on &, for all 0 > a > ay, p,
and by definition of the operator A and A, we have A € B(€) and A € B(E).

e Step 3: Verification of condition (H3) of Theorem 4.2.
According to Corollary 4.10, the operators ASp and Sp.A satisfy the property c)
of Lemma 4.3. By applying Lemma 4.3,

HSB(t)A||B(g7E) < Ce®t© and ||ASB(t)||B(E,E) < Ce .
Then for all @’ > a, there exist constructible constants n € N and C,s > 1 , such
that )
VE>0, [[Tw(t)lpep) < Cae®’.
e Step 4: End of the Proof
All the hypotheses of Theorem 4.2 are satisfied. We deduce that £y — a is a dissipa-
tive operator on & for all @ > max(am, p, —k), with the semi-group Sg, (t) satisfying
estimate (7).
O

4.2.2. Proof of Theorem 1.7. This part is dedicated to the proof of the exponential
time decay estimates of the semi-group associated with the Cauchy problem (2)
with an external magnetic field B, with an initial datum in WP (m) defined in

(8).
For the proof of Theorem 1.7, we consider the space & = WP(m) and E =
Hl(mo).

Definition 4.11. We split operator Ly into two pieces and define for all R, M > 0

(37) Bu = Lou — Au with Au = My ru,

where M > 0, xr(v) = x(v/R) R > 1, and x € C{(R?) such that x(v) = 1
|v| < 1. We also denote A and B the restriction of operators A and B on the space
E respectively.

Lemma 4.12 (Dissipativity of B). Under Assumptions 1.1 and 1.0, there exists
M and R > 0 such that for all 0 > a > max(al, |, al, ) (defined in (45)-(47) and
(54)-(56) ) such that operator B — a is dissipative in W'P(m) where p € [1,2]. In
other words, the semi-group Sg satisfies the following estimate:

VE>0, S5t Follyiisim < € I1Follirommy, YFo € WHP(m).

Proof. Let Fy € W'?(m). We consider F the solution of the evolution equation
(38) 0:F = BF, F,_, = Fo.
Recall that the norm on the space W' (m) is given by

17 = IR iy + IV Iy + IV,

P
WLe(m) m)’
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where m = m(v). Differentiating the previous equality with respect to ¢, we get

dl d1 d1
(39) oI Wiy = G Wiy + oIV F Wy + 5 [V

We now estimate each term of the equality (39).
For the first term in (39), we apply Lemma 4.8 and get

1 d _
pdt Lp(m // |FIP(Vs,p — Mxgr) mP(v) dedv,

Secondly, we differentiate the equation (38) with respect to v, and then we use the
equalities of Lemma 3.6. We get the following equation (recall d = 3):

(40) OV, F =B(V,F)43VyF + (B.AVy,)F —V,.F — MV, xr)F;.
This gives

d1

dt H ”Lp (m) — / atv'uF‘|vvF‘|pi2 . Vvap dxdv

:/ B(V,F)|V,F|P~%-V,Fm?P dzdv + 3|V, F|?,
—/ V.FIV,FP~2.V,FmP dedv

+ //(Be AV F |V, F[P~2.V,FmP dzdv

- M//(VUXR)F |V, FP~2 .V, FmP dxdv.

Then, proceeding exactly as in the proof of Lemma 4.8 and applying Young’s in-
equality, we obtain for all n; > 0

d1
@t pIVoF o)
/ Vo FP(Up — Mxr)mP dedv + 3|V, FHLp(m
F F|P MC’ F|?
SIVLFI2, oy + S IV + 5 O IV Xl ey I,
M
_n1||va||L ®) [VoF | Lo(m) + [1Bell L w2y Vo F o ()

1
< // (|VUF|” (W = M +3+ 5+ 2 Vo Xy + |B€|Lm(qr3)) P dady

M
SITLFI2 o+ 5 o IV Xl e ) 1 I

Finally, we estimate the last term of the equality (39). We treat two cases, and
then we use an interpolation argument to complete the proof.

e Case 1: p=1.

We differentiate the equation (38) with respect to x; for all i = 1,2, 3, then we use
the equalities of Lemma 3.6. We will have the following equation:

(41) 8,05, F = B(9y, F) + (v A 8y, B) - V, F.
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Using the previous equation, we obtain

d
10 Pl = [ [ 01102, Flm s

= //(amatF) 02, F |0, F|~ ' m dadv
:// B(0y, F) Oy, F|0y, F| m dxdv

+ //(u Ay, Be) - Vo F 0., F 0., F| ™' mdadv.

Using the computations made in Lemma 4.8 for p = 1, using Lemma B.1 in the
appendix B, and performing an integration by parts with respect to v, we get

d
T 102, F'll 1 (1m)

< // (Vpn1 — MXR) |0z, F|mdedv — //(u A Oy, Be)F 0y, F |0y, F| ™ Vym dxdo,

=0
where, we used the fact that (v A 9y, Be) - Vym = 0. Then, defining the norm

3
IVaF Loy =, 100 Fll Lo (m),

i=1

and using the previous definition, we have

d
2 IVaFllzim) < // (U1 — Mxg) |V F|mdzdo.

Collecting all the estimates, we obtain

d
1 E Nl m)
M ~
< // (‘I/m,l — Mxr+ ECUI|VUX|LOO(R3)> |F| o dadv

1 M
+ // <\I/m71 —Mxr+3+ 5 + EWIHVUX”L“’(RE‘) + ||Be||Loo(']1‘3)> |VUF| m dxdv

+// (‘I’m,l - Mxgr+ %) Vol | mdadv.

We define then (for M and R to be fixed below).

M
(42) Wy, :=Vu — Mxg+ = Om VXl Lo (®3),

1 M
(43) ‘I’fn,1 =Wm1—Mxr+3+ 3 + EWIHVUXHL“’(RC‘) + | Bell o< (13,
1

(44) W) =V, — Mxr+ 3
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(Recall that limsup ¥,, 1 = —k). We denote then

|[v] =400
(4‘5) aTIn,l - _k — 1,
7
(46) a7271-,1 = —k+ 5 —+ ||Be||Loo(‘]1‘3),
1
(47) ad, = —k+-.
’ 2
We now assume that k satisfies
7
(48) k> 3 + HBeHLoo('H‘ii).

Hypothesis (48) implies that aiml < 0, for all ¢ = 1,2,3. Consequently, for n;
sufficiently small, we may then find M and R > 0 large enough so that, for all
0> a > max(ay, 1,42, ;,a3, ), we have

d
(49) 2 NIEOllwrramy < allF @l my-

Hence the operator B — a is dissipative on W11 (m) .

e Case 2: p=2.

Again, we differentiate the equation (38) with respect to x, and we use the equalities
of Lemma 3.6 to obtain the following equation:

(50) WV F =B(V,F)+ (vAV.B.)-V,F.
Using the calculations made in Lemma 4.8 and the previous equation, we obtain

a1

dtZvaFH%Z(m) — —// |VUVIF|2’ITL2 dxdv

+ //(\Ifm,g — MxR)|V.F|*m? dedv
+ //(v AV2B.) - V,F V. Fm?drdv.

Then, by integration by parts with respect to v, we get

d 1

ot §HV1FH%2(m) < —//|VUVIF|2m2 dxdv
+ //(\Ijm,2 — MXR)|VxF|2m2 dxdv
+//|v/\VmBe||F| V.V, F|m? dvdv

According to the Cauchy-Schwarz inequality, for every € > 0, there is a C; > 0 such
that

d1
EiHVmFH%g(m) < —// |VUVIF|2m2 dxdv + //(\Ijmﬂ — MXR)|V1F|2m2 dxdv

+E//|VUV1F|2m2 da:dv—i—C's/ |v A Be|?|F|* m? dadv.
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1
We choose € = T and we finally get

d1

dt2”v F||L2(m < //(‘I’m,2 — MxR)|VoF*m? dadv
1
+ 5HVmBe||L°°(1r3)HF||%2(m) + §HVIF||%2(m)

Collecting all the estimates, we thus obtain

S IF sy

M 1 -
S//(%w—NMR+§CMWuNmm%+jV#MMMWQUW"ﬁW@

1 M
—|—//< m2—Mxr+3+ 5 +—771HVUXHL°° ®3) + || Bell Lo ']1"3)> Vo F|2 m? dadv

1 1
—|—// <\Ilm,2—MXR+§+§> |V, F|*m? dedv

Again, we define then, for M and R to be fixed in the next paragraph
M 1
(51) Wy, =Vpmo— Mxg+ Ecm Vo X || oo 3y + §vaBe”L°°(T3)u
1 M
(52) \I/?n2—‘ljm2_MXR+3+ +

R771
(53) \I/f’n o=V, 0— Myxgr+1.

Again, we denote

IV Xl oo ey + [1Bell o< (r2),

(54) Gha =5 — k=14 3IVaBel )
(55) Bos =5~k 42+ |Belliemy

(56) =5 —k+1,

Assuming k satisfies

(57) 55+ (1B oo, 5192 Bl )

we obtain that ainz < 0 for all i = 1,2,3. Consequently, we may find M and R > 0
large enough so that for all 0 > a > max(ay, o, az, 5, a5, o)

d1l

52” ()lez(m GHF()

le 2(
Hence the operator B — a is dissipative on W12(m) for such M and R.

For the general case 1 < p < 2: The cases 1 and 2 show us that the operator
Si(t) is continuous on Wht(m) (on W12(m)) with the operator B is given by

B = Lo— Mg,

where M and R > 0 agree with the conditions given in case 1 and case 2. Applying
the Riesz-Thorin interpolation Theorem and using Hypothesis 1.6, we obtain that
the operator Sp(t) is continuous on WP (m) for all 1 < p < 2, with the following
dissipative estimate:

Y0 > a > max(a’, ,,a’, 5,1 =1,2,3), ||Ss(t) Follw, ,m) < Ce 1 F0 i1 (1m) -

m,1s ¥'m,2>
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This completes the proof. 0
From now on, M and R are fixed.

Lemma 4.13 (Property of regularization). There exist b and C' > 0 such that, for
all p,q with 1 <p < q <2, we have

_ 1_1
(38) W20, SO Follirapme) < Cet™CFIETD Ryl gt g

(59)  Vt>0, ||Sg-(t)F] ( )goebtt—<3d+4><%—é>|\Fo||

W-12" (mg W—1.9" (mg)’

Here 2 < q, < p, < 400 are the conjugates of p and q respectively.

Proof. Let F be the solution of the evolution equation
o F =BF, F|,_, = Fo.
In to the proof of Lemma 4.9, the following relative entropy has been introduced
H(t,h) = BIRI gy + G ),
with G defined by
G(t.h) = ClI| ) + DUV 2y + BT Vo) + at? [ Voh] e

m[)) :
We have shown, for constants a, D, E and § > 0 well chosen, that there exist C' > 0
and r = 3d + 1 such that

Vt>0, H(t,F) < B"H0,F) < C|Foll7s

m()) :
Using the previous estimate and the definition of H and G, we get

2 o ¢
||SB(t>F0HL2(m0) < $3d+1 H(t’F) < $3d+1

D C//
2 S
VoSO Foll72(my) < F3d+2 H(t, F) < {3d+2

ﬁ ol
$3d+4 H(t’ F) < $3d+4

b
1ol 21 e

ebt”FOH%l(mo)a

V2S5 Fo 1 32(mg) < e FollZ

m())'

Therefore,

C
¥t € [0,4+00), S8 Follfrime) < zzarae” 1Follivrame):

Finally, to complete the proof, we use the Riesz-Thorin Interpolation Theorem in the
real case on the operator Sp(t) . We obtain the continuity of Si(t) from WP (mg)
to Wh4(my), with Sp satisfying the estimate (58).

The estimate (59) follows from (58) by duality. O

Corollary 4.14. Let m be a weight that satisfies Hypothesis 1.6. Then there exists
© > 0 such that for all Fo € WP (m) with p € [1,2]

vt >0, || ASE)Foll 1 (me) < O™t (| Follirim mys
Yt >0, |[SsA®) Foll i (me) < Ce™ t~° [ Follyiim(m)-
Proof. The proof is similar to that of Corollary 4.10. O

Proof of Theorem 1.7. The estimate (10) is an immediate consequence of Theorem
4.2 together with Theorem 1.4, Lemma 4.12, Lemma 4.13 and Corollary 4.14. 0O
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APPENDIX A. PROPERTY OF THE OPERATOR (v A Be) -V,

In the following Lemma we show that operator (v A B.) -V, and v - V, are
formally skew-adjoint operators in the space L?(dzdpu).

Lemma A.1. Let B, be the external magnetic field, then, with adjoints in the space
L*(dxdp),
(VA B.)-Vy)" = —=(vAB.) -V,

and

(v-Va)" = —v-V,.
Proof. Let f and g € C°(R® x T3). We have
(A Be) - Vo) fr9) = (f, (v A Be) - Vu)g)
/ F((w A Be) - V,)gdzdp.

Using the fact
(U/\Be)'vvf:vv : (U/\BE)fv

we obtain

(WA B.) - V) f.g) = / £V (0 A Bu)g dady

= —/ f(=Vy,+v)-(vA B.)gdxdpu,

since (v A B) - v = 0. By integration by parts, we have then

(WA Be)-Vy)' f,g9)=— // Vof (v A Be)gdrdu

// (VA Be) -V, fdadp

(vABe)-Vo)f,g).
For the second equality, we obtain
(0 92)" £.9) = (.0 Vag) = [[ 1 (0 Vo) dad

by integration by parts with respect to x. Since u is independent of z, we have then

(v Vy) //vagda:du_ (v-Vof,g).

This completes the proof. O

Remark A.2. We can generalize the results of the preceding Lemma for all function
m which are radial in v and independant of x. We obtain that v-V, and (vAB.) -V,
are formally skew-adjoint operators in the space L*(m).

APPENDIX B. NON POSITIVITY OF A CERTAIN INTEGRAL

The following well-know lemma is used in the proof of the dissipativity of the
operator B — a in the spaces LP(m) and W1P(m) in Section 4. This lemma is a
special case of the general study done in the article [4].
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Lemma B.1. Let g be a smooth function and let p > 1. Then the following integral
is well-posed and satisfy the following estimate

// (Ayg) |g|p729d:cdv < 0.
T3 xR3

Proof. Formal integration by parts with respect to v justifies the property for all
p > 1. For p = 1, we regularize and use convexity of the function ¥: s — [s]. O
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