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Stochastic phase field a-Navier-Stokes vesicle-fluid
interaction model.

Ludovic Goudenége* and Luigi Manca'

Abstract

We consider a stochastic perturbation of the phase field alpha-Navier-Stokes model with
vesicle-fluid interaction. It consists in a system of nonlinear evolution partial differential
equations modeling the fluid-structure interaction associated to the dynamics of an elastic
vesicle immersed in a moving incompressible viscous fluid. This system of equations couples a
phase-field equation -for the interface between the fluid and the vesicle- to the alpha-Navier-
Stokes equation -for the viscous fluid- with an extra nonlinear interaction term, namely the
bending energy.

The stochastic perturbation is an additive space-time noise of trace class on each equation
of the system. We prove the existence and uniqueness of solution in classical spaces of L2
functions with estimates of non-linear terms and bending energy. It is based on a priori
estimate about the regularity of solutions of finite dimensional systems, and tightness of the
approximated solution.
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Introduction and main results

This paper is devoted to study a random perturbation of the equations governing the dynamic of
an elastic vesicle immersed in a moving incompressible viscous fluid, whose deterministic model
have been studied in [12] and [34].

According to [35], these equations are key research in the study of the dynamics of cells in
fluid media. This type of models are of crucial importance in biology, where the analysis of the
deformation of vesicles immersed in fluids is central topic. In particular we can refer to the articles
on the biological aspects (see [1, 4, 5, 14, 13, 16, 32]). In all these articles there is a common
idea about usefulness of phase field approaches. The phase field approaches, compared to sharp
interface models, are natural ways to include several important physical aspects of the phenomenon
being considered, without complexity of the free-boundary value problems, both in the theoretical
and numerical aspects.

First consider the a-Navier-Stokes equation which reads, on the time interval [0, 7], on smooth,
open and bounded space domain Q € RY in dimension N = 2 or 3, with v the constant viscosity,
and p the constant density of the incompressible fluid:

1
ou+ (w-V)u+ (V)T -u+ ;sz f+vAu,

u=w—a*Aw — Vg, (0.1)

div (u) = div (w) = 0.

where A is the Laplace operator and f is the forcing. The unknowns® are the random fields p
and u (also ¢ and w), which respectively represent the (modiﬁedT) pressure and the averaged ve-
locity vector field of the point x at time t. Both unknowns u and w have homogeneous Dirichlet
boundary conditions, and the pressures p and ¢ are defined up to an additive term which could
be used to stay divergence free. This model takes part of a general class of regularized models
for high Reynolds number flows, firstly proposed by Leray in [30, 31] for Euler equations. Some
authors stress that, from the biological point of view, the a-Navier-Stokes type equations are rele-
vant since they are adequate for flows with high Reynolds number (like in turbulence), which may
occur in some biological situations. This model is also known as viscous Camassa-Holm or the
Lagrangian Averaged Navier-Stokes-o (LANS-a) model. These models have been introduced by
Holm, Marsden and Ratiu in [29, 28]. It has been studied in the deterministic case by Foias, Holm
and Titi (see [20, 21]) which have obtained the necessary estimations about the non-linear term
in the Navier-Stokes equation in periodic domain. There are also works in alternative conditions
about domain and boundary conditions in [6, 7, 24]. See also [17] for the link between Camassa-
Holm and LANS-« models.

In [12] and [34] the authors have considered a-Navier-Stokes model for the fluid coupled with a
phase field equation for the membrane of the vesicle. They have introduced a forcing term f which
is a non-linear additive term depending of the phase field unknown. The form of the interaction is
given by the variational derivative of a bending energy of the membrane of the vesicle. We obtain
a system of interaction in the space-time domain [0,7] X @ between the fluid and the phase-field
equations under the form :

Oy (w + a?Aw) + vA(w + o Aw) + B(w,w + o Aw) = P <6E5((;5)V¢> ,

div (w) = 0, (0.2)
oF

P +w-Vo = —”Y(ng)a

where ¢ is the phase field unknown/order parameter which describes the membrane of the vesicle,

*With u = (u1,u2,u3) in dimension N = 3 or v = (u1,u2) in dimension N = 2.

THere the modified or hydrodynamic pressure satisfies p = 7 — g|w|2 where 7 is the pressure.



with the linear Stokes operator A = —PA, the Leray orthogonal projector P on divergence free
space H, and the non-linear operator B which will be described later.

This unknown ¢ takes the values +1 outside the membrane and —1 inside, with a thin transition
width characterized by a small positive parameter . The surface of the membrane corresponds to
the points where ¢ = 0, which is actually a very complex area described by the level-set approach,
but not explicitly considered in the phase field approach, or in various numerical approaches. The

SE(¢)
00

a positive real number controlling the strength of the chemical potential. Moreover this term can
be modeled using various description, depending of the physical consideration about the vesicle.
It is assumed that the energy associated with the deformation of the vesicle membrane comes
mainly from the bending energy. Actually this energy is not directly well adapted to a priori
estimate of quantities related to ¢ (like its norm in Sobolev spaces) since the vesicle tends to
minimize the quantity
¢

3

term

is sometimes called the chemical potential. It is multiplied by the constant v which is

fo(9) = —eAd — —(1 - ¢7),

by minimization of the penalized bending energy given by

k ? k
e0) =5 [ (do+20-)) ar= 3 [ roras

with the physical parameter k of low relevance here. This bending energy is clearly not a norm
or the sum of two competitive behaviors like in classical Allen-Cahn or Cahn-Hilliard equations.
Although it implies only a second-order differential operator, this energy is more close to a fourth-
order differential linearity as in the Cahn-Hilliard model. Thus the difficulty of the model comes
from this form of energy. Moreover, knowing that the volume and the surface area of the vesicle
are basically preserved, we penalize the bending energy & by adding extra terms to form the total
energy F :

B(¢) = £:(6) + 5 Mi(A() — @) + 3 Ma(Bo(8) ~ b,

where

Q
o) = [ (GIvef+ @ =17) de

with My, My which are (large) constants used to enforce that the volume and the surface area of
the vesicle remain the same. The constants a and b are physical parameters related to the actual
volume and surface area of the vesicle (see [15] for details).

Finally -and this is the novelty in the modeling- we assume that there exist two stochastic
perturbations &, and £, which are the derivative of space-time noises W and Z, thus formally
&w = dW and £y = dZ. These perturbations are added linearly to both equations of the system of
interaction via covariance operators X and Z.

Hypothesis 0.1. We assume that
Tr[Y*Y] < oo, Tr[=*A%E] < .

From a physical perspective, the stochastic perturbation can be seen as an unknown internal
microscopic thermal agitation, or a random source. The technical assumptions of the noises permit
to use the Ito-formula, which is the key to obtain a priori estimates depending of the trace of the
operators. We obtain the abstract formulation of our studied system

dw + o?Aw) = | —vA(w + o®Aw) — B(w,w + o*Aw) + P ((SEéfZ;z))Vqﬁ)) dt + XdW,
SE(6) _ (0.3)



Moreover this system is endowed by boundary and initial conditions

w=0, Aw=0, on|0,7]x0Q,
p=-1, Ap=0, on[0,7]x IQ,
u(0,2) = uo(z)  on @,
¢(0,x) = do(x) on @,

with initial data ug and ¢q.

Remark 0.2. The apparently extra boundary condition Aw = 0 makes sense, since in a-Navier-
Stokes model, we study a couple of unknowns w and u = w+ o®Aw (the pressure q disappears with
Leray’s projection) which have both homogeneous Dirichlet boundary condition w = w = 0 on 0Q).

Thus o> Aw = 0 on 0Q.

This system is composed of two stochastic partial differential equations which are coupled by
an energy. So this is clear that the results obtained in this paper about existence and uniqueness
of solution can be extended to more general forms of coupling energy, as soon as it permits a
control of some norm of ¢ in Hilbert space with space regularity. Actually the studied form
of energy is a mixing between fourth-order Cahn-Hilliard equation and second-order Allen-Cahn
equation. These types of stochastic equations with additive noise have been studied in many works.
For the Cahn-Hilliard equation there are results about existence and uniqueness in [8, 10, 18] with
polynomial nonlinearity, and in [11, 22, 23] for singular nonlinearity and space-time white noises, or
degenerate noises. We can also cite a result of existence for a stochastic partial differential equation
with a mixing between Cahn-Hiliard and Allen-Cahn equation with multiplicative noise. It has
been obtained in [2] with estimations on the Green functions in the spirit of [3, 25]. Concerning
the stochastic Navier-Stokes equation, we can cite the important work present in [26, 27, 33].
Using approximated equations in finite dimensional space, we have exhibited a priori estimates
and compactness of a sequence of solution of these approximated equations. It permits to prove
existence (and uniqueness) of weak (martingale) solution obtained by convergence in weak topology
of classical spaces L?(Q). Precisely we have proved the following:

Theorem 0.3.
Let T > 0 and (wo, o) € D(A) x L2(Q) with ¢g = —1 on 9Q.
Assume that the linear operators (X,2) satisfy Hypothesis 0.1.
Then there exists a unique weak solution ((w, @), (2, F, P, (Ft)iepo,17), (W, Z))
of problem (0.3). Moreover, for any k € N* there exists a constant ¢ = c(k, T, wp, ¢g) > 0 such

that
9 (0.4)
ds| <e.
2
Finally, ¢, w are continuous in mean square, that is for any to > 0 we have

lim E [Juw(t) —w(to)[y] =0, Jim E[|6(t) — ¢(t0)3] = 0.

t—to

E [ sup. (Jw(t) s + |¢<t>|2>’“} <e
0<t<T

SE(¢)

s 50

T
k—1
/O (I + 02| Val2 + E(8)) (ww% 1 02| Awf) +

In section 1, we will describe notations about spaces, classical inequalities and nonlinear esti-
mates about the bending energy which are of crucial importance for the proof of the main result.
Moreover we describe the definition of a solution of equation (0.3). In section 2, we derive a priori
estimate and we prove technical lemmas which will be used in the proof of the main theorem.
Finally in section 3, under the hypotheses of 0.3, we prove existence and uniqueness of solution
which satisfies 0.3. This result is a corollary of a more general result obtained in Section 3 about
existence and uniqueness of solution with an approximation procedure in finite dimensional spaces.
In particular we prove continuity of solution with respect to time with values in Sobolev spaces,
and L? integrability of solution with respect to time with values in Sobolev spaces (H' for fluid
unknown w and H* for parameter order ¢).



1 Spaces, inequalities and nonlinear estimates

The a-Navier-Stokes equation (0.1) can be formulated in the equivalent form given in (0.2). We
need to explain this equivalence, since this is the core of the variational formulation. First we
introduce the following spaces:

e C5°(Q) is the space of infinitely differentiable functions with compact support;

L2(Q), LP(Q), H*(Q), HS(Q), WP*(Q) denotes the usual Sobolev spaces for integrability
order p € N and derivative order k € N; when the functions are vector-valued in dimension
N =1,2,3, we write (L2(Q))";

(-,-) denotes the inner product of the Hilbert space (L%(Q))Y, with N = 1,2, 3;

.|, denotes the norm in the space (LP(Q))", with p € Nand N = 1,2, 3;
p

|| - |l denotes the norm in a generic space L;

(- -)L,’L denotes the duality between a generic space L and its dual space L';
e X s the space (H}(Q))" N (HX(Q))";

H is the closure in (L%(Q))" of {u € X : div (u) = 0};

V is the closure in (H'(Q))" of {u € X : div (u) = 0};

[ ) [ ]
o o

1.1 The Stokes operator A

We denote by P : (L2(Q)) — H the Leray orthogonal projector. The Stokes operator is then
defined by
A:=-PA:D(A) - H,

with domain D(A) = X NV C H. The operator A is self adjoint and positive. Its inverse,
A7l . H — H, is a compact self adjoint operator, thus H admits an orthonormal basis {e;}jen~
formed by the eigenfunctions of A, i.e. Ae; = Ajej, with 0 < Ay < Ay < -+ < Ay — +o0. For
p € R, the Sobolev spaces D(A”) are the closure of C;°(Q)) with respect to the norm

|zl p(ary = <Z(1 + A7) (l’,ek>2> .

k
As well known (see, for instance, [21]) the operator A can be continuously extended to V = D(A%)

with values in V' = D(A*%) such that for all u, v € V

(Au,v)y = (AY 2y, AY %) = / (Vu - Vo) de,
Q

Similarly A2 can be continuously extended to D(A) with values in D(A)’ (the dual space of the
Hilbert space D(A)) such that for all u, v € D(A)

2 —
<A u,v>D(A),7D(A) = (Au, Av).

One can show that there is a constant ¢ > 0 such that for all w € D(A)
cHAwly < |lwllg < c |[Aw|s.

This operator A could also be used to define a stochastic convolution thanks to the strongly
continuous semigroup (etA)tZO by the formula

t
Wat) = / =Aqy(s),
0

for cylindrical Wiener processes, which could be used for instance to define mild solutions. This
is not the choice made here, since we have enough regularity to define solution with variational
estimation.



1.2 The bilinear form B

The specific form of a-Navier-Stokes equation (0.1) has been studied in [7] for bounded domains,
or in [20] as the Kelvin-filtered Navier-Stokes equation. This equation is also known as the viscous
version of the Camassa-Holm equation. It has been studied in [9] and for periodic domain in [21].
But the global well-posedness for the Lagrangian averaged Navier-Stokes (LANS-«) equations on
bounded domains have been studied in [17] where the authors describe the equivalence between
different formulations. Precisely they show that the a-Navier-Stokes equation (0.1) is equivalent
to LANS-« equations under the condition Aw = 0 on 9Q. We do not present all the details, but
the central idea is to define a bilinear operator associated to the non-linear part of equation (0.1)
in the spirit of the usual bilinear operator B(w,u) = P [(w - V)u] of Navier-Stokes equations. It is
well defined for all w, v € (H(Q))Y, and such that for all w, v and v € V C (H}(Q))™

(B(w,u),v) = — (B(w,v),u).
Thus, applying P to the equation (0.1) and using the identity
(w-V)u+ (Vw)Tu = —w x (V xu) + V(u-w),

we can see that the nonlinear term of equation (0.1) could be replaced by the bilinear operator B
defined for all w, v € (HH(Q))™ by

B(w,u) = —=Plw x (V x u)]

since V(u - w) is in the orthogonal of V. This operator appears clearly in the Camassa-Holm
formulation.
The next results will be crucial for many proofs:

Proposition 1.1.
(i) The operator B can be extended continuously to V x V with values in V'; for all u,v,w € V it
satisfies

1/2

1/2
< clull? ully

[ollvlwllv,

1/2

1/2
12wl

< cllullvfvflv]lwl

<§(u, v),w>v =— <§(w, fu),u>v1y7 and <§(u, v),u>V/ v 0.

i

(i) Its restriction to D(A) satisfies for allu € V, v € H, w € D(A) it holds

B > <
(Bluow), | < dlviolluloe

Proof. The proof of (i) is classical and be found, for instance, on [21]. The statement (%i) follows
easily by the estimate

'<§(u, v), w>
D(A)",D(A)

which can be found, for instance, in [34]. O

1/2 1/2 1/2 1/2
< c (Il Il 2ol Awl + Jully ollu ) 4w )

1.3 Definition of solutions

We are now able to define the concept of solution of equation (0.2) or more precisely the solution
of its abstract form (0.3).

Definition 1.2. Let T > 0 and (wo, ¢o) € D(A) x L2(Q) with ¢g = —1 on Q. Assume that the
linear operators (X, E) satisfy Hypothesis 0.1. We say that ((w, @), (0, F, P, (Fi)icpo, 1)), (W, Z)) is
a weak solution of (0.3) if



o (Q,F,P,(Ft)iepo,r)) is a complete filtered probability space.
e w, ¢ are adapted to the filtation (Fy)iec(o,r-
Moreover, P-a.s.,
e we L2(0,T]; D(A));
e w+a’Aw € C([0,T]; D(A)) NL2([0,T); H);
e B(w,w + o?Aw) € L([0,T); D(A)");

¢ € L2([0,T); H*(Q)) N C([0, T}; L*(Q)) such that ¢ +1 = A¢p =0 on 0Q;

o IE($) € L2([0,T); L2(Q)) (this term will be defined in Section 1.4);

d¢
w- Ve e L2([0,T):; L*(Q));

dE(¢) 5 . n.
. WW e L*([0,T); D(A)");

For all £ € D(A), for allt € [0,T] we have

(w(t) + a*Aw(t), &) = (wo + a®Awg, &) — u/t (w+ o Aw, A) ds
0

—/Ot (Blw.w+o?Au).€) ds+/0t <‘5§;"5)v¢7§> ds + (7€, W,) (L.1)
¢(t)¢o/0t (w~v¢+75§;@> ds + 2.

1.4 Nonlinear estimates

From now and to the end of this article we will skip the parameters ¢ and k (set to the value 1)
because it does not bring very useful information and the reading will be clearly simplified. For
this reason we will be very cautious about cancellation during subtraction of terms.

The variational derivative of E with respect to the variable ¢ at point ¢ in the direction 1 is
defined for any ¢ + 1,4 € C3°(Q). by

OE . E(p+hyY) — E(9) OE
(@) = m / = [ Gotow as

/Qf(¢) (f'(9)¢) dz+ Mi(A(¢) — a)A(¥) + Ma(B(¢) —b)/Qf(aﬁ)zb dz

h—0

Here we have set
(@) = =A%+ (3¢* — 1)¢.

In this case the variational derivative of E can be identified with

oF
g((ﬁ) = A% — A(¢” — ¢) + (307 = 1) f(9) + Mi(A(9) — a) + Ma(B(¢) — b) f (). (1.2)
Proposition 1.3. There exists ¢ > 0 such that for any ¢ +1 € C5°(Q) it holds
[AGI3 + [Voly + [9Vol5 + [¢]i + [l5 < c(1+ E(9)). (1.3)
and
E(¢) < c(1+ [|4ll2) (1.4)



Proof. We have
4B(¢) = 2|Vo[3 +|¢* — 113 = 2|Vel3 + [¢li — 2l¢l3 + |Q. (1.5)

1 1
Then, since |¢|3 < =|Q[* + §|¢\i, there exists ¢ > 0 such that
VoI5 + 1005+ 105 < c(1+B(9)). (1.6)
Clearly, for some other constant ¢ > 0 it holds
Vo3 + 1915 + 6]z < c(1+ (B(¢))?) < c(1+ E(9)).

At this point, it remains to bound the quantity |A¢|3+ ¢V |3 +|¢|s. Using the expression of f(¢)
we get

| — Ag+¢(¢° — 1)]3

|A[5 — 2(A¢, p(¢” — 1)) + |6(¢” — 1)[3

= |A¢3+2(V6,30°Ve — Vo) + |]§ — |93

= |A¢f5 +6|¢Vel5 —2[Vel5 + [0]g — |3 (1.7)

Here we use the fact that ¢(¢? — 1) € C§°(Q) in order to perform integration by parts. Thus,

|G+ [0V]5 +[0ls < 21 (9)5 +2[Vel3 + |o]3

21f(9)l3

Using the estimate (1.6) and elementary inequalities, there exist constants ¢,c’ > 0 such that

|AGI3 + |9V o|3 + 0] < 2f(8)5 + c(1+ B(¢)) < (1 + E(9)).

Then, (1.3) follows easily. Let us show (1.4). By (1.7) and the embedding H' C L°(Q) we find
that for some ¢ > 0, independent by ¢ it holds

21£(0)]3 < |AGI3 + 6|9Vl +[l5 < [Ad[3 +616V[3 + cll 4]t
Moreover, by Poincaré inequality
6V El3 < [812%IVEI3 < (16 + Lo +1)*[V[3 < (c|Vol2 +1)*|Vo[5 < 2(c| Vo3 +1)[Vl3.
We deduce that for some ¢ > 0
2f(9)3 < [Ad13 + 2| Vl3 + 2| VI3 + cllllfn < (1 + [Ig]IF2).

The inequality (A(¢) — a)? < ¢(1 + |¢|3), with ¢ = ¢(a) follows immediately. By (1.5) and the
embedding H' ¢ LY(Q) we get

4B(¢) < 2|Vo|* + o[t + Q| < 2|Ve|* + |8l + Q|

Then, for some ¢ > 0 it holds

(B(¢) —b)* < c(1 +[|¢lFn)-
Then, by the bounds obtained above, we deduce that (1.4) holds for some ¢ > 0 independent by
o. O

Proposition 1.4. There exists a constant ¢ > 0 such that for any ¢ +1 € C;°(Q) it holds

oE

|AZp)y < |— (o)

550)| +ell +E(9)%) (1.8)

2




Proof. By (1.2) we have

oFE

|A2g]5 < %(fb)

+ I+ I+ I3+ Iy,
2

where

L= |(=4)((¢* - 1)9)],.
I |36 — 1) £ ()], ,
Iy My |(A(¢) — a)l,,
L = M|(B(®)—b)f(9),.

For I; we have
Iy = 6¢|Vo|* + 3¢*Ad — Ao
Then by basic inequality we get

L < 60| VEl: 4 3|¢12 | A0 + |Adl,

The Poincaré inequality yields [¢loo < | + 1]oo + 1 < Cp|Vé|a + 1 where Cp is the Poincaré
constant. Moreover, by the Sobolev embedding H'(Q) C L*(Q) we get |Vé|? < ¢|V|7: for some
constant ¢ > 0 independent by ¢. Then, using repeatedly the Young inequality we get that there
exists ¢ > 0 such that

L < 6e(Cp|Vol2 +1) [Vofin +3(CpIVola +1)° [Ad]2 + Ak,
< (14 |VOE + [Volin + [Vols +A0f3 + |Agl2)

Notice that |Vl < |¢laz < c(|@]2 + |Vo|2 + |Ag|2) for some ¢ > 0 independent of ¢. Then, still
using Young inequality, there exists a constant ¢; > 0 such that

I <oy (L+ [0l +1Vels + [Adl3) -
For I, using the expression of f(¢) and the Poincaré inequality |¢ + 1| < Cp|Vé|2 we obtain

Iy

IN

(31612 +1) 1£(6)la
2 1 Lo
(306 + Lo + 102 +1) (10t + ] (05 + 101))

IN

IN

(B(CrIVola + 1+ 1) (518002 + 5 (8 +1012) ).

By applying the inequality (a + £)? < 202 4 28? repeatedly, we find that there exists a constant
co > 0 such that
I < ¢ (A3 +Vel3 + 105 + 613 +1) -

Clearly, for I3 there exists a constant ¢ > 0 such that
I3 < ca(|ol2+1)
For I, we have, by the expression of B(¢) and f(¢),
Iy < M(B(¢) +b)|f(d)l2

1 1 1 1
< (5IVoB+ 3lett + 208 +1QD +0) (518002 -+ 5 (108 + lok))

Using the inequality (oHrB)2 < 202 +2/? repeatedly, it is easy to show that there exists a constant
¢4 > 0 such that
Is < cq (913 + 61z + 191 + [Vol3 + |A¢]5 +1) .
Taking into account the estimates on Iy,..., 14, by (1.3) we deduce that there exists ¢ > 0 such
that
I+ Iy + Is + 15 < C(1¢l3 + |0]3 + (816 + [Vol3 + [Ag]3) < c(1+ (E(6))%). O



Proposition 1.5. There exists a constant ¢ > 0 such that for any ¢ +1 € C5°(Q)

0FE
E*%(fﬁ) <c(L+1ol7 + 95 +1Velz +]A¢l3) (1.9)

2
Proof. By (1.2) we have

oF

E*g((b) =L+ L+ Is+1,+1s,

where ( we recall that k =e=1)

L o= =A%,

I = E(-A)((¢* - 1)9),

Iy = EZ'(3¢" - 1)f(9),

Iy = ME(A(¢) —a),
Is = ME"(B(¢) —b)f(9).
By Hypothesis 0.1 and remark 1.7, there exists ¢; > 0 such that
[11]2 < c1]Ag|a.
For I, still by Hypothesis 0.1 and Remark 1.7 there exists ¢ > 0 such that

L] < ¢ (¢” — 1)¢|2

Then by basic inequality we get, for some co > 0,

[I2]2 < 62(|¢|g+|¢‘2)-

Since Z* is a bounded linear operator, the terms I3, I, Is can be estimated as done for Proposition
1.4 to get

T3]z < c3 (|0]1 + |23 + |08 + |03+ 1)
[Ial2 < ca(|pl2 +1)
Is]2 < 5 (IVols + |05 + |05 + |Agl5 + []g +1) .

for some constant cg, ¢4, c5 independent by ¢. Taking into account the estimates for I;,i =1,...,5,
the claim follows. O

The second variational of E in ¢ is a bilinear form on C§°(Q) ® C§°(Q) and takes the form

02E ’ / "
(W@s)) W) = [ ) s /Q F(8) (7" (0)(,0)) do + My AW A(p)

Iy ( /Q (@) dx) ( /Q o dx) + My(B(g) — D) /Q ((@)0) ¥ dx

where
F"(@) (W, p) = 61)p.
When 9 = p it takes the form

52FE ’ 2 " 2
(W«b)) W) = [ ar+ /Q F(8) (" (@)(,)) dz + M, (A®W))

+M; (/Q f(o) dfﬂ)z + M (B(¢) - b) /Q (f'(d)v) ¥ da.

Proposition 1.6. There exists a constant ¢ > 0 such that for any ¢ + 1,9 € C5°(Q) it holds

)
(52@)) (00) < c (808 + V0l + 16 + 1) (W + V63 + |avi)
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Proof. Let us write
E(9)

5¢2 (¢7¢):Il+12+f3+14+1—57

where

no= [ a

L - / £6) (F" () (W,9)) d
Iy = My (A( W
L = (/ 16 wdx>
o= Ma(B©)-b) [ (F(6)0) do
Q
For I; we have
L= [(f'(@)w)]

= =AY+ (3¢ - 1)yf;
(1a%12 + (312 + Dwl2)”

Since |¢|oo < |¢ + 1|oo + 1 and by Poincaré inequality there exists a constant Cp > 0 such that
|6+ 1]oo < Cp|Vo|a, the right hand side is bounded by

IN

(|AY]2 + (B(Cp[Vla + 1) + 1)[1]2)*.
Then it follows that there exists a constant d; > 0 such that
L < di|AY[3 +di (VO[3 +1) W5,

For I, we have, using Holder inequality,

L = 6 /Q (~Ad+ (67— 1)6) 60 da

2 2 2
6</Q|A¢¢|dx+/Q|¢ 1[¢ dx) 95

1 1
6 (51808 -+ g0 + Il + 1o ) [0

IN

IN

Then there exists dy such that

I < dy (|AGI3 + 1[5 + []3) ]2

The term I3 is easily bounded by

Is < My|Q| |3 = ds|v[3,

where d3 = M;|Q|. For I, we have

Iy < Mol f(9)310]3.

It is easy to see that
[F(@)]2 < 1ALz + (18]G + [8]2)

holds. Taking into account the inequality (a + b)2 < 2a% 4 2b%, there exists a constant dy > 0 such
that

Iy < dy (|AGL5 + (816 + [413) |43

11



For I5 we can use Hélder inequality to get

I < M (B(¢) + b) Q2| £/ (¢)1)2- (1.10)

Since 1 1
B(8) = 5 IVol3 + 16” ~ 113
using Young inequality and Holder inequality we get

1 1 1 1
B(6) < 5IVe3 + 5 (1% +1) = 5IVol3 + 5 (1eli +1)

For the last term on the right-hand side we can argue as for I; to get

[(F'(@)Y) 2 < |AY[+ (3% — 1)tls
< |AY)2 + [3¢% — 12|t
< AP+ (3|17 + 1) [so (1.11)

Taking into account (1.10), (1.4) and (1.11), the term I5 is bounded by
1 1
Iy < My (51900 + 5 (6l + 1) +0) (1A0la + (3108 + 1) 41
Elementary calculus and inequality o8 < o /24 52 /2 show that for some constant ¢ > 0,

1 1
(31968 + 5 (161t +1) ) (BI6f +1) < (ol + 6l +1).
Then there exists a constant ds such that

Iy < ds5 (VI3 + [9[5 +1) ([¢]2 + [¢])
Summing up the bounds for Iy, I, I3, I, I5 and taking into account the Poincaré inequality |1)|o, <

Cp|V|2 the result follows. O

1.5 Trace estimates
We recall that we have made the following assumption on the operator ¥ and =.
Tr[Y*Y] < oo, Tr[=*A%E] < .
Since for X, Y two separable Hilbert spaces and A : X — Y a linear operator, we have
Tr[A*A] = Tr[AA™].
thus Tr[E*A%Z] < 0o <= Tr[AZE*A] < 0.

Remark 1.7. If Tr[E*A?Z] < oo, then Z*A : H*(Q) NH{(Q) — K (in the definition of the noise,
we usually have Z : K — H, with K # H in general) is closable and can be extended to a bounded
linear operator =*A : H — K.

Proof. Let u € H*(Q) NH{(Q) and let (ex)x be a orthonormal basis of K. Then

I2* Aul = STE Auer)? = 3 (u, AZer)? < Jully S |AZer % = [Jul A Tr[E" A%E).
k k k

( notice that we have used the same notation (-,-) for the scalar product in K and in H ). Then
by the closed graph theorem we obtain the result. O
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Proposition 1.8. If Tr[=*A%Z] < oo then Tr[E*ZE] < +o00. Moreover the sequences
(I1Zeiloc)ien,  ([IZeillw22(q))ien, (|VCeil3)ien
are in (*(N) and there exists a constant ¢ > 0 such that
3 ( ;|2 + |Eeillyang) + |VEei|§) < (Ty[E*A%E].
ieN

Proof : Since e; is a component of an orthonormal basis then <E*A25€i, ei> < Tr[E*AzE] < 400
i.e. AZe; € L*(Q). This implies that

TY[E"E] = |Zeols + Y [Beils < [Zeols + 1(=A) e Y |1AZeil3
i=1 =1
< max{1, [(=A) 7|7 Y TX[E*A%E],

and in particular Ze; € W*%(Q). Denote M = max{1, H(—A)_1||2£(H)}. Moreover by Sobolev
embedding W?2(Q) € C*7 for all 4 < 1/2 then there exists M’ > 0 such that

> el < MY |Eeillfiang) < AMM' Y |AZe;[3 < AMMTY[E*AE].
i=1 i=1 i=1

Finally by Sobolev embedding whs (Q) € L3(Q) and Holder’s inequality then there exists M > 0
such that

Z IVEeil; < M" Z ||Ee’i||12/V1«3/2(Q) <M’ Z (|Eei|§/2 + |VCei|§/2)
i=1 i=1 i=1
< M"(IQNDYPY " (1Zeils +IVEeil3) < M"(1QNDY? Y |IZeillfi(g) < +oo.

i=1 i=1
Proposition 1.9. Under hypothesis of proposition 2.1, there exists a constant ¢ > 0, depending
on the operator E, such that for any ¢ +1 € C°(Q) it holds

*E
Tr [EE w(f)} < c(|A¢l3 +[Voly + [¢lf + 1) Tr[E"AE]

Proof: By Lemma 1.6, for any eigenvector e; we have
_0°E(¢) _ = - -
(55 ze) < (808 + Vol + 10 + 1) (Zei + Ve + 1AZei)

By taking the sum over ¢ and using Proposition 1.8 we get the result.

2 [Existence of a solution - preliminaries

2.1 Approximated equation and a priori estimates

Before proceeding to the proof, we need an approximation of equation (0.2).

Let us choose {e;};en- € H to be the eigenfunctions of the Stokes operator with homogeneous
boundary conditions, such that {e;};en~ forms an orthonormal basis for H. Let also {n;},en+ €
L?(Q) be the orthonormal basis in L?(Q) consisting of the eigenfunctions of the Laplacian A with
homogeneous Dirichlet boundary conditions.

Next, set S, = span{es,...,en}, N, = span{m,...,n,}. Finally, we denote by P, : H - H
the orthogonal projection of H to S,, and by 7, : L?(Q) — L?(Q) the orthogonal projection of
L?(Q) into N,,.
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We consider the equations

d(w, + o?Aw,) = P, AW (t)+

<—1/A(wn +a?Aw,) — Pné(wn,wn +a?Aw,) + P, | T, <5E6((fn)> qun)) dt, in [0,7] x Q,

d¢, = (7Tn (’u}n . V¢n) — YT <5E5q(b¢n)>) de + WnEdW/(t), in [O,T] X Q,
wn(o) = P,wo, in Q,
Dn(0) = mp(do + 1) — 1, in Q.

(2.1)
Equation (2.1) is a system of ordinary stochastic differential equations with polynomial non-
linear coefficients. Therefore, there exists a unique local strong solution (wy,, ¢,) defined up to a
blow up random time 7(w). In order to show global existence and uniqueness of a solution for the
approximated equations, we shall show a priori estimates.
By applying formally (exact proof is in the next section) the Itod formula we find

d (|wn‘§ + a2|an|§) (1/(|an|§ + az‘Awn‘g) + <Pn§('wn7wn + azAwn)awn>

+ <Pn <7rn <5E6(;’”)> ng)n) ,wn> + %Tr[(PnE)*(I + oz2A)1(PnE)]>dt

+ (wn, (P S)dW (£)) (2.2)
and
dE(¢n) = (- <7Tn(V¢n “wy), 5E§((an)> — ’(SE(S(?) + %Tr [(wﬁ)*(r@)é ?qgf”)] )dt
+ <5E5($n) , (ﬂnE)dW’(t)> (2.3)

Notice that by Proposition 1.1 and by the fact that w, € S, we have

<Pn§(wn, wy, + ocZAwn),wn> = <§(wn,wn + onAwn),wn> =0

and

(2 (o (222 9. ) ) = (o (2E222) ) = (2L 1, )

Then, by summing up (2.2) and (2.3) we find

2

OE (b,
d (|wn‘§ + 052|an|§ + E(d)")) = (1/(|an|§ T a2|Awn|§) 7 ‘ 5(;5 )

2
1 * 2 A\—1 1 =) * = 52E(¢”)
+ §Tr[(PnZ) (I+a”A) " (PY)] + §Tr [(ﬂn:) (ﬂ-n:)W] )dt (2.4)

OE(én)
o0

- {wn, (PaX)dW (1)) + < ,<wna>dW'<t>>

2.2 Existence and uniqueness for the approximated equation

Theorem 2.1. Let (wo, ¢o) € D(A) x L*(Q) and assume that Hypothesis 0.1 holds. Then, for
anyn € N, T > 0 there exists a solution (wy, ¢,) € L2([0,T]; D(A)) x L2([0, T]; L*(Q)) of problem
(2.1). Moreover, for any T > 0, k € N* there exists a constant ¢ = c(k,T, ¢o, wo) > 0 such that
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for any n € N*

sup B [0 (03 + 0 V()3 + B(on(1)'] < ¢
0<t<T

0E(¢n)

T
k—1
E [/0 (‘wn|§+0‘2‘vwn|g+E(¢n)) (V(vwn|§+042|Awn|§)+7‘ 56

2
ds| <e¢
2

F(t) = F(t,wn, ¢n) = |wnl3 + a®|Vw,[3 + E(¢n) (2.5)
For any N > 0, n € N* we consider the stopping time

Ty = inf{t : F(t,w,, ¢n) > N}.

Proof. Set

As pointed out previously, (2.1) is a system of ordinary differential equations with polynomial
nonlinearities. Then, there exists a local solution (wy,, ¢,) up to a blow up time 7(w). Since the
functions w, (t ATy ), ¢n(t ATx) are bounded by N, we can apply the Ito formula in (2.4) to obtain

OE(6n) ) s
2

AT
FREATR) + zk/ Frlx (V(Ian|§+a2|Awn|3)+7‘
0
tATR 1 1 °E
= o [ P (JEr U+ A )]+ T e D e Y as
0

oo

2 d¢?
tATR B AT _ 5E(¢7L) — >
k—1 k—1 = !
w2k [T R @)+ [ F < 5 (mENAW(s)
TR _ 5E(¢n)2
k—2 * 2 %
(k1) / F <|<Pnz> w1 =) 5 ) ds

= h+DL+M
where M; is the martingale term. Let us estimate I;. By Proposition 1.9 there exists ¢; > 0 such
that 52E(6,)
iy = 0 E(dn

§Tr {(Trn:) (7Tn:)W

By (1.3) and elementary inequalities there exists a positive constant ¢y such that
(|A¢n|§ + |V¢n|z21 + |¢n‘z + 1) < 62(1 + E(¢n)) < 02(1 + ‘F)

Taking into account that Tr[Z* A%Z] and Tr[X* (I +a?A) %] are bounded, there exists c3 > 0 that

1 o
] <1 (|1A¢nl3 + [Vouls + ¢nl3 + 1) Tr[E*A%E].

AT
I < 03/ (FF1 4+ FF)ds
0
Let us estimate Is. By (1.9) there exists ¢4 > 0 such that

OE(¢n)
o¢

Using (1.3), the quantity on the right hand side is bounded by ¢(1 4+ E(¢,,)?), for a suitable ¢ > 0
independent by ¢. By elementary inequalities and the fact that the operators P,,X* are uniformly
bounded with respect to n, we deduce that for there exists c; > 0, independent by n, ¢,, w, such
that

2

2
<y (14 [pnld + [6nlg + [Vonls + [Adnl3)”
2

m2)

tATN
IQ§C5/ (}'k_Q—l-]:k) ds.
0

Finally,
tATN AT
FE(EATR) <cs / (FF'+ FRYds + ¢ / (FF=2 + F¥)ds
0 0
AT tATN
+ Qk/ FE (wn, (Py2)dW (s)) + Qk/ FrE <5E5(§") : (wnE)dW’(s)>
0 0
(2.6)
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Befor taking expectation, we need to verify that the martingale terms are integrable. Notice that
since the operator ¥ is bounded there exists c¢g > 0 such that

FEH(PLS) wpla < co(1+ FF).

Then, since F*(t A 7,) < N*, we can take expectation to obtain
AT
ZkE/ FE w,, (P,X)dW (s)) = 0.
0

Similarly, for the second term we can use estimate (1.9) and obtain, for some cg > 0

OE(dn)
oo

As we pointed out previously, by (1.3) there exists ¢ > 0 such that

FE | (mB)

< g FF (14 [dnl§ + |6nl2 + [Vnls + A0, [3)
2

(1+ (13 + |9nld + [Vonl3 +[A0[3) < (14 E(dn)) < c(1+ F).
Then, there exists c;7 > 0 such that

SE(¢n)
o0

This implies that we can take expectation to obtain

AT B 5E(¢n) _
k—1 — / _
2kE/O F < 5y (e (s)> — 0.

Fht < FH 14 F).

2

(ﬁnE)*

Finally, by taking expectation in (2.6) we get

t/\‘r]\’; (SE -
E[F*(t A TR)] + 2kE V FrE=1 (V(|an|§ + | Aw, |2) + v ‘((z))
0

00

)

AT tATY
< cE / (FE=1 4 FFYds| + csE / (FF2+ FR)ds|. (2.7)
0 0

Clearly, there exists a constant ¢ > 0 such that F*~* < ¢(1 + F*) and F*72 < ¢(1 + F*). Then,
there exists ¢; > 0, depending only on k, ¢, wo, such that the right-hand side of (2.7) is bounded
by

) l/owx (1+ ]-"“)ds] < &F [/Otu + FE(s A T}\?))ds] .

Using Gronwall lemma, we find that there exists a constant cg > 0 depending on k, T', ¢g, wp, such

that
k TR s 2, o o [|SE(@)[]
sup E[F (t/\T}\L;)]—‘er/ Fx [ v(|Vw,l; + « Awn2)+7‘ ds <e.
t€[0,T] 0 5¢ 2
Letting N — oo we conclude the proof. O

Theorem 2.2. Let (wy, o) € D(A) x L*(Q) and assume that Hypothesis 0.1 holds. Then for any
T >0, k €N there exists ¢ = c(k, T, wo, o) > 0 such that

E

k
sup (\wn|§+o¢2\an|%—|—E(¢n)) ] <e.
t€[0,T]
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Proof. As done for the previous Theorem, let us set F as in (2.5). By Theorem 2.1 the solution
(wn, ¢n) is global and all moments of F have finite expectation. Then by Ito formula (2.4) we get

2
2k/ Fhot ((—V(anlg—kaﬂAwnI%)—v‘aE;;m
2

+ Tr[(P ) (I 4 a?A)"H(P,X)] + %Tr {(W,LE)*(W,LE)WD ds>

2
ds
2

6E(¢n) = ’
90), (m, 2w ()

FE(t)

0E(¢n)
59

+k(k—1)/ Fh-2 ((Pnz)*wn|§+ (=)
0

t t
iy / F1 (i, (PaS)dW (s)) + 2k / ]—"k‘1<
0 0
= L+1,+ M

Where I, I, are the integrals containing F*~! and F*~! respectively, and M, is the martingale
term. As we done for Theorem 2.1, I;, I are uniformly bounded in ¢ by

T
L+ 1, gc/ (14 F*)ds
0

where ¢ > 0 is a suitable constant depending only by k,7T. For the martingale part, we can use
Burkholder-Davis-Gundy inequality to get for some constant ¢1,co > 0

T
E < sup aE (/ FHED (P, 0) w, ) dS)
t€[0,7] 0

T 3
coE (/ ]-"des> < 00
0

The last term is bounded thanks to Theorem 2.1. Again, by Burkholder-Davis-Gundy inequality
there exists cg > 0 such that
2 3
0E (¢
W)Q
2

Crne1 [OB(@n) oo >‘ e
E ol nE)dW E 2(k-1)
(tiﬁé%]/of (ot maaw)|) <oe( [ 7 2z

By estimate (1.9) and (1.3), there exists ¢4 > 0 such that the right-hand side is bounded by

T
csE (/ FA= (1 4 f2)ds>
0

Then, by 2.1 this integral is finite. This completes the proof. O

1
2

IN

/ FE=1(w,,, (P,X)dW (s )>D

IN

(TnZ=)"

1
2

2.3 Compactness argument - convergence to a solution

Let X be a Banach space with norm || - ||x. For p > 1, 8 €]0,1[ we denote by W%?([0,T]; X)
classical Sobolev space of all functions f € LP([0,T7]; X) such that

s)[5
/ / |t—s|1+91’ ——————"~dsdt < oo,
endowed with the norm

1
T) f ) X
Hf“WG 2([0,T;X) — <||f|[p(OT 1:X) / / |t8|1(9d dt

The proof of the following lemma is left to the reader.
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Lemma 2.3. Let X a Banach space. For any 0 €]0,1/2[ p > 1 there exists ¢ = ¢(6,p) such that
for any f € L2([0,T]; X) it holds

‘ /0 f(r)dr

Proposition 2.4. For any T > 0, 0 €]0,1/2[, p > 1 there exists ¢ = ¢(T,0,p) > 0 such that for
any n € N

< (0, p)If | 22(jo,m:x)-
Wop([0,T];X)

E [llwn + 0 Awn By o mymiay) | < €

Proof. For any n € N, £ € D(A) we have
¢
<wn(t)+a2Awn(t),§>(D(A),’D(A)) = —u/o (wn(7) + & Aw, (1), AE) dr
¢
—/ <Pn§(wn,wn+oz2Awn)(T),§> dr
0
' OE(¢n) ) >
w [ (P (B2, ) ) a
+

= Jl

We proceed as for Proposition 2.4 by estimating each term. For J; we have, using Lemma 2.3 and
Theorem 2.1 (with k = 1), that there exists ¢; > 0 such that

T
E 171y o179 | < (6, P)E [ | (a0l + 0?0, (7)E) dr | 146 < clél

In order to estimate Jy, observe that by (iv) of Proposition 1.1 and Young inequality, we have

<Pn§(wn,wn+a2Awn),§> d = <§(wn,wn+a2Awn),Pn§

(D(A),D(A)) >(D(A)’7D(A))

IN

clwnlv (|wn‘2 + O‘2|Awn|2) |€|D(A)

By Lemma 2.3 and the bound given by Theorem 2.1, we deduce that there exists co > 0 such that

T
2
E |:||J2(')||%/V9vp([O,T];R)} < cE l/o w3 (Jwnl2 + a®| Aw,|o) dT} €Dy < c2lélDiay-

In order to estimate Js3, let us obverse that we have, by Holder and Sobolev inequalities ( which
works both in dimensions 2 and 3 )

SE(6,) > > <6E<¢n>>
Pn \Y n | — P" v n
< < 0o o)t (D(A),D(A)) 0 2| el €l
OE(dn)
< |5 196ulhoa el
0E (o,
< o[ ol lelon
< c“SE;Z’”) (1+ E(60))lElbea.
2

In the last inequality we used (1.3). Then, by Lemma 2.3 and the estimates in Theorem 2.1 (with
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k = 3), we deduce that there exists ¢3 > 0 such that

T SE (¢ i
E[”JS(')H%""”’([QT]%R)} = B /0 <Pn< 5(:;: )v¢n)’§>(D(A)'D(A)) v
T |6E(¢n) |”
< CE/O 5 2(1+E(¢n))2dT €D

< eslélbia

The term Jy is treated as done in (2.8). Then, provided 6 < 1/2, there exists ¢4 > 0 such that

T T P
P, (W (t) — W r t— sl
E (P Z) (W) () 2dsdt| < c(Tr[X*Y)])2 £ = sl e, dsdt < cs.
o Jo |t—5\1+9p |t S|1+0p

Finally, the results follows by taking into account the estimates obtained for Ji, Js, J3, Jy. O

Proposition 2.5. For any T > 0, 6 €]0,1/2[, p > 1 there exists ¢ = ¢(T,0,p) > 0 such that for
any n € N

E [qun||%/V9,p([0,T};L2(Q))] <c

Proof. For any n we have

0,0 = [ 70 (wa V) ar = [ = ( Sl >>) dr + (I D)W () = Ky (8) + Ka(t) + Ka(d).

We proceed by estimating each term. For K7 we have, using elementary inequalities

T T T
/ |70 (W, V) |§d7 < sup |wn|oo/ |V¢>n|§d7 <T sup |wn|§O +/ |V %d’]’.
0 0<t<T 0 0<t<T 0

Then by Lemma 2.3 and Theorem 2.2 we deduce that there exists ¢; > 0, independent by n such
that

T
E |:||K1(')H%V&p([oj];L%Q))} < <9, Q)A T (wn V) |§d7—

0<t<T

T
< Tc(@,?)E{sup |wn|§o}—|—c(0,2)E [ / V(;MédT]
0

< Tc(6,2)E { sup |wn|go} + cE
0<t<T

T
/O (1 +E<¢n<7>>>dr] <er.

In the last inequality we used (1.3).
For K5 we have, by Lemma 2.3 and Theorem 2.1, that for some ¢; > 0, independent by n, it
holds

2

<& || 3@

For the last term we have, by the gaussianity of E(W (t) — W'(s)) that there exists ¢ = ¢(p)
such that E[|(m,Z)(W'(t) — W'(s)[5] < ¢(Tx[E*Z]) 2|t — s|%. Then,

T /
l/ [ s dt] < )t [ [ e e

provided 6 < 1/2. Taking into account the estimates on K, Ko, K3 we obtain the result. O

(NS

19



In which follows, we denote by L2 ([0, T]; D(A)’) the space L?([0,T], D(A)") endowed with the
weak L? topology.

Lemma 2.6 (Tightness). For (wo,¢o) € D(A) x L*(Q) with ¢g = —1 on 0Q, T > 0, n € N, let
(W, ¢n) the solution of (2.1) in [0,T]. Then, for anyp > 2, p > 0, the laws of w,,n € N are tight
m
C([0,7; D(A™")) N LP([0,7]; V) N L3, ([0, T]; D(A)')
Moreover, for any o > 0, the laws of ¢,,,n € N are tight in
¢((0, T H~7(Q)) NLP([0, T]; H2(@)) N L2, ([0, T); (H(Q))").
Proof. The classical interpolation inequality
lwllmse < [lwllglwlf, — pe[0,1]
implies

—2
el 2 < il lwlfzs  p e (2,00

2
1+ 2
+P

Then, by Theorem 2.1 and Proposition 2.4 implies that (w,,), is bounded in
L7 (@17 (0, T]; H' 7)) N L2 (@ L2(0, T); D(A))) N L2 (2 W ([0, T]; 1))

for any p €]2,00[ and 6 < 1/2 such that 8p > 1. Taking into account Theorem [19, Theorem 2.1
and Theorem 2.2], for any p €]2, < co[ and 6 < 1/2 such that 6p > 1 the embeddings

wWor([0,T; H) = C([0,T}; D(A™"),  p>0
LY([o, THHY2) nWP([0, T]; H) < L (0, T V)
are compact. Moreover, we have that L?([0,T]; D(A)) is compactly embedded in the complete

metrizable space L2 ([0, T]; D(A)"). Then, the result follows by Prokhorov’s theorem.
In order to show the tightness of the laws of ¢, notice that by (1.8) there exists ¢ > 0,

independent by n, such that
T T
0E(¢n)
E / A%, |2dt / ‘
l 0 | |2 0 6¢

Taking into account Theorem 2.1, this implies that the sequence (¢,), is uniformly bounded in
L2(9; L2([0, T); H*(Q))) and then the laws of ¢,,,n € N are tight in the complete metrizable space
L2 ([0,T); (H*(Q))'). By the interpolation formula ||¢||mi+2» < ||6]l1"]|6]|%4 We deduce that for
some ¢ > 0

2

<cE

+1+ (E(¢))2> dt] .

2

-2 -2
1917 21 4 < 1 llzza ollfs < cllgllfn” (lolfe +14%13) . p>2.
oE

Moreover, by (1.3), (1.8), we get that for some ¢ > 0, p’ > 2 it holds
2
o))

Then, thanks to Theorem 2.1, we have that for any p > 2 the sequence (¢, ), is uniformly bounded
in LP (Q;LP([O,T];H2+%)), p>2.
Consequently, by Proposition 2.5 the sequence (¢y,), is bounded in

(¢n)

J6all” 4 < 1+ B(6)) <1 +]

L7 (@ 12([0, TIHZ*3)) ) N L2 (@ W2 (0, THLA(@)) NL2 (B TA(0, T Q) 0 < % p < oo,

endowed with the conditions ¢, = —1 on 0Q, A¢, = 0 on Q. Since by [19, Theorem 2.1 and
Theorem 2.2]) we have that the embeddings

WO ([0,T;L2(Q)) = C([0,T; H™7(Q)), o >0
L2 (0, T); B3 (Q)) n WOP([0,T]; L(Q)) < LP([0, T; H2(Q)),  6p > 2

are compact, the result follows by Prokhorov’s Theorem. O
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Theorem 2.7. Let (wo,do) € D(A) x L2(Q) with ¢g = —1 on 0Q. Then, there exists a proba-

bility space (Q,]}, P), two cylindrical Wiener processes W (t), Z(t) defined on (0, F,P), stochastic
processes
w € C([0,T]; D(A™) NLP([0, T; V) N L2([0, T); D(A)),  p>0,
¢ € ([0, T;H7(Q)) NLP([0, T];HA(Q)) NL*([0, T HY(Q)), o >0,
¢ € L([0, T, L*(Q))
and subsequences ( for simplicity they are not relabeled ) such that for any p < oo and P-a.s. the
solution (wpy, ¢n) of problem (2.1) with W (t) and Z(t) instead of W(t), Z(t) satisfies
(1) wp, = w  strongly in C([0,T); D(A™")), p>0
(i1) wp, = w  strongly in LP([0,T]; V), p € [1, 0]
(ii1) w, —w  weakly in L2([0, T]; D(A))
(iv) ¢ = @ strongly in C([0,T|; H7(Q)), o >0
(v) ¢n— & strongly in LP([0, T];H?), p € [1,00]
)
)
)

Proof. Taking into account Lemma (2.6), by Skorohod representation theorem and by a diagonal
extraction argument, there exists a probability space (Q,]} , }fn), two cylindrical Wiener processes
W (t), Z(t) defined on (Q, F,P), two stochastic processes w, ¢ such that the convergence conditions
in (i)-(vi) hold.

E
(vii). By Theorem 2.1, the sequence d 5(<l5n) are bounded in L(Q; L%([0, T]; L*(Q))). Then, by

arguing as for the previous point, the result follows by Prokhorov theorem and Skorohod theorem.

(viii) By the expression of f(¢,) it is sufficient to show that that P-almost surely A¢,, — A¢
and ¢> — ¢ strongly in L?([0,T]; L*(Q)). Indeed, the two limits follows by (v) and by standard
Sobolev embedding results. O

3 Proof ot Theorem 0.3

3.1 Existence

By Theorem 2.7 we know that there exist subsequences (wy, )y, (¢n)n converging P-a.s. to processes
(w, 6) € LA L2([0, T); D(4))) x L¥(% LA([0, T]; HA(Q))).

The rest of the proof will be splitted in several lemma : in Lemma 3.1, we will show that the
processes (w, @) satisfied (0.4). Then we will show that w, ¢ fulfill the definition 1.2 of a solution
for the abstract problem.

Lemma 3.1. Under hypothesis of Theorem 0.3, we have that (0.4) hold.

Proof. Let us show the first bound of (0.4). Let us notice that by the definition of the norm in
D(A?) it holds [|w| p(a-r) < [|w|lu, for all p > 0. By Theorem 2.7,

sup [lw(t)|[pa-r) = lim < sup ||wn(t)||D<Ap)> Sliminf< sup ||wn(t)||H>

=1
t€[0,T) n—=00 \ te[0,T) n—=oo \ te0,T)

By Fatou’s lemma and Theorem 2.2 we deduce that for any k > 0 there exists ¢ > 0 depending on
k, T, wg, pg such that

E
te[0,T] te[0,7

sup ||w§11 Sl%lni)ioréflﬁ sup ||wn|]ﬁ] <ec.
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With a similar argument it can be shown that for any k£ > 0 there exists ¢ > 0 depending on
k, T, wg, g such that

E

sup |@|%| < liminfE
tc[0,T] n—o0

t€[0,T]
which implies that the first bound in (0.4) holds. Let us show the second bound. Notice that by

Theorem 2.7 we have, P-a.s., that the limit (|[w, (£)|lv + [|¢n(t)|la2) AM — (Jw(®)|lv + [|6(E)||m2) A
M holds in LP([0,T1]), for all p > 1 and M > 0. Then, by Lemma 3.3 we have that the limit

OFE (o, SE(o(t
T (@l + 1600”2 80) D (e + 6(0) o) 31y 220
holds weakly in L%([0,T] x Q), for any M > 0. Then, for any M > 0,
! 2\ 1p2) |SE@O) [
[ (e + o nar) |20 g
0 2
T 2
<tmint [ ()l + 0,0 e 7 227) | 0D
n—oo g o 9
Letting M — oo, by monotone convergence we obtain
T SE 2 T SE(6,, 2
[ e = ot P29 < mint [ (ol + a0l [ LD o
0 2 0 2
Finally, by Fatou’s Lemma we get
~ T 2
B| [ (ol + ot | th]
. T 2
< lim nf l [ 1@l + a0 ey | 22220 th] <c

where ¢ > 0 is given by Theorem 2.1. By similar arguments we can show that there exists ¢ > 0
such that

T
E [/ (lw(®Iv + ¢ llu2)* (|Vw]3 + a®|Aw]3)) dt] <ec
0
To conclude the proof, it is sufficient to notice that thanks to (1.4) there exists ¢ > 0 such that
B(¢) < c(1 +|(t)[F2)- m

Lemma 3.2. Under hypothesis of Theorem 0.3, the limit processes (w, @) solve (0.3) in the sense
of Definition 1.2

Proof. Let us first show that (w, ¢) solve (0.3). Since w,, ¢, solves (2.1), it is sufficient to show
that the right-hand side of (2.1) converges to the right-hand side of (0.3).
Let &£ € L2([0,T]; D(A)). By Theorem 2.7, (iii) we have

T T
lim / (wn + a®Aw,,, £(t)) dt = / (w+ o Aw, &(t)) dt
0 0

n— oo

and

lim v /0 /O (w(r) + a? Aw(r), AE(t))drdt

n—oo

Tt
= 1// (/ (w(T) 4+ a® Aw(7))dT, AE(t))dt.
o Jo

lim v /0 ( /0 (wn(7) + a2 Awn (7))dr, AE())dt

n—oo
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Observe that by Proposition 1.1 (ii) it holds

< ( / ' |w<r>|2vdf>é ( / ' |u<f>|§ow>é ( / ' |§<t>|%<A>dt> N

L2([0,T): V) x L2([0, T}; L*(Q)) x L*([0,T]; D(A4)) — R

(w, u, ) l—>/ / (1)), f(t)>d7—dt

is continuous. Since by Theorem 2.7 we have that P-a.s. w, — w strongly in L?([0,T];V),
that w, + o?Aw, — w + o®Aw weakly in L*([0,7];L*(Q)) and clearly P,& — ¢ strongly in
L2([0,T]; D(A)), we deduce that

(7)), g(t)> drdt

This implies that the trilinear form

lim </ PuBlansw + %, ) () () t
n=oo (D(A)',D(A))
= li s W + 2 Awy ) (1), Po&(t drdt
nl—>néo/ / (wn, wn + 0% Awn ) (7), Pog( )>(D(A)’,D(A)) g

E w, w + o2 Aw) (1), E(t drdt
/0 /0 ( )¢ )>(D(A)’7D(A))

as n — co. Finally, it is easy to see that P-a.s. it holds

lim OT </Ot(Pn2)dVT/(r),g(t)> dt = /OT </Ot de(r),g(t)> dt.

In order to complete the proof, we need the following

Lemma 3.3. We have, P-a.s.

lim OB(én(t) _ SE(S(1)) weakly in L2([0, T]; L3(Q))

nooo 00 8¢
e . SE(6a(t)) _ IE(6(1)) o, )
lim P, < 3 ) =5 weakly in L2([0, T]; L2(Q)).
Proof. Let us prove the first limit. By (vii) of Theorem 2.7 we have to show that { = 6qu;( ))

Let g € C5°([0,T] x @Q;R). We shall show that

SE(én)
o0

T T
/ (A%, (t), g(t)) dt — / (A%(1), g(1)) dt
0 0

by (vi) of Theorem 2.7. Similarly,
T
im 3(t) — 3
Jim [ (AW - 0u0).00) = [ (620~ onle), Ao
T
— [ (@0 - o.a <>>dt—/ (AG(H) - 6(), 9(1)) dt
0 0

By the expression (1.2) of we have to identify each limit. Indeed, if we have
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thanks to (v) of Theorem 2.7. Moveover, by Theorem 2.7, (v), (viii), the limit

T

T
lim [ (363 — 1)f(6n), g(t)) dt = / ((36° — 1)1(6),g(t)) dt

n—oo 0

holds. For the last term, we have to show that

T

Jim [ 806, (@a0).000) dt = [ BG6,(0) (1600, a(0) at ()
Since B(¢y) = %|V¢n|§ + i|¢i —1J2, by (v) of Theorem 2.7 we deduce that B(¢,) — B(¢) in

LP([0, T];R), for any p € [1,00[. On the other side, by (v) of Theorem 2.7 we have f(¢n)g — f(¢)g
as n — oo in LP([0, T];R). Then, we deduce that (3.1) holds.
The second limit is obvious since for any g € C5°([0, T]xQ; R), P,g — g strongly in L2([0, T]; L*(Q))

and then
i [ (o (L) oo — [ (SO 1)

n—oo n—roo

_ /O ! <5E E;’;(t)) , g(t)> dt.

By the previous lemma and by (vii) of Theorem 2.7 we get that

/Ot P, <5E((§;(7))> Vén(r)dr — /Ot (SE((;Z(T))ng(T)dT

strongly in L2([0, T); L?(Q)). Then, in particular, the convergence holds weakly in L>([0, T]; D(A)).
So, we have show that w solves the first equation of (0.3). Let us show that ¢ solve the second
one. Let us observe that by Theorem 2.7, ¢,, — ¢ strongly in L?([0, T]; H?(Q)). Moreover, since
wy, — w strongly in LP([0,T]; V), it easy to show that the limit

t

lim T (W V) (T)dr = /0 (wV ey )(T)dT

n—oo 0

holds in L2([0, T]; L*(Q)). Finally, it is clear that

lim_ OT </Ot(7TnE)dZ(T),§(t)> dt = /OT </Ot EdZ(T),g(t)> dt.

holds P-a.s. Then, (w, ¢) is a solution of (0.3).
It remains to verify that (w, ) satisfy all the other conditions of Definition 1.2. Continuity of
w + a?Aw, ¢. Notice that since w + a?Aw, ¢ solves the stochastic differential equation (1.1),
then w + a?Aw € L2(9;C([0,T); D(A)")) and ¢ € L*(Q;C([0,T];L*(Q))). The fact that ¢, w are
adapted to the filtration F; is obvious, been ¢, w a.s. limit of adapted processes.

It remains to show that ¢, w are continuous in mean square. Indeed, by Ito6 formula 2.2 we
deduce,

E [lwn(t) = wa(to)l3 + 0?|V (wa(t) — wn(to)) 5] < E / v(IVwnl3 + | Awn[3)ds
VE /t OE(¢n)

1
OB (961, s + STr](mB)* (I +024) " ()t — to)
t
gIE/ ([ Vwn 2 + a2| Awn [2)ds
t

2

oo

t
+E /
to

SE(¢n) IVonly [wn|vds + }Tr[(E*(I +a?A)TIE)(t — to).
5 |, 2
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Notice that we have used the property <B(w7 w + azAw), w> = 0. Moreover, by Theorem 2.7 and

the bounds in (0.4) we can apply Fatou’s Lemma to get, as n — oo
t
E [lw(t) —w(to) |3 + a*|V(w(t) — w(to)) 3] < ]E/ v(|Vwl3 + o |Aw[3)ds
to
)
e []20
to

06
Then, the continuity in mean square for w follows. In a similar way (we omit the calculus, which
are standard) we get the continuity in mean square for the process ¢. O

Vol fulvds + S TH(E" (T + a2A) 2]t — to).

2

Corollary 3.4. Under hypothesis of Theorem 0.3, we have

", (OE(¢n(T)) _ (" 9B(¢(7)) , ,
Jm [P, <6¢>> dr _/0 o ar L (0.TRAQ)). p € [l
3.2 Uniqueness

Theorem 3.5. Under Hypothesis (0.1 for any initial condition (wo, ¢o) € D(A) x L*(Q) there exists
a unique solution (w, ) to equation (0.2) such that for any T > 0 and P-a.s.

r , |0E
/0 <|w<t>|v+ S @)

2
+ []f2 + A2¢|§> dt < oo (3.2)
2
Since the the proof of this result is quite the same as in [34], for the reader’s convenience we
only give here the main ideas.

Proof. By Theorem 2.7 and Theorem 3.1, there exists at least a solution (w, ¢) satisfying (3.2).
As usual, consider two solutions of the system (w1, ¢1) and (waq, ¢2) with the expected regularity
stated before, and consider the difference (w, ¢) = (w1, ¢1) — (w2, Pp2) between these two solutions.
We shall show that (w1, ¢1) = (w2, $2) on the full measure set

2T , |0E
{;/O (lwz'(t)lva ‘&b(@(t))

As in [31], we write

2
+ [¢ilfe + |A2(bl|§> dt < oo} . (3.3)
2

——(¢) = M(¢) + N(¢),

where

M(¢) =A% —Ad+ ¢

oE
= @((iﬁ)—M(d))-

Let us set G(¢) = |A¢|3 + |Vé|2 + |¢[3. The proof of the following lemma is easy and it is left to
the reader.

N(9)

Lemma 3.6. The function G(¢) defines a norm equivalent to the H?(Q) norm. That is, there
exists C' > 0 such that it holds

1
Gllolte < G(9) < Cldllie, Vo€ H(Q)

Moreover, it holds

/0 G(6)dt = / (M(@).¢)dt, Ve L2(0.TEHYQ)) N {p: 6 = Ad =0 on 0Q).
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For any 9 € L?([0,T]; D(A)), the couple (w, ¢) satisfies

d <w + o?Aw, 17> = <<—VA(’LU + o Aw), 17> + <—§(w1, wy + o Awy) + E(wg, wo + o Aws), 17>

+(M(¢1), Vo1 - 0) — (M(¢2), V2 - 0) + (N(¢1),¢1 - 0) — (N(2), Vo - 7)) dt in [0,7] x @,
d¢ = (—w1 - V1 + w2 - Vo — M(¢) — N(¢1) + N(¢2))dt in [0,7] x Q,
w(0) =0 in Q,
#(0)=0 in Q.

Let us look at the second equation. By multiplying with M (¢) and integrating over [0,t] x Q we
find

560600 =~ [ w1~ s Voumonas— [ ({2520~ E8 i) ) as 2.

Here we used the fact that F(¢;) < oo implies ¢; € H?(Q) ( see (1.3) ). Moreover, notice that
¢ =A¢ =0 on 9Q and (3.2) holds, then we can apply the integration by parts in Lemma 3.6.

Since w; € L2([0,T]; D(A)), we can set & = w in the first equation. By integrating over [0, #] x Q
we find

1 t
(WO + a?|Vu®)) + V/ (IVwl3 + o?|Aw]3) ds
0

:/Ot (<—§(w1,w1 + o? Awy) + E(wg,wg + a2Aw2),w>) ds

({00

:/Ot <§(w,w + a2Aw),w2> ds + /Ot ((M(¢1)Vp1 — M(¢2)Vo,w))ds

t
+ [ UN@)T0 — N(02) Ta.u)) ds
0
Here we have used the properties of B ( see Proposition 1.1 ) which yield
<§(w1, wy + a2Aw1),w> — <§(w2,w2 + agAwQ,w> = — <§(w,w + aQAw),w2> )

By adding (3.5) and (3.4) we get

1 t t t

3w+ Vu@ B+ IGR) v [ (TuP +a?AuB) dsty [ M@)fds = [ Flw,o)ds
0 0 0

where

Fw,d) = (Blw,w+a?Aw)wy) + (M($1) V1 — M(62)Vos, )
— (w1 - Vo1 —ws - Vo, M(9)) + (N(¢1)Vd1 — N(¢2) V2, w)
=Y (N(¢1) = N(d2), M(9))

As in [34], we have to estimate each term of F(w, ¢). A key role is played by the following result,
which is similar to Lemma 5.2 of [34]. The main difference is that in [34] the solution ¢ belongs to
C°([0,T]; H?). In our case, we are able to prove only ¢ € LP([0, T]; H?).

Lemma 3.7. Let ¢y, ¢o € H*(Q) such that ¢; +1 = Ag; = 0 on 0Q, i = 1,2. Then there exists
c > 0, independent by ¢1, ¢o such that

IN(¢1) = N(¢2)]2 < ¢ (L+ ||o1 |52 + |o2]1%2) [|61 — @212 (3.6)
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Proof. By (1.2) we can write

N(¢) = —A¢° +2A¢ + 3¢° f(¢) — f(9) — ¢ + M1(A(9) — a) + Ma(B(¢) — b) f ().
Then

7

IN(61) = N(¢2)l2 < |A(S = 63)]2 + 2[A(¢1 — d2)|o + 3|97 f(d1) — 93F (d2)]2 +
+(1 4 Mab)| f(¢1) — f(@2)]2 + |1 — P2l2 + M1|A(d1) — A(d1)]2 +
+Mz|B(o1) f(¢1) — B(g2) f(d2)l2 =1 + ... + I7.
Let us proceed by estimating each term. For I, we set ¢ = 2 + ¢p1¢o + ¢3. . Using Poincaré

inequality, it holds |¢i|cc < (1 + Cp|d;i|mr), i = 1,2 where Cp > 0 is the Poincaré constant. We
deduce that there exists ¢ > 0 such that

2 2
[Bloe < D [$ilocldiloe < D (14 Cpllillus) (1 + Cpllgyllar) < e(L + [[allfn + d2llf)- (3.7)

ij=1 ij=1

2

Similarly, since |V¢~>| < Z |||V ;| by Poincaré inequality and the Sobolev embedding HY(Q) C
i,j=1

L*(Q) there exists ¢ > 0 such that

2

2
Vola < D 16ileolVoila < D (14 CplIVeillu) IVl

i,j=1 i,j=1
2
< D 1+ Cpldillue)llgillue < (1 + el + ldallfe)- (3-8)
i,j=1

2 2
Moreover, since A¢ = Z Apipj) = Z (A¢i)p; + Vo,V + ¢i(Ag;)), still using the Poincaré

i,j=1 i,j=1
i<J 1<j

inequality and the Sobolev embedding H'(Q) € L*(Q) we get

2

|Adly < Z (126il2|85]00 + [Vila|V5la + |hiloc| Ads12)

IN

Lo
2
Z (1A¢il2(Cplld;llar +1) + [[dillnzlld;llu2 + (Crll¢illar +1)|Ad;l2)

s~
H

< (+H¢1IIH2+II¢2II%2) (3.9)

where ¢ > 0 is independent by ¢1, ¢2. By taking in mind (3.7),(3.8), (3.9) there exists ¢ > 0 such
that

o

|A(¢0)]2

(86)dl2 + 2|V - Vla + [6(Ap)2

|AB1210]0c + 2V S|4 VOla + [¢]oo| A

(1 + [l¢1 1 + lld2llfi) (1Al2 + [Vla + [¢]o0)

c(1+ [[o1lffez + [[d2llFi2) |61 — dollne-

In the last inequality we have used the Sobolev embedding H'(Q) ¢ L*(Q) and the Poincaré

inequality |¢1 — ¢2|oc < Cp|d1 — da|mr. For Io, we have clearly Iy < ¢|¢1 — ¢a|gz. For I3 we can
write

I = |A(¢F — ¢3)|2

VAN VAN VAN VAN

Iy = 3|67 f(d1) — 03f (02)|2 < 3|97 (f(¢1) — F(92))l2 + 3l(61 — 63) f(d2)]2 = J1 + Jo.
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For J;, we have

J1 < 3|12 | f(01) = f(@2))|2 < 3lo12 (|A(P1 — d2)|2 + 6] — P32 + |d1 — ¢al2).

With a similar calculus done for I;, we have |¢3 — ¢3]a < |@|oo|d1 — d2l2. Then, using Poincaré
inequality there exists ¢ > 0 such that |5 — ¢3|a < c(1+ ||¢1]|Fn + |#2]|7:) |1 — ¢pal2. Then, for
some ¢ > 0 independent by ¢1, ¢2 we obtain

Ty < e(L+[101F) X+ ol + l@2llf) 61 — dolle-
For Jy, since H*(Q) C L%(Q) we have

3|1 — P2loo|d1 + d2loo (A2l + |dald + |¢2]2)
cllgr = dallm (1 + [l + l@2llu) (lo2lla + o2l + d2l2)

Jo <
<

Finally, using Young inequality repeatedly, we find that for some ¢ > 0 it holds
Iy < c(1+ || dullfse + I d2llfr2) llé1 — dollm.
For I, we can perform a calculus as done for J; to obtain, for some ¢ > 0
Iy = (14 Mab)|f(¢1) — f¢2)l2 < (1 + (|61l + lld2llfr) ¢1 — d2llme-
Clearly, for I and Is we have
Is+1s = |1~ 2|2+ M| A(1)~ A(¢2)]2 < [$1 2|2+ M1[QI"*|A(1—2)| < (14+M1|Q])|d1— 2l
For I7,

I; = Ms|B(¢1)f(p1) — B(d2)f(92)l2

B(¢1)|f(¢1) — f(d1)l2 + [B(d1) — B(p2)||f(h2)l2
= Ki+ K5

IN

1 1
For K3, since B(¢) = §|V¢|§ + 1|¢2 — 1|3 we have

1 1 1 1
B(on) < 3IVo1l3 + (1l +1QD) < 51Vo13 + (o1l + Q).

Then, there exists ¢ > 0 such that B(¢1) < c(1 + ||¢1]/5:)- In order to estimate |f(¢1) — f(d2)2
we can argue as done before for the term J; to obtain

[f(01) = F(d2)l2 < c(U+ [l oallfn + p2llfin)fr — dollm2

Then, by using Young inequality repeatedly, there exists ¢ > 0 such that

Ky < c(L+ o]z + @2l 161 — o2llue-
Before consider Ks, let us observe that by the expression of B(¢;) we have
1
|B(¢1) — B(¢2)| < V(g1 — ¢2), V(o1 + ¢2))| + 1 [(p1 — ¢2, (61 + d2) (6] + 05 — 2))]
1
< H<Z51 Gallmr (| o1 [ + D2 lr) + 1@1 — ¢ola|(d1 + ¢2) (67 + ¢3 — 2)|2.

| = DN =

By Young inequality ab® < a?/3 4 2b%/3 we get (¢1 + ¢2)(d? + ¢35 — 2) < 265 + 205 + b1 + ¢o.
Therefore, the last expression is bounded by

1/2
IQI (

|B(¢1) — B(¢2)| < |1 — d2llm <||¢1 + ollm + ——— (|1]3, + 2|d2|2 + P12 + |¢2|oo)> .
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Since by Poincaré inequality we have |¢;|oo < |¢i + 1|oo +1 < Cpl|¢:|lmr + 1, we deduce that there
exists ¢ > 0 such that

B(¢1) — B(¢2)| < cllgr — d2llm (1 + [l ]l + 2l d2l)

Moreover, since f(¢) = —Ad + ¢(¢* — 1) and the continuous embedding H'(Q) C L°(Q) holds,
there exists ¢ > 0 such that

[f(¢2)|2 < [A¢al2 + [d2lg + [p2]2 < [[d2llie + [@2[fn + [p2]2 < (1 + [[d2][Fe)

By the previous results, we deduce that for Ko we have

Ky < cllér = d2llim (1 + 61lf + 2l d2lln) (1 + [[d2]l2)

Then, for some ¢ > 0 independent by ¢;, ¢o we obtain the bound

Ky < cllgpr — ¢ollmr (1+ llon 5 + |o2lfe) -

Taking into account the estimates on K; and Ks we get that for some ¢ > 0 we have

Ir < c (14 ||o1ll%e + ll¢2ll%e) 61 — ¢ollue.

Finally, taking into account the estimates on Iy,...,I7, we get that there exits ¢ > 0 such that
(3.6) holds. O

By arguing as in [34] (see equations (60)—(67)), the term F(w, ¢) is bounded by

Fw,¢) < Cel| Vol il Awe |y + &l|lw + o* Awl|;
+e|wlfy + C=| M (¢1)[3]|¢l 72
+E|M(9)[5 + Cellwn I3 |¢ll72
+E[|lwll + CeIN(¢1)[3]| 01132
+E[|lwlly + CelN (1) — N(¢2)[3]l 22
+E|M(9)[5 + Cz|N(¢1) — N(¢2)[3,

where £ > 0 can be chosen arbitrarly and C:z > 0 depends only on € > 0. By (3.6) there exists
¢ > 0 such that

Flw,¢) < 3wl + 28|M ()15 + &llw + o® Awlly + Ce|| V||| Aws|l;
+(Ce(IM (91 + willY + [N (@13 + c(1 + |62[F) (1 + I pallfe + I 02llf)) llolFe-
0E

3¢
depending only on £ such that

Since |N(¢)|a <

(szﬁ)‘ +|M(¢)|2 and [M(9)|2 < c(|A%l2 + [|¢]lu2), there exists c1,c2 > 0,
2

Flw,¢) < 3elwly +28|M(¢)|5 + llw + o Aw|[f; + Cz|| V|| F || Aw |1
SE 2
%(%

2
3 ||lwlf3 + 28| M (9)]5 + &llw + o Aw||

~

+er <|A2¢1§ + [lwi | + +1+ 61 + ||¢>2||§12> 91l

IN

~

SE 2
+co <IA2¢1§ + [lwr |13 + @(dn + lp1 Ml + llp2llfz + 1) (G(9) + llw|lf + || Vw|F)
2

Consequently, for € small enough, it holds

2 2

N —

T T
(lo(t)} + 2| Vu(t) + C(&)(1) + / M (6) 3t + 7 / (IVw(t) + o?|Aw(t) 3) dt
0 0

< %/0 H(t) (lw(t)[5 + ®|Vw(t)]3 + G(4)(t)) dt.
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Here, H (up to a multiplicative constant) is explicitly given by

2

oF
~— +lnlfe + llo2lfe + 1.
2

50 (¢1)

A%6,12 4 w3 +\

T
By the conditions (3.2), the quantity / H(t) dt is bounded. Then we can apply Gronwall’s lemma
0

to deduce

[w(t)3 + a®[Vw(t)]3 + G(¢)(t) <0
which implies (w1, ¢1) = (w2, ¢2) on the full measure set defined in (3.3). O
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