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Planck's law of radiation describes the light emitted by a blackbody. This law has been generalized in the
past for the case of a non-blackbody material having a quasi Fermi-level splitting: the lattice of the
material and the carriers are then considered in an isothermal regime. Hot carrier spectroscopy deals
with carriers out of the isothermal regime, as their respective temperatures ( ≠ )T TH

e
H
h are considered to

be different than that of the lattice ( )TL . Here we show that Fermi–Dirac distribution temperature for each
type of carrier still determine an effective radiation temperature: an explicit relationship is given in-
volving the effective masses. Moreover, we show how to determine, in principle with an additional
approximation, the carrier temperatures ( )T T,H

e
H
h and the corresponding absolute electrochemical po-

tentials from photoluminescence measurements.
& 2016 Elsevier B.V. All rights reserved.
1. Introduction

The spectral distribution of light emitted by any piece of matter
brings a wealth of information. At thermal equilibrium, it is de-
scribed by Planck's radiation law [1] and it informs on the ab-
sorptivity (hence the electronic structure of the material) and
temperature. This law has been generalized by Lasher and Stern
[2], De Vos and Pauwels [3] and Würfel [4] for materials in quasi-
equilibrium. This so called “generalized Planck's law” describes the
emitted photon flux from electron and hole populations, where
carriers can still be described by a Fermi Dirac distribution (i.e.
temperature and chemical potentials can be defined) and which
are at the same temperature. This equation has been applied with
success to determine absorption [5–7], quasi-Fermi level splitting
[8,9] or temperature [10–12] with direct applications in photo-
voltaic research [13–15].

This law is currently being used to measure the quasi-Fermi
level separation in excited semiconductors and has therefore a
considerable potential to be used in, e.g., investigations on pho-
tovoltaic effect by luminescence analysis [9,16–18]. Photo-
luminescence experiments are often carried out under high
and Development of Photo-
6 quai Watier, 78401 Chatou,

belli).
excitation, conditions where thermal equilibrium of carriers with
the lattice is not always valid, and, because they relax at different
rates, the thermal equilibrium between the electrons subsystem
and the holes subsystem is not always valid either. Such situations
are commonly encountered in recent scientific studies (transistors,
diodes, hot carrier solar cells, etc.) [19–23] including hot topics
such as carrier relaxation in 2D materials such as graphene [24–
27] and dichaocogenides [28].

In order to investigate the properties of hot carriers in a wide
range of different semiconducting devices, luminescence analysis
has been widely used to estimate the energy distribution of the
carrier population [10,12,29–35].

In luminescence experiments, a light beam generates electron–
hole pairs in the material and the light emitted by the sample by
carrier recombination is recorded as a photoluminescence spec-
trum. Assuming a constant temperature and electrochemical po-
tential in the probed region of the sample, this photoluminescence
spectrum obeys the generalized Planck's law [2,4]:
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where ω is the energy of the emitted photon, ω( )A the energy
and excitation [13] dependant absorption of the semiconductor, Ω
the solid angle for emission, nop the optical index of the semi-
conductor, c0 the velocity of the light in vacuum, kB the Boltzmann
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constant, T the temperature of the semiconductor and μΔ the
quasi-Fermi level splitting written as an electrochemical potential
difference.

From the photoluminescence spectrum, a spectral shift in-
dicates a change in the lattice temperature, the intensity is related
to the quasi-Fermi level splitting and the slope at energies close
but higher than that of the peak shows the emission temperature
variation. Indeed, Planck indicates [1] that the temperature in-
cluded in his radiation law is an emission temperature, defined as
that of a body in equilibrium with the radiation.

The temperature of the carrier is a true challenge for the
community, theoretically and experimentally. While some con-
sider that a same temperature describes the electrons and the
holes that are in thermal equilibrium [21,36–39], others think that
the holes, having a higher effective mass, are always close to the
lattice temperature [40] and that only electrons are hot, or that the
majority carriers are fully thermalized whereas only the minority
ones are hot [21]. Apart from the value of these temperatures, it
remains a hard task to know the meaning of the temperature in
the generalized Planck's law in non-equilibrium conditions, and
especially to determine which carrier is mostly affected by hot
carrier effects.

Here we propose a more complete analysis, where the radiation
law is written with electron and hole populations which are not at
the same temperature.

Indeed we show the expression of the generalized Planck's law
for different electron and hole temperatures. This law enables us
to verify the different assumptions made about the nature of the
individual hot carrier population and offers new perspectives in
advanced optical characterization of materials. The effective mass
ratio appears to be the critical parameter that relates the radiation
temperature to the two carrier temperatures. The usefulness of the
developed expression is discussed for the case of hot carrier solar
cells since the knowledge of the two carrier temperatures is a key
point towards the development of energy selective contacts.
Fig. 1. Energy reference used in this work.
2. Theory

2.1. General expression

The transition from Planck's law to its generalized expression
has been done by Lasher and Stern [2] and later by de Vos and
Pauwels [3] and Würfel [4]: their method roots on the balance
between the absorption, spontaneous and stimulated emission of
the semiconductor. These general expressions depend only on the
transition matrix element and on the Fermi–Dirac distribution of
carriers. In the presence of hot carriers, as the lattice remains
constant and close to ambient temperature, the transition matrix
elements are the same as in the absence of hot carriers, as the
density of states is the same. Using very general expressions of
Fermi–Dirac distributions, namely f f,V

e
C
e as the distributions of the

electrons in the valence and in the conduction band respectively,
Würfel [41] gives the expression of the photoluminescence in-
tensity:
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where the general distributions for electron and for holes are re-
spectively:
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where Ee h, is the energy of the electron (hole), μe h, the electro-
chemical potential and T e h, the temperature.

Using these distributions leads to the general expression of
Planck's law with two temperatures:
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where ω( )A is considered to be the same spectral absorptivity
than that appearing in Planck's law, as can be inferred by setting

= =T T TH
e

H
h , =E EFn Fp and ω− =E Ee h .

If = =T T TH
e

H
h and ω− =E Ee h , expression (1) is recovered. In

expression (2) because of the different temperatures, the energy of
the electron Ee and hole Eh have to be expressed explicitly.

Rather than using quasi-Fermi levels, the energies of the car-
riers will be expressed relatively to their electrochemical potential
μ μ,H

e
H
h [41]. In order to express the energies of the electron Ee and

hole Eh, a known energy reference has to be determined. This re-
ference is classically the vacuum energy; for the semiconducting
materials considered here, the middle of the energy gap seems to
be much more appropriate. The different energies are shown re-
lative to this reference in Fig. 1.

Since an energy reference has been defined, it is possible to
determine the energy of the electrons and holes for different
material structures, and therefore write a generalized Planck's law
for non-equilibrium carrier for semiconductor in permanent re-
gime [42].

In this work, we suppose that the bands are isotropic and
parabolic and the energy reference is taken at the mid-gap around
Γ in the Brillouin zone. So the energy of the conduction and va-
lence band edges are =E E /2c G and = −E E /2v G respectively.

2.2. Generalized Planck's law expressions

The dispersion relation of a bulk semiconductor gives the en-
ergy of the electron in the conduction band Ee and that of the hole
in the valence band Eh, with m m,e h the effective mass of the
electron in the conduction band and of the hole in the valence
band respectively, k the wavevector for the considered radiative
transition:

= + = − −E
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knowing that ω− =E Ee h :
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substituting k in the electron and hole energies above gives the
joint states:
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introducing these last expressions in expression (2) the emitted
photon flux of a bulk material in the presence of hot carriers
writes
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This law describes the luminescence of semiconducting mate-
rial out of equilibrium with electron and hole reservoirs with
different thermodynamic fundamental quantities.

Similar expressions can be found when considering bulk ma-
terial confined in 1 or 2 dimensions. For the quantum well struc-
ture (see Appendix A), the generalized Planck's law is given by the
following expression:
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In a quantum wire the generalized Planck's law writes (see
Appendix A):
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Applying the method presented in Appendix A will lead to a
general form of expression (2):
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where C was defined previously in expression (6), and ε a function
of the hot temperatures of electrons and holes and depending on
known parameters (effective masses, constants, confinement en-
ergies, etc.).

By replacing TeH and ThH with T in all the above given expressions
of the generalized Planck's law with two temperatures (expres-
sions (2)–(5)), the new expression obtained is the generalized
Planck's law of expression (1). The developed formalism is thus in
accordance with the classical results.

Comparing the generalized Planck's law with two different
temperatures (2) with the generalized Planck's law of expression
(1) shows the relationship between the effective temperature TH,
the effective quasi-Fermi level splitting μΔ H , and the absolute

parameters μ μT T, , ,H
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3. Results and discussion

3.1. Effective masses ratio and carrier temperatures

We now draw some general discussions that can be obtained
even when the temperature of each carrier type is not known.

The emission temperature as a function of the carrier tem-
peratures can be written as (see Appendix B for details):

α α= + ( − )
( )

T

T

T
T

1 1
10

H

H
h

H

H
e

introducing = =x T T y T T/ , /H H
h

H H
e , we obtain

α
α

= −
− ( )y

x1
1 11

with

α =
+ ( )

m

m m 12

e

e h

  α( ) ∈ × ⟹ ∈ ] [ ( )+⁎ +⁎m m, 0, 1 13e h

This relationship is illustrated in Fig. 2, where we plot the ratio
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e for different couples of

⎛
⎝⎜

⎞
⎠⎟α, T

T
H

H
h
.

In order to study which carrier has a temperature close to the
emission temperature according to the value of the effective mass
ratio α, we will consider here ( ) ∈ [ ] × [ ]x y, 0.5, 2 0.5, 2 . This can be
safely assumed at least when the excitation power is not too large.
Indeed, under low injection = =T T TH

e
H
h

L. Increasing the excitation
saturates the relaxation channels leading to a partial decoupling of the
temperatures. In these regions three different cases can be identified:

� If α ∈ ] ]0, 0.05 and x is allowed to vary, ∈ [ ]y 0.95, 1.03 , that is,
the emission temperature is mainly due to the hot temperature
of the electrons as the variation between the emission tem-
perature and that of the electrons is between 0.03% and 0.05%.



Fig. 2. Carrier and emission temperature variations with the effective mass related
quantity α, expression (11). The colormap at the bottom is the projected surface
plot, showing the variation of carrier and emission temperatures according to the
legend of the colorbar. The line plot is the projection of the surface plot, showing
the variation of TH

TH
e with α. (For interpretation of the references to color in this

figure caption, the reader is referred to the web version of this paper.)
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This is shown on the projected line plot of Fig. 2: for α close to
zero, all line plots converge to 1, indicating ≃T TH

e
H .� If α ∈ [ [0.95, 1 and y is allowed to vary, ∈ [ ]x 0.95, 1.03 and the

emission temperature is mainly due to the hot temperature of
the holes; this case is symmetric to the first one listed here.

� If α = 0.5, then = −y x2 : equal effective masses does not imply
that carriers are at the same temperature, as shown on the

projected colormap in Fig. 2: at α = 0.5, the variation in T

T
H

H
h

induced a change in T
T

H

H
e , indicating that the carriers do not have

the same temperature.

For all other effective mass ratio it is not possible to conclude
about a clear relationship between one type of carrier temperature
and the emission temperature.

This can be shown in an alternative way, by rewriting expres-
sion (8) as:
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giving the ratio of the carrier temperatures versus the effective
mass ratio and the ratio between the temperature of the electrons
and the emission temperature. This expression confirms the
properties of the three domains indicated above as it is shown in
Fig. 3.

Now if we look at real cases of materials listed in Table 1, only
InAs can be considered containing hot electrons and cold holes
because α is very close to 0.05. For the two other materials, re-
porting the value of α in Fig. 2, the electrons have probably a
higher temperature than the emission temperature, and the holes
are also heated, but at a lower temperature than the emission
temperature ( < < < )T T T TL H

h
H H

e .
For the materials developed for hot carrier solar cell applica-

tions [43,39], the value of α is typically between 0.01 and 0.5; as
electrons have a smaller effective mass than the holes, they get a
higher share of the energy of the incident photons. If the cooling of
electrons is slower or identical to that of holes, electrons then have
a temperature above the emission temperature, whereas the holes
are colder. As it turns out, this is the case in hot phonon bottleneck
where cooling rates increase with the effective mass [44].

Because we describe situations where energy is brought to the
electronic system, we have the following relationships, where TL is
the temperature of the lattice:
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where ω〈 〉 is the average energy of the incident photons per
photon. Moreover, unless Auger processes are particularly effec-
tive, the temperature ( )T Tmax ,H

e
H
h is usually bounded by the excess

energy given to the electron–hole pairs ( ω − EG in the case of
photoluminescence); even if one carrier gets all, there is a limit:
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.

These temperature relative values can be studied qualitatively as
functions of the absorbed light power, since at low incident photon
flux the thermalization is rapid whereas at high incident photon
flux the thermalization slows down due to the phonon bottleneck
effect. Indeed many different experimental works have shown that
the observed emission temperature TH grows with the absorbed
power [29,12,32], as shown with the black bullets in Fig. 4.

Following up with the discussion above, two limiting cases can
be considered: (1) = =T T TH

e
H
h

H and (2) ≃T TH
h

L, one carrier gets
virtually all excess of energy. These cases are depicted in Fig. 4, by
respectively the thick line for case (1) and the dashed line elec-
trons and the dotted line for holes in case (2). Between these two
extreme cases, = =T T TH

e
H
h

H and = =T T 300 KH
h

L , all combinations
verifying ≥T TH

e
H and ≤T TH

h
H are possible. For example we have

shown one of these possibilities in Fig. 4 with the squares standing
for the hole temperature and stars for the electron temperature.

In Fig. 4, if we consider that the isothermal emission tem-
perature follows the thick line whereas the electron and hole
temperatures are represented by the stars and the squares re-
spectively then we can identify two regions of interest:

A. In region A the temperature of the holes is very close to the lattice,
≃T TH

h
L. With this assumption, expression (8) can be rewritten as:

⎛

⎝
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⎞

⎠

⎟⎟⎟⎟α
α

=
−

−
−T T

T T
T

1

1
1

H max
e

H
H L

L

,

Region A starts from low power where = = =T T T TH
e

H
h

H L to the

point where < ⪡α
α−

− − 1T T
T

T T
T1

H L

L

H L

L
: the temperature of electrons can

be considered to be the same as the emission temperature.
B. In region B, ≥T TH

e
H and ≤ ≤T T TC H

h
H: both carriers are sig-

nificantly heated.

This first theoretical insight into the different electron and hole
temperatures and their variation with the absorbed light power
enables us to show the different regimes occurring during heating
both carrier types. The lightest carriers heat first and carry more
heat than the heaviest ones.



Fig. 3. Second representation of the relationship between emission temperature and carrier temperatures, expression (14).

Table 1
Effective mass ratio for three classical III–V hot carrier materials.

Material (· )m me
0 (· )m mh

0
α

InAs 0.023 0.41 0.053
Ga0.47In0.53As 0.041 0.45 0.083
InP 0.08 0.6 0.117

Fig. 4. Variation of the temperatures with the absorbed light power: the thick
curve corresponds to the emission temperature = =T T TH

e
H
h

H (case 1), the dashed
and dotted curves represents the electron and hole temperatures respectively
when = =T T 300 KH

e
L (case 2), and the stars and squares are a possible electron and

hole temperature shape of the material (see text). Here α ≤ 0.5. The vertical line
represents the limit where the temperature of electrons can be considered equal to
the emission temperature and corresponds to ⪡α

α−
−

1
TH TL

TL1
. For α = 0.5, the theo-

retical maximal achievable carrier temperatures given in expressions (17) and (18)
= =T T 2166 KH max

e
H max
h

, , , in accordance with the displayed results.
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3.2. Determination of absolute electrochemical potentials

The literature about hot carriers generally make some as-
sumptions not only about the temperature, as explained in the
introduction, but also on the electrochemical potential of each
carrier type. The most common of them is to consider that elec-
trons and holes have same effective masses and same dynamics, so

μ μ= ± = ± μΔ
H
e

H
h

2
H are equal (or symmetric, according to the choice

of the energy reference), and equal to half of the electrochemical
potential difference given in the classical generalized Planck's law.
Starting from the expression (9) giving the relationship be-

tween the electrochemical potential difference of the classical
generalized Planck's law (expression (1)) and the parameters of
each type of carrier, two cases will be studied. Here we consider a
material of InGaAsP in which hot carrier have been observed [33].
The model taken here is the bulk generalized Planck's law with
two temperatures, so that:
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In the experimental conditions, electrons and holes are gener-
ated and recombine together, therefore, electroneutrality holds. It
writes:
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Appendix C shows that this electroneutrality can be combined
with expression (9) giving μΔ H to have only temperature de-
pendant absolute electrochemical potentials:
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Let us consider first the case of identical electron and hole ef-
fective masses, =m me h. Under the assumption

= ( + )T T T T T2 /H H
e

H
h

H
e

H
h , and the expressions (20) and (21) become:



Fig. 5. Variation of electrochemical potentials with the carrier temperature at an
emission temperature of =T 800 KH , and μΔ = 0.6 eVH for an InGaAsP alloy, with

= = =m m m m E0.069 , 0.47 , 0.7 eVe
o

h
o G .
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Expressions (22) and (23) are not equal, because ≠T TH
e

H
h . If the

assumption of a same hot temperature of electrons and holes is
added to the assumption of equal effective masses, then = =T T TH

e
H
h

H

and μ μ μ= = Δ /2H
e

H
h

H . So the classical assumption made about the
electrochemical potentials is quite verified only if same effective
masses and same temperature of both carriers are considered.

Coming back to expressions (20) and (21), we will consider now
different effective masses and different carrier temperatures. From
the literature [45] we take = = =m m m m E0.069 , 0.47 , 0.7 eVe

o
h

o G ,
corresponding to InGaAsP III–V semiconducting alloy.

Fig. 5 represents the variations of the absolute electrochemical
potentials μ μ,H

e
H
h as a function of the temperature of the holes ThH,

for a typical illumination (see Ref. [33]). The absolute electro-
chemical potentials vary only with one temperature, because that
of the other carrier type is given by expression (8). From Fig. 5 it
can be inferred that the absolute chemical potentials are very close
for =T 300 KH

h . For holes hotter than =T 300 KH
h , the absolute

electrochemical potential of electrons increases to reach
μ = 0.4 eVH

e at = =T T 800 KH
h

H whereas that of the holes decreases

to μ = 0.2 eVH
h at = =T T 800 KH

h
H . The electrochemical potentials

are not equal, even if the carriers are supposed to be in an iso-
thermal regime at = = =T T T 800 KH

e
H
h

H .
Hence, all 4 thermodynamic parameters describing the two

carrier populations can actually be determined from luminescence
experiment as a function of a single parameter: the temperature of
one of the two carriers. It is not possible to determine a priori its
value, as the carrier temperatures T T,H

e
H
h are related to the re-

laxation dynamics of the system and depend on the asymmetry of
the thermalization rates of electrons and holes.
3.3. Implications in hot carrier selective contacts design

Hot carrier solar cells involve carrier distribution in thermal
non-equilibrium [21]. In order to take advantage of the hot carrier
effect, the excess of kinetic energy of the carriers has to be con-
verted into electrical energy in energy selective contacts [46].
Whereas some experimental works show suitable structures for
hot carrier energy selective contacts [47–49], the role of each
contact is not yet clear, mainly because of the different assump-
tions about the temperature of the carriers.

Indeed, as long as the effective mass parameter α is lower than
0.05 in the studied materials, the hot carrier effect can be seen
even if only the energy selective contact for electrons is designed.
The emission temperature measured by the generalized Planck's
law (TH in expression (1)) slightly depends on the hole
temperature.

For α< <0.95 1, only one energy selective contact for holes
needs to be designed, because the emission temperature is mainly
due to the holes and the temperature of the electrons is unknown.

For α< <0.05 0.95 one type of carrier may be hotter than the
emission temperature and the other colder. So two types of energy
selective contacts are needed.

Moreover, the considerations about the symmetry of the ab-
solute electrochemical potentials show that they are highly de-
pendant on the temperature of the carrier. That is, the energy
selective contacts of the hot carrier solar cell has to be designed
accordingly.
4. Conclusion

Planck's radiation law has been previously generalized to
semiconducting light emitting materials, which behave differently
from pure black-bodies. This approach was focused on an iso-
thermal case implying a thermal equilibrium between the carriers,
the lattice and the radiation. With this work we have the clear
relationship between the emission temperature and the Fermi–
Dirac distribution temperature of each carrier type.

Remarkably, the generalized Planck's law still yields a single
radiation temperature and radiation chemical potential, even
though the material system is actually defined by three tempera-
tures (electrons, holes and lattice) and two chemical potentials.
Boundary values are given for each of these parameters. Moreover,
if the effective mass and the emission temperature are known, we
show that estimates of temperatures and electrochemical poten-
tials can be obtained from photoluminescence spectra.
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Appendix A. Generalized Planck's law for different parabolic
band structures

A.1. Method

Whatever the dispersion relation, it is possible to write a
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generalized Planck's law with different electron and hole tem-
peratures starting from expression (2), and writing:
� the k-dependant energy of the electron Ee and of the hole Eh

relative to a reference energy Eref and with known parameters
(effective masses, constants, confinement energies, etc.);

� from ω− =E Ee h , the expression of k as a function of ω;
� substituting k in the energies of the electron Ee and of the hole

Eh with the ω expression found at the previous step;
� replacing Ee and Eh with these new expressions in relation (2).

A.2. Quantum well

For the quantum well structure, the dispersion relationship is
considered only between the ith and the jth levels and their re-
spective confinement energies:
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With these expressions, the generalized Planck's law for a
quantum well structure is given by the expression (4):
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A.3. Quantum wire

In a quantum wire, the energy of the electron in the ith con-
duction subband at energy Eic and of the hole in the jth valence
subband at energy Ejv which are involved in a radiative inter
subband transition are given with the respective confinement
energies:
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substituting kx in the electron and hole energies above:
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With these expressions, the generalized Planck's law for a
quantum wire writes:
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For quantum well and quantum wire, only the fundamental
transitions in the confinement directions have been considered;
the reader has to be aware that for other transitions the absorption

ω( )A is highly modified.
Appendix B. Carrier temperatures and effective mass ratio
relationship

The emission temperature is given from the generalized
Planck's law with two temperatures as:
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Appendix C. Electroneutrality and μΔ H

For a 3D density of states under parabolic band approximation,
the electroneutrality is given by:
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that is, for the electrons:
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this last expression can be introduced in the expression (9) giving
μΔ H:
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to give:
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Doing the same work on the holes and substituting the effec-
tive masses by α lead to the expressions given in the section about
the electrochemical potentials.
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