N
N

N

HAL

open science

Trotter product formula and linear evolution equations

on Hilbert spaces On the occasion of the 100th birthday
of Tosio Kato

Hagen Neidhardt, Artur Stephan, Valentin A Zagrebnov

» To cite this version:

Hagen Neidhardt, Artur Stephan, Valentin A Zagrebnov. Trotter product formula and linear evolu-
tion equations on Hilbert spaces On the occasion of the 100th birthday of Tosio Kato. 2019. hal-

01971610v1

HAL Id: hal-01971610
https://hal.science/hal-01971610v1

Preprint submitted on 7 Jan 2019 (v1), last revised 28 Jan 2020 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01971610v1
https://hal.archives-ouvertes.fr

Trotter product formula and linear evolution
equations on Hilbert spaces

On the occasion of the 100th birthday of Tosio Kato

Hagen Neidhardt, Artur Stephan, Valentin A. Zagrebnov

Abstract The paper is devoted to evolution equations of the form

%u(t) =—(A+B(1)u(r), te€Z=10,T],

on separable Hilbert spaces where A is a non-negative self-adjoint operator and B(-)
is family of non-negative self-adjoint operators such that dom(A%) C dom(B(t)) for
some ¢ € [0,1) and the map A~ *B(-)A~* is Holder continuous with the Holder
exponent 3 € (0,1). It is shown that the solution operator U(z,s) of the evolution
equation can be approximated in the operator norm by a combination of semigroups
generated by A and B(¢) provided the condition 8 > 20 — 1 is satisfied. The conver-
gence rate for the approximation is given by the Holder exponent 3. The result is
proved using the evolution semigroup approach.
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1 Introduction

A closer look to Kato’s work shows that abstract evolution equations and Trotter
product formula were topics of high interest for Kato. Already at the beginning of
his scientific career Kato was interested in evolution equations [16, 17]. This interest
has lasted a lifetime [18, 19, 20, 21, 26, 27, 29]. Another topic of great interest for
him was the so-called Trotter product formula [23, 24, 22, 28]. Even the paper [23]
has inspired further developments in this field [15].

The topic of the present paper is to link evolution equations with the Trotter
product formula. To this end we consider an abstract evolution equation of type

du(r)

ot
C(r) =A+B(1),

=—C()u(r), u(s)=x, s€[0,T), teT:=[0,T] (1.1)

on the separable Hilbert space §). Evolution equations of that type on Hilbert or
Banach spaces are widely investigated, cf. [1, 2, 4, 3, 7, 29, 31, 32, 43, 44, 45, 46,
47,48, 51, 52, 53, 55, 56] or the books [5, 49, 54]. We consider the equation (1.1)
under the following assumptions.

Assumption 1.1
(S1) The operator A is self-adjoint in the Hilbert space $) such that A > I. Let
{B(¢) };c7 be a family of non-negative self-adjoint operators in §) such that
the function (I +B(-))~' : T — L($) is strongly measurable.
(S2) There is an & € [0,1) such that for a.e. r € Z the inclusion dom(A%) C
dom(B(t)) holds. Moreover, the function B(-)A~%* : T — L($)) is strongly
measurable and essentially bounded, i.e.

Co :=esssup||B(-)A™ % < eo. (1.2)
tel

(S3) The map A~ *B(-)A~%:Z — L($) is Holder continuous, i.e, for some
B € (0,1) there is a constant L g > 0 such that the estimate

HAia(B(t) _B(s))AiaH < La,ﬁ|t_s|ﬁ7 (I,S) GIXI, (13)
holds. A

Notice that under the assumption (S2) the operator C(¢) is also an invertible non-
negative self-adjoint operator for each ¢t € 7. Assumptions of that type were made
in [13, 14, 34, 35, 56]. One checks that the assumptions (S1)-(S3) and the addi-
tional assumption 8 > ¢ imply the assumptions (I), (VI) and (VII) of [56] for the
family {C(r)}cz. Hence, Proposition 3.1 and Theorem 3.2 of [56] yield the ex-
istence of a so-called solution (or evolution) operator for the evolution equation
(1.1), i.e., a strongly continuous, uniformly bounded family of bounded operators
{U(#,9)}¢59ea> A = {(t;5) €T xT:0<s5<t<T},such that the conditions
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U(t,t)=I, for teZ,

1.4
U(t,r)U(r,s)=U(t,s), for t,rns€Z with s<r<r, 14

are satisfied and u(r) = U(¢,0)x is for every x € §) a strict solution of (1.1), see Def-
inition 1.1 of [56]. Because the involved operators are self-adjoint and non-negative
one checks that the solution operator consists of contractions.

The aim of the present paper is to analyze the convergence of the following ap-
proximation to the solution operator {U (¢,5) } ;. 5)ca- Let

s=i10 <11 < ... <ty <ty:=t, tj:=s5+j=2, (1.5)

j=1{0,1,2,...,n}, n € N, be a partition of the interval [s,?]. Let

1—s 1—s
Gj(t,s;n) =e e n B j=0,1,2,....n,

Va(t,8) :=Gn_1(t,5:n) Gy (t,550) X -+ - X Ga(t,5;n)Go (1, 531),

(1.6)

n € N. The main result in the paper is the following. If the assumptions (S1)-(S3)
are satisfied and in addition the condition 8 > « holds, then the solution operator
{U(#,5)}1,5)ea of [56] admits the approximation

R
esssup [Va(t,5) ~U(t,5)| < =5, neN, (1.7)
(t,5)€A n

with some constant Rg > 0. The result shows that the convergence of the approxi-
mation {V,(t,s)} s)ca is determined by the smoothness of the perturbation B(-).

If the map A~ *B(-)A~%* : T — L(9) is Lipschitz continuous, then the map is of
course Holder continuous with any exponent y € (a, 1). Hence from (1.7) it imme-
diately follows that for any y € (o, 1) there is a constant Ry such that

R
esssup ||V, (1,5) —U(t,s)]| < =, neN. (1.8)
(1,5)eA nt

In particular, for any Y close to one the estimate (1.8) holds.
In [14] the Lipschitz case was considered. It was shown that there is a constant
X5 > 0 such that the estimate

1
esssup|[Va(t,0)— U(0)| < 15122 o3 (1.9)
tel

n

holds. It is obvious that the estimate (1.9) is stronger than
Ry
esssup||V,(¢,0) —U(#,0)|| < —, neN.
teZ n¥

(which follows from (1.8)) for any y independent of how close it is to one.
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To prove (1.7) we use the so-called evolution semigroup approach which allows
not only to verify the estimate (1.7) but also to generalise it. The approach is quite
different from the technique used in [14, 56]. We have successfully applied this
approach already in [34] and [35]. The key idea is to forget about the evolution
equation (1.1) and to consider instead of it the operators Ko and K on £ = L? (Z,9).
The operator K is the generator of the contraction semigroup {Uy(7) } ek, »

Uo(D)) (1) ==zt =) f(t =), fELXTH), (1.10)
and K is given by
K =Ko+ B, dom(K)=dom(Ky)Ndom(B),

where B is the multiplication operator induced by the family {B(¢)}cz in L*(Z, )
which is self-adjoint and non-negative, for more details see Section 2. It turns out
that under the assumptions (S1) and (S2) the operator /C is the generator of a con-
traction semigroup {U(7)};er, on L*(Z,$). For the pair {Ko, 3} we consider the
Lie-Trotter product formula. From the original paper of Trotter [50] one gets that

s-lim (efglcoefﬁs)”:e*ﬂc, T e Ry :=10,00), (1.11)
n—soo

holds uniformly in 7 on any bounded interval of R, . Since e~ "0 =0 and e~ =0
for T > T one gets even uniformly in 7 € R;..

Previously it was shown that under certain assumptions the strong convergence
can be improved to operator-norm convergence on Hilbert spaces, see [9, 10, 15,
38, 42] as well as on Banach spaces, see [11]. For an overview the reader is referred
to [37]. To consider the Trotter product formula for evolution equations is relatively
new and was firstly realized in [34, 35] for Banach spaces.

In the following we improve the convergence (1.11) to operator-norm conver-
gence. We show that under the assumptions (S1)-(S3) and 8 > 2a — 1 there is a
constant Rg > 0 such that

z _Ip\" _
sup (efnlc"e nB) —e K

TeRy

<P neN, (1.12)

holds.

It turns out that KC is the generators of an evolution semigroup. This means, there
is a propagator {U (t,5)} (1 s)cay» Ao := {(t,5) € To x Lo : s < t}, Ly = (0,T], such
that the contraction semigroup {U/(7) = e~} ;cg, admits the representation

UDN@) =Vt =D)xz(t=0)f(t=7),  feL}T,9). (1.13)

We recall that a strongly continuous, uniformly bounded family of bounded opera-
tors {U(t,5) } (1.5)ca, is called a propagator if (1.4) is satisfied for Zy and A instead
of 7 and A, respectively. Roughly speaking, a propagator is a solution operator
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restricted to Ag where the assumption that U(z,0)x should be a strict solution is
dropped. Obviously, the notion of a propagator is weaker then that one of a solu-
tion operator. For its existence one needs only the assumptions (S1) and (S2), see
Theorem 4.4 and 4.5 in [34] or Theorem 3.3 [35]. Of course, the propagator coin-
cides with the solution operator of [56] if the assumptions (S1)-(S3) are satisfied
and § > o.

By Proposition 3.8 of [37] and (1.12) we immediately get that under the assump-
tions (S1)-(S3) and B > 2o — 1 the estimate

esssup ||V, (¢,5) = U(z,s)

Rp
(t,5)€A¢ n

holds, where the constant Rg is that one of (1.12). Notice that the condition B>
2o — 1 is weaker than 8 > «, i.e., if B > «, then > 2a — 1 holds. If o satisfies
the condition # > o > f3, then the assumptions (I), (VI) and (VII) of [56] for
the family {C(¢)}<z are not valid but nevertheless we get an approximation of the
corresponding propagator {U (¢,5) } ;.s)ca-

The results are stronger than those in [34, 35] for Banach spaces. In [34] a con-
vergence rate O(n’(l3 ’0‘>) was found, whereas in [35] the Lipschitz case has been
considered and the rate O(n~(1~®)) for o € (%,1) was proved.

It turns out that the result (1.7) can be hardly improved. Indeed in [36] the simple
case ) := C and A = 1 was considered. In that case the family {B(¢)};c7 reduces
to a non-negative bounded measurable function: b(-) : Z — R which has to be
Holder continuous with exponent 8 € (0, 1). For that case it was found in [36] that
the convergence rate is O(n’ﬁ) which coincides with (1.7). For the Lipschitz case
it was found O(n~") which suggests that (1.8) and (1.9) might be not optimal.

The paper is organised as follows. In Section 2 we give a short introduction into
evolution semigroups. For more details the reader is referred to [33, 34, 39, 40].
The results are proven in Section 3. In Section 3.1 we prove auxiliary results which
are necessary to prove the main results of Section 3.2.

Notation: Spaces, in particular, Hilbert are denoted by Gothic capital letters like
£, &, etc. Operators are denoted by Latin or italic capital letters. The Banach space
of bounded operators on space is denoted by L(+), like £(£)). We set R, := [0, ).
If a function is called measurable, then it means Lebesgue measurable. The notation
“a.e.” means that a statement or relation fails at most for a set of Lebesgue measure
zero. In the following we use the notation esssup; ;) c4 Or esSsup(; )< ,- In that case
the Lebesgue measure of R? is meant.

We point out that we call operator K to be generator of a semigroup {e~"*} ;cr s
see e.g. [41], although in [12, 25] it is the operator —/C, which is called the generator.
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2 Evolution semigroups

Below we consider the Hilbert space & = L?*(Z,$)) consisting of all measur-
able functions f(-) : Z — $ such that the norm function ||f(-)|| : Z — Ry is
square integrable. Further, let D be the generator of the right-hand sift semigroup
on L*(Z,9), i.e.

(eirDOf)(t):%I(t_f)f(t_f)v ter T€R+a fGLZ(I,ﬁ)
Notice that e=*?0 = 0 for © > T. The generator Dy is given by

(Dof)e) =2 f10),
f € dom(Dy) =W, *(Z,9) = {f € W"*(Z,9) : £(0) = 0}.

@2.1)

We remark that Dy is a closure of the maximal symmetric operator and its semigroup
is contractive.
Further we consider the multiplication operator A in L? (Z,9),

(Af)(1) :=Af (1),

fedom(A) = {f cL*(Z,9):

f(r) €dom(A) forae.r€ I}
Af(t) € LX(Z,9).

If (S1) is satisfied, then A is self-adjoint and A > I;» (.9)" For the resolvent one has
the representation

(('A_Z)ilf)(t) = (A_Z)ilf(t)v tely, fe LZ(I,f)), zZ€ p('A) :p(A)7

and the corresponding semigroup {e~*A};cg, is given by

(e ™ Af)(t)=e f(t), t €L, f€L*(Z,H), TER,. 2.2)

TA

Notice that the operators e~ "0 and e~ ™A commute. Let us consider the contraction

semigroup
Up(t) :=e P ™A TeR,. (2.3)

Obviously, the semigroup {Uo(7)}rer, admits the representation (1.13). Due to the
maximal L?-regularity of A, cf. [6], its generator Ky is given by

Ko:=Do+ A, dom(Kyp):=dom(Dy)Ndom(A).
Further we consider the multiplication operator B, defined as
(Bf)(1) :=B(t) (1)

€ dom(B) = {fGLZ(I,.V)) : f(t) € dom(B(t)) forae.? GI} . (2.4)

B(1)f (1) € L*(I.9)
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If (S1) is satisfied, then B is self-adjoint and non-negative. For the resolvent we have
the representation

(B=2)"'f)t)=B(t)—2)"ft), feL*L,9), z€Cx,

for a.e. t € Z. The semigroup {e~ "5} ;cg . » admits the representation

(e Bf)t) = ™Vf(), feL*I,9),

forae.t €Z.
By [34, Proposition 4.4] we get that under the assumptions (S1) and (S2) the
operator
K:=Ko+8B, dom(K):=dom(Ky)Ndom(B),

is a generator of a contraction semigroup on L?(Z, §)). From [34, Proposition 4.5] we
obtain that /C is the generator of an evolution semigroup. Because K is a generator
of a contraction semigroup it turns out that the corresponding propagator consists of
contractions.

If{U(t,5)}(s5)ca, 1s @ propagator, then by virtue of (1.13) it defines a semigroup,
which by definition is an evolution semigroup. It turns out that there is a one-to-one
correspondence between the set of evolution semigroups on L*(Z,$)) and propa-
gators. It is interesting to note that evolution generators can be characterize quite
independent from a propagator, see [33, Theorem 2.8] or [34, Theorem 3.3].

3 Results

We start with a general observation concerning the conditions (S1)-(S3).

Remark 3.1 If the conditions (S1)-(S3) are satisfied for some @ € [0, 1), then they
are also satisfied for each o’ € («t, 1]. Indeed, the condition (S1) is obviously satis-
fied. To show (S2) we note that dom(A%) C dom(A%) C dom(B(r)) for a.e.r € T.
Using the representation

B(1)A~% = B(1)A—*A~ (@'~ (3.1)

for a.e. 1 € Z we get that the map B(-)A~% : T —s L£(§) is strongly measurable.
Further, from (3.1)

Cor :=esssup ||B(1)A™% || < esssup||B(1)A~%| = Cq < o.
tel tel

Moreover we have
|A~* (B(t) — B(s))A™* || < [|A*(B(t) — B(s))A"*|| < Lg glt — 5P,

(t,s) € T x T, which shows that there is a constant Ly g < L, g such that
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|A=% (B(t) — B(s))A™%|| < Loy glt — 5P (1,5) € TxT.

holds for (¢,s) € T x . A

Since A is self-adjoint and non-negative, one has ||Ae~"|| < 1/1” for any T €
Ry and y € [0, 1]. Then by virtue of (2.2) and of (1.10), (2.3) one gets the estimates

_— 1 _ 1
|ATe™™ 4| = [l AAT| < — and [|ATe™"0)| = -0 AV < = (3.2)

3.1 Auxiliary estimates

In this section we prove a series of estimates necessary to establish (1.12). The
following lemma can be partially derived from [34, Lemma 7.4].

Lemma 3.2 Let the assumptions (S1) and (S2) be satisfied. Then for any y € [et, 1)
there is a constants Ay > 1 such that

A — A
||A7e’”c|\§r—;/ and He*”CA?’HgT—Z, >0, (3.3)

holds.

Proof. The proof of the first estimate follows from Lemma 7.4 of [34] and Remark
3.1. The second estimate can be proved similarly as the first one. One has only to
modify the proof of Lemma 7.4 of [34] in a suitable manner and to apply again
Remark 3.1. (]

Remark 3.3 Lemma 2.1 of [14] claims that for the Lipschitz case the solution op-
erator {U (t,5) }(;5)ea of (1.1) admits the estimates

sup (r—s9)?||ATU(t,5)|| <o and  sup (r—s)?|U(t,s)AY|| < oo
(1,5)ea (t,5)€A

for y € [0,1]. Proposition 2.1 of [36] immediately yields that the corresponding
evolution semigroup {U(7) = e~ *} g, satisfies the estimates (3.3) for y=1. A

Now we set
T(t)=e %0 ™8 1eR,. (3.4)

Notice that 7(7) =0fort >T.

Lemma 3.4 Let the assumptions (S1) and (S2) be satisfied. Then for any v € [, 1)
the estimates

AT (T(r) —U(2)[| < 2G4t and ||(T(7) —U(2) A7 <2C7,  (3.5)

hold for T > 0, where
Cy:=esssup ||B(1)A77||. (3.6)
tel
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Proof. The proof of the first estimate follows from Lemma 7.6 of [34] and Remark
3.1. The specific constant 2Cy is obtained following carefully the proof of Lemma
7.6 of [34]. The second estimate can be proved modifying the proof of the first
estimate in an obvious manner. (]

Lemma 3.5 Let the assumptions (S1)-(S3) be satisfied. Then for any y € [a, 1) and
B € (0,1) there is a constant Z,, g > 0 such that

AT (1) —U(D) AT < Z,p7 ", TER,, 3.7
holds where > := min{y, B}.

Proof. We use the representation:

ie*(T*UVCe*U]COe*GB :ef(rfa)lC {K:erICO _ erICOK:O _ efchOB} eftrB

do
:ef(rfU)IC {BE*UICO _ efchOB}efaB

which yields
e Tk {BeiG}CO — eiG}COB} e B
:(ef(rfc)lc _ ef(rfo)zco){Befozco _ efchOB}(efaB o
ef(rfo)zco{Befozco _ efazcog}(efas o
(ef(rfa)lC _ ef(rfa)lCO){BerlCo _ erICOB}_'_
ef(rfo)zco{Befozco _efazcog} _
Hence, we obtain the identity
A Ve (T-0K {Befazco _efolCOB}efaBAfy
:A77(67(776>K - ef(rfgmo){li’e*‘”co - eiU}COB}(e%’B DA+
ef(ffc)’COA*y{Befclco - eiGKOB}(efaB —AT+
Aok _ef(rfc)lco){gefcﬂco _echlOB}Afy_'_
e (o g 1] pemoKa_ goKoph 47

which leads to the estimate
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HAfyef(PG)}C {BeiG’CO - eiU’COB} eiGBA*VH <

A V(e (0K _ ef(rfc)’Co){Be*G’Co - e*"’COB}(e*"B - I)A”'HJr (3.8)
e (0 4 1 Be o _ - oKap ) (o8 _p) 4]+ (39)
AY(e 0K _ ef(rfc))Co){BeftﬂCo _ e*"’COB}A*"HJr (3.10)
e,(rfg)}coAfy{Be—cﬂCO_efcrICOB}_Af}'H (3.11)

Note that by (3.2) and (3.6) one gets

le~oX0B]| =lle <0 ATATB| < o 7| ATB] = Cyo 7,

(3.12)
1Be 0| =[[BATTAYe 70| < 67| BATY| = Cyo 7,
for o > 0. Due to (3.12) one estimates (3.8) as
HAfy(ef(rfo)IC _ ef(rfo)lco){gefcﬂco _ e*UICOB}(e*UB _I)AfyH
<2Cy077 HA*V(MT*G)’C — e (Ko|l[|(e=oB — I)A*VH.
Since the fundamental properties of semigroups and (3.6) yield
H(e"’B—I)A’yH <|BAY| 6 <Cyo, cER,, (3.13)
and
At ok k)| < g(c-0), oeRy,
we get for (3.8) the estimate
HAfy(ef(rfc))C _ ef(rfa)lCo){Becho _ echOB}(efaB _I)AfyH
(3.14)

<2 Cf,al”’(r— o), 0<o<r.

To estimate (3.9) we recall that A and Xy commute. Then by (3.6) one gets

97(170)K0A77{3676’C0 — eiGKOB} (eiGB - I)AfyH

(3.15)
2C|(e °F-NAY|<2Cjo, 0<o<Tt,
where (3.13) was used for the last inequality.
To estimate (3.10) we have
HAfy(ef(rfc))C _ ef(rfa)lCo){Becho _ echOB}‘AfyH
(3.16)

LGJAT(e TR (K0 <2 C2(r-0), 0<o<T
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To estimate (3.11) we use the representation
Aﬂ'{Be*G’CO - eiG’COB}Aﬂ
:AfyB(e*"A - I)Afye"’DO - e"’DOA*V(e"’A —DBA "+
AfY{BefaDO — eiGDOB}Afy ,
that yields
|4 7{Be Ko —e-Kapl a1
§HA*7’B(e*"A DAY

+ HA*V(e*"A - I)BA*VH+
HAﬂ'{Be*GDO — eiGDOB}AfyH .
Then by (3.6) and by semigroup properties one gets
C
|48 A —na| < 7%?, ceR,,

and c
HA*V(("A - I)BA’VH < 7%7, GER,.

The last term is obtained by using (S3) (for o substituted by ) and the definitions
(2.1), 2.4):

HA”’{Be"’DO —e*"DOB}A’VH <oPL,5, oceER,.
Summing up one finds that
- —-oK —-oK - ZCY B
HA Y{Be 0_e OB}A 7H§767+L”;c, GeER.. (317
Using the estimates (3.14), (3.15), (3.16) and (3.17) we get
HAfyef(rfcr)IC{BefaKo_efaKOB}efaBAfyH
31—y 2 2 ZCY Y B

<2Cy0 (T—O‘)+2C70'+2Cy(1—0')+76 +Lygo
236!t — 2., 26y oy B
=2C,0 "(t—0)+2C, T+ 7 o’ +Ly,go”,

or returning back to its derivative
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"Afy%ef(rfcr)lcefolcoefaBAfyH
<2C6'7 22+ 271 40P D<o <
<2Cy0 '(t—o0)+ YH—TG +Lygo”, 0<o<rt.

Since
A7V(e ™0™ _ oY 477 = /TAfyief(T*G)’Ce*G’COef"BAfde
0 do ’

we find the estimate

Afyief(rfo)lcefcﬂCoefGBAfy"dG,

—v(,—™Ko ,—tB _ ,—1K 7}/H</
HA (e e e AT < Io

T
0

which yields the estimate
HAfy(efrICOefrB _efr)C)AfyH

v 20 L,
SZC;/() Gl Y(T—G)dO"FZC}Z,TZ-FWTIJFY'F%ThLﬁ

or after integration:
HAfy(efrlcoefrB _ efrIC)‘AfyH

3

< 26,
“2-1@-7

If ye[a,1)and y < f < 1, then one gets

2C L

3—y 2.2 Y 1ty v.B _1+B

T +2C, T+ T+ =" TeR,.
v Aty 1+ "

HA*Y(e*T’COe*TB _ e*T’C)A*VH (3.18)

203 2C L
o (it NS I Vo P b Bt S LR A PR
((2—?’)(3—?’) 4 (I+y)y 1+B )

T € R, which immediately yields (3.7).
If ye [a,1) and 0 < B < 7, then one can rewrite it as

HA*V(e*”COe*fB YA H (3.19)

203 2C L
S 7’)/127’)/713 +2C2117B + 7777713 + Lﬁ Tl+ﬁ,
<(2—7)(3—7) v (I+7)y 1+p

7 € Ry, which shows (3.7) for this choice of y and f3. (]

Remark 3.6 Fory € [o,1) and ¥ < B < 1 we find from (3.18) that
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3
23

2C L
Zgim —— 1 v VB By (3.20)
T2 G-y)

(I+y)y 1+B
Fory € [a,1) and 0 < B < v we get from (3.19) that

T> 2 42077 +

203 2C L
A" — T To2y L s B (s
N P T Y (1+7)y 1+p

Here Cy := esssup,c7 ||BAY||, see (3.3), and L, g is the Holder constant of the
function A"VB(-)A™Y: T — L(9), see (S3).

Lemma 3.7 Let the assumptions (S1) and (S2) be satisfied. Then
JAYWU(T) = T (1) AY| < (1% + 1) Y, teR., (321

foryea,l).

Proof. We use the representation
UT)—T (1) =e ™ —eop e=o(] — ¢~ 75)
which yields
ATU(T) =T (1) A = AV (e — e ) AT 4 ATe o] — e TB) A7
Using the semigroup property we obtain for the first term the representation:
AT~ _ =Koy 47 = _ /TAyef(rfx))CB‘A—ye—xICde'
Jo

Hence, by (3.3) and (3.6) one gets

T
A (e = e AT < [ A I BATdx <
0

T A,C.
A,C dx =LY gl-7 3.22
YY/O (T_x)yx 1_77 (3.22)

To estimate the second term we use the inequality
| ATe ™0 (1 — &%) A7|| < [|ATe o (1 — e B)AT].
Using (3.2) and (3.13) we estimate the second term as
[AYe (I —e YA < Cp Tt T (3.23)
Now the estimates (3.22) and (3.23) yield (3.21). (I

Lemma 3.8 Let the assumption (S1) be satisfied. If for each y € |a, 1) there is a
constant My > 0 such that
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M
|AYT (7)) < (mry)y, meN, TeR,, (3.24)

holds for T (T) defined in (3.4), then

JA°T (2)"| < ——, meN, (3.25)

holds for o € [0,7] and 6 :== ¢ /7.
Proof. 1f (3.24) is satisfied, then

S
I(T ()" A7 < %, meN,

CO
holds, which is equivalent to
S ¥
AT (0)"(T (7)) AT < (’WT;” meN,

or
2

TOMT(E ) < b AP men

Let & € (0,1). Using the Heinz inequality [8, Theorem X.4.2] we get

28
g MV —20y

< (m’c)257 , méeN.

(T(ey"(T(m))")
Since 7 (7)™ (T (7)*)™ is a self-adjoint contraction we get

)
T(e)"(T(e))" < (T(@"(T(2))") ", meN,

which yields
M26

T(2)™(T (7)) < (m;zéyfrm, m € N,
or 20

APVT (T)™(T (7)*)mASY < (mgz 57 MEN
Therefore, one gets

M5
H(T(r)*)mAéyH < (mrgﬁy’ meN,

or
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Setting & = o/7y we obtain the proof of (3.25). O

Lemma 3.9 Let the assumptions (S1) and (S2) be satisfied and let y € (a,1). Then
there is a constant My > 0 such that

AT ()" <

L 2., (3.26)

L
-

holds forany T >0 if T € (0,L) andn > ng where ng := L(Z( S+ 1DC) YT +1

and | x| denotes the largest integer smaller than x.

Proof. Let My > 0 be a constant which satisfies the inequality

A 1 7
5Ay+2 (ﬁ-ﬁ- 1) CyMyT' Y —— +4A My B(1— o, 1 =) T < My
- n

(3.27)
for n > ng. Here constants Ay and Cy are defined by Lemma 3.2 and Lemma 3.4,
respectively, while B(-,-) denotes the Euler Beta-function. (Note that such My > 0
always exists, see Remark 3.10 below.)
Let m = 1. Then by (3.2) and (3.4) we get

1 A M
14 7,— Ko B el 4 _7

for T > 0 and, in particular, for T € (0,7 /n). Hence (3.26) holds for m = 1.
Let us assume that (3.26) holds for [ = 1,2,...,m — 1, withm < n, i.e.
[AYT (2)!]| < I (3.28)
— (lr)ry7 = K

for 7 € (0,7 /n). We are going to show that (3.28) holds for / = m. To this aim we
use the representation

U(r)" Zu "R U~ T ()T (D), m=23,...,
which implies
T(o)" Zu "R U ~ T ()T (0)F, m=23,....
Hence
AT (1) = A"U(t Z AU R U(2) = T (2) T (o)

or
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AYT (2)" = AU(T)" — ATU()" (U(7) — T (7))
— AYU() =T (1)) iﬂu 1k (1) — T(2)) T(2)k.
for m = 3,4, .... This yields the inequality
IAYT (2)" | < AU (2)" || + | AU (2)" ! (U (7) = T (2)]|+ (3.29)

m—2
JAYWU(7) = T ()T ()" I+ Y AU U () = T() T ()|
k=1

form =3,4,.... From Lemma 3.2 we get the estimates
A
UT)"| < —=~ =23
||V4 ( ) || —_— (m,r)y7 m ) ) b

and consequently:
2Ay 4Ay
< )
((m=1)7)r = (m1)¥

Then summing up estimates for the first two terms in the right-hand side of (3.29)
we obtain

[ATU()" (U(1) — T (2))]| < m=23,....

AU+ AU ) - T < ok

m=2.3,.... (3.30)

Next we get for the third term in the right-hand side of (3.29) the estimate
A" U(T) =T ()T ()" || < | AYU(T) = T(2) A P |IIAYT (7)™,

m=2,3,.... Then using Lemma 3.7 we find that
A
AT @)~ T ()T ()" < (1%7“) e AT (@, m=23,...

By assumption (3.28) this yields

AU () =T ()T (2)" | < (%4—1) Mycymrw, m=273,...

for T € (0,7 /n), which leads to

_ A 2 _
JAT @ (2) = T () T (x)" || < (%ﬁ 1) MyCypsy® 7 m=2.3,....
(3.31)
Finally one gets for the sum in (3.29)
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m—2
Y AU U(r) = T (1) T(0)]
k=1

m—2
< /;1 AU ()" (1) = T A AT () (|, m=2,3,....

Then by Lemma 3.2 this implies

m—2
1;1 JATU ()™ R U () — T () T (2))|
- m—2 1
<Ay k;l (n—1=R)0)7

Taking into account Lemma 3.4 we get

m—2
1;1 AU (o)™ U (1) = T(0) T (1)

m—2 T
< 2A,C, — | A*T (DN, m=2,3,....
r-o 1;1 ((m_l_k),c)y” ( ) H

Finally, using assumption (3.28) and Lemma 3.8 one obtains

m—2
/;1 AU ()" U () = T () T (o)

<IR

m—2 T 1
< 2A4CoM. =2,3,...
> Yoy ];1 ((m—l—k)’c)y (kT)O” m 3Dy )

or
m—2
/;1 AT (o) WU () = T(0) T (2)"|
B a fm—2 1 1
SZAyCyMyY <kzl mﬁ) Tliyia, m=2,3,... R

for T € (0,7 /n). Since Lemma 3.11 below yields

m—2 1 1 l'ya
——<B(l—-a,l - —1) =2,3,...
kgl(m—l—k)yka_ (=o1=p)m-177% m=23,...,

where B(-,-) is the Euler Beta-function, we get

17

@ (e) =T (DA AT (D), m=23,....

(3.32)
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m—2
Y AU W) = T (1) T (0)]
k=1

o

<2A,CM) B(1 — a1 — )T T4 m— 1) =23

which in turn leads to

m—2
Y AU (TR U(n) = T () T (o))
= o (3.33)

y
AMCMy B(1—a,1— Y)Tlfamlfav
(m7)

form=2,3,... andany 7 € (0,7 /n).
Now we take into account (3.29), (3.30), (3.31) and (3.33) to conclude that

AT (2)" || <

A g 1

e/ A 1—y Y _ _ I-o, 1—o
{s5a,+2 (1 _y+1>Mycyr HAACM) B(1— o, 1 — 7) T %m }(m)y,
form=2,3,... and 7t € (0,7 /n). Then
AT ()| <

A 1 g 1

Y 17'}/ Y _ _ -

{SAy+2(—1_y+1>MyCyT —— F4ACM] B(1 = a1 =7) T }—(m)y.

(From assumption (3.27) we get

o

A 1 a
SAy+2 (ﬁﬂr 1) MVCVTH/T;/ +4AC MY B(1—a, 1 —y) T < My
- n

for n > ng, which shows that (3.28) holds for [ = 1,2,3,...,n and n > ng which
proves (3.26). [l

Remark 3.10 One checks that condition (3.27) is always satisfied for sufficiently
large M = My and n > ng. Indeed, after setting

A
co:=5Ay, c1:=2 <ﬁ/+ 1) CyT'™Y, cy:=4ACB(1—a, 1 —y) T

we get the condition

a
co+nf—in+czM7 <M

which yields
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or

co
M+

L
Since n > cllfy we have 1 —c;/n' =7 > 0. The left-hand side tends to zero if M — co.
Hence, choosing M sufficiently large we guarantee the existence of M, such that

condition (3.27) is satisfied for any n > ny. A
It remains only to verify the following statement.

Lemma 3.11 Let a € [0,1) and y € [@,1). Then

n—1 1
kgl (n—k)Y

1 o
k—agB(l—a,l—y)nl e pne23, ...

the estimate holds where B(-,-) is the Euler Beta-function.

1 1
B(l—a,l—'}/):/o md}(

Proof. If x € (k—1,k], then

L<L and ! < !
k% — x© (n—k)Y ~ (n—1-x)7
fork=1,2,...,n—1. Hence
1 1
< k—1k].
(n—k)%k* — (n—1—x)¥x%’ *€( K
Therefore
! /k ! d </k ! d € (k— 1,k
—_— = ————dx ———dx, x —
(n—k)k*  Jio1 (n—k)Yk* " T Jici (n—1—x)x* " T
or

n—1 1 n—1 ,k 1 n—1 ,k 1
S N —__ix< S S—
= (n—k)¥k* Z /kq (n—k)7k% t= ,;/H (n—1—x)rx® *

1
n—1 1

:/o T et =Bl —a 1 —pel T
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3.2 Main Results

In this section we collect our main results and their proofs. They are based on
preliminaries established in Section 3.1.

Theorem 3.12 Let the assumptions (S1) -(S3) be satisfied and let B > 20t — 1. Then
there is a constant Rg > 0 such that

R
sup [[U(7) = T(x/n)"|| < ¢ (3.34)
TeR, n
holds forn € Nand 7 € R,.
Proof. Taking into account the representation
n—1
U(t/n)" = T(t/n)" =Y U(t/n)" " U(t/n) = T(t/n))T(c/n)", neN,
m=0

or, identically,

U(z/n)" = T(t/n)"
=U(t/n)" (U(t/n) =T (t/n)) + U(c/n) =T (/)T (t/n)""'+

n—2
;U(r/n)"*M*l(U(r/n) —T(t/n)T(t/n)", n=34,...,

we obtain the estimate

[U(z/n)" =T (z/n)"
< (e /n)" AT AT WU (T/n) = T(2/m)|

+|@(/n) = T(t/n) AV |||AYT (¢/n)" | (3.35)
n—2
+ Zl led(/ny =AY ATYU(T/n) = T (t/m) A |ATT (/)"
n=34,....

Note that using Lemma 3.2 and Lemma 3.4 one gets

AyCy T

et (e /n)" AV AT (U (T /n) = T (2/m))| < 2 = D)/n)7 n’

which yields
e (z/n)" = AY|[||ATYU(/n) = T (z/m))|| < ZHYMCYTH%- (3.36)

forn=3,4,...and T € [0,T].
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Now using Lemma 3.4 and Lemma 3.9 form =n — 1 we find
My
(z(n=1)/m)7"

for n > ng, where ny is defined in Lemma 3.9 and 7 € [0, T]. Hence,

1@(z/n) = T(c/m) A MATT (z/n)" | <2 %

@ /m) = T(/m) A TLAT (e fny | <257 oty T T2 337)

Taking into account Lemma 3.2, Lemma 3.5 and Lemma 3.9 (for e = min{y, 8 })
one gets

n—=2
Y u(e/ny " LAY AT WU (T /n) = T (t/n) A AT (t/n)"|

m=1
N M2y (7)”” My
e (n—m—1)1/n)Y \n (mt/n)Y
_Ayzy’BMyTlJr%fZ}/ n—2 1 1
o plts=2y - (n—m—1)Ym?’

for n > max{2,n} and 7 € [0,T] . Then by (3.32) we obtain

n—2
Z,IIIU(T/H)"*’HAYH [ATT@U(t/n) =T (¢/n) AVIATT (z/n)"||

142
AyZy pMyT Y
— nltx=2y

B(1—y,1—y)n'%,

or

n—2

Y 1t (e /n)r LAY AT U (T /n) = T (t/n) A |AYT (t/n)"|

el (3.38)
< AyZygMyB(1 —y,1—y) T2 RS .

n%

Therefore, by virtue of (3.35), (3.36), (3.37) and (3.38) we get forn > max {2,n9}
and 7 € [0, T] the estimate

let(z)" =T (x/m)"l| = A (z/n)" = T(z/n)"|
1 1 1
1 1—- 1 1—- 1420—2
<2'TACyT ~+2 re,m, T T+ AyZy pMyB(1 = 7,1 =T * —

1
<{2MTAC T T+ 2 My T + Ay Zy pMyB(1 =y, 1 = )T —

If a < B < 1, then we choose Y= f,i.e., = B and 1 + 3 —2y=1—f§ > 0. Setting
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Ry :=2"PAgCaT' P - 2" PCyMp TP + ApZg gMpB(1— B,1— B)T' P

one obtains the estimate
R/
lu(ey = T(e/n)l < 5. (3:39)

forn > max{2,np} and 7 € [0,T] .

Now let 0 < § < a. Since 1+ 8 —2a > 0, there exists ¥ € (,1) such that
14 B —2y>0.Indeed, there is a € > 0 verifying 1 + f — 20 > 2¢. Setting y =+ €
we get 1 + 8 — 2y > 0. Notice that > = . Then setting

Rp = 2MAC T 2O M T - Ay Zy g MyB(1 - 7,1 — yr'h,

we obtain (3.39) for n > max{2,ng}.

Both results immediately imply that there is a constant Ry such that (3.34) holds
for T € [0,7T] and n € N. Finally, using U(t) =0 and 7 (t/n)" =0 for T > T we
obtain (3.28) forany 7 € R. ([

Now we set _
T(1):=e Be ™0 1cR,.

Corollary 3.13 Let the assumptions (S1) -(S3) be satisfied and B > 20t — 1. Then
there exists Rg > 0 such that estimate

~ R
sup [[U(7) = T (/n)"|| < ¢ (3.40)
TeR, n
holds forn € Nand Tt € R.

Proof. Notice that
T(t/n)" = e B/ T (¢t/n)"e 0/ TeR,, neN.
Hence

U((n+1)t/n)— ’7’(1‘/@"*1 — e~ (1)K /n _ e*TB/nT(T/n)nefrlCO/n
= (VR0 _ o= tBn =K = Ro/n o= TBIn(7) — T (/n)")e Ko/

e BIU(T) =T (e/n)")e ™0/, TeR,, neN,

f(l_efrB/n)efrlCefr)Co/n_'_efrlC(efrlC/n _e*TICo/n)_i_

which yields the estimate

U((n+1)%) T
<1 =7 B)e ™| 4 e (e HE — i) |+ (3.41)
[U(t)-=T(E)"|, teRy, neN.

)n+1H

Sla Sla
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Obviously, one has

T T
17— e nB)e ™| < ||(1 =€ nP)A || A% ||, tEeRy, neN.

Using

«aQ

. z
(I— eiﬁB)Afa = /” e °BBA%do, teR,, neN,
Jo

we get the estimate
_IBN —a T
(7 —e n?) A" <Ca—, TERy, neN.

Taking into account condition (S2) and Lemma 3.2 we find

oz rl-a
(1 —e nP)e™ ™| < Cala

1
<CuAoT' %=, 1€R,, neN, (3.42)
n

n =

where we have used that e ™ = 0 for © >T.
Further, we have

T T T T
le=™ (e n" — e )| < [lem A A (e n " — e n ),

T € R, n € N. Then using

I a

A*O‘(efﬁlC — eiﬁ,co) = —/ e SR fmaBe 0Ky
0
T € R4, n € N, we find the estimate
z z T
A% (e n® — e w%0) || <y =, TERy, neN
Applying again Lemma 3.2 one gets
—tk, —tK 7£IC0 1-o 1
le”™ (e n™ —e n™0)|| < CqAaT ~ teRy, neN. (3.43)
The insertion of (3.42) and (3.43) into (3.41) yields
~ 1
[U((n+1)5) = T(E)"|| < 2CaAq U@ =TE)N, teRe, neN.
Then by Theorem 3.12 we obtain
T T T\n+1 1 1
||U((n+l);)—7'(;) H§2CaAa ;-FR}/ H, T€R+, neN.

Therefore, by setting R’y :=2CqAq + Ry we obtain
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/

R
[+ 1) =T <7, TRy, neN.

which yields

/

T 7 T\n+1 RY

TeRL
Lett=1'n/(n+ 1) for ' € R.. Then

~ ~ R,
sup [U((n-+1)5) = T(E)™! | = sup [U(x) =T (Ep' <=L

n+1
TeRL ‘E’ER+

or
/

~ R
sup [[24(7) = T(57)" | < 27—,
veRy n (n + 1)Y

T e Ry, n e N. Setting ﬁy := max{2,27R’,} we prove (3.40).

These results can be immediately extended to propagators. To this end we set

~ —s 1—s
Gj(t,s;n) ::eiTB(tf)efTA, j=0,1,2,....n,

- s _ N (3.44)
Vu(t,8) :=Gp(t,5,n)Gp_1 (t,830) X -+ X Ga(t,5;n)G (8, 531),

tj:=s+j=2, j=0,1,2,...,n, in analogy to (1.6).

Theorem 3.14 Let the assumptions (S1)-(S3) be satisfied. Further, let
{U(#,9)}1.5)ea, be the propagator corresponding to the evolution generator
K and let {V,(t,5)}(.5)ca, and {Vn(t,s)}(,’s)er be defined by (1.6) and (3.44),
respectively. If B > 20— 1, then the estimates

R ~ R
esssup ||U (z,5) — Vi(2,9)|| < —g and esssup ||U(t,s) — V,(t,5)| < —g (3.45)
(t,5)€A¢ n (t,5)€Ag n

hold for n € N, where the constants Ry and ﬁV are those of Theorem 3.12 and Corol-
lary 3.13.

Proof. Note that Proposition 2.1 of [36] yields

sup [[U(7) = T(%)"|| =esssup ||U(z,s) = Va(t,s)||, neN.

TeR L (1,5)€40

Then applying Theorem 3.12 we prove (3.45).
To proof the second estimate we use Proposition 3.8 of [37] where the relation

sup [[U(T) = T(%)"|| =esssup ||U(z,s) = Va(t,s)||, neN.

TER L (1,5)€40
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was shown. Applying Corollary 3.13 we complete the proof. O

4 Example

As an example we consider the diffusion equation perturbed by a time-dependent
scalar potential. For this aim let ) = L?(£), where 2 C R? is a bounded domain
with sufficiently smooth boundary. Domains in higher dimension can be treated
analogously. The equation reads as

u(t) = Au(t) —B(t)u(t), u(s)=u;€9, t,s€[0,T], 4.1

where A denotes the Laplace operator in L* () with Dirichlet boundary conditions,
ie.A:dom(A)=H?*(Q)NH} (Q) — L*(2) and H} (2) denotes the subset of func-
tions that vanish at the boundary. Then operator —A is self-adjoint on $) and posi-
tive. For any a € (0, 1) the fractional power of operator —A is defined on the domain
dom((—A)%),i.e. (—A)* : dom((—A)%*) — L?(£2). The domain is given by a frac-
tional Sobolev space and for ¢ > 1/2, we have dom((—A4)%) = H2*(Q) C H**(Q)
(see [30] for more information).

Moreover let B(z) denote a time-dependent scalar-valued multiplication operator
given by

(B(1)f)(x) =V (1,x)f(x),

(4.2)
dom(B(1)) ={f € L*(Z,9) : V(-.x)f(x) € L*(Z,$)}

where V : Z x  — R is measurable. We assume that the potential V (-, -) is real and
non-negative. Then B(¢) is obviously self-adjoint and non-negative on £.

Theorem 4.1 Let A be the Laplacian operator —A with Dirichlet boundary con-
ditions in L*(Q), see above. Further, let {B(t)}icz be the family of multiplica-
tion operators defined by (4.2). If V(-,+) : T X Q — R is measurable, real, non-
negative with regularity V € L*(T,L**¢(Q))NCP(Z,L'*(Q)) for B € (0,1) and
some € > 0, then the assumptions (S1)-(S3) are satisfied with o € [3/4,1). More-
over, if B > 20t — 1 then the converging rates of Theorem 3.12, Corollary 3.13 and
Theorem 3.14 hold.

Proof. Since £ is bounded there one has inf6(A) > 0 which does not satisfy A > I
in general and, hence, assumption (S1) is not satisfied. Nevertheless info(A) > 0 is
sufficient to prove the converging results. So we can believe that (S1) is satisfied.

Let o > 3/4. Using the Sobolev space embeddings, we get that H>*(Q) C LY(Q)
for any y € [2,00[. Hence, if V € L”(Z,L**%(Q)), we conclude that the function
[0,T] 3¢+ B(t)(—A)~* is essentially operator-norm bounded in ¢ € Z and thus,
(S2) is satisfied. Now, we consider

F(t):=(=A)""B(1)(-A)"%: [}(Q) - H**(Q) C L*(Q).
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The function F(-) : Z — L($) is bounded for fixed ¢ € [0,T] if for any f,g €
H?%(Q) the function (f,B(t)g) is bounded. This holds since V (z,-) € L'¢(Q) and
H?*(Q) C LY(R) for any y € [2,0[. Hence we conclude that (S3) is satisfied and
the claim is proved. (]

Theorem 4.1 provides a convergence rate of an approximation of the solution of
(4.1) by the time-ordered product

~ n —s jt+(n—j)s —s
Va(t,s) = [[e 7V e wa 4.3)
=1

This looks elaborate, but is indeed simple. There are strategies to compute the semi-
group of the Laplace operator for bounded domains and there are also explicit for-
mulas on special domains like disks etc. The factors e V), j=12,....n are
scalar valued and can be easily computed.
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