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Abstract  
Influence of processes of Brownian diffusion and magnetophoresis which 

are followed by phase transition on characteristics of a stationary plane Couette 

flow of a magnetic fluid in non uniform magnetic field is considered. Conditions 

of phase transition in magnetic fluid are accepted as a natural restriction of 

increasing of concentration of particles in non-uniform magnetic field. Profiles 

of concentration of particles are calculated and dependences of volume magnetic 

force, and also viscous force from them are established.  

 

1. Introduction  
In this paper magnetic fluid is a stable suspension of magnetic 

nanoparticles with size of order 10 nm and classical magnetic and mechanical 

properties [1-4]. Stability of suspension is provided by the special surfactant.  

The nanosize of particles provides a Brownian nature of their behavior in 

fluid, exchange of a momentum with molecules of fluid, transfer of a 

momentum resulted by their interaction with external magnetic field to all 

volume of fluid. Due to this such suspension can be considered as a continuous 

medium with magnetization providing the volume magnetic force in fluid in 

external magnetic field.  

In non-uniform magnetic field the natural processes taking place in such 

system are magnetophoresis and Brownian diffusion of magnetic particles 

leading to a redistribution of concentration of particles. On the importance of 

these processes in magnetic fluids the attention was paid in the very first works 

on this subject and in the subsequent monographs [1-3].  

These processes become apparent significantly in magnetic fluid seals due 

to large gradients of magnetic field intensity using in them [4-6]. 
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Recently it is specified also an important role which these processes can play in 
the general problems of statics and dynamics of magnetic fluids due to their influence 
on distribution of magnetization, volume magnetic force, and viscous tension in fluids. 
It is important, for example, at a levitation of magnetic and non magnetic bodies in them 
as applied to magnetic fluid suspensions, supports, vibroprotective systems [6 - 8], and 
also at a flow of magnetic fluids in channels [9]. In these works the complete system of 
the differential equations and boundary conditions providing the adequate description of 
these processes is formulated.  

The main disadvantage of the presented description of processes of Brownian 
diffusion and magnetophoresis in magnetic fluids based on the classical theory of these 
processes is that they give unlimited increasing of concentration of magnetic particles in 
areas with high intensity of non-uniform magnetic field, more than at densest packing. It 
results, in particular, abnormally high values of their viscosity and, respectively, viscous 
tension at their flow [9]. From the physical point of view it cannot be accepted.  

However, it is known that even in a non magnetic suspension the increasing of 
concentration of particles leads to a phase transition [10]. It means a sharp transition of 
suspension to the high-concentrated state of particles in which proposed description of 
diffusive processes is not valid but which has fluidity and a finite viscosity.  

The situation is equivalent to that which arises upon usual phase transition of the 
gaseous medium to a liquid phase at its condensation. 

It is obvious that the corresponding critical values of concentration of particles 
leading to such phase transition have to be a natural limit of validity of the theory of 
Brownian diffusion for suspension. 

It is known also that in magnetic fluid as a suspension of magnetic particles, the 
special phase transition to the high-concentrated state of particles takes place [2, 11-17]. 

 It is caused by the interaction of magnetic particles with each other, and with 
external magnetic field. In spite of the fact that properties of such high-concentrated 
magnetic fluid still are studied insufficiently, there is rather large number of the 
experimental data demonstrating it behavior as a liquid medium. First of all it belongs to 
data on deformation of drops of this phase in magnetic fields [2] and a possibility to 
characterize them by the corresponding surface tension and viscosity.  

 
2. General theory. 
 

We believe that magnetic particles in magnetic fluid at steady state can be in two 
thermodynamic states: 1) disordered weak-concentrated phase with behavior of 
magnetic particles in fluid, similar to gaseous state (a “gas” phase), and 2) a high-
concentrated phase with ordered structured packing of magnetic particles and their 
behavior, similar to a condensed incompressible fluid (the “condensed” phase). 

Further the parameters relating to magnetic fluid with “gaseous” and the 
“condensed” phases of magnetic particles will be noted by indexes g  and c 
respectively. 

The main properties of these phases are accepted by the following. 
 2.1. Mass transfer processes. 

a) “Gas” phase.  
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According to the approach developed in [6-9] on the base of phenomenological 
theory of mass transfer the distribution of volume concentration Φg of magnetic 
particles having density ρ in a “gas” phase is governed by the diffusion equation 

 

0g divi
t

ρ
∂Φ

+ =
∂


,            (1) 

 
where mass flux density of particles i


 in motionless fluid at the presence of non-

uniform magnetic field with value of intensity H  is defined as follows 
 

0 ( )g gi D b m L Hρ ρ m ξ= − ∇Φ + Φ ∇


,        (2) 
 
where: t is time, D - diffusion coefficient, which is connected with the mobility of 
particles b by the Einstein’s relation kTbD = ; μ0≈1,26·10-6 H/m – magnetic 
permeability of vacuum; m – magnetic moment of individual particle, J/T; k≈1,38·10-23 
J/K  – Boltzmann constant; T – temperature, K; ( ) ( ) 1 /L cthξ ξ ξ= − – Langevin 
function,  0 /mH kTξ m= . In general case diffusion coefficient D is a function of 
concentration gΦ . 
 On boundaries impermeable for particles the normal component of mass flux 
density in must be equal to zero.  
 In accordance with (1) at stationarity mass flux density i


is equal to zero in whole 

volume of fluid bounded of impermeable boundaries.  Taking into account (2) and 
Einstein’s relation it means 
 

0( / ) ( )g gm kT L Hm ξ∇Φ = Φ ∇ .         (3)  
 
The dimension analysis of the equations (3) shows that a stationary problem 

described by them is defined by one dimensionless parameter 0 * /U mH kTm=    
representing the ratio of magnetic energy of a particle to its thermal energy [6-9]. It 
includes characteristic value of magnetic field intensity  *H  specified for each concrete 
situation. 
 Most often typical magnetic fluid contains as a magnetic phase particles of 
magnetite with magnetization of 4,46·105 A/m [1]. At their characteristic diameters d 
about 10-8 m and, respectively, a volume of 5,2·10-25 m3, the magnetic moment of 
particle m is about 2,3·10-19 J/T.  Then, at room temperature T=300 K value U of an 
order of one takes place at characteristic magnetic field intensity *H  of about 104 A/m. 
In real situations, for example, in gaps of magnetic fluid seal in which strong magnetic 
field to 106 A/m with large gradients the values of parameter U can reach several tens. 

Total volume of magnetic particles Vmg in the volume Vg, occupied by this phase 
is equal mg g

Vg

V dV= Φ∫ . 

b) “Condensed” phase. 
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Analysis shows that in the condensed phase the volume fraction of nanoparticles 
varies relatively insignificantly, and remains quite close to the maximum packing 
fraction of the considered particle network. At such condition we can assume that the 
“condensed” phase has constant concentration of magnetic particles, Φc = Const 
corresponding to conditions of thermodynamic coexistence of phases. 
 The total volume of magnetic particles Vmc in volume Vc occupied by this phase, 
is equal to mc c c c

Vc

V dV V= Φ =Φ∫ . 

 Magnetic interaction of spherical ferromagnetic magnetic particles has a dipole - 
dipole character. It is defined by the magnetic moment of a particle m, and characterized 
by dimensionless parameter ( ) ( )2 3

0 / 4m d kTλ m π=  representing the ratio of the energy 
of dipole - dipole interaction of two closely situated particles to the thermal energy. 

For magnetite particles with the characteristics given above and at the room 
temperature parameter λ is about 1,3. 

c) An average concentration of particles Φ0 in all considered volume V of 
magnetic fluid is a constant and is determined by the next way 

 

0
1 1

g c g c c
Vg Vc Vg

dV dV dV V
V V
   

Φ + Φ = Φ +Φ =Φ   
   
∫ ∫ ∫ .     (4) 

  
2.2. Phase co-existence. 

 Interface between both phases and concentration of particles in the “condensed” 
phase are defined by thermodynamic conditions of coexistence of phases. The approach 
developed in [11-14] is adopted in the present paper. It leads to convenient analytical 
relationships of phase coexistence in the magnetic fluid taking into account dipolar 
interaction between magnetic particles. This approach was effectively used for 
describing of experimental results in [14]. The phase equilibrium between two phases is 
given by the equilibrium of their chemical potentials and osmotic pressures. 

The chemical potential ζ(Φ,ξ,λ) and the osmotic pressure p(Φ,ξ,λ), both contain 
the contributions coming from and hard-sphere repulsion  ζhs,  phs and magnetic 
interactions ζm, pm.  

The appropriate expressions for the first kind of interaction have been developed 
on the basis of osmotic compressibility calculations carried out by Carnahan and 
Starling [18] for semidilute and Hall [19] for concentrated hard-sphere suspensions.  

Based on the perturbation analysis, Buyevich and Ivanov [20] have derived the 
expressions for the magnetic contribution to the chemical potential and osmotic pressure 
of magnetic particles in a magnetic fluid taking into account pair magnetic interactions 
between particles and neglecting higher order interactions. 

Assuming that the steric interactions between particles in magnetic fluid respect 
the Carnahan-Starling law in the “gas” phase and the Hall law in the “condensed” 
phase, by using the results [20], we arrive to the following expressions for quantities ζ 
and p in both phases. 
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2

3

8 9 3
( , , ) ( ) ( ) ln ln

(1 ) sh
g g

g g hs g m g g g
g

kT ξζ ξ λ ζ ζ
ξ

 − Φ + Φ
Φ = + = Φ +Φ + −

−Φ
 

 

2 218 ( )
3 gL ξ λ λ  − + Φ    

,          (5) 

 
2 3

3

1
( , , ) ( ) ( )

(1 )
g g g

g g hs g m g g
p g

kTp p p
V

ξ λ
 + Φ +Φ −Φ

Φ = + = Φ −
−Φ

 

 

2 2 214 ( )
3 gL ξ λ λ  − + Φ    

 ,           (6) 

 

( , , ) ( ) ( ) ln ln
sh

c
c с hs с m с

m m c m c

A AkT C ξζ ξ λ ζ ζ
ξ

 Φ
Φ = + = + + + −Φ Φ −Φ Φ −Φ

 

 
2 218 ( )

3 cL ξ λ λ  − + Φ    
,          (7) 

 
2 2 21( , , ) ( ) ( ) 4 ( )

3c с hs с m с c c
p m c

kT Ap p p L
V

ξ λ ξ λ λ
  Φ = + = Φ − + Φ  Φ −Φ   

.  (8) 

   
       
       Here Vp is volume of the particle, Φm  is the volume concentration of densest 
packed particles (for the face-centered cubic (FCC) lattice Φm=0.74), A and C are some 
numerical parameters, estimated in [10] as A=2.2, C=1.255.  

In reality, at high enough field, a body-centered tetragonal (BCT) structure exists 
instead of the FCC lattice, however, the energy and magnetic properties of both lattices 
are quite close, so that the assumption of the FCC lattice should not generate significant 
errors in calculations of the concentration profiles. The assumption of the FCC lattice 
allows us to recover the order-disorder phase transition in the absence of the magnetic 
field. 
 Phase co-existence is defined by the equality of their chemical potentials and 
osmotic pressure on the phase interface: 
 
ζg(Φg, ξ, λ)= ζc(Φc, ξ, λ), pg(Φg, ξ, λ)=pc(Φc, ξ, λ).      (9) 
  
 Taking into account (5)-(8) it leads to the next equations for determination of 
concentrations on the interface: 
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( )
2

2 2
3

8 9 3 1ln 8 ( )
31

g g
g g g

g

L ξ λ λ
− Φ + Φ  Φ +Φ − + Φ =  −Φ

     

= 2 21ln 8 ( )
3

c
c

m m c m c

A A C L ξ λ λΦ  + + − + Φ Φ Φ −Φ Φ −Φ  
,     (10) 

      

( )
2 3

2 2 2
3

1 14 ( )
31

g g g
g g

g

L ξ λ λ
+Φ +Φ −Φ  Φ − + Φ =  −Φ

  

 
2 214 ( )

3c c
m c

A L ξ λ λ = Φ − + Φ Φ −Φ  
.        (11) 

.  
 
 The equations (10), (11) have to be solved numerically with respect to the 
concentrations Φg and Φc for arbitrary values of magnetic field intensity ξ and 
parameter λ. As a result the diagrams of phase equilibrium Φg(ξ,λ) and Φc(ξ,λ), 
defining interface between the "gas" and "condensed" phases in magnetic fluid can be 
found and constructed.  

So, for example, in the absence of magnetic field (ξ=0) and for nonmagnetic 
particles (λ=0) these equations have a solution: Φg=0,495 and Φc=0,545 [10]. 
 In the case of magnetic fluid magnetized to saturation, when ξ >>1 and 1)( ≈ξL , 
diagrams of phase equilibrium, calculated on the base of equations (10)-(11), are 
presented in Fig. 1. 

 
Fig. 1. Diagram of phase equilibrium in magnetic fluid with magnetization of saturation. 
 

The both binodal curves divide the space of diagram into the two regions: 1) the 
disordered fluid – “gas” phase as a continuum under the left curve, and 2) the 
“condensed” phase as a continuum under the right curve.  At given value of λ the points 
on the left curve define a value of critical concentration of particles in “gas” phase Φg  at 
which phase transition arises. And the corresponding points on the right curve 
determine a value of concentration of particles in “condensed” phase Φc.   
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In stationary equilibrium "gas" and "condensed" phases as a continuum coexist 
with interface between them. There is a jump of concentration between phases on this 
interface which is determined by their corresponding values on binodal curves.  

Fig.1 demonstrates that significant discrepancy between binodal curves is 
appeared at λ ≥ 3. That is, taking into account the interaction between particles ( 0≠λ ) 
in the equations (10), (11) does jump of concentration of particles between the “gas” 
and “condensed” phases to much more considerable, than 0,495 and 0,545 which is 
characteristic of suspensions of non magnetic particles [10]. More precise critical values 
of Φg  and Φc for some values of parameter λ corresponding to the Fig.1 are presented in 
the table below. 

 
Table 1. Critical concentration of particles in “gas” phase Φg and corresponding  concentration 

Φc of particles in “condensed” phase at different values of λ at phase transition in magnetic fluid at 
magnetic saturation. 

 
λ 0 0,5 1 1,5 2 2,5 3 3,5 4 4,5 5 
Φg   0,494 0,493 0,491 0,489 0,487 0,479 0,469 0,440 3,69·10-8 2,37·10-10 8,69·10-13 
Φc 0,545 0,546 0,549 0,552 0,557 0,563 0,573 0,587 0,649 0,666 0,735 

 
The analysis of the equations (10), (11) shows that at large values of parameter λ 

critical value of concentration of particles in a “gas” phase Φg  asymptotically tends to 
zero, and concentration of particles in the “condensed” phase Φc asymptotically tends to 
the maximum value Φm. Equating the right part of eq.(11) to zero, in the case of strong 
magnetic field (L(ξ)≈1) one can get ( )2( ) / 4 / 3m c c A λ λΦ −Φ Φ = + . 
 Similarly the equation (10) taking into account (11) in this case gives asymptotic 
dependence 2exp[ 4( / 3) ]g cλ λΦ = − + Φ . 

We suppose also that: 
2.3. Magnetization of magnetic fluid M at any phase state of magnetic particles 

depends on their concentration Φ, magnetization of individual magnetic particle Mm  and 
on intensity of magnetic field under Langevin function: M=MmΦL(ξ).  

As shown in [20], the dipole-dipole interaction between the particles leads to 
modification of the Langevin’s law of magnetization of the fluid and the form 

( )( ) ( ) 1 8 ( )m
dLM M x L x

d
ξξ λ
ξ

 
= Φ + Φ 

 
  can be used.  

Magnetization of magnetic particles Mm is supposed uniform in their volume and 
is equal to the ratio of their magnetic moment m to their volume Vp: Mm = m/Vp.   

2.4. Magnetic fluid at any phase state of magnetic particles is Newtonian and is 
governed by the well known equations of mechanics of magnetic fluids [1-3].  

2.5. The magnetic force mF


 acting on the volume V of magnetic fluid in non-
uniform magnetic field is determined by expression: 

0 0 ( )m m
V V

F M HdV M L HdVm m ξ= ∇ = Φ ∇∫ ∫


.       (12) 
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 2.6. A dynamic coefficient of magnetic fluid viscosity η at any phase of magnetic 
particles will be described by the approximation of Krieger-Dougherty [21, 22]  
   

2,5

( 0) 1
m

m

η η
− Φ

 Φ
= Φ = − Φ 

 , 

 
where η(Φ=0) is a  dynamic viscosity of a base fluid, and Φm is a сoncentration at 
densest packing of particles. At FCC lattice  Φm=0,74 and 
 

1,85( 0)(1 1,35 )η η −= Φ = − Φ .         (13) 
 
3. Couette flow of magnetic fluid with phase transition. 
 

 We will consider influence of mass transfer processes, leading to the phase 
transition in magnetic fluid, on the stationary plane Couette flow in locally non uniform 
magnetic field as is presented in Fig. 2.  
  It will allow us to describe problem by exact analytical solutions of equation (3) 
and find out all of the main features of this influence. Also this problem can be a good 
model for description of a magnetic fluid behavior in a gap of magnetic fluid seal [6, 9]. 
 

 
Fig. 2. Geometry of the problem. 
c – region of condenced phase, g – region of the gas phase, MP – pole of the magnet system. 

 
Let, as shown in Fig.2, the volume of magnetic fluid ( ,0 lx ≤≤ hy ≤≤0 ) fill a 

gap between two plane-parallel solid boundaries y=0 and y=h. Side boundaries x=0 and 
x=l of the fluid volume are supposed plane too. It means that the curvature of these 
boundaries caused by the wetting of solid boundaries is not essential for the being 
studied processes. Magnetic fluid is held in the gap by the non-uniform magnetic field 
H(x) created by the local pole of a magnet system (MP) when pressure drop along the x-
axis Δp=p1–p2 is applied to it. This position of magnetic fluid volume corresponds to the 
maximum pressure drop which is held by magnetic fluid seal.  If magnetic field depends 
only on coordinate x, the distribution of concentration of particles in fluid will be 
function only of coordinate x too.  
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The part of the fluid located in ax ≤≤0 , i.e. near a pole in the area with 
maximum intensity of magnetic field, can represent the “condensed” phase of magnetic 
particles, and the area lxa ≤≤ – the “gas” phase. Location of the interface between 
these phases x=a is to be determined in the process of the solution of equations (10)-
(11).  

We suppose that the  upper boundary (y=h) moves relatively to the bottom one 
(y=0) with the velocity v0 in the direction of  z axis. The Couette flow with velocity 
profile vz=v0y/h  takes place in the fluid. 

Viscous tension τ on the upper boundary is equal: ( ) 0/ /zv y v hτ η η= ∂ ∂ =   and is 
determined by the dynamic coefficient of viscosity of the fluid η[Φ(x)] which is a 
function of particle concentration in accordance to (13). 

Further consideration will be implemented by using the dimensionless 
parameters: x′=x/l, */H H H′ = , where *H  is a maximum value of magnetic field 
intensity at x=0: *H = H(0), and the dimensionless coordinate s of interface between 
phases is s = a/l.  

All boundaries of the magnetic fluid volume will be assumed impermeable for 
particles and, as it was mentioned above, the mass flux density in whole volume of the 
fluid is zero. In accordance with the equation (3), it means that distribution of particles 
concentration in the “gas” phase will be governed by the next dimensionless equation 

 

( )g
g

d dHU L UH
dx dx
Φ ′

′= Φ
′ ′

, 0 * /U mH kTm= ,      (14)  

 
which has the general solution  

 
[ ( )]

( )g
sh UH xB

H x
′ ′

Φ =
′ ′

.          (15) 

 
At the absence of phase transition constant B is defined from the condition (4) as 

1

0
0

gdx′Φ = Φ∫  and [ ] 11

0
0

( )
( )

sh UH x
B dx

H x

−
′ ′ 

′= Φ  ′ ′ 
∫ .      (16)  

 
At the presence of the phase transition we will use the next approach.  
Let the critical value of particle concentration in the “gas” phase on the interface 

with “condensed” phase x=s be Φg(s)= Φg*. Than the constant B in (15) is defined as 
            

*
( )

[ ( )]g
H sB

sh UH s
′

= Φ
′

.          (17) 
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In this case the coordinate s of the interface between the phases is determined 
from the condition of constancy of average concentration of particles (4) 

1

0c g
s

s dx′Φ + Φ =Φ∫  as  

1

* 0
( ) ( )

[ ( )]c g
s

H s sh UHs dx
sh UH s H

′ ′
′Φ +Φ =Φ

′ ′∫ .       (18) 

 
This equation must be solved for s at predetermined configuration of magnetic 

field ( )H x′ , values of parameters U and Φ0, with taking into account equations (10), 
(11) for Φc and Φg*. 

In the case when overwhelming majority of particles at large values of magnetic 
field intensity is concentrated in the “condensed” phase near the pole of magnet in the 
region 0 x s′≤ ≤ , the first term in the left part of (18) becomes much more then second 
one and this equation gives a linear dependence of s on Φ0: 

  
s= Φ0/ Φc.            (19) 

 
Influence of redistribution of particles concentration on viscous and magnetic 

forces acting in the considered volume of magnetic fluid is of considerable interest for 
this problem. 

If w is a length of the layer in the direction of axis z viscous force Fτ acting on the 
moving upper boundary of the layer is 

0
0 0

( ) ( / ) [ ( )]
l l

F w y h dx wv h x dxτ τ η= = = Φ∫ ∫ . 

Value of this force Fτ0 for the initial homogeneous fluid with constant 
concentration of particles Φ0 and constant dynamic viscosity η0= η (Φ0), will be equal to 
Fτ0=(wv0l η0/h). 

It is convenient to describe the influence of concentration redistribution on this 

force by using the dimensionless coefficient 
1

0
0

/ [ ( )]k F F x dxτ τ τ η′ ′ ′= = Φ∫ , where 

0/η η η′ = . 

At the absence of phase transition we get 
1

0

[ ( )]gk x dxτ η′ ′ ′= Φ∫  , whereas at the 

presence of the phase transition  
1 1

0

( ) [ ( )] ( ) [ ( )]
s

c g c g
s s

k dx x dx s x dxτ η η η η′ ′ ′ ′ ′ ′ ′ ′ ′= Φ + Φ = Φ + Φ∫ ∫ ∫ .    (20) 

 
Value of magnetic force Fm acting on the magnetic fluid volume along x axis will 

be defined from (12) as:  
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0

0
1

( ) ( )m m
dHF M wh x L dx
dx

m ξ= Φ∫ .  

 
Value of dimensionless magnetic force fm=Fm/(whμ0MmH*) will be defined by the 

next way: 
 a) at the absence of phase transition 
 

[ ]
0

1

( )m g
dHf L UH x dx
dx

′
′ ′ ′= Φ

′∫ , or with taking into account (14),     

 
0

1

1 1 (0) (1)g
m g g

d
f dx

U dx U
Φ

 = = Φ −Φ ′∫ ,       (21) 

  
b) at the presence of phase transition 
 

[ ]
(0)

1 ( )

( ) ( )
Hs

m g c
H s

dHf L UH x dx L UH dH
dx

′

′

′
′ ′ ′ ′ ′= Φ +Φ

′∫ ∫ = 

           
[ ]
[ ]

( ) (0)1 ( ) (1) ln
(0) ( )

c
g g

H s sh UH
s

U U H sh UH s
′ ′Φ = Φ −Φ +  ′ ′

.      (22) 

      
Value of this force fm0 for initial homogeneous fluid with constant concentration 

of particles Φ0 will be equal to  
 

[ ]
[ ]

(0)
0

0 0
(1)

(1) (0)
( ) ln

(0) (1)

H

m
H

H sh UH
f L UH dH

U H sh UH

′

′

′ ′Φ′ ′= Φ =
′ ′∫ .     (23) 

 
It is convenient to describe the influence of concentration redistribution on this 

force by using the dimensionless coefficient km= fm / fm0. 
Some of the obtained solutions become more simple if magnetic fluid is in a 

magnetic saturation at large values of magnetic field intensity when U>>1. In this case 
the Langevin function ( ) 1L UH ′ ≈  and the solutions of above problem take a form: 

exp( )g B UH ′Φ = . And:  
a) at the absence of phase transition 
 

11

0
0

exp( )B UH dx
−

 
′ ′= Φ  

 
∫ , 

0

(0) (1)1
(0) (1)

g g
mk

U H H
Φ −Φ

=
′ ′Φ −

.     (24) 

 
b) at the presence of phase transition 
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* exp[ ( )]gB UH s′= Φ − , 
1

* 0exp[ ( )] exp[ ( )]c g
s

s UH s UH x dx′ ′ ′ ′Φ +Φ − = Φ∫ ,      (25) 

0 0

( ) (1)(0) ( ) 1
(0) (1) (0) (1)

g gc
m

sH H sk
H H U H H

Φ −Φ′ ′Φ −
= +

′ ′ ′ ′Φ − Φ −
. 

 
4. Results and discussion.  
 

For further concrete calculations the following model approximation of 
distribution of magnetic field is accepted: 21 / (1 3 )H x′ ′= + . This approximation is 
based on our measurements of magnetic field intensity in a gap of real magnetic fluid 
seal. Compliance between this approximation and experimental data is presented in 
Fig.3. 

 
 
Fig. 3. Distribution of magnetic field intensity in a gap of real magnetic fluid seal. The solid line - 
approximation by expression 21 / (1 3 )H x′ ′= +  , dots - experimental data. *H =1,6·106 А/m, l=1 
mm. 

 
Results of calculations fulfilled on the base of formulas (15)-(23) for λ=1.5 are 

presented in Figs 4-8. As it will be shown below the phase transition in magnetic fluid 
with reasonable average concentration of particles is observed at large values of 
magnetic parameter U, when magnetic fluid is in saturation. In this case (λ=1,5 and 
L(U H ′ )≈1) the equations of the phase co-existence (10)-(11) and Fig.1 give *gΦ =0,489 

and Φc=0,552.  
Typical distribution of particles concentration Φ in magnetic fluid depending on 

magnetic parameter U is presented in Fig. 4 at initial average concentration Φ0 = 0,1. 
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Fig. 4. Typical distribution of particle concentration Φ in magnetic fluid depending on magnetic 
parameter U.  

 
Curves 1-4 show monotonous increasing of concentration under a magnet pole 

without of phase transition up to values of the magnetic parameter U equal about 9. 
A large number of particles are concentrated in the region of maximum value of 

magnetic field intensity, and concentration of particles decreases far from it. 
With increasing of U concentration of particles in the region of maximum 

magnetic field intensity increases until reaches value Φg* = 0,489 at U equal about 9. 
Here the phase transition which is followed by concentration jump   from Φg* = 0,489 to 
Φс = 0,552 is observed. 

Value *gΦ = 0,489 defining position x s′ =  of the phase transition interface is 
displaced to the right when U increases. To the left of it the “condensed” phase with 
constant value of concentration of particles Φс = 0,552 takes place and the dimension of 
this area increases with the increasing of U. This fact is demonstrated by the curves  5, 
6, 7 in Fig.4. 

At large values of parameter U, practically all number of magnetic particles is 
collected in area with the maximum intensity of magnetic field so the remained area 
becomes practically without them, that is not magnetized. In magnetic fluid seals this 
not magnetized volume of fluid ceases to be kept in them and can flow outside 
practically in the form of pure base fluid. At early stages of research of magnetic fluid 
seals this phenomenon was connected with not good quality of magnetic fluid. As it 
appears from the given results, this phenomenon can take place also in a good magnetic 
fluid as a result of processes of magnetophoresis, diffusion and phase transition which 
are of their essential attributes.  

Coordinate of phase transition boundary s depends also on initial average 
concentration of particles Φ0. It is obvious that with its increasing phase transition has to 
come at smaller values of magnetic field intensity that is at smaller values of U. The 
corresponding dependence is presented in Fig. 5. 
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Fig. 5. Dependence of coordinate of phase transition point s in magnetic fluid on average particle 
concentration Φ0 at different values of magnetic parameter U. 

 
Areas to the left of the curves represented in Fig.5 correspond to the states 

excluding phase transition in magnetic fluid at given value of magnetic parameter U. 
Points of crossing of the curves with axis Φ0 define that minimum value of average 
concentration of particles Φ0min at which phase transition in fluid can take place at given 
U: 0min( ) 0s Φ = . 

Fig.5 demonstrates that with increasing of average concentration of particles Φ0 at 
the same value of magnetic parameter U the value of s increases too, that is the area of 
the condensed phase becomes larger. The same takes place and at increasing of 
magnetic field intensity (magnetic parameter U) for fluid with constant value of average 
concentration Φ0. At large value of U curves on the Fig. 5 tend to the straight line 
described by a formula (19) 0 / 0,552s = Φ , and all curves have almost the same 
inclination at large s.  
 The dependence of this minimum value of average concentration of particles 
Φ0min on magnetic parameter U is presented in Fig. 6. 
 

 
 
Fig. 6. Dependence of minimum value of average concentration of particles Φ0min on magnetic 
parameter U at which a phase transition is taken place. 
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This dependence can be used also for the solution of the inverse problem- 
determination of minimum value of magnetic parameter minU  only at excess of which 
phase transition in magnetic fluid can take place at a given value of average 
concentration of particles 0Φ . 

At U>> 1 this dependence is determined from a formula (25) as follows 
1

0min *
0

exp( ) exp[ ( )]g U UH x dx′ ′ ′Φ = Φ − ∫ . 

The influence of the considered processes on the magnetic force acting on the 
volume of magnetic fluid, and also on force of viscous friction on moving boundary 
described by formulas (20) – (23), is presented in Figs. 7, 8. 
 As it can see from Fig.7 a strong nonlinear dependence of a dynamic coefficient 
of viscosity of magnetic fluid on concentration of particles described by formula of 
Krieger-Dougherty (13) leads to essential increase in relative value of viscous force 
(coefficient of viscous force kτ ) with increasing of magnetic parameter U when 
concentration of particles in the area with large intensity of magnetic field increases.  
 

 
  
Fig. 7. Dependence of viscous force coefficient kτ on magnetic parameter U for different values of 
average concentration of particles Φ0. 
 

The fast increasing of kτ takes place in the range of values U in which there is a 
phase transition in magnetic fluid and the maximum values of concentration of 
magnetic particles *gΦ , and cΦ  further remain fixed. Further smooth growth kτ is 
generally caused by expansion of area of the “condensed” phase of magnetic particles. 

More complicated influence the redistribution of concentration of particles in 
magnetic fluid has on the magnetic force acting on it. It is connected with the fact that 
the value of this force depends not only on magnetization of fluid, but also on the value 
of gradient of magnetic field intensity. As a result of magnetophoresis the concentration 
of particles, and, therefore, magnetization of fluid, have the largest values in the point of 
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maximum value of magnetic field intensity. However, as one can see from Fig.3 in this 
area the gradient of magnetic field intensity decreases to zero. 

 
 

 
 

Fig. 8. Dependence of magnetic force coefficient km on magnetic parameter U for different values of 
initial average concentration of particles Φ0. 
 

Therefore, as it is seen from Fig.8, at moderate values of magnetic parameter U < 
5 coefficient of magnetic force mk  increases approximately by 10% due to the fact that 
concentration of magnetic particles in the area with large gradients of magnetic field 
increases. This fact was noted also earlier in [6, 9]. At large values of U an increasing 
number of particles concentrate in the area with the maximum value of magnetic field 
intensity, that is in the area with its minimum gradient. It leads to monotonous 
decreasing of coefficient of magnetic force mk with a further increasing of U. This 
decreasing is more visible for fluids with less average concentration of particles. In the 
considered situations this decreasing can reach considerable values to 40%. 
  

5. Conclusion 
 
Thus, it is established that processes of magnetophoresis and Brownian diffusion 

can have significant effect on characteristics of flows of magnetic fluid, namely on the 
values of volume magnetic force and viscous tension. In this connection forces of 
viscous friction tend to increase, and magnetic forces can be increased, as well as 
decreased depending on value and configuration of the magnetic field. 

Inclusion in consideration of possible phase transitions in magnetic fluid allows 
us to perform physically consistent calculation of characteristics of magnetic fluid flow 
taking into account processes of magnetophoresis and Brownian diffusion at large 
values of magnetic field intensity. 

It is shown that phase transition in magnetic fluid is observed when the magnetic 
parameter exceeds a certain value, and the area of the condensed phase increases with 
its increasing. At large values of magnetic parameter the coordinate of phase transition 
interface almost linearly depends on average concentration of particles in the problem 
under consideration.  
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