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Heat coefficient a, for non minimal Laplace type operators

B. Iochum, T. Masson
Centre de Physique Théorique !
Aix Marseille Univ, Université de Toulon, CNRS, CPT, Marseille, France

Abstract

Given a smooth hermitean vector bundle V of fiber C¥ over a compact Riemannian manifold and V a covariant deriva-
tive on V, let P = —(|g|/2V,,|g|"/?g"*uV, + p*V, +q) be a non minimal Laplace type operator acting on smooth sections
of V where u, p”, q are My (C)-valued functions with u positive and invertible. For any a € I'(End(V)), we consider the
asymptotics Trae P ~, g ZZO a,(a, P) t0~9/2 where the coefficients a, (a, P) can be written as an integral of the functions
a,(a,P)(x) = tr[a(x) 2, (x)].

This paper revisits the previous computation of %, by the authors and is mainly devoted to a computation of %,. The re-
sults are presented with u-dependent operators which are universal (i.e. P-independent) and which act on tensor products
of u, p*, q and their derivatives via (also universal) spectral functions which are fully described.

1 An introduction to the method

Let V be a smooth hermitean vector bundle V of fiber CV over a compact d-dimensional boundaryless Riemannian manifold
(M, g) and let P be a non minimal Laplace type operator acting on the smooth sections I'(V'), written locally as the partial
differential operator P = —[g""u(x) 3,9, + v*(x) 9, + w(x)] where x € M and u, v*,w are matrices in My(C) with u(x)
positive and invertible.

For a smooth section a € I'(End(V)), the existence of an asymptotics for the heat-trace Tr ae™? ~, 10 220 a,(a,p)tr=4/2
is known (see [11, 12]), with coefficients given by a.(a,P) = fM dvol,y(x)a,(a,P)(x), where dvol,(x) := |g|'/?dx and
|g| := det(g,,); more precisely given by

a,(a,P)(x) :=tra(x) Z,(x)]

where tr is the trace on My(C), and £, is a (local) section of End(V).

The explicit knowledge of the a, and £, is important both in mathematics and physics, and several attempts can be
found in the literature for many classes of operators P, see the books [4, 7, 10, 18]. While here we extend a previous
method [13, 14], this paper is actually self-contained.

To start with, it is convenient to use a covariant derivative V on V and to parameterize the differential operator P as:

Pi=—(gl ™V, Ig["2g" uv, + p'V, + @) = —g""uv, ¥, — (p” + g (V,u) —T"u)V, —q, (1.1
where u, p*, q are sections of End(V) (see [13, Appendix A.4] for the swap between (v*,w) and (p*, q)) and

.= gt FM”p where the Fuvp are the Christoffel symbols of g.

The computation of &, is realized through Tr ae ' = fdx trfa(x) #(t,x,x)], where 2 (t,x,x) is the diagonal of
the kernel of e~ defined for any section s € I'(V) by fM dy o (t,x,y)s(y) = (e7*Ps)(x). Recall that this kernel can be
computed using a compactly supported section s with support in a open subset U of M which gives at the same time a
chart of M and a trivialization of V (and End(V)). In that situation, we can look at s asamap s : U — CV,

The use of the Fourier transform §(&) := (27) /2 fU dy e™¢s(y) of s with inverse s(x) = (27)"4/2 fRd dE e™€5(&) yields
to

(e7Ps)(x) = (ZN)_d/zf

R

d& (e e )5 (&) = (2m) ™ f dif dy e (e Pe™)s(y).
d Rd 9]
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For fixed (x,y) € M x M, we can look at e™¢(e~P¢!*¢), and then at # (t, x,y) = (2m) ¢ fRd dE e ¢ (e tPei*%) as maps
CN — CV, because the function x — e™** “absorbs” all the derivatives operators in e ‘Y. We now give another expression
for the matrix #(t,x,y) € My(C). Since for any s : U — CV,
—(Pe*es)(x)
= ei"g([ —g"ug g, + igu(p“ +g""(V,u) —T"u+ 2g‘”uV,,) +uA + (p” +g""(Vyu)— F”u) v, + q]s)(x)
=—e™([H+K + P]s)(x) (1.2)
where we have introduced
A=—g""v,v,
K :=—i&,(p" + g""(V,u) — TPu + 2g""uVv, ), (1.3)
H:=g"ug,k,, (1.4)

one gets e E(etF € ) (x) = el E (e IHFKFPI 5) (),

The operators H and K being essential here, they will be also decomposed as H = £,&, H*” and K = £, K" where
HM =gy,
K" :=—i(p* + g""(V,u) — THu + 2g""uv,) = —i(L* + 2H"'V,),
LY := N¥* —T"y,

N¥:=p* + g"”(V,u), (1.5)
and thus
P=-H"'V,V,—L"V,—q. (1.6)

The introduction of the variable N* will be justified in Lemma 3.1.
Then, for any v € C¥ and at fixed values x and y,

(¢, x,y)v — (27‘5)_d J de pl(r—¥)-E =t [H+K+P] Y= t_d/2(27'[)_d f de ei(x—y)fe—H—ﬁK—tP v,
Rd Rd

and the diagonal part of the kernel is CN 3 v — % (t,x,x)v = t4/2(27)™@ fRd dE e H-VIK—tPy,
From now on, v € CN will be considered as a locally constant section of V.
The computation of this matrix-valued function ¢ is based on the Volterra series

oo
eATB — oA 4 Z J dseI—sDAB 1—)A | ,(5a—s)A g eskA’
Ay

k=1

where
Api={s=(s1,...,5) € R’i |0 <5 <spq <+ <55 <s; <1} (we also use the convention s, := 1, 5541 :=0),
and by convention A, := @. This gives, for A= —H and B = —t'/2K — tP (omitting the &-dependence),
oo
k
e HVIK—tP), — o=Hy 4 Z(—l)kfk[(\/?K +tP)® v 1.7)
k=1

where for any k € N, the map f,(&): MN[g,V]@’k — My[&] is defined, for any v € CV, by

fi(E)B;®---®B;]v:= f dse(sl—sO)H(i)Bl e (2—s1)H(E) B,---By oGk =S H(E) v, .
Ak .

FoENAy := e HEy,  for A e C =: My(C)®'.

Here the B; are matrix-valued differential operators in V,, depending on x and (linearly in) £, and A € C.



Remark 1.1 (Notation and convention) By convention, each V,, in B; € My[&, V] acts on all its right remaining terms.
Since v is constant, this allows to identify fi.(§)[B; ® - -+ ® By ] as matrix valued functions, v — fi(§)[B; ® --- ® B;]v, even
if the B,’s contain derivative operators. O

The lemma 4.1 will get rid of these explicit differential operators in the arguments of f; (&) and will produce formulas with
matrix-valued arguments only. This is an essential result for the method.
The first terms of (1.7) are (omitting again the £-dependence)

e My = fo[1]v — £ 2 £1[K]v + t(f[K @ K1 = fi[P1) v + £*(f,[K ® P1+ fo[P ® K] — fs[K @ K ® K]) v
+t*(fo[P®P]—f3[K®K®P]—f;[K®P®K]—f;[P®K ®K]+ fu[K ® K ® K ® K]) v + O(t?).

Since the £-integral cancels the non-integers powers of t, one recovers the coefficients a, via the asymptotics behavior

Tr[ae "] o 7423 a.(a,P)t"/?: at the point x,
t

ag(a, P)(x) = tr s a() | dg fy[1],
Rd

ay(a, P)(x) = tr 87 a(x) f dE (F,[K @ K]1— £1[PD),
Rd

aﬂa,P)(x)ztr%a(x)f d&j(fz[P®P]—f3[K®K®P]—f3[K®P ®K]— f5[P ®K®K]+f4[K®K®K®K]).
]Rd

where the convention of Remark 1.1 is adopted.

While it is tempting to generalize H*” = g"”u to an arbitrary strictly positive matrix H*” (with H*” = H""), it is almost
impossible to obtain simple expression for the a,. For instance the &-integral of a,(a, P)(x) cannot be done explicitly (see
for instance [13] for details and [2, Section 3.3] for a link with Finsler metrics).

The computation of a, goes the following way.

First the calculus of the &-integral of (1.8) leads, via the spectral decomposition of H(§) = g""u& &, to the universal
functions I ;. : (o, ..., ) € (RY)*H - fAk ds [ZLO (sg —5p41)1¢ 17, see Section 2.1 or [13, 14].

Then, as shown in Section 2.1, the family of functions I, satisfies a few relations. Moreover, in the same section,
these relations are translated in terms of operators X, ; (see Definition 2.15) acting on the tensor product B; ® - -- ® By
of My (C)-valued differential operators and I, can be seen as the spectral functions associated to the action of X, ;. The
differential aspect, which is an important part of the game here, is not a difficulty because the family of X, ; is compatible
with derivations, see Proposition 2.11.

The previous described approach and formulae for a,(a, P)(x) are well-known, see especially [1-3, 5, 6]. The original-
ity of this work, compared to previous quoted ones and [13, 14], is however to perform the computations using operators
instead of spectral functions. One can follow this way more precisely what is the contribution of each term, an informa-
tion that is a priori lost when adding spectral functions coming from different contributions. These operators, respectively
fx(&) and X, ;, have a universal property since they only depend of a positive invertible matrix-valued which can be either
H(x,&) or u(x). Thus, in this formal algebraic level, the computations are reduced to a control of the propagation of
derivatives inside the arguments, see for instance Proposition 4.1.

However, to secure the results on the matrices %, (x), we need a covariant formulation of all tools. This is the aim of
Section 3 where P is presented in a covariant way in equation (3.7) and, since we know that £, (x) must then be invariant
under a change of coordinates, we choose a normal coordinate system. This implies that the covariant derivative V has to
be extended to the total covariant derivative V combining both V and the Levi-Civita connection on M. Such an extension
requires for the sequel to compute beforehand a few formulae on the action of ¥ on all ingredients.

In particular, in Section 4, we present a formula for the propagation of V within the arguments and show several
simplifications due to a few Riemannian contractions which appear all along the computations. This leads to an operational
version of the method exposed in Proposition 4.3.

In Section 5 the whole intermediate steps for the calculation of %, are given and, of course, we recover in this new
algebraic setting the previous results of [13, 14].

While all computations can be done “by hand” for %, the case of %, requires the use of a computer due to the huge
number of generated terms. The hard and long part of this work was to develop a code ab initio. The elaboration of such
a code is explained in Section 6. It takes care of all intricate aspects of the computations: the algebraic manipulations
quoted before, the use of normal coordinates for higher derivatives and last but not least, the simplification of a large
number of terms via a reduction process, see (2.24).



Finally, a formula for £, is exhibited in Section 7 which is a new result. Of course, it is compatible with old known
results like when u =1, see [10, 12], but is written here in full generality when the section u is parallel for V and the N”
are not zero, while the standard presentation always assumes that N” = 0 (see Lemma 3.1).

2 The universal operators X, ;

The aim of this section is to define and study the operators X, , which depends only on a strictly positive matrix-valued
function h : % — My (C) where % is a given parameter space. Later on, when the differential operator P will play a role,
h will be either u(x) with % = U or H(x, &) = g""(x)u(x) £ &, with % = U x RY.

2.1 The universal spectral functions I, ;

Let us first consider the algebra .o/ = My (C) (although many of the theory could be generalized to a unital C*-algebra .«/)
and h € ./ which is a positive invertible matrix:

O<he ..

Foranyk € Nand q; € ., let [aj ®a}®---®a;] € B(A 8! #®"") (bounded operator from .«#®"" into itself) be defined
by [ag ®df®---® aff][bo ®---®b]:=byay,®b,a; ®---® ba,. For some reason we want to apply such operators to s
and to do so, we need the injection of .&#®" into .7®"":

Ke:b1® @b, —>1®b;®--®by, fork>1, and x,(A):=Al, €.’ :=C. 2.1)
where 1 is the unit of .e/. Now we define the operator (af ® a® ®---®af) € B(d®, 7" ) as
(@ede --0d)=[adede- -&alox.
We also need, for 0 < ¢ < k, the following family of operators:
R(a)=(1®--01e8dtele---®1)c B(H%, ¥ ) where a” is at the ¢-th place.
For any k, denote by m : .#®"" — .o/ the multiplication in .. Then mo (af@df®---®a) e B(®", o) is given by
(mo(af®df® - ®ad))[b;® - ®b]=apbia; - beay. (2.2)
We now consider the functional calculus on h, with the shorthand notation
E, :=E,, is the spectral projection associated to the spectral value r; of h.

Keep in mind that £ is not the index of a spectral value but is the index of the position in the (k + 1)-tensor product.
The need to compute the £-integrals of the operators f; (&) drives us to

f d& gul .. .guzp fi(§)=mo f ds f dé gul .. guzp e~ G, H(E) — Chpiy .z, MO f ds Cy (s, u)f(d/2+p)’ (2.3)
Ay Ay

where Ci(s,a) := Zifzo(sg —s¢+1)Re(a), permuting the integrals in the first equality and using a Gaussian integration with
spherical coordinates in the second one, see [13, Eq. (4.4)]. Thus the functional calculus for h naturally leads us to the
following functions (when a =d/2 + p):

Definition 2.1 Forany a € Rand k €N, let I, : (R?)**! — R, defined by

k k
Iyx(roseoosmi) = J ds [Z(se —Sp41) rg]_a = J ds [Z (se(rp— r,g_l)]_a (with the convention r_; :=0)
Ac =0 Ac =0 (2.4)

Iyo(rg) :=r," for a #0.



For instance,

1 —_
Iyw(ro,.csto) =570 %
——rr

k+1
rl—a_rl—a
Lh ~h  fora#1,

l1-a ro—r

log(ro) —log(ry)
ro—ry

Ia,l(rO) r)= ¢ 1
ora=1,

and see [13, 14] for other explicit expressions for these integrals.
We will need the following recursion formulas on the functions I, ;, seen as generalizations of [13, eq. (3.1)]:
Lemma 2.2 For any a € R and k € N the family of functions I, satisfies
D) Iy i(ros 5 1) = 1ol k41(Tos Tos -+ 1) F Tl g1 (Tos T T - - 5 i) o F il g1 i1 (Tos 715 405 Ties T
ii) Moreover, forany a #1, k,{ e N*and 1 <({ <k,
11 — —
Ia’k(ro, ceey rk) == mm I:Ia_l’k_l(ro, ceey Tl_l, ceey rk) _Ia_l,k_l(ro, ceey rg, ceey rk)] .
PROOF i) For 0 < { <k, the integrand in the defining integral of I, y41(ro,...,7¢,1¢,..., 1) reduces to
[(sg— 5270 + (59— 3)ry + -+ -+ Sp g i) @D for{ =0,
[(so—s51)ro + -+ (¢ —Sg4a)re + -+ + 5] @Y for 0 < <k,
[(so=51)ro+ -+ (Sp_y =S )iy + 51 ]~V for £ =k,

and then does not depend anymore of the variable s, ;. Using

1 Sk 1
J dsz---f dskﬂf ds; for{ =0,
0 0 Sy
1 Se—1 S¢ Sp42 Sk S¢
f ds={f dsl---f ds[J dsmf dsm---f dskﬂf ds;,, for0<{<k,
Ags 0 0 0 0 0 Stan
1 $1 Sk
f dle dsz---f dsyiq for { =k,
0 0 0

the integration along s,,, produces, respectively, the factors (1 —s,), (s; —Sp42), and si.
Let us perform the change of variables

{(52,53,...,sk+1)—>(sl,sz,...,sk) for £ =0,

(515895 +»S05Sp425 -+ +»Skg1) = (515825 -+ +» 8¢5 Sp415---»Sk) for 0 < £ < k.

(2.5)

(2.6)

2.7)

(2.8)

2.9

There is no need to change the variables for £ = k. Then, for all 0 < ¢ < k, the remaining integration is over A; and all
the brackets in (2.9) coincide (with the case £ = k). This implies that the RHS of (2.7) can be recombined, through the

factorization of this common bracket, as a single integral

]—(a+l)

>

f ds[(so—sl)ro + ot (g —8ga)rg + o+ (s _5k+1)rk} [(50_51)7"0 + o (55— Sgp1 )Tk
JAVA

which is nothing else but I, (7, ..., ).

. _r1 51 Se—2 Se-1 Se+1 Sk-1 Se-1

ii) For any ¢, 1 < { <k, one has fAkds = fo ds, fo dsy--- |, ~dse fo dsgiq fo dsyiq- "fo ds; f5[+1 ds,.
Performing the last integration along s;, one gets

Se—1
J dsg [ro +51(ry —19) + - + s (re — 1)1
S

(+1

_ 1 1 1— Sp=Sp—
T 1o [[ro +81(T'1 o ro) e +sk(rk B rk*l)] a]sz:sui

1 1 —
= T—ar—r, [ro+ -+ sp_1(rg = rema) + 541 (e — 1) + - + 5 (re = 1)1

1 1

1_
R e — [ro+- +siq(remy —rea) + 8¢ — o))+ + (e — )1

An integration along the other variables s;’s gives the equation (2.8).



2.2 Definitions and properties of the operators X, ;

As before, h is a positive invertible element in .o/ = My (C).

Definition 2.3 For any k € N, given a function f : (]R’jr)’“rl — C, we define the operator 1 acting on .o/ 2 gs
s = f(rg,..., i) mo(ER @ ® EN) € B(w®, ), (2.10)
with an (implicit) summation over k + 1-tuples (ry, ..., 1) of spectral values of h.
In particular, using (2.2) for A€ C, b, € «,
ne[A] = f(ro)AE; = Af(h) € .« for k=0, (2.11)
me[by ®---®bi] = f(ro,..., 1) EgbEy -+ Ex_1 by Ey € & for k € N*.

(2.12)
If fA(rO, ey ) = fz dz f(z; 1y, ...1), where Z is a measured space, then

Tf)?[b1®®bk]=f dZTCf(Z)[b1®®bk]
Z

(2.13)
since the implicit summation over ry,..., 1 is finite and EybE; - - - E;_; bi.E; is z-independent.

The spectral function f in the equation (2.12) has a peculiar modification if one of the variables b, is a function of h:
Lemma 2.4 For any continuous function F : R} — C and 1 < { < k, we have

mp[by® - ®by 1 ®F(h)®byy1®--- @b ]=7;[b;® - ®b_1®byy;® - ®b], (2.14)
with f (7o, o> 1) = F(r_1) f (Fos -+ o> Fom1s Tty oo e oo Tit)-
PrOOF Since E,_1F(h)E; = F(r(1)Eq_1E; =6,,,, F(ri1)E;_;, we get
me[by®-+-®bi_1 ®F(h)®by 1 ®:® by ]

=f(ro,-- s T 1,7, Tegns -+ Tk) Egby By -+ - by 1 Eg 1 F(R)E by 1 Eyyy -+ biEy
=F(ri_)f(ros--osrec1, 1,5 i) Egb1Ey -+ by 1 Eg_1 b1 Egyy -~ biEg,

which, after a relabeling of the summation indices i — i — 1 for i > £, can be written as in (2.14). [ ]
Since this result will be widely used, let us give an example: for a,b € .« and f : (}R’jr)5 - C

Trf[h2 ®a®h'?e®b]= rgrll/zf(ro, r0,T1,71,T2) EgaE; bE,.

An important case of operators 7, is the family of operators X, , associated to the universal functions I, (see Defini-
tion 2.1) and to h, which will play a crucial role in the sequel precisely because of their universality.
Xox =my,, fork €N.

(2.15)
Again, for brevity of notation on the use of X, ;, both the h-dependence and the summation when applied to arguments
will be implicit.

From the equations (2.5) and (2.4) we immediately check that
Xoi[h® - ®h]=Eh*=X,,[h].

(2.16)
k
We also remark that for any matrices b;, ¢ in .o/ such that [c,h] = 0, we have the two following factorizations:
Xor[b1®---®by_1®byc®by1®---®b ] =X,4[b;®---®b;]c, if[c,b;]=0forl{+1<i<k, (2.17)
Xy [b1®---®by_1®chy®by 1 ®---®b]=cX, [by® - ®b], if[c,b;]=0for1<i</({—1. (2.18)
Fora€e o/ and{=1,...,k, let ige) : %(d®k,ﬂ) - QB(VQWH,JZK) be defined by
(“B)b;® - @b 1]:=B[b;® - ®b,_ 1 ®8a®b;® - ®b,_4], (2.19)
which inserts a at the £-th place in B. For instance, one easily checks that
(¢

la

‘mo(af®df®---®af)=mo(af®dl® - ®[q jaq,]"® - ®a}) € B, ).



Lemma 2.5 The operators X, satisfy X, = Zlgg i}(f)Xa+1,k+1'

More explicitly, the following expansion holds true for any b, € ./

Xoylb1 ®:--®bi]=

Xar1jr1lh® D1 ® - @ b ]+ X g i1 j1[b1 ®h® - @ D]+ +X 1 441[D1 ® - ® b ®R].  (2.20)

PROOF This follows from equation (2.7).

Corollary 2.6 For any a,b € ./ and any n > 1, one has

Xga1lal=n! Z Xynt1lh®---®h®a®h®---®h],

£1,6,20 £, times £, times
i+L,=n
X, ,la®b]=n! E Xyns1lh®---®h®a®h®---®@h®b®h®---®h).
> > —_———— —_—— —_———
£1,05,0520 £, times £, times {5 times
L+l +Es=n

(2.21)

(2.22)

PROOF We prove the first relation (2.21) by induction. When n = 1, the use of Lemma 2.5 yields to the desired relation:

Xg1lal=X,[h®a]+X,,[a®h]. Assuming the relation holds for n > 1, then

Xy1lal=n! Z Xynt1[h® - -®h®a®h®---®h],

£1,6,>0 {, times {, times
L+L,=n
=n! E {{+1)X h® - -@h®a®h®---®h]+ (¢, +1)X h® ---Qh®a®h®---®h
[( 1 ) a,n+2[ ] ( 2 ) a,n+2[ ]:I
;IJ{ZZEO £,+1 times £, times £, times £,+1 times
1TE2=n

=n! Z 0 Xgnio[h® - ®h®a®h®---®@h]+n! Z o Xgnio[h® - ®h®a®h® - ®]

£,21,6,>0 £, times £, times £,20,6,>1

£, times
+L,=n+1 {+,=n+1

after changes of summation parameters {; +1 — ¢, and {, + 1 — {, in the two sums.
Then, extending the summation ranges with £; = 0 and £, = O since they do not contribute, one gets

Xoalal=nl > (€, +:)X,0[h® - @h®a®h® k]

Elééiizn(-)i—l {; times £, times
=(n+1)! > Xyuolh® - ®h®a®he - oh),
> \ , N ,
£4,6,20 £, times {, times
+L,=n+1

and (2.21) holds true. The relation (2.21) is proved similarly.
We will also use the notion of expansion: for k € N*, & : .o/ ® _ &#®" is defined for b, € ./ by
&[b1® - ®b]:=h®b;® @b, +b;®h® @b+ - +b; @b, ®h,
and the previous lemma can be read as:
Xaw1hkr1 06 =Xgp, VkeEN
or seen as a reduction process after the expansion &.

Lemma 2.7 Assume a # 1.
i) Forany b € .«,

Xa1[[b,R]] = 125 [b, A1,
ii) Forany 2 <k,L €N, { <k, and b; € o,
Xop[b1®@-- @b ®[b,h]®bpyy @+ ® by ] = 725 (+Xoo1po1[b1® - @ by ® by_1by ® byy; ®
—Xo1x1[b1®--®by_; ®bybyy; ® ®byyy

iii) For any k > 2 and any b; € ./,

t, times

|

(2.23)

(2.24)

(2.25)

~-®b] (2.26)
@ bil).

Xop[b1® - ® by ® [by, h]] = 5 (+ Xorja[by ® - @ by ® by_y by =Xy o[y @ - @ by, ] by).  (2.27)



PrOOF 1) Thanks to the definition (2.15), (2.8) and (2.6), we have
rl—a_rl—a —a —a
Xa,l[[bah]] :Ia,l(rO’rl)EO(bh_hb)El :(rl_ro)mEobEl = ﬁ(bhl —h! b)

because the implicit summation over r, (resp. ;) of E, (resp. E;) gives 1.
ii) The LHS of (2.26) is equal to

(re—re1) Lo (ro, ..., 1) Egby -+ Ey_oby 1 Ep 1 byEy -+ Ex_1byEk
= 55 Lam1pe1(ros - Tegs e, 1) Egby -+ by Eq_y byEqbyyy -+ Ex_y by Ek
—Io14a(ro,- s 75, Ti) Egby -+ by 1 Ey_1byEyby iy "'Ek—lbkEk]
= 55 (Xao1 a1 ® - ® by, ® by_1 by ® by ® -+ ® by ]
—Xg1j1[b1 ® - ®by_; ® byby, ® ®byy - ® by])

because the missing summations in r,_; and r, implies that E,_; and E, are replaced by 1.
iii) Similarly, the LHS of (2.27) is equal to

(re = e (ros - - - s 7k) Egby -+ - by_1 Ex_1 by Ek

= ﬁ[fa—l,k—ﬂro, s Tkt s M) Egby » - by Ex by By — I g k1 (To, -5 Ty oo Ti) Egby - b1 Ex 4 bkEk]

= ﬁ(xa—l,k—ﬂbl ® ®br_1by ] =Xy 1 x1[b1® - ® bk—l]bk)- [

As a consequence of the previous lemma, we get the following:
Corollary 2.8 Forany a#1,2<k,l €N, { <k, and b; € .«/,

Xox[b1®-®b; ,®h@h'ah®h®by ,® - ®b] =X, [b1® @b ,®h®a®h® by, ® - ® by ]
= 15 (X1 41[b1® - ®b;_,®a®h @by, ® - ®b] =Xy 1 1[b;®- ®b_,®h®h ™ ah ® by, ® by ]).

For instance, using also (2.17) and (2.18),

Xg3[h® h~'ah ® h] —Xg3[h®a®h]= ﬁ (Xy12[a®h]—X, 1 ,[h® hah])
= & Korola®h]—h7'X, [k @a]h).

For a potential use of this corollary, see Remark 3.2.

2.3 If h commutes with the b,’s
When h commutes with the arguments acted upon by the operator X, ;, the action of the latter is quite simple:

Lemma 2.9 Let a € R, keNand b, € o with 1 <{ <k. If [h, b,] =0 for any £, then

Xoilby ® @b ] = h %by by (2.28)
This is for instance the case either when h = 1 or when h and the b,’s are diagonal matrices.
PROOF We have, using the equality (2.5),

Xo[b1 @ @b ] =1,y (ro,..., 1) EgbyEy -+ byEy = Io i (ro, ..., To) Egby -+ by = g h by -+ by. n

This shows that in this situation the operators X, ; act as a polynomial in h and the by’s.

2.4 Action of a derivation and finite differences

It is immediate to extend all previous definitions and results to the algebra that we consider from now on, namely

o = C®(%,My(C)),



where % is a parameter space. Later on, when P will play a role, h will be either u(x) with % = U (an open set in M)
or H(x,&) = g""(x)u(x)§,&, and % = U x RY. This extension is necessary because we have derivations in the play and
consequently, the operators X, , now depend on x € M. With the definitions

fk,é (s;r):= e—(Sé—sen)r, (2.29)
Li(rg,..., 1) = J ds fro(s;o) -+ frx(s; 1), (2.30)
Ay
where s € A, r € R?, we can rewrite the functions I, as
oo . oo
Ii(ros- ) =T(a)™ f ds f de t* et im0 Gesen)red = ()1 f dt t* 1T (try, ..., try) (2.31)
A Jo 0

and the operator f.(§) defined in (1.8) and restricted to .of e (i.e. to arguments without derivatives), is associated for
h =H(x, &) to the spectral function I;:

fi(&) =mj. (2.32)

Let 0 be an arbitrary derivation of the algebra .«/, namely a linear combination of a derivative of a .« -valued function
along a parameter y € % and a commutator with an element of ./. Then

t
e th= —J dse“ 0" (ah)e™", (2.33)
0

Recall that a proof for & = 9, is based on the following relation: If E.(s) := eGt=Oh+e) o=sth(y) for s € [0,1] and € € R,
then

1 1
—th —th(y) _ _ —0)h —sth
e thyre) _ o=t (y)——J dsE;(s)——f tds eCORYH (B(y + €) —h(y)) e ),
0 0

see also [4]. For an inner derivation like & = [-, a] where a € ./, a similar argument applies beginning with E(s) :=
(st—t)h —sth
e aeth,

By functional calculus on h = ryE,, we deduce from (2.33)
t
deth=— J ds (0™ Ey(Bh)E, = S =" Ey(3h)E;, (2.34)
0

(still an implicit summation over repeated indices) where from now on we use the symbolic notation w of finite
differences instead of f'(r,) when ry =r;.
Remark that the peculiar case 0; e “tHE0E) = —ghvE u(x) e 008 is compatible with (2.34).

The relation (2.34) can be extended in the following way. Let g be a Laplace transform of a Borel signed R-valued
measure ¢ onR,,ie g: 17 €R] — fo d¢(t) et € R. We consider the derivability of g at the point ry €]r,,, r),[: since
for any r €]r,,, ry[ and 0 < € < r,,, |3.(te™")| < e lete™t and f do(t) e tm=e) = g(r, —€) < 0o, we may use the
differentiation lemma for parameter dependent integrals to commute J, and the integral (recall also that by Bernstein’s
theorem, g is completely monotonic, see [17, Theorem 1.4]). This commutation property can be first extended when g is
a Laplace transform of a signed C-valued measure ¢ on R, and then extended again to f = g or for any smooth function
r:y € % — R}: consider again the derivability of f in an open ball B around y, such that r(y,) € r(B) C]r,, ry[ where
rm = inf, g r(y) and ry = sup, 5 r(y); as before we get |8ye_”m| =|r'(y)|te ") < SUP, 5 Ir'(y)] e te™tn=®) 5o that
we can commute J,, with the integral. In particular, for such f,

oLf (W)= J dp()a(e ) = 1o [f dp (1) (e — e )] Eg(@h)E; = L0 g (o), . (2.35)
0 0
It is then natural to define the set of functions
={f €C®R’,C) | 8Lf ()] = LW F (oh)E, } (2.36)



which is large because ¢ contains all functions of type g o r with g, r defined as above.
Since r™% = ﬁ f Ooo dt t* e for a > 0, the definition (2.4) shows in particular that I, , € % if & > 0 and since I, = 1,
Iyo€%, Ya=0. (2.37)

With the help of (2.31), the functions

oo
Ii(ro,...,m) =T(a)™" J ds f de %7 fro(s3 tro) -+ frx(s; try) (2.38)
A Jo

for a > 0 are nothing else but integrals of products of elements in €.
Then, let us introduce the following generalization of the finite difference appearing in the RHS of (2.35) to functions
of several variables: for f € C °°((R*+)k+1, C) and k, £ € N with 0 < ¢ < k, define the “partial” finite differences

1 —~ ——
— ([ (FoseeesTpsenesTkg1) =S (T0s oo s Tpatse s Tis1)), Whenry #rpq,

(A(Z)f)(rO’---;rk-{_]) - {l’£+1 T ( 0 +1 0 +1 +1 ) +1 (2.39)
arlf(r07"' JrlJ rl;”' 7rk)7 When ré = rerl'

We can generalize (2.35) to operators 7, by defining:

e+

APr, =il 10, (2.40)

or more explicitly, A(;)ch =(AOF)(rg,...,Tyy)mo (Eg ® ®[E(Fh)Ej 1 R®---® Efﬂ

that the families of I, ; and X, ; are indeed invariant respectively by AW and Ag) modulo dilations and insertion of dh:

). The next proposition shows

Proposition 2.10 For any a # 1, any k,{ € N* with 0 < { < k, we have

AUZ)Ioz,k ==l 415 (2.41)
[4 (0
A(a )Xa,k = —alé,f 1)Xa+1,k+1s (2.42)
AOT, =Ty, (2.43)
AO I((25)) ‘hh=H :
¥l fk(g) - lah fk+1(§) witl - (XJ g)’ ( 44)

PrOOF The first relation follows from (2.8) applied to I, 4., with £ + 1 instead of £ and the second one from the
definition (2.15). The third one can be shown using a straightforward adaptation of the proof of Lemma 2.2 ii) beginning

with Ty 1 (Tg, -+ -, Fepr) = fAkHds ¢~ ZiZo%(=re1) | The last relation is a consequence of (2.32) and (2.43). ]

2.5 Propagation of derivations

Let & be a derivation acting on elements in .«/, for instance along a parameter in . Suppose that we have a representation
of the algebra .« on a vector space 5 on which 9 is also defined (with the same notations) in such a way that the Leibniz
rule holds: d(av) = (da)v+a(dv) forany a € .« and v € .

Proposition 2.11 Assume that the function f € Cw((Rj)k“,C) is either f(rg,...,1) = fo(ro) -« fi(ry) with f, € €, or

f=TI,orf= I with a > 0. Then, for any { such that 1 < { < k and any b, which is a .«/-valued differential operator in
d, the following propagation rule holds true:

k k
ni[by® - ®bd® - ®b]v= Z nf[bl®---®bi_1®(abi)®---®bk]v+Z(Ag)nf)[b1 ®---®b.]v
i=(+1 i=(
Before looking at a proof, remark first that, using (2.42) for X, ;, = T, . S€e (2.15), (resp. fi.(&) = 7., see (2.32)),

the RHS of (2.45) is written only in terms of the operators X, , and X1 x41 (resp. fi(&) and fi (&), using (2.44)). This
is a key point in the method exhibited in Section 4.
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PROOF First case: Since 7y =mo ((fo(rO)EO)R ® -® (fk(rk)Ek)R), one gets

me[by ®-+-®byd®:--® b ]v = fo(ry) Eoby f1(r1) E1--- by a(fe(re)Elb€+l"'bkfk(rk)EkV)-

Thus, in the parenthesis,  acts either on the b;’s or on the f;(r;)E;’s or on v. When it acts on the b;’s, this reproduces the
first sum in (2.45) while when it acts on v, it gives the last term.
For the action on the f;(r;) E; = f;(h), we can apply (2.35) and get the total contribution

k
> folro)Eoby -+ b3 (Fi(r)E )by -+ bifi(r)Ex v
i={
: filr; ) f( i)
=Z o(ro)Eqby - by "= Ey(BR)E by - bifil(ri) By v

k
filri)—=£i(r))
=D folro) -+ SR - (1) Boby -+ biEy(OM)E; by - by v.
Swapping r; to r;,; and r; to rj;4 for j > i, each spectral function in the last sum is

folrg) - HZL) o (1) = 22— [ fo(ro) -+ fia (e i) fin (rig) -+ fillrin)
_fO(rO)"'fi—l(ri—l)fi(ri+1)fi+1(ri+2)"'fk(rk+1):|
= [f(rO’ v rk+1) f(ro,--- 1+1:"->rk+1):|ZA(i)f(rO"":rk+1)

r1+1

which contributes to the second term of the RHS of (2.45).

Case f = Tk: From (2.29), (2.30) and using (2.13), we can apply the previous argument under the integration over
A,. The only point to take care of, is the commutation of A® with the integral in the second term of the RHS of (2.45).
Since Ay is compact and the integrand is smooth in s and r,, this commutation occurs even at coincidence points (where
partial derivatives arise, see (2.39)).

Case f =1, ;: For a = 0, the result is direct and the second term of (2.45) vanishes since I, is constant.

Assume now a > 0. From (2.38), once again the same argument can be applied under the integral and we only need to
prove the commutation with integral along t € [0, co[. With

k

oo
f(tysy rOJ""rk) = e_tzlzzo(sé_sﬁJrl)ré, g(r01"'ark) ::f dtta_lf(t)s> rO:"'rrk)zr(a)[Zsé (rlz_ré—l):l_a
0

=0

we have to show that

(A(i)f dtt“flf(t;s;-))(ro,...,rk+1) = rl(g(ro,..., 1) —g(re, .., l+1,...,rk))
0

coincides with
oo oo
a—1 @ 1 a—1( =tk s (re—ren) =t s (re=Te)
det (A f(t;s;-))(ro,...,rkﬂ):m dtt (e =0t S (Te=Te=1) _ o=t 2ugmoypzinn St (Me—Tem )
0 0

By linearity, this is true for r; # r;;; but at coincidence points we still have to show that the t-integral commutes with J,...
For r; €]rp, = minr;, ry,, = maxr;[ we have, using t(s; —5;41) e~ b < et (i5u) Mnin—€) when 0 < € <y,
-1 ‘e — - “1ia-1p(p. ..
ta |(arif)(t9s9r0;""rk)|_(si_Si+l)taf(t>s’r0;""rk)Se ta f(t’s’rO;""ri—l’rmin_e’ri+l)""rk)

and the RHS is t-integrable uniformly along r; which secures the commutation of the integral with g, . [ ]

3 Total covariant derivative and normal coordinates
In this section, we come back to the differential operator P defined in (1.1) but we do not use Section 2. Firstly, we rewrite

P in terms of a total covariant derivative, and since we know that the coefficients %, are invariant under a change of
coordinates, we secondly gather the computation of several derivatives within a normal coordinate system.
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3.1 Total covariant derivative

We need the total covariant derivative /75, which combines the (gauge) connection V on V with the Levi-Civita covariant
derivative 8V induced by the metric g. To avoid a definition of V on the tensor products of V, TM and T*M via heavy
notations, and since we only need the action on End(V')-valued tensors, it is sufficient to remark that V satisfies

Vau=Vu=09,u+lA,u],
vua”=vua”+r‘jpap, Vb, =V,b,—TP b,
Vg =0, V,g4p=0,

for any End(V')-valued (0, 0)-tensor u, (1,0)-tensor a = a”d,, and (0, 1)-tensor b = b, dx”. Here A, is the (local) gauge
potential associated to V. General formulas for End(V)-valued (r,s)-tensors are easily obtained from these conventions.
As usual, we use the short notation /V\ua” = (/V\ua)” and /V\Hbv = (/V\“b)v.

We first recall few formulae of Riemannian geometry:

g1/23,1g]"* = 30, Inlg],
Y, =—32a5(3,8),
P = g"TP = 587 84p(3,8*") — 3,87 = —¢7 30, Inlg| — 3,8"7.

The curvature of the Levi-Civita connection 8V is
R(X,Y):=8Vy8Vy —8VyEVy =8V x v}

([11, p. 23]) and this expression is an endomorphism of the tangent bundle TM.
The Riemann tensors

Ry, % =R(013)3  Ruvpo = goaR,,," = §(R(8,,,)3,,3,),

. o _ o _ o CTY _TOTY . 0 g
satisfy R,,,,,7 = 9,Iy, = 8,I7, + [7 T}, —T7 T}, with T?,9, :=#V; 3.
The Ricci tensor Ric,,, and the scalar curvature 9} are

Ric,, := g*’R,4p, =Ric,,,  R:=g""Ric,,. (3.1

The Riemann tensor yields to some Z,-symmetries and to the first Bianchi identity:

Ryvpo =Rpour = —Roppo = —R Ryvpo +Rypon +R 0.

uvpo yupo uvop> uvpo up oy uo vp —

This also yields to some Z,-symmetries, to the derivative of the first Bianchi identity and the second Bianchi identity:
(gvTR)uvpa = _(gvTR)vupo = _(gvTR)uvap = (gvTR)pO'[.LV’
(gv'rR);wpo + (ger) vp Uo + (gver)pu vo =0,
(gvTR)[,wpa + (gva),uvUT + (gvaR)p,v‘rp =0. (32)

In (3.2), after a contraction over u and p first and then over v and o, and using the fact that $V_gH? = 0, one obtains
—(8V Ric),, + ¥V, ,R)? .5 + (] V,Ric),; =0 and —(4V_R) + (| V,Ric)” . + (] V,Ric)” . =0, so that

g""(¢V,Ric),, = 3(6V,R). (3.3)
If we define

|R|2 :ZRHIHZMSMRMMMM (3.4)
then, by the first Bianchi identity, R,, ,, ., RM1¥#2#4 = —R,, |, R¥bzbabs —R Riibsbsls = |R|2—R,, ,  , R"1"s"2"s

with a relabeling for the second equality, so that

1ip2 = 13 o by
2 |R| - Ruluz P«3.U«4R :

12



In the same vein, let us store

Ric|* := Ric,, , Ric*#2 = Ric,, ,, Rick2, (3.5)
Given the field strength

o, i=08,A,—0,A, +[A,A,],
one has for any section u of End(V') and similarly, for any tensors a = a”d, and b = b,dx”,

[V, VyJu=[F,,,u], [¥V,,8V,]a” =RWU”a0, [(V,.,8V,]b, =—pr0bg.

Combining these expressions, for any End(V')-valued tensors a = a*J, and b = b, dx”, one obtains

[$u:/v\v]u= [F;,w:u]ﬁ [%\u:%v]ag = [Fuwap]—i_Ruvpaap: [vu:vv] bp = [F;,w: bp]_Ruvpabo:
and for any s € T(V)

[V, V,]s=F,,s. (3.6)
Moreover,

gV, V,u=g"(V,Vu—T? V,u) = g"V,V,u—T"V,u, (3.7)

V,p" =V, p" + T8 pP = V,p* — 3245(3,8°") p*.

Let us now come back to the operator P. Applying the definition (1.5), we can rewrite P in a (fully) covariant way as
P=—(g""V,uV,+p"V,+q) =—(g""uV,V,+N"V, +q), (3.8)
and the following result is a generalization of [12, Lemma 1.2.1]:
Lemma 3.1 Given P as in (3.8), there exist a connection V' and a section q’ of End(V) such that
P=—(g""uV, V', +q"), (3.9)
given by /V\; =V, +3u"'N, and ¢’ :=q— 3g""uV,(u"'N,)— :N"u"'N,.
PROOF This follows from a direct computation (omitting the section applied upon):
g‘”u/ﬁ;/v\’v +q' =g"u (/75“ + %uilNu) (V,+ SuTIN,) +q— %g’”u/ﬁ“(u*le) — %NvuleV
= +g‘”|:u/V\M/V\v + %u/v\u(u_le) + %NV/V\M + %NM/V\V + %Nuu_le — %u/v\u(u_le)] +q— %N”u‘lNV
=g [u/V\M§v+Nu/V\v]+q =—P [ |
Remark 3.2 Compared with (3.8), this rewriting of P in (3.9) greatly simplifies the computations of &, because it means
that we may assume N” = O for all ». This is the traditional way to present the results on the heat kernel coefficients, see

for instance [11, 12]. In particular, N” = O for all v is equivalent to L* = —T"*u in (1.6).
If one insists on keeping N* # 0, Corollary 2.8 can be useful because V:Lu =V,u+ %u‘lNMu. O

3.2 Covariant derivatives and normal coordinates

In this subsection, some results on the iterated covariant derivatives of u, p",... are shown and they will be used for the
computation of #,. The code generates their generalizations to higher orders in derivatives for the computation of %,.
In the following, for any ¢ € N and indices vy, ..., v,, we use the compact notation

v! =V, --+V,, and the same for V and 3.

V1. Vg
Comparing the action of V and V on u, we get

V,u=V,u, V2 u= Vo U= lev2(€alu)- (3.10)

V172

13



We deduce from (3.10) that if u is parallel for V (i.e. Vyu= 0), then u is also parallel for v. Similarly,

/v\hpﬂl — vv1pH1 + ™ pa'l_

10,
For L¥ = N* —THu = p* 4 g*”(V,u) —T"u,
Vv, LM =V, N¥ —T"(V, u)— (3, "),
V, Nt =V, phr +gh (V] | w)+(9,,8" ) (Vo,u).

To compute the RHS of these expressions, we also need to know the derivatives of Fgﬂ and I'":

F;/ﬁ - %ngfl(aagalﬂ + aﬂgala - a(rl &ap )

avl F;ﬂ = %[(avlgyol)(aaga'lﬁ + aﬁgola - acrlgaﬁ) + gyal(avzlagolﬁ + avzlfjgala - avzlo-lgaﬁ)l

Thus, for IV = g@P l"lﬁ,

8,7 = (8, g"")T1, + g* (3, T7,).

(3.11)

(3.12)

The swap of V to V in (3.10-3.12) can be reduced to a peculiar coordinate system and we now present some results
concerning derivatives of quantities in normal coordinates, namely a geodesic coordinate system centered at a pinned

point x € M.

. n.c. . . . .
Let us use the notation — to map a quantity to its value in normal coordinates at x. We warn the reader that, to

alleviate the presentation, we omit in the sequel the explicit dependency to x.

For the following results on the metric and its inverse or on the Christoffel symbols, see for instance [11, Sect. 1.11.3],

[12, p. 5], [16] or [8].

n.c.

n.c. n.c.
gaﬂ - 50‘[3’ a”lgaﬂ - O’ avzlvzgaﬂ - E %vaavzﬂ = %[vaavzﬁ +RV20”’1/3]’

V1,72

(3.13)

3 n.c. 1,/<S 4 n.c. 1 /S2 2 o
a”l”zvsgaﬁ - E ﬁ(vle)VZaVSﬂ’ a1’11’2”3"4g0‘ﬁ - E [%(VHVZR)V:&“W/} +ERV10‘7’201RV3f5 V4 1] (314)

V1,Y2,73 V1,Y2,73,V4
Similarly,

n.c.

g =6, 8,8 50,

Y n.c. Y n.c. 1 Y _ 1 Y Y
Faﬁ - O’ avll—‘aﬁ - 3 Pvaaﬁ - §|:Rv1a[5 +Rv1/5a ]
ap
Thus we obtain
o 2% 0, av1 o 2% %RiCVlUl,

n.c. — . . .
V,u— V, u (equality in any coordinate system),

2 n.c. =2

Vvlvzu — Vvlvzu,

n.c. —

vhp“l N vhpﬂl X

For L*, we also get from (3.12):
n.c. n.c. 2.

LM — ph 4 g“lal(vglu), VvlL“1 — Vvlp“1 + g”l"l(Vilglu) -3 Rlcvl“lu.

The corresponding expressions given in terms of N* are

n.c. n.c. .
LM =5 Nt v, LM =5 v, NH— 2 Ric My,
1 V1 3 vy

Finally, for H"1#2 = gtit2y we obtain directly from (3.15):

n.c. n.c. n.c.
(e RN S V) Mo 7y FH1M2 2 Uo7y GH1M2 2 1 My Mo
H ghtay, v, H ght(v,, u), Vi H g (Vvlvzu) 3 2PR, M,

14

= ZaegnA%(l)mM") and S, is the permutation group of n elements.

V1,72

(3.15)

(3.16)
(3.17)
(3.18)



4 The method and its simplifications

In this section, we start with h equal to H(x, £), so that the definition (2.10) is specialized to the operator f,(§) = Ty as
seen in (2.32). With & =V, acting on any local section s of V by V, s = d,s + A, s, so that the required Leibniz rule holds,
and using (2.44), Proposition 2.11 becomes

Proposition 4.1 Given a local trivialization s : U — CN of a section in T(V), and B,, 1 < i < k, which are k matrix-valued
differential operators in V,, depending on x and (linearly in) &, the following holds true:

k
fi(E)[B®:--®B;V,®: - ®By]s = Z fi(E)[By®---®(V,B;)®--- ®By]s (4.1)

j=i+1
k

—> fin (@B @ ®B; & (V,H)® B, & ®B]s
j=i

+fi(E)[B1®---®B; ®--- ® B ](V, ).

When f.(§)[B; ® - - - ® B, ] contains more than one covariant derivative V, to propagate, they can accumulate on s as

Vﬁl_"ws, and this produces complicated expressions.

We are interested in the computation of f;(§)[B; ® :-+ ® By ] as a matrix-valued function, that is as a linear map:
veCN = fi(§)[B; ® - ®B]v. In that case, V,y =A,v and V} v =(9,,A,, +4, A,,)v because v is constant.

In general, we can write the result after the propagation of some V,, as a sum of terms like f;.(§)[B; ® - ® B, ]Q[A] v,
where Q[A] is a matrix-valued function written as a polynomial expression in the A, and their derivatives.
We begin the process with f;,(§)[B; ® - -+ ® B, ]Qo[A] v where Q,[A] =1 (the constant unital section in End(V')) and after
applying ¢ covariant derivatives, we get f;.(§)[B; ® - -+ ® By, ]Q,[A] v where

Q[A]lv = V,Qu_1[Alv = (8,Qu1[A]+A,Q 1 [A]) v.

It is easy to establish that Q,[A] is an homogeneous polynomial of degree £ when counting a degree 1 for each 9, and A,
In the final expression, these factors Q[A] generate “gauge invariant” contributions, in term of the curvature of A, and its
derivatives.

Finally, notice that Proposition 4.1 reduces to [13, Lemma 2.1] for A, =0, i.e. for V, = 0,.

For u; € {1,...,d}, let Ty iy be the operators from ®" to itself defined by

THl--~I—’42p,k ‘=84 Gﬂl---,uZp Id/2+P’k(r0, ceey rk) (Eg [N Ef),

with the notations

g2 1/2
84(x) 1= oy f dge e = B (4.2)
Rd
. 1 -8 (x)E,E
Gy, () = ayi f dd€ Euy oGy, €8 TR
R
— _1 _ (2p)
— 22 p! ( Z g.“’p(l):up(z) o gup(zp—l)Mp(Zp))(x) — 22 p! g(Hle o g.“‘Zp—l”Zp)(x), (43)

P ESZP

where S, is the symmetric group of permutations on 2p elements and the parenthesis in the index of g is the complete

symmetrization over all indices and with the convention that, when p =0, G is just 1. For instance, G
and

=1
M1 -eph2p ity = 2 8uip,

_1
Grrapiopisiis = 7 (8uyuty Susury F 8ptrias 8tatt  &utyusy Sty )- (4.4)
Let us also introduce the operators

X Xa,k; (45)

Qi llyy T GH1~~~M2p

which are justified as

1 1
Xapop ks = 3, @0 f dd€ €y Sy, 1(8), (4.6)
R
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.....

ﬁ f ) €&, &y, filE)By®---®B ]=moT, . [B® @B ]=g4Gy u, Xajorpk[B1® - ®B]
R
= 8aXa/24p k.. iy [B1 ® - @Bl

The appearance of H(&) in (4.1) forces to consider the £-dependence of the arguments B; ® - -- ® By.: each factor depends
polynomially on & = (&,...,&,) because B; = > B*1-Hu¢&, .. gwi with BM1#i(x) € My(C) independent of &.

Thus B; ® - - ® B is a sum of terms like £, ...&,, (B; ® --- ® B )*1** and the symmetry of the £-integral implies that the
ones which only survive are when £ = 2p for some p € N.

As a consequence, each function a,(a, P)(x) is expressed formally as a sum

a,(a,P)(x) = g7/ Z tr[aG)mo T, GOIB(x)® - @B (x))"*]], 4.7)

and the wanted factor £, is a sum

R, = |g|—1/zz moT, ,, «[(By®: @B )tw]= W Z Xajotp iy, [(B1 ® -+ @ By )1t ] (4.8)

because |g|™2g; = 5=
Before we give a precise way to compute (4.8), we now store two technical lemmas
Lemma 4.2 Forany p € N*, a € R and k € N*,
_ _ (1
ghormtn G, =(3d+p—-1)G,

guzpqllfzp X

4.9
(4.10)

1e--M2(p—1)°

=(1 _
ok gty T (Zd +p 1)Xa:k:U1“~“2(p—l)'

PrROOF To compute the &-integration defining G we use spherical coordinates & = so with s := (g""§,& Y2 and

e -op?
oc=s"t¢e S‘gi_l, the unit sphere in (R?, g). Then

Hop1 =_1 ap1h —g®PE &
g oz GH]».-,UZP - (Zn)d g4 Jddg gﬂl 5“2(P,1)(g 2p—12p €H2p71 gHZp)e B
R
(o]
=1 d—1+2p ,—s*
- ([ 40010, )| asste)
Sg’l 0
=1 1pncl
- (ZTf)dgd(Jd ldﬂg(a)aul "'Guzpfl) 3T(zd +p)
i
&

- (2”)1d 8d (J ng(a)aul a .o.:u’Zp—l) %(%d +p— 1)1—‘(%(1 +p— 1)
gd-1
F

oo

_r1 1 d—142(p—1) ,—s>
_(Ed+p_1) 2n)d g4 (Ldldﬂg(a)o-ﬂl."aﬂzpl)(ﬂ ds s e )e )
g

_r1
=(Gd+p=1Gy,

and the equality (4.10) follows from the definition (4.5). [ |

The full method to compute 2, consists to apply (4.1) starting from terms of the form

ﬁ fdg €y Epy, f(E)(B1® - ®B;V, ® - @By )1t ]

generated by the series in (1.7) (the convention of Remark 1.1 is used). Considering the last term in (4.1), the most
general expression to start with is (see discussion after Proposition 4.1):

@%)d Jdg Euy Epuy, [i(E)(B1® - ®B;V, ® -+ ® By )12 JQA]
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Then the LHS of (4.1) produces three kinds of terms. The first ones come from the propagation of V on the arguments:

k
> o fdg Eu Ey FiE(Br @+ ®(V,B) ® -~ @ B -+»]QLAL

j=i+1

The second ones consist of adding —V, H = —(V, H*/) £ ,& p as an argument after B;, so we get:

k
—Z ﬁ Jdg Euy €y alp i (E)(B1®---®B; ® (v, H*P) ® B ® - ®By) -2 ]Q[A]
=i
The third ones modify the matrix-valued polynomials Q[A] as:

Gt fds &yt &, fi(E)(By ® - ®B;V, ®--- ® B ) 2](3, +A,) Q[A].

Replacing the fi’s and the integrations along & with the X4/, ¢ .. 4, @S in (4.6), we finally obtain

--U2p

Xd/2+p,k,p.1..‘u2p[(Bl ®--®B;V,®:-: ®Bk)ulmuzp]Q[A]
k
=+ Z Xajotp gy, [(B1® - ®(V,B;)®--- @By )2 ] Q[A] (4.11)

j=i+1

k
— ZXd/2+p+1,k+1,u1...uz(pﬂ) [(Bl R ® Bj ® (vau2p+1l-'L2p+2) R ® Bk)Ml...uzp ] Q[A]
j=i
+Xd/2+p,k,u1.‘.uzp[(Bl & ® Bk)ulmuzl’](av +Av) Q[A]

This relation is the “integrated” version of (4.1). One has to look inside as the tensor product over the field C and not
over functions. In other words, it is necessary to keep the functions g*f and their derivatives in front of their arguments in
the tensor product until all the derivations in the arguments have propagated. Working with the matrix-valued functions
V, H#2+1b2p+2 prevents this temptation.

From this result, we then get the following simplification in the computation of Z,:

Proposition 4.3 All the terms of (4.8) can be obtained starting from their analogs in (1.7) with the replacement of operators
fx by Xa/24p kopty.optyy B in (4.6) and iteratively applying the rule (4.11). At the end of this iteration, one can use (4.10) to

deal with any remaining function g*? together with normal coordinates to deal with derivatives of the metric.

In order to simplify the computation, we can omit the operators X4 J2+p ki bz
of their arguments. We will also make use of two other useful symbolic notations.
Let us adopt the notation ~» to express the development of arguments induced by (4.11). In order to take into account
the presence of the matrix-valued polynomials Q[A] (appearing in (4.11)) multiplied on the right of the application of
Xaj2p jopis..iag, O the arguments, we denote its presence with the separation symbol |, except if Q[A] = 1.

Then the computation consists to perform the propagation of all the derivatives by applying, as many times as necessary,
the following symbolic rule: If B;, 1 < i < k, are k matrix-valued differential operators in V, depending on x and
independent of &, then,

in (4.11) and work directly at the level

k
(B;®:--®B;V,®-:- @B, )+ | Q[A] ~» + Z B;®:-® (Vij) ® -+ ®B )1t | Q[A] (4.12)

j=ir1
k
_Z(Bl ® - ®B;®(V,H'rl2) @B 1 ® - ® By ) - | Q[A]
=i

+(B;®---®B;®--- QB )" > | V,Q[A]

Once this rule has been used, the operators X, J24p oty iy O apply on each argument in the obtained sum are uniquely
determined by the number of free indices u; and the number of arguments in tensor products.
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Remark 4.4 When u =1, the previous formula (4.12) cannot be simplified because H*” = g*” 1 commutes with matrix-
valued functions but not with some differential operators V,, possibly contained in some B, for 1 < ¢ < i. This implies
in particular that we can not hope for simplifications at this computation stage even if u = 1, and the number of terms
produced by successive applications of (4.12) is independent of the exact form of H*”. Only subsequent computations can
use some hypothesis on u for simplifications. |

Remark 4.5 It is tempting in the previous method to start with P written in terms of ¥ as in (3.8) and to propagate €u

instead of V. But this requires to get an analogue of formula (1.2) which needs to make sense of /75“5 »+ the variables &,
are the Fourier dual of the variables x” and, even if they carry a space index, they are not the component of a tensor field
on M. While here these variables £, are silent since only confined in the G-tensors (as a consequence of V&, = 0), they

would have to remain both in the B; and H"" to be sensitive to the action of V in (4.12), thus generating more terms.
This would give directly the result in terms of V while here, we are obliged to exchange with some efforts the V with ¥
(in normal coordinates) at the end. |

5 Results on %,

This section is devoted to a complete computation of %, via the above method and is a more algebraic version than the
similar result obtained in [14, Thm 2.4].
We plane to follow Proposition 4.3 to compute %, in a,(a, P)(x) = tr[a(x) Z,(x)] and start with

(4m)i 2%, =Xa/241,2,,, (K" @ K2 ] =X 451 [P].

We perform the computation at the level of arguments using (4.12). Notice that all the used spectral operators X, , (and
those appearing in the final result) are in the series X4/51,Xq4/241,25 - - - »Xd/24k—1 k-
Consider first =X/, 1[P]:

—P=H""V2  +L"V, +q
~ —H""V, ®(V, H"*")+H""?V, [A, —L" & (V, H")+ 1" |A, +q
w —H"M1 "2 @ (vﬁl VZHHIMZ) +H""2 ® (vv1HM3H4) ® (VVZHHIM) +H" ® (vvzHulﬂz) ® (VVIHMW)
—H"" @ (V, H"")|A, —H""®(V, H""2)|A, +H""[(5,A,, +A,A,)
—L"®(V, H"2)+ LM A, +q
L8 _gnngliiy g (vslvzu) +1gmm( E: R, vzuz) u@u+2g" gl gt y @ (V, u) ® (V,,u)

V1,72
_ zgvl vzgu1u2 U® (vv1u) Isz + gvl Va u | (8v1sz +Av1Av2)
_ gU1H2pV1 ® (vvlu) _ gvlalgﬂluz (valu) ® (vv1u) Ty |Av1 +q.

Similarly for Xg/5112 4, [K"* ® K¥2]:

K" @ KMz = —(L" +2HM"'V, ) @ (L' + 2H""2V,, )

= — LM @L" —2L" @ H""V, —2HM"V, @ L —4HM"V, @HM"V,

ws — LM @ L2 + 20" @ H'2" @ (V,, H*H4) — 21" @ H2"2 | A,
—2H""1 @ (V,, L") + 2H"" @ (V,, H'H4) ® L2
+2HM" @ LM @ (V,, HMH) —2H"" @ L2 | A,
+4HM"Y, @ HY" @ (V, H"M)—4H"M"1V, @ H"" |A,,

ws — LM @ Lt + 20" @ H'"2 @ (V,, H'H) —2LM @ H2"2 | A,
—2HM" @ (V,, L") + 2HM" @ (V,, H'H4) ® LV + 2H"" @ L2 @ (V, H'/) —2HM " @ L2 | A,
+4HM" @ (V, H"") @ (V,, HP2) + 4HM " @ H'" @ (V)| HV)
—4H"" @ (V,, HsHo) ® HV2"2 ® (V,, HP9H+) — 4HM™ @ HY2"2 @ (V,, HVss) ® (V,, H's1)
—4HMM @ H'2" ® (V, H'4) ® (V,, HPsHe) + 4HM" @ HY2" @ (V, H"™) | A,
—4HM" @ (V, HM™) | A, +4H"" @ (V, HPM) @ H2"2 | A,
+4HM" @ HM"2 @ (V, HM) | A, —4HM" @ H2" | (3, A, +A, A,,)
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=5 —pH @ pH2 — g% ph @ (Y, u) — 1191 (Y, u) ® pH2 — g1 gH292 (Y, 1) ® (V5 u)
+2ghe" gt pi @ u® (V,,u) + 2871 g2 gk (V, 1) @ u ® (V,,u) —2g" " L @ u | A,,
—2g"MMue (v, p')—2ghMgh2ue (Vflozu) + %g“l "1 Ricvl“2 u®u
+2gtMghtiu e (V, u) ® p'z 4+ 2gtm ghsta g2 4 @ (V,, u) ® (V,,u)
+2gtnghstiu e ptz @ (V, u) +2g " g2 gt u @ (V,,u) ® (V, u) —2g" " u@ L2 | A,
+4gtimghen gty @ (V, u) ® (V,,u) +4ghMghghiueue (Vil vzu)

— %gul 71 gHZ Vz( E) Rv1H3 v2N4) UQUU— 4gH1 V1 gMSHﬁ g‘uz V2 gH3H4 u® (vv1u) QU (szu)
V1,72
— 4gI-L1 V1 gHz V2 g.UsI-LG gﬂ3.“4 URU® (vvlu) ® (szu) — 4gﬂl V1 gHZ V2 gH3H4 gusl‘é URU®® (szu) ® (vvlu)
+ 4g.U~1 V1 guz V2gP«3.“«4 URQU® (szu) |Av1 — 4g.U«1 V1 gHZ “2u® (vv1u) |Av2
+ 4g#1 Y1 gU3H4gM2 “2u® (VVIu) Qu |Av2 + 4gl’«1 Y1 gU2 V2 gﬂ3p«4 URU® (vvlu) |Av2
—4ghngueul (0, A, +A,A,).
We can now apply the operators X5 1, Xq/241,2,u,u,> Xd /242,301 oms0s 309 Xd /2434, pyspase 2CCOTding to the obtained
arguments, use (4.10) when necessary, and finally collect all the terms.

Let us first collect the terms with Q[A] # 1 and show that they all cancel thanks to (2.20).
The terms with (9, A,, +A, A,,) do not contribute:

g2 X g1 [ul—48" " g2 X 4001 0, [U® U] = g™ vz(Xd/z,l[u] —2Xg241,2[u® u]) =0.
The sum of terms containing L* and A, vanishes:
(Xa/21[L7 128" X g /2112, [ 1" ® U= 28" X421, [ ® L2 1) A,
= (X¢1/2,1[Lvl 1=Xa/p412l L @ u] =X g 011 [u® Lvl])Avl =0.
Finally the contribution of terms containing V, u and A,, also vanishes:
(—2¢™ gt X o1 2, (U ® Y, ul —4gM 1 g2 X o g5, [U® Y, U]

+ 4g“1 VIgMZ Vzgu3H4Xd/2+2,3;H1H2H3H4[u ® vvlu ®ul+ 8g“1 vlgum gM3M4Xd/2+273,M1H2H3H4[u oue® vvlu])AVz
=gh"(d+ 2)( —Xgj2412[U®V, ul+Xg/2103[u®V, u®uU]+2X;/553[u®@U® Vvlu])sz =0.

There are 3 terms which contain tensor products of u only:

1 1 1
+3877( E R, ) X2t 2, [ ®UT = § 8, 87 E R, ™M H2) X1 0lu®ul =—3 RXy)plu®ul,

V1,72 V1,V2

4 . 2 : 2
+38" leleluz Xajas1opu,U®ul =5 g, ,, 8" RICVIMZ Xajprplu®u]l = $RX 401 [ueul,

4 4
—38Mhngh vz( E vau3 vzu4)Xd/2+2,3,u1uzu3u4[u Queul=—3 Guluzuaw( E R H2“4)Xd/2+2,3[u ®ueu]=0,

V1,72 g5

by the complete symmetry of G, ,,, ..., and the skew symmetry of the first and second couples of indices in RH1HsH2#4,
Since by (2.16), X4/241 2[u ®u]l = 3u~%/>*1, this amounts to ¢ Ru /" = L RX,/y,[u].

The only term in q is X4/ 1[q].

The sum of 3 terms containing Vfl U is

o V1V2 oM 2 _ Uy Yy o o V: 2
8" g M X g o1 o, U@V ul—28"71 8 Xy 15, [U® V] U]
V- V. 2
+4gH1 1guz ZgH3H4Xd/2+2,3,,ul,u2u3u4[u®u®vv1vzu]

= - %dgvlvzxd/zmz[u ® Vflvzu] — 8" Xqp41,2[u® Vi U]
+(d+2)g"" Xg o0 3u®@U® Vﬁmu]

=—2(d+2)g"" Xajor12(u® Vflvzu] +(d+2)g" " Xy /o103u®@u® Vflvzu].
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The sum of 10 terms in V,, u and V,, u is:

2gM gt gl X 1 i 3 s, (U ® Vo, U®V, ul— g 172 g2 X 0 1 5 10, [V U ® VY, U]
— 8" Mg X 012, [V, u® Vo, ul +2gH M gh2"2glsls X o o o ity [V, U @U@V, u]
+2gH 1 gha2 ghsle X 1o o 30 e, (U ® Vo, U@V, ul+2gH M ghe2gholla X g0 oo o, [U® V, u®V, u]
+4gM M g g X 4 50,3 oy, [U ® Vi, u @ VU]
—4ghinghaa ghalis ghsto X 1o 3 4 pnippspansug LU ® V) u @U@V, u]
—4gthh ghavz ghtslla glishle Xd/2+3,4,uluzusu4usu6[u ®uaV,ue® vvzu]
—4ghinighaaghalis ghsto X 1o 3 4 pippspansug U ® U OV, u® V,, u]
= %d(d +2)g" " X gj2423Uu®V, u®V, u]l— %dg”1 "2 Xg/2412[Vy u®V,, u]
- %gvlvzxd/zﬂ,z[vvlu ®V, u]l+ %(d +2)g"" X /2423 V, u®@u®V, u]
+2(d +2)g"" Xg2423u®V, u®V, ul— %(d +2)(d+4)g" " Xg/2434u®V, u®U®V, U]
—(d+2)(d+4)g" " Xg/0434u®@u®V, ud®Vv, u]
= - %(d +1)g" " X g/9412[V, u®V, ul+ %(d +2)(d+4)g" " Xgj2423[u®V, ud®V, u]
+ %(d +2)8" " X /2423 V, u®uU®V, u]l— %(d +2)(d+4)g" " Xg/9434u®V, u®USV,, U]
—(d+2)(d+4)g""* Xg/434u®@Uu®V, UV, U].

The only term in V, p* is

—28M M X 241,20, (U ® VP2 ] = =X 241 5[u @V, pH ],
The 4 terms in p* and V, u are
— 8" X011 00,0, [P ® Vo ul— 842" X041 9,4, [P © VU]
+28M272 g M X 9 3 g [P O UGV, U]+ 28M M g X gy o 5 tapio, (U © PF2 @V, U]
= - %dXd/zﬂ,z[Pv1 ®V, u]l— %Xd/2+1,2|:Pv1 ®V, u]
+3(d +2)Xg/2003[p”" ®uBV,, ul+ 3(d +2)X4/2123u®p” ® 'V, u]
=—2(d+1)Xg/9112[p" ® vV, ul+ 5(d+2)Xg/2423[p" ®U® vV, ul+ 5(d+2)X4/9103u®p” ® v, ul.

The 2 terms in V,u and p* are

- gM1 " Xd/2+1,2,M1H2[vV1u ® pﬂz] + ngh " gH3H4Xd/2+2,3,U1H2H3H4[u ® v”lu ® pHZ]

= - %Xd/z+1,2[vvlu ®p"]+ %(d +2)Xg/2423[u®V, u®p™].
Finally, the term in p#' and p"2 is
—X /2412, P ® P2 ] = _%guluz Xgj2+1,2Lp" ® pH2].

Since the computation has been performed in normal coordinates, using (3.16), (3.17) and (3.18), one can replace
the gauge covariant derivative V,, by the total derivative V,, to get a fully covariant expression:
(4m)4 2, =+ %mxd/z,l[u] +Xa/210lq]— %(d +2) " Xg/241,2[u® /szwu] (5.1)

+ (d + 2) gHde/2+2,3[u ® u ® /v\ivu] _Xd/2+1’2[u ® /V\Hp‘u] - %(d + 1) guVXd/z_'_l,z[/v\‘uu ® /V\vu]
+2(d+2)(d+4) 8" Xg/2123[u® V,u®V,ul+ 2(d +2) 8" Xy /2125 V,u®ue V,u]
—(d+2)(d+4) 8" Xg/2134[u®u®V,u®V,u]— 1(d +2)(d +4) §"" X4/2134[u®V,u®ue V,u]
—3(d + 1) Xg)2120p" ® Vyul+ 5(d +2)Xg/2423[u® p* ® V,ul + 5(d +2) Xy 2423[p" @ u® VU]
- %Xd/2+1,2[/v\uu ®p']+ %(d +2)Xg/0423u® /V\,ﬂl ®p']— % 8uvXajan2lp" ®p7l.
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In this expression the contribution of a few terms can be simplified using Lemma 2.5 like:

—3(d+2)g"" Xg/p410[u® /75,2“11] +(d+2)g"" Xg/p423lu®@ue® /szwu] =—3(d+2)g"" Xy/s23[u® /szwu ®uj,

+3(d+2)(d+4) 8" Xg/2123[u®V,u®V,ul—(d +2)(d +4) §"" Xy/2134[u®u®V,u®V,u]
—3(d+2)(d+4)g"" Xg/9134[u®V,u®Uu® V,u]
=3(d+2)(d+4) 8" Xy /2434[u® V,u® V,ueul,

—3(d + 1) Xg20120p" ® Vyul+ 5(d +2) X 2423[u® p* ® V,ul + 5(d +2) Xy 2423[p" @ u® VU]
= %Xd/2+1,2[P“ ® $Mu] —3(d+ 2)Xqj2423[P" ® /V\Mu ®u].
Finally, we get:

Theorem 5.1 The section &, of End(V) is

(4m) 2y = + gR X o1 U]+ X /2,1 [q]— 5(d +2) 8" Xy p125[u® /szwu ®u] (5.2)
—3(d+1) 8" X /911 2[V,u® Vyul+ 3(d +2) 8" Xy /2425 V,u ®u® V,u]
+3(d+2)(d+4) 8" Xajarsalu® /V\uu eV, u®ul+ %Xd/2+1,z[P“ ® /V\uu] —Xaj2r12[u® /V\“p“]
— %(d +2)X4/2123[P" ® /V\uu ®ul— %Xd/2+1,2[€uu ®p']+ %(d +2)Xg/2123[u® 6;# ® p"]
- % SuvXas+12[P" ®p7].

A lengthy computation shows that this is compatible with [14, Thm 2.4].
According to Lemma 2.5, the writing of (5.2) is not unique. For instance, using

—3(d+1) g“de/2+1,2[$uu ® V,u] + 3(d+2) gWXd/erz,z[/V\uu ®u®V,u]
= % gWXd/2+1,2[/V\uU ® /V\vu - %(d +2) 8" X 2423u® €MU ® €vu] - %(d +2) gwxd/2+2,3[€uu ® /V\vu ®uj,

this expression can be factorized as:
Corollary 5.2
(4m) 2y = + R X gp1[ul +Xg/21[a] = Xg/241,2[u® /V\“p“] +3 g“de/2+1,z[($uu +p)® (V,u—p,)]
—3(d+2) 8" Xajaraalu® /V\,zwu ®u]—3(d+ 2)8"" Xq/242,3[u® /V\Hu ®(V,u—p,)]
—2(d+2)8" X g/5123[(V,u+p,) @V, u@ul+ 3(d +2)(d +4) §"" X4/2134[u® V,u® V,ueul.

We do not know if this proposed factorization has some structural origin.
As explained just after Lemma 3.1, it can be useful to rewrite this result in terms of N”:

Corollary 5.3

(4“)(1/2922 =+ % RXgp1lul +Xg010q] + 8" Xg /211 0[u® (/V\ﬁvu)] - %(d +2)g"" Xgpp403[u® (/V\jq,u) ®u]j
—(d+2) 8" Xg/9423u® (V1) ® (V,u)]+ 5(d +2)(d +4) 8" X 2434[u® V,u) @ (V,u) @ u]
+Xgj2412[N" ® (/V\Mu)] —3(d+2)Xy/9193[N*® (ﬁﬂ) ®ul+3(d+2)Xy/0103[u® (/V\“u) ®N"]
- % EuvXdjar12[N* @ NV]—=Xg/5412[u® (ﬁuN“)l

6 The code

The computation of 2, exposed in Section 5 shows that the simplified method summarized in Proposition 4.3 consists
to apply a set of (mainly algebraic) rules at the level of the arguments of operators. This is to be contrasted with other
methods based on more analytical properties of the heat coefficients, where for instance all possible expressions (based
on the theory of invariants) are given by hand and their respective weights are computed (see [10] for instance). While
these latter methods cannot be easily managed with a computer, the present method, being algebraic, can be translated
into an algorithm.
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The first step in the computation of %, makes appear a collection of fewer than 30 terms: they can be managed by
hand. However, the same part of the computation for £, produces thousands of terms. This is why a computer is needed
to perform this computation.

Let us describe in this non-technical section the main characteristics of the computer code elaborated to make possible
this computation.

Some computer algebraic systems (CAS) have been evaluated as a possible basis for this code. But, to our best knowl-
edge, none of them was able to manage, in a easy way and without adding external modules, all the complexity of this
computation. Indeed, formal manipulations have to be performed, to list a few, on commutative and noncommutative ob-
jects, on derivations (V,, /ﬁw d,), on Riemannian structures (metric, Christoffel symbols, Ricci and Riemann tensors...),
on contraction of tensors, on gauge structures (A, and its curvature F,,,), on tensor products, on polynomials (in the di-
mension parameter d)... Starting a formal computational code from the very beginning, as we did, has the following two
main advantages: its purpose is to manipulate the necessary structures encountered in the computation, and only these
structures; its internal model is based on the “mathematical model” that the method reveals.

This last point is a strong motivation to use an object oriented language in order to internally reproduce and manipulate,
in a “natural” way, all the mathematical structures describing the key ingredient in which the method (and so the code)
focuses: the “arguments” of the operators X, ;, as explained in Proposition 4.3. So, the code is built from the beginning on
objects such as polynomials, commutative and noncommutative “elements” (for instance Riemannian tensors or matrix-
valued functions), derivations (which can be applied, in a repetitive way, on the previously mentioned elements), products
of elements (respecting commutative and noncommutative rules), tensor products, and finally the “arguments” of the X,
operators with collected commutative elements in front and the presence of the Q[A] matrix-valued polynomials “on the
right”.

The object oriented language selected is JavaScript, the powerful language used in web browsers. This choice relies
on various motivations. One of us was familiar with this language, and this helped to produce an efficient code quickly.
The Node runtime! permits to execute JavaScript as a scripting language in a terminal and it makes possible to read
and write files.> Moreover, the execution relies on the open source version of the very optimized JavaScript engine
V8:® benchmarks are very favorably compared to Python for instance (a language that would have been a good choice
also). All the results are saved in files using the (open and native) format J SON* and these results can be read as inputs
for further computations. The translation of the code could be done into any other modern object oriented language.

On top of the main objects that the code can manipulate (with “natural methods” from a mathematical point of view),
specific (higher level) functions have been coded to reproduce mathematical rules, like for instance contractions of Rie-
mannian tensors, raising of indices, some simplifications... Substitutions of “elements” by more complicated structures
are also made possible: these permits to reproduce the steps described in Section 5, where the computation is first done
on the mathematical objects H*”, L*, and g and then, in a second step, these objects (and their derivatives) are substituted
using rules given in Section 3.2 (into normal coordinates). Substitutions rules can be hard coded or computed.

One of the main challenges when constructing such a code is to be able to simplify expressions to collect similar terms.
This has required quite a lot of work to construct a “normalized” internal representation of terms (taking into account
ambiguities on commutativity of elements, ambiguities on labeling indices in tensor contractions...). In that respect, the
code may not compare to more mature CAS. A way to bypass this weakness was to make the exportation possible to inject
expressions into another CAS: Our choice was to use Mathematica to perform formal computations (mainly to simplify
the results at the very end of the computation) and to inject back the obtained results in the code.

The code can also export the generated expressions in BIEX, and all the results presented in this paper are those directly
obtained in this way. Only the final layout has been adapted to reduce space.

Let us now explain the main steps of the computation of %#,. One of the main ingredients in the computation is
the substitution rule described in Section 3.2. In order to avoid as much as possible any transcription errors, the choice
was made to only hard code the substitutions (3.13) and (3.14) for the metric and its derivatives (up to four) to normal
coordinates. So, a preliminary step consists in computing (and save for later use) all the necessary substitutions of covariant
derivatives of H*”, L, and q (up to the necessary number of derivations for the computation of %,) in terms of Riemannian
tensors and derivations of u, N* and q. The subsequent preliminary step is to compute the replacement of the covariant
derivative V,, by the total covariant derivative ﬁu (up to the necessary number of derivations) on these latter elements.

Then, after these preliminary results are stored, the main computation starts with the propagation of covariant deriva-
tions as given by the rule (4.12). Terms are next collected according to Q[A] in order to apply, sequentially to these reduced
numbers of terms, the following steps:

'https://nodejs.org

2Since it uses an extension of the “strict” JavaScript language used in web browsers.

30n which a lot of software engineers are working in a big private company. . .

4“JavaScript Object Notation”, a very convenient human readable structure format for data, that any modern language can read and write.
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e Substitutions are performed to generate expressions in normal coordinates.
e The necessary contractions with the tensors Guy.isy (computed on the fly) are performed.

e A series of rules (contractions of tensors, raising of indices...) is applied to all the terms as long as these rules can
be applied.

e The “expansion” rules of Lemma 2.5 are applied to leverage terms with same patterns® to a common number k of
arguments, so that they can be compared.

o A full simplification of the obtained sum is performed by adding similar terms.
o The results are then saved in JSON file format for later use and in BIgX for human reading.

Terms with same patterns are then collected in partial sums since they can produce simpler expressions, thanks to the
use of Lemma 2.5, this time to reduce, as much as possible, the number of arguments k and the number of terms. There is
no uniqueness in this simplification procedure and a balance has to be found to produce these simplified expressions. This
process has been mainly done in Mathematica after exportation of these partial sums. Once simplified expressions are
obtained, they are written (by hand) in files that the code uses as inputs to compare them to their original (non simplified)
versions. This series of checks, the last step of the computation, also exports the simplified expressions in BIgX: they are
the expressions presented in this paper.

The code produces new results for 2, which, to our best knowledge, never appeared before. So, some comparisons
against known results have to be performed to confirm the validity of the code (at least partially). Three tests have been
successful:

1. The computation of %, reproduces the result obtained by hand (this is the result given in Corollary 5.3).

2. The computation of %, for the 2-dimensional noncommutative torus produces results in agreement with those in [ 14]
(once translated back into spectral functions): the interested reader will find this result in BIiX files accompanying
the open source code [15].

3. The case u parallel (Section 7.3) is a special case for %, in which all the derivations of u are put to zero. With the
further specifications u = 1 and N* = 0, the result agrees with [12, Theorem 3.3.1].
Notice that the consistency of gauge invariant expressions in the Q[A]-part of the results (see Section 7.1) is also a strong
requirement for the global validity of the code.

The code has been written with the method in mind, not for the computation of &, in particular. This means that it can
be used to compute £, for r > 6 (and then the number of generated terms will be huge!) and it can also be appropriate in
situations where some elements take specific values (for instance, in the 2-dimensional noncommutative torus case, all the
elements are written in terms of a single positive element in the noncommutative algebra). This makes the code flexible
enough for further computations of heat coefficients for non minimal Laplace type operators.

Anyone can contribute to the open-source code (GNU GPL v3 License) we produced [15] and can use it as a starting
point for his/her projects as far as the required computations are accessible by the method exposed in this paper.

7 Results on %, produced by computer

To compute %, in a4(a, P)(x) = trla(x)%4(x)], we start with

(4m)2z, =Xg/2,2lP ® P1—Xg/241,3,u,, [ K" ® K" @ P] =X /3113, 4, [K"* ® P ® KH2]

—Xa/241,3,u,u,lP KM @ K" ]+ X494 4 1 popan, [KH ® KH2 @ KH3 @ KH4].

Here, the series of spectral operators X, appearing in the computation are X/ 11,X4/2,2-Xd/241,3 - - Xd/2+k—2, fOT
k=1,...,6. Thus, in this section we adopt the shorthands X, for k=1,...,6.

Application of (4.12) is done using a computer because it gives too many terms. Actually, after simplification, it
produces thousands of terms, that can be sorted according to only 5 values of Q[A]v = VXv produced for v € CV: v, V..V,
v vy, V3 vy and V* v. These five sums are denoted %, for k € {0,1,2,3,4}, thus

V1V, V1 Vo Vg V1 Vo V3V,

4
Ry(x) = > Ty ().
k=0

Since the factors in front of Q[A] have homogeneous gauge transformations, the result should be written as (explicitly)
gauge homogeneous expressions to ensure that %,(x) transforms homogeneously.

5A “pattern” of an argument is the reduced ordered list of elements appearing in this argument (forgetting the polynomials in dimension d in front
of it) where the u elements (without applied derivation) are omitted.
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To simplify, the results are presented with N* = 0, but the interested reader will find the general case in BIiX files
accompanying the open source code [15].

7.1 Computation of %, for k #0

) . . .
When Q[A]v = Vi e,V the factor can be computed by hand from the very beginning because only few terms contribute.

The only possible gauge homogeneous expression is F"1"2F,, , and indeed the computer returns directly only one term:
d 1
(4m)P Ry = + 5 X [U]F2F,, .

For Q[A]v = V3

vy, Vs the computer produces terms that can be sorted following a repeating pattern:

(gvlvzbv3_2gv1v3bv2+gv2v3bvl)(v3 V).

V1V2 V3

In this expression, changing the summation variables and using the symmetry of metric indices, the gauge homogeneous
expression V, F,, , appears automatically:

gnb(VE v—=V3 v+ V3  v—V3  v)=g""b"(V,F,, )V,

V1V2 V3 V1V373 V3V2 V1 VaV3 V1

because using (3.6),

(V) Fyy V=V, (F, ,v)—F, ,V,v=V>  v=V3  v+V3  v-V>

V1V2 V3 V1V3V2 V3V V2 V3V V-
. . . . n.c. —
More precisely, this gives, since V,, F,, , — V, F, ,,

(4n)d/2‘%4,3 =+ %(d _z)gvlvngSV4X2[u®(/v\v4u)](ﬁvvazvg)_dgv1v2gV3V4X3[u®u® (/v\v“u)](/v\vvazvS)
+2(d+2)g"2g" " X ueueu® (/V\Wu)] (/V\,,lFW,B).

When Q[A]v = Vzv e the symmetric part with respect to v,, v, does not produce a gauge homogeneous term, thus
must be zero. This is checked by the computer which only returns the skew symmetric part (the F, ,, tensor):

(4m)?R, , =
—dXs[ue(V, W) eV, ]F"" —4X,ueue (V,u) eV, u)]F""
+2(d+2)d+DXs[ue (V, weud(V,u)@ulF" +2(d + 4)Xs[ueud (V, u)® (V, u) ®u]F""
+4(d+DXs[ueueud (V,u)® (V, w)F"" +(d+4)(d+6)Xsueud (V, ) eueud (V, u)]F""
+(d+4)(d+6)Xg[u®ueue® (/V\Vlu) U (/V\Vzu)]F”“’2
- %dX3[u®u® [Fy,,ul]F"" +(d +2)X4[u®u®u®|[F, ,, ,u]]F""
—(d+4Xs[uu®USU®B[F, , ,u]]F"™.

The contribution #,4, with Q[A]v = V, v does not transform homogeneously because V, v = A, v, and one cannot
produce a gauge homogeneous expression as a polynomial of A, of degree 1 with no derivations. As a consequence, %4,
should vanish and this is what the computer returns:

%4’1 =0.

7.2 Computation of %,

Here we use the following notations: G”172”s” 1= 2 (g"1"2g"" + g"1"sg"" 4+ g"1 " ¢"") and

—

A, =1V, V,+V,V,), {AV,}:=AV,+V,A,

o2 _ A 1 N — GUV T2 UV A
sothatVW—AW+2FuvandA—g Vi =8 Ay
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The computer produces around 400 terms for %,,, but after simplifications based on (2.24), this reduces to the
following 180 terms collected according to their pattern:
(47[)(1/2-%4’0 =
+ 125 IRIZ X1 [u] — 1a5 IRicl? X, [ul + 55 (A9) X, [u] + -5 9782 X, [u]

—5(d—2)g""(V, R)X,[ue (V, )]+ 3(d+2)g""(V, M) X, ueueus (V, u)]

— 2dRic" X5[u® (V, u)® (V, )]+ 3(d +2)(d + 3)Ric" " X, [ueue (V, ) ® (V, u)]

— 5d(d +2)Ric"" X, [u® (V, W) eud (V, u)]—(d+2)(d +4)Ric"" Xs[ueueue (V, ) ® (V, u)]
+3(d+2)(d +4Ric" " Xs[ue (V, n)eue (V, u) ®u]

—2d g" "R X [ue (V, w) e (V, w)]+ 5d(d +2)g" "R X,[ue (V, u) e (V, u)®u]

—2(d +4)(d*+10d +28) G2 Xs[u® (V, 1) ® (V,,u) ® (V,,u) ® (V,,u)]

+4(d+4)(d +6)G" " X[ue (V, w) e (V,u)e(V,u)e [V, u)eu]

+2(d +4)(d +6)* G X [ue (V, w) e (V, )8V, u)eusd (V, u)]
+2(d+4)*(d+6)G" """ X[ue (V, w) e (V,n)eus (V,u)®(V, u)]

—4(d +4)(d*+8d +28) G Xg[uoue (V, w) e (V,u) e (V,u) e (V,u)]
—2(d+2)[d+4)(d+6) G Xs[u® (V, u)eus (V,u) 8 (V,u) 8 (V,u)]

+8(d +4)(d* +10d +32) G X, [ueue (V, u)® (V,u)eue (V, u) ® (V, u)]
+4(d+4)(d*+6d +16) G X [ueue (V, ) e (V,u)e (V, ) eus (V, u)]

—32(d + 426" X lueue (V,w)e(V, e (V,u)e(V,u) eu]
+8(d+4)*(d+6)G"""" X, [ue (V, eueus (V,u) e (V,u) eV, u)]
+4(d+4*(d+6)G""" " X ue (V, w)eue (V,n)eus (V,u) eV, u)]
+2d(d+4)(d+6) G2 X, [ue (V, wyeue (V,u) eV, u)eus (V,u)]

—16(d +4)(d +6)G" """ X, [u® (V, u)eus (V,u) 8 (V,u) 8V, u) o u]

+2(d +4)(d +6)(d+8) G X, [u® (V, e (V,w)eus (V,u) e (V,u) eu]

+24(d +4)(d* +10d +32) G2 X, [ueueus (V, u)® (V,u) 8 (V, u) ® (V,,u)]

+16(d +4)(d*+10d +28) """ X, [u®ue (V, )@ ue (V, u) ® (V, u) ® (V, u)]

+4(d +4)(d +6)(d +8)(d +10) G """ Xg[ueu® (V, u) ® (V, u) ® (V, u) ® (V,,u) ®u s u]
+2(d +4)(d +6)(d +8)(d +10) G Xg[u® (V, W) eue (V, )8 (V, u)® (V,u)eueu]
+(d+4)(d+6)(d+8)(d +10)G" """ Xg[ue (V, w)eue (V,u) e (V,un)eus (V, u)®u]
+2(d +4)(d +6)(d +8)(d +10) G ™" Xg[ueu® (V, u) ® (V, u)® (V, u) ®us (V, u) 8 u]
—3(d+2)(d+4)?g""g" " Xs[u® (V,,u)® (V,u)® (V,,u) ® (V,,u)]
+3(d+2)d+4)(d+6)g" g Xe[u® (V, e (V, eV, neus (V,u)]
+3(d+2)d+4)(d+6)g" g Xs[ue (V, weue (V,u) eV, u) eV, u)]
+(d+2)(d+4)(d+6)g" g " Xs[ueue (V, e (V,u)e(V,u) eV, u)]
+2(d+2)(d+4)(d+6)(d+8)g""g"" X, [ue(V,we (V,neus (V,u) eV, u)eu]

— 5(d—2)RX,[u® (Aw)]+ td R Xs[u®ue (Au)]
— 3dRic" 2 Xs[u®ue (A, ,, )]+ (d+2)Ric" " X,[ueudus (A, , u)]

+3(d+2)? g X,ue (Auw) e (V, w)® (V, )] —3(d+2)d+4) " Xs[ue (Aw) e (V, u)eue (V,u)]
—(d+42g" " Xsueue (Au) e (V, u) e (V,u)]
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—2d+2)(d+)(d+6)g" " Xs[u® (Aw)eue (V, ) ® (V, u)®u]
+(d+4)(d+6)g" " Xs[u®ue (Au)® (V, ) eue (V, u)]
—(d+2)(d+Dd+6)g" "X, [ueue (Au)e (V, ) e (V, u)eueu]
—3(d+2)(d+4)d+6)g" " X, [ueue(Au)e (V, w)eue(V, u)®u]
+3(d+4)(d+6)g" " X [ueue(Aw)eue (V, u)e (V,u)eu]
+9(d+4)(d+6)g" " X, [ueueue (Au)e (V, u)® (V,u)®u]
—(d+2)g"" X,ue (V,w)e (A e (V, )]+ 3(d+4)(3d+14)g" " Xs[ue (V, u) @ (Aw) ® (V,,u) ® u]
—2(d+4)(d+6)g"" Xe[u® (V, u) e (Au) e (V, u)®ueu]
—(d+4)(d+6)g"" Xs[u®(V, u)®(Au)oue (V, u)®u]
+3(d+49)(d+6)g" " X[ue (V, w)eud (Au)eus (Y, u)]
+(d+4)(d+6)g" " X [uoue (V, )8 (Au)eue (V, u)]
—3(d+4)(d+6)(d+8)g" " X, [ue(V,n)eue (Au)®(V, u)®usu]
—2d+D(d+6)(d+8)g"" X,[ue(V, w)eue(Aw)eue (V, u)®u]
—(d+4(d+6)(d+8)g" " X,[ueue(V,u)e(Auw)e(V,u)eusu]
—3(d+4)(d+6)(d+8)g" " X,[ueue (V,u)e(Au)eus (V, u)eu]
—(d+2)g"" X,ue (V, )V, u)® (Au)]+ 3(d +4)(3d +10) g" " Xs[u® (V, u)® (V,,u) ® (Au) ® u]
+3(d+2)d+4) g " Xs[ue (V, )8 (V, u)®ue (Au)]
—(d+4)(d+6)g"" Xs[u® (V, u)®(V,u)®(Au)®udu]
+3(d+4)(d+6)g" " Xs[u® (V, )8 (V,)eue (Au)®u]
—3(d+(d+6)(d+8)g"" X;[ue(V,we [V, u)eudus (Au)®u]
—3(d+4)(d+6)(d+8)g" " X,[ue(V, )8V, u)eus (Au)®ueu]
—3(d+4)(d+6)(d+8)g" " X,[ue(V,w)eusd(V, u)® (Au)®ueu]
—2(d+4)(d+6)(d+8)g" " X, [ue (V,n)eue(V,u)®us (Au)®u]
—(d+4(d+6)(d+8)g" " X,[ueue(V,u)e [V, u)e(Au)eusu]
—3(d+D(d+6)(d+8)g" " X;[ueue(V,u)e(V,u)eus (Au)®u]
+2(d+4)(3d +16)Xs[ueue (A" u) @ (V, u) ® (V,,u)]

—4(d+4)(d +6)Xs[u®u® (A" u)® (V, u) ®ue (V,, u)]

—6(d +4)(d +6)Xs[u®u® (A" u)eue (V, u) & (V, u)]

—18(d +4)(d +6)Xg[u®u®u® (A" u)® (V, u) ® (V,, u)]
—2(d+4)(d +6)(d +8)X,[ueuse (A" u) e (V, u)® (V, u) ®udu]
—(d+4)(d+6)(d+8)X,[ueue (A uw)e (V,w)euse (V, u)eu]
—2(d +2)X,[u® (V, ) ® (A" u)® (V, u)]+(d +4)(3d + 14) Xs[u® (V, 1) ® (A" "2u) ® (V,,u) ® u]
—4(d +4)(d +6)Xs[u® (V, ) ® (A" "u)® (V, u) ®u e u]

—2(d +4)(d +6)Xs[u® (V, w) e (A" u)eue (V,u)®u]
+(d+4)(d+6)Xs[ue (V, w)eud (A" u)eue (V, u)]

+2(d +4)(d +6)Xs[ueue (V,u)® (A" u)eue (V, u)]
—(d+4)(d+6)(d+8)X,[ue(V,w)eue (A" u)e (V, u)®ueu]
—3(d+49)(d+6)d+8)X,[ue(V, w)eus (A" u)eue (V, u)®u]
—2(d +4)(d +6)(d +8)X;[ueus (V, u)® (A" u)e (V, u) ®usdu]
—(d+4)(d+6)d+8)X,[ueue(V,u)e (A" u)eue (V, u)®u]
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+3(d+2)X,[ue (V, e [F,u]le (V, w)]—3(d+2)(d + ) Xs[ue (V, u) e [F ", u]ous (V, u)]
—(d+2)(d+DXs[ueue (V, ) [F"",u]e(V, u)]

—Hd+2)(d+4)(d+6)Xs[u® (V, w)®ue[F"",u]®(V, u)®u]

+(d+ DA +6)X,[ue (V, )8 (V,u)® A" u)]—4(d + D Xsue (V, ) e (V,u)® (A" "u) ®u]
—2(d+4)(d +6)Xs[u® (V, )& (V, u) ®ue (A" "u)]

+2(d +4)(d +6)Xs[u® (V, )& (V, w) ®udue (A" "u)]

—2(d+4)(d+6)Xs[u® (V, W) oueue (V, u)® (A" "u)]

—4(d+4)(d+6)Xs[ueue (V, w)ous (V, u)® (A" "u)]

—6(d +4)(d +6)Xs[u®ueue (V, u)® (V,u) ® (A" "u)]
—(d+4)(d+6)d+8)X,[ue(V,w)eusd(V,u)e (A" u)eueu]
—2(d+49)(d+6)d+8)X,[ueuse(V,u)e [V, u)e (A" u)eueu]

+2d(d +2)X,[ue (V, w) e (V, ) ® [F"2,u]]— 1(d + 2)(d + 4)* Xs[u® (V, W) ®u® (V, u) ® [F""2,u]]
—(d+2)(d+DXs[ueus (V,w)e (V,u) & [F,u]]

+3(d+2)(d+4)(d+6)Xs[u®(V,n)eueue (V, u)® [F"",u]]
+3(d+2)(d+4)(d+6)Xs[ueue(V,u)eue (V, u)® [F"",u]]

— 2(3d +8)X5[u ® (Au) ® (Au)] + (d + 4) X4 [u® (Au) ® u ® (Au)] + (3d + 10) X,[u ® u ® (Au) ® (Au)]
+H(d+4)(d+6)Xs[u® (Au) ®u® (Au) ® u] +2(d + 4) Xs[u ® (Au) ® (Au) ® u ® u]
+(d+4)(d+6)X[ueu®(Au)® (Au)®ueu]

—4(d+ ) X[ueu® (?iwu) @ (A" 2u)@u]+2(d +4)(d +6)X[u®u® (?imu) (A" ) @ueul
+3d(d+2)X,ueue (V3 , w)® [F2,u]]—(d +2)(d + ) Xs[ueueue (V3 , u)® [F2,u]]

+2(d+2)g" g Xyueue (V, e (V3 | | wl-2d+4)g""g"" Xsue (V,eusus (V3  u)]
—2(d+4)g" g Xs[u®ueue® (/V\vlu) ®(/V\i2v3v4u)]

+(d+4)(d+6)g" g Xs[ue (V, eueusus (V3 ,  u)]

—(d+4)(d+6)g"™"g"" X[u®u® (/V\,,lu) ue (Ve u) ®u]

—(d+4)(d+6)g""g" " X[usueue (V,u)® (ﬁ?;ﬂmu) ®u]
—(d+4)(d+6)g""g" " Xg[uoueue (V,u)eue (V) ,  u)]
w)e (Y, u)]
—(d+4)(d+6)g""g"" Xgudueue (V5 , |
+2(d*+4d +24) g Xs[u® (V, W) ® (V,, (Au))]— 3(d? + 10d + 32) g2 X, [u®u e (V, u) ® (V,, (Auw))]
+(d+2)g"" X, ue(V, w)eue (V, (Au)]—3(d+4)(d+6)g" " Xs[ue (V,w)eueue (V, (Au))]
+3(d+4(d+14)g"" Xs[ueueue (V,u) e (V, (Au)]—2(d +4)g" " Xs[ue (V, ) eue (V, (Au) ®u]
—(d+4(d+6)g" " Xs[u® (V, W) eV, (Au)eueudu]

—5(d+4)(d+6)g" " X3[u® (V, ) ® (AV,,u)]+3(d+2)(d+4) g" " X,[ueue (V, u) e (A(V,,u))]
+(d+2)g"" X, ue(V, w)eue (A(V,u)]+3(d+4)(d+6)g" " Xs[ue (V,u) & (A(V,u) ®usu]
—(d+2)(d+4)g" " Xs[ueuseue (V,u) 8 (AV, )]

—(d+4)(d+6)g"" Xs[u®(V, u)® AV, u) ®ueudu]

—(3d+10)g" " X ueue ({A,V, ) e (V, )]+ 3(d+4)(d+6)g" " Xs[uoue ({A,V, ) (V, u)®u]
+2(d+4)g" " Xs[ueue ({A,V, ) eue (V, u)]+8(d+4)g" " Xs[ueueus ({A,V, Ju)®(V, u)]

+2(d+4)g" g Xs[ueueue (V°

V1V,

we (Y, u)eu]
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—(d+4)(d+6)g" X [ueueue ({/A\,/V\vl}u) ® (/V\vZu) Qu]

—2(d+4)g""g"”" Xs[u®uUeUOU® (§1lv2v3v4u)]
+(d+2)g" X ueusue (V, (AV,w)]—2(d+4)g" " Xsusueueusd (V, (AV,,u))]
—1dXs[u®u® (A(Au))]+2(d +2)X,[u®u®u® (A(Au))]—2(d + ) Xs[u®ueueue (A(Au))]

+ 20X, [q]+Xo[q® q] + X3[u® (Aq) ®u]

+3(d+2Y g X,[ue (V, W) (V, u)eq]—3(d+2)(d+4) g " Xs[ue (V, )eus (V, u)®q]
—(d+2)(d+4)g" " Xs[ueue (V,u) eV, u)®q]

—(d+2)g"" X,ue(V,n)eqe (V, )]+ 3(d+2)(d+4)g" " Xsue(V, u)eqe (V,u)eu]
—(d+2)g" " X,ueqe (V,u)e (V,u)]—(d+2)g" " X,lqeue (V, u)®(V, u)]

+3(d+2)d+4 " Xs[ueqe (V, W) (V, w)eul+3(d+2)(d+4)g" " Xs[qoue (V, )8 (V, u)®u]

3 4
+ > (X ) ue (Au)] - 3(d +2) D (19%,)[ue (Au) @ u]
(=1 =1

+28"" Xs[ue (V, )8V, w)]—(d+2)g" "X, ue(V, eV, u)eu]
—(d+2)g"" X,ue (V,w)e(V,eul

As explained for %,, this presentation is not unique.

Remark 7.1 This series of terms may quite seem rather useless per se. But the attentive reader will see that these simplified
expressions show some repeated structures, for instance the use of the inclusion operator ié") in the form 21;1 i((f)X « and
the possible factorization by common polynomials in the dimension parameter d for a large number of terms sharing the
same pattern. As can be seen in Corollary 5.2, the results can also be presented in a more factorized way (something we
have not really tried to get for %,). Splitting the results into u-universal operators X, , and P-dependent arguments on
which they are applied was a strong motivation to get a better structural perception of heat coefficients. Hitherto, we are
not in position to offer more perspectives in that regard but further investigations may reveal structures hidden so far. The
computation of higher-order heat coefficients via the present method could also offer the detection of possible (hidden)
structures. We encourage insightful readers to take an interest in this problem. O

7.3 If u is parallel for V

We first remark that when u = 1, the contribution of %, , reduces to (4m)Y/ 29?4,4 = % F""F, , (evenif N is non zero)
while 2, 3 vanishes (even if N” is non zero) and the contribution of 2, , is

(4m) 1245 = (ZN"N™ = 58""(V,,N"))F,,,,.

More generally, when u is parallel for the connection V, we get the following 55 terms for %,; recall from (4.4) that
Goyvyiyvy = 5(80v,&vavy F &vima&ryvs F &y, &vyw):
(4m) 2z, =
+ 155 IRI* X1 [u] = 155 [Rie* Xy [u] + 55 (AR) X, [u] + 75 B2 Xy [u] + g RX1[q] +X,[q ® ]+ Xs[u ® (Ag) ® u]
+ 35 (V, X [N"]—35(V, R)X3[u®@u®N" ]+ ¢ Ric,, ,, Xo[N" ® N"2]— 3 Ric,, ,, Xs[N" @ u®N "]
3
- % gvlvszZ[NV1 ®NV2] - % gvlvz Z(itgmx?’)[]\]v1 ®NV2] + Gv1v2v3v4X4[NV1 ®N2@N™ ®NV4]
=1
—X3[u®(V,,q) ®N"]+X3[N" ® (V, q) ®u]
+3 g""Ric,,,, X,[u®(V, N")]—g""Ric,, , Xs[u®u®(V, N2)]— RX,[ue(V, N™)]

3
— > ({0x)ue (¥, N")]
(=1
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+3 8y, X3[N"@N" & (V, N")]—38,,,X(N"®N"2®(V,N")eu]
— 38,0, X4[N"ON"®(V, N™)@ul—3g,, XN @N"e(V, N")ou]
+38,,XJdN"®u®(V, N2)®N"]+3g,, XJueN" & (V, N2)®N"]
+ 3 80, Xa[N" ®u® (V, N*)®N"]1+38,,, X;us N" ®(V, N") o N"]
— 38y, X4IN"®(V,N2)®N" @u]—$g,,, X4N" ®(V, N>)eueN"]
2gm3)(4[zlcz>(v NV1)®NV2®NV3]+ZgV2v3X4[u®($leV2)®NV1®N”3]
zngv3X4[u®(vle”2)®NV3®NV1]
—Xyue(V,N")e(V, N")eu]l—-g,,, " " X,ue(V,N)e(V,N")eu]
+X,[ue (V,N")eud(V,N)]+2X,usue(V,N")e(V,N")]
+35 X3[u®N" ®[F, , ,N"2]]—3 Xs[N" @u®[F, , ,N"]]
—X3[N"® (A, ,, N2)@ul+2X,[N" (A, ,N?)eudul+2X,usue (A, , N1)®N"]
— 3800, Xs[u®(AN")®N"]+g, , X,Ju®u®(AN")®N"]
zgvlv2X3[Nv1®(AN”2)®u]+gV1V2X4[N”1®(AN”2)®u®u]+2g”1”3X4[u®u®u®(Vvlv2v3 72)]
—X3[u®u®({A,V,,1}N”1)]+2X4[u®u®u®({A,Vvl}Nv1)]
+3 Xo[N"®N™]F, , —Xs[N" @u®N"]F, , —g"" Xs[u®(V, N")®ulF,,,
+38" X, [N"1(V, F,,,)— 8" " X3[u® N2 @ul(V, F,,, ) + 5 X;[u] F""2F, .

With N¥ = 0, this shrinks to 8 terms:

(4m)2 Ry = + 755 IRIP X, [u] — 755 IRicl X [u] + 55 (AR) X, [ul + % K2 X, [u] + &5 X, [u] F"2F,
+ %le[q] +X,[q®q]+Xs[u® (Ag) ®ul,

and agrees with [12, Theorem 3.3.1] when u = 1 using (2.28).

8 Conclusion

In this work we have developed for a non minimal Laplace type operator a new method to compute any £, in terms
of universal operators X, , with explicit details of the case r = 2. A computer code issued by this method has already
produced new results for #,. This code is ready for such computations when r > 6 and moreover it can be particularized
and adapted to more specific situations like the (rational) noncommutative torus, see for instance [9], or in quantum field
theory as described in [13, Section 5.4]. Among possible perspectives, the method could also be generalized to operators
P acting on operator algebras, for instance constructed from spectral triples.
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