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Abstract

This article deals with the linear stability of an implicit vectorial kinetic relaxation scheme with
a central velocity used to solve numerically some multi-scale hyperbolic systems.
Keywords : linear stability, von Neumann analysis, kinetic relaxation, semi-Lagrangian method,
implicit splitting scheme, eigenvalues.

1 Introduction

Hyperbolic systems are often used to model complex physical phenomena such as multi-scale problems.
In such problems, characteristic waves do not propagate with the same speed: fast waves interact with
slower waves.

Discretizing such physical phenomena is still an open issue. Explicit methods are prohibited due to their
very restrictive CFL condition imposed by fastest scales and implicit methods are computational time-
consuming and memory cost-consuming due to the inversion of ill-conditioned nonlinear systems. In
order to better grasp numerically these multi-scale problems, an alternative is to use kinetic relaxation
methods.

The key idea of these kinetic relaxation methods is to consider the unknown of the hyperbolic system as
the macroscopic moment of a kinetic distribution function. The main advantage is that the distribution
function satisfies a mesoscopic kinetic equation, which is easier to process because it is composed of an
advection equation (at constant speeds) combined with a relaxation term, often chosen of Bhatnagar-
Gross-Krook type (in short BGK) [2|. The relaxation term enables kinetic equation to tend toward
hyperbolic system for an asymptotically small relaxation parameter.

An important degree of freedom in the kinetic relaxation methods is the choice of the number and
the values of the constant advection speeds for the distribution function. We follow here the vectorial
kinetic relaxation method, introduced in |7, 1|, which consists of fixing the same (small) set of advection
speeds for each component of the unknown of the hyperbolic system. A suitable choice for multi-scale
problems is the one introduced in [4] and mainly developed in [5], where three advection speeds
A, Ao, Ay are associated to each of the components of the unknown of the hyperbolic system. The
central speed \g is added to treat the slowest scale of the physical phenomenon.

From numerical point of view, vectorial kinetic relaxation models are often discretized with numerical
schemes which split the advection part from the relaxation term. There seems to be widespread
agreement that the relaxation term is treated numerically as a source term. The noticeable difference
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between numerical schemes mainly comes from the numerical processing of the advection part. It may
be treated, for example, by an Exact discrete Transport, as in [6] or by a Semi-Lagrangian method as
in [5], which has the advantage to avoid matrices storage and CFL condition. The properties of such
a numerical scheme are detailed in [5], particularly for the consistency. The stability analysis is much
more difficult and is rather sketchy.

The aim of this current paper is precisely to review all results on that stability property. For simplicity,
we restrict our study to the notion of linear stability (or L2-stability). Note that other notions of
stability such as entropic one is briefly discussed in [5]. The outline of the current paper is constructed
as follow. Section 2 gathers the notations of the splitting scheme associated to the vectorial kinetic
relaxation model with a central velocity. Section 3 is a brief reminder of the notion of L2-stability.
This linear stability issue is raised in Section 4 for a Semi-Lagrangian method for the advection part
and in Section 5 for an Exact discrete Transport method.

2 The vectorial kinetic relaxation scheme

Let us consider a 1D linear hyperbolic system ;U + 0, F (U) = 0, with U (t,z) € RY. The flux F is
assumed to be linear : F' (U) = AU with the square matrix A € My (R).

The kinetic relaxation representation. By following the notations introduced in [5], a fixed set of
velocities {A_, Ao, A1} with A_ < A\g < Ay is associated to each of the N components of U. Then, U
is considered as a macroscopic moment of a kinetic distribution function f € R3", which satisfies the
following kinetic relaxation equation

0f + A0 = (FIW) - ). (1)

According to the choice of the advection speeds set, we decompose f such as f = ( f_.fo f +)t, with
fi=ikeq, vy € RYN for j € {—,0,+}. The left hand side of (1) consists on the advection part
with the diagonal matrix A = diag (A_Id, AgId, A;Id), which contains all the advection speeds (Id is
the N-identity matrix). The right hand side of (1) consists on the BGK relaxation part with ¢ > 0
the relaxation parameter and f°¢ = (f<, f¢’, iq)t the equilibrium vector, which is a function of U
and which satisfies some consistency properties.

In order to determine f, fi? and fiq, we perform the decentered flux vector splitting detailed in
[5]. It comsists to decompose the hyperbolic flux F into three parts, which commute each other:
F({U)=F, (U)+ F{ (U)+ \U. In the linear case, the hyperbolic flux F writes F (U) = AU with
A a diagonalizable square matrix (because F' is hyperbolic) and the previous decomposition is also
linear: there exist two commuting diagonalizable square matrices Aoi such that

AU = AJU + AJU + \U. (2)

Decomposition (2) together with U = 3", 1y f; (since U is the macroscopic moment of f) enable
to define each f3? for j € {—,0,+} as follow, where Id is the identity matrix, (for more details, see [5])

1

FEU) = =40 (P Fot 1),
. 1 1 _
U) = [Id— (MA;; — AO—A_AON (fo+Ffo+Ti), (3)
. 1
YWU) = HA(J)r (fo+fot+Fy)-



The numerical scheme. As in [5], we fix At > 0 and Az > 0 the time and space steps and denote

n __ n
= (fj7k)je{—,0,+},ke{1,...,N}
chosen to discretize (1) is the following splitting scheme: ™" = R.(At, Az, 0) o T(At, Ax)f™.
For convenient, we denote f* = T (At, Az)f".
e The transport step, named T (At, Az), may be either a Semi-Lagrangian scheme (SL hereafter),
defined by

the distribution vector at time t" = nAt € [0,T]. The numerical scheme

f]*k(x) =Ias ( j”k) (x — N\jAt), Vje{—,0,+} and Vke {1,..,N}, (4)

where, for any g : R — R, Ia,(g) is a piecewise polynomial interpolation of the values taken by g
on the mesh points, or an Exact discrete Transport scheme (ET hereafter), defined by I, = Id (the
identity map)

fi(@) = fix( — A\jAt), Vje{-0,+} and Vke {1,..,N}. (5)

Remark 1. Assuming an Exact discrete Transport scheme, as Relation (5), leads to a CFL condition

since it makes /\iit be an integer, for all j € {—,0,+}.

e The relaxation step, named R.(At, Az, ), consists on a #-scheme, with 6 € [%, 1], defined by
n e eq Un+1 _ pen+1 e N
AAE T ] Clio b Sy Rl Ui LY i

1>
Since U™ = U* during the relaxation step, cf [5], it may be rewritten in the form:

At
€+ O0AL

P = F e (fUUT) — ) with w = € [0,2]. (6)

The final numerical scheme is thus obtained by combining (4)-(6) for the Semi-Lagrangian choice (or
(5)-(6) for the Exact discrete Transport choice).

3 Linear stability

We restrict our study to a linear (or L?) stability, by a von Neumann analysis.

3.1 A review of L?-stability

Let G be the amplification matrix of a one-step linear scheme () : "' = G(At, Az) f". We recall
the notion of L?-stability in the following definition.

Definition 3.1. The scheme (S) is L2-stable if there exists a constant K > 0 such that, for all At
and Az small enough (and possibly satisfying a CFL condition), for all n > 0 such that nAt < T, one
has || £l < (1+ KA ]| 2

In terms of amplification matrix, the L2-stability notion translates into the following necessary and
sufficient condition : /p ([G(At, Az)]* G(At, Azx)) < 1+ KAt, with, for a square matrix G, p(G) the
spectral radius of G and G* the adjoint matrix of G. This necessary and sufficient condition is not
always easy to verify so we focus only to the sufficient condition of the following proposition.

Proposition 1. Sufficient condition : In space Fourier variables ]/”\1(5) with & € [0, %], a sufficient
condition to ensure the L?-stability is as follow:

sup p(G(At,€)) <1, or sup p(G(At,E)) =1 and the eigenvalues of G(At, ) with modulus equal
€€[0, X% €€[0, X%
to 1 are simple.



3.2 Amplification matrix for the vectorial kinetic relaxation scheme

To deal with the L2-stability, we have to first compute the amplification matrix.

Reformulation of the relaxation step in the linear case. Since A and Aa’ commute and are

both diagonalizable, they are diagonalizable in the same basis to obtain AT = BQD(j)EBO_ U with DSE

the diagonal matrices DF = diag ()\k(Aa[))ke{le}

AL(AZ) corresponds to the k'™ eigenvalue of AT
Relaxation step (6) is thus rewritten under the following bloc matrices form:

and By an invertible matrix. The diagonal term

fort fr
0| = BoRe(At,w)By | £ (7)
it i

with By = diag(By, B, Bo), Bo_l = diag(Bo_l,BO_l, Bo_l) and R.(At,w) the relaxation amplification
matrix defined by blocs by

R.(At,w) = diag(Id, Id, Id) + wR.(At),

with R.(At) =

1 - 1 - 1 -
T Xo—A_ Dy —1Id T Xo—A_ Dy T Xo—A_ Dy
1 + 1 — 1 + 1 — 1 + 1 —
Id — (A+—A0 DO T Xo—A_ DO) _,\Jr—AODO + Xo—A_ DO Id - (,\Jr—AODO T Xo—A_ Do)
1 + 1 + 1 +
A+7AUD0 A+7AOD0 /\+7>\0D0 —1Id

Fourier analysis. We introduce the Fourier variable (in space) F‘ in L2([0, 2Z]) defined by F(ﬁ) =

j 2
er{mesh points} " (x)ewf’ vE € [0’ TZ]
With this Fourier decomposition, transport step of the scheme rewrites :

FLO\  (T(ane 0 FLE)
£56) | = Ty(AL, €) HGRE
F1(9) 0 T(ALE) \f1(9)

with
o Ti(At, ) = TJSL(At, €) the amplification factor of the Semi-Lagrangian scheme (4),
o or Tj(At, €) = eA%1d in the case of an Exact discrete Transport scheme (5).

Since relaxation step does not depend on the space, Relation (7) is also true with " (resp. }\*)
instead of "1 (resp. f*).
Eventually, the total amplification matrix is equal to

T_(At,€) 0
G(At,€,e,w) = BoR:(At,w)By ! To(At,€) : (8)
0 T+(At7£)
with Tj(At,§) = TjSL(At,f) for the scheme (4)-(6), or with Tj(At, &) = e?2%Id for the scheme
(5)_(6)7 for .] € {_707+}
4 Linear stability for the Semi-Lagrangian step

Let us ensure our first linear stability result.



Proposition 2. Let the hyperbolic flux F be linear and be decomposed into F (U) = AU = AU +
AS‘U + AU, with Ag and Ay two commuting and diagonalizable matrices.

The numerical scheme (4)-(6) with the advection speeds set {\_, Ao, A4}V, with A\_ < Ao < Ay and
equilibrium (3) is L?-stable on the following conditions :

e we[0,1],

e Id — ()\ v A+ AOfA_ Aa) s a positive semidefinite matriz,

° A(‘)F (resp. Ay ) is a positive (resp. negative) semidefinite matriz.

Remark 2. Note that here a matrix is said to be positive semidefinite (resp. negative semidefinite) if
all its eigenvalues are nonnegative (resp. nonpositive).

Remark 3. Sufficient conditions which involve in Proposition 2 are exactly the same as the ones
required for the entropy stability property, proved in [5].

To prove Proposition 2, we follow the main guidelines of [6] which suggest to study the Gershgorin
discs of the amplification matrix, for more details see [9].

Definition 4.1. Let G = (gij)i; € Mn(C) be a complex square matrix. The k!'-Gershgorin disc
corresponds to the disc Dy = {z € C, [grx — 2| < >, 44 [gjxl}, for k€ {1,.... N}

Theorem 4.2 (Gershgorin’s theorem). Let G = (gi;)i,j € Mn(C) be a complex square matriz. Every
eigenvalue of G belongs at least to one Gershgorin disc of G.

Proof of Proposition 2. As the Semi-Lagrangian step is unconditionally stable [3]|, we may omit the
Semi-Lagrangian amplification factors TJ-SL (At,€) for j € {—,0,+} in our study. It only remains to
consider eigenvalues of R.(At,w).

~ Let A be an eigenvalue of Rc(At,w) = (re5)ije(1,...3n}- According to Theorem 4.2, there exists
ke{l,. 3N} such that |r_ zz — Al < 3,5 |r. ;|- Then by a triangular inequality, [A| < |r, 55 — Al +

e gl < Z 1 I jz|- However, one has

o for ke {1,..,N}

Aa(4g) (AT AR(AD) (A7)
Z|T63k| ‘ )\_)\7 B e Ar— X0 Ao — A er)ur—)\o’

o for ke {N+1,..,2N}

3 e = g2 - (1 (R - SR ) o2

)

o for k€ {2N +1,...,3N}

§|r6,jk|:‘_wi)k(f45)’+'w_w<Ak(A§) _ Ak(Aa)>‘+‘1+wW

Mo — A M=o Ao — A )\+—)\0_w"



Hypotheses of Proposition 2 enable to remove modulus in the previous relations and to obtain for all
1. 3N
ke{l,..,3N}, ijl e gl = 1.
Hence, all eigenvalues of R.(At,w) have a modulus smaller than 1 which implies the L2- stability
of the numerical scheme (4)-(6).
O

Example 1. Here is a non-exhaustive list of flux decompositions which enable to obtain a L?-stable
scheme for scalar case when F(u) = au = ag u + ag u + Aou:

e (Rusanov) We choose A_ < min(0,a), A\g = 0 and max(0,a) < Ay and we define af = A+ (ﬁ:&_)

—A_
e (Upwind) We choose A_ < min()g, @) and max(Xg,a) < Ay and we define aj = Lgx,(a — Ag) and
ag = lgen,(a — Ap), with 1 the indicator function.
e (Lax-Wendroff) We choose —A_ = Ay = X > 0 with /ala] < A < ala| and A\g = 0 and we define
ag =1 (a:i:a%) with a € [1, 2].

For more details about these flux decompositions, we refer the readers to [5].

and ay = —A_ ( )\’1—)‘* ) A particular Rusanov decomposition consists to choose —A_ = Ay = |al.

Remark 4. Proposition 2 is also valid for the scheme (5)-(6) (with an Exact discrete Transport step).
However, the following section improves those results.

5 Linear stability for the Exact discrete Transport step

For simplicity, we focus only on the scalar linear case: dyu 4+ adyu = 0 with u(t,z) € R and a € R,
which implies By = 1 in (8). The Exact discrete Transport step enables to improve sufficient conditions
of Proposition 2, in particular in the range of admissible w.

Proposition 3. Let the scalar hyperbolic fluz F be linear and be decomposed into F(u) = au =
agu—l-aa'u—i-)\ou.

The numerical scheme (5)-(6) with the advection speeds set {A_,Xg, \+}, with A\_ < Ao < Ay and
equilibrium (3) is L?-stable on the following conditions :

o we|0,2],

+ -
_ (%  _ _%
o1 ()\+—)\o AO—A,) >0,

° aJEOandaago,

+ —
e One of the three following equalities is satisfied : aar =0ora; =0o0rl— (Maﬂ)\o — /\Oaf)\_> =0.

+ —
Remark 5. As the scalar case is considered here, condition 1 — (ﬁ — ﬁ) > 0 may be written

in the simplest form: A_ < a < Ay. In deed, in the scalar case,

B ad _ag A —a ag (A —A2)  a— A af Ay —A0)
M=o Do — Ao

I VD VLG VINSD Vo TP VD Wl R Vs W VISP VS TS VRS Wl

The nonnegativity of this quantity together with the hypotheses A_ < Ag < A4, ag >0anda; <0
implie that A\_ <a < AL,

Instead of using Gershgorin discs to prove Proposition 3, we need a more specific tool to localize
the eigenvalues and we use Rouché’s theorem, as suggested in [8].



Theorem 5.1 (Rouché’s theorem). Let v be a closed simple path in  C C and assume that vy has an
interior. Let f and g be holomorphic (analytic) on Q and |f(() — g(¢)| < |f(Q)| for all ¢ on . Then
f and g have the same number of zeros in the interior of ~y.

+
Proof of Proposition 3. Let us define AO =% =l -y and A, = )\ <—. In the scalar case, the amplifica-
tion matrix writes G(At, §, e, w) =

(1-wAy —w) e -AtE —w Ay ePoAte —wAy e+ At
w (1 — (Aar *}AE)) piIA-AtE (1 —w (Ag 7345)) eiMoALE (1 _ (A(J)r _ Ag)) eI+ ALE
wAT N2t wAT eroAt (1 FwAd — w) PONWINT;

The characteristic polynomial of G is as follow: x(X) = po + p1X + poX? — X3, with
Lo = (1 w)2ei s FAotA )AL
—w [( 1 — WAy )P0 PADME | (g 4y At gihorA-) At
F(—1 4wl — AT + Ay))eir+HA-)ate]
po = (1 — w+ wAD)eMME L (1 - w+w(l — AT + A7))ehAL
+ (1 —w— wAy )er-21,

In the three particular studied cases, the previous characteristic polynomial writes
W(X) = {(1 - w)e & - X} 3(X), (9)

i [ vo+v
where X(X) = (1 — w)elv2tvs)AtE _ Xez< E 3)At£ [(2 — w) cos(Z) + iwnsin(Z)] + X2, with

e Case ag' =0:v1 =X, ru=Xy, V13=A_, E AO;A‘Atf, 7]:1+2>\07_>\,

[
I

e Caseag =0:v;=A_, 19 =0>X, 13=2>Ay, == 20 A*At{, n=1—2+—"+

,\+ e
o C 1_ a;)'- + ag =0: =\ Y - :_/\+)\Atf ag' +
ase )\+_)\0 No—>_ UL = Ay V2 = Ay, V3= A = = s )\+ o
a9
Aog—A_ "
Particular cases w =0 or w = 2: In these two cases, the three roots are transparent:
) i r2tvs ) . .
{ewlAtg, [cos(E) £ isin(Z)] el( 2 >At£ = {ewlAts, g2t eZVﬁfAtf} for w =0 and
vo+tvg
{ eVIALE [:I:\/ — n2sin?(2) + insin(E } ( ) té} for w = 2.
Equality (2) in the scalar case enables to simplify 7: n = —%2=294  Conditions A_ < Ay < A,

v2—r3
Ao <a< A, ap <0 and ag > 0 imply that n € [—1,1]. Thus the square root /1 — 12 sin?(2) is
well defined. If —1 < 7 < 1, the roots are simple since 1 — n?sin?(Z) # 0. Otherwise, the roots for
w = 2 simplify into { e“’lAtg, g2 AtE —e“’i”AtE} if n=1and { AL i ALE “’BAtf} ifn=—1.
To conclude with w € {0,2}, all these roots have a modulus equal to 1 and are simple.
General case w €]0,2[: Obviously, according to (9), one of the three roots of x is (1 —w)e®1A% which
has a modulus strictly smaller than 1 if w €]0,2[. We have to determine the two other roots.

o If = = 0[n], X writes Y+ (X) := (1 — w)e!2 )AL 412 ()¢ () are + X2.

v9+vg




. (vo+rg (votvs
The roots of y_ are %ez( 2 )Atf and those of x are %el( 2 )Atg. They are all simple

and their modulus are equal to 1 or to |1 —w| < 1 since w €]0, 2[.
o If = £ 0[r|, we define ¢ such as (X) := x(X) for w = 1, which gives
. vo+uv
P(X)=X —ez< “ S)Até [cos(Z) + insin(Z)] + X | .

Thekey point is to compare the zeros of both y and ¢ in the unit ball, as in [§].

Roots of 1. The roots of 1 are X; =0 and X, = ei(F25 )t [cos(E) + insin(Z)] .

The modulus of X5 is [ Xs|? = cos?(Z) [1 — n?] +n? € [n?, 1], since n € [-1,1].

Since = # 0[r], | X2| does not be equal to 1. The function ¢ has thus two roots strictly contained in
the open unit ball.

Comparison between y and 1 on the unit circle. For # € R, one has

3 3 . . vyt
R(e™) — p(e)] = |1 — wf |t _ 0+ (252)800)

cos(E) — in sin(E)]’ .

vy +L/3

Multiplying by | — eii((ﬂ( 2 >At£>\ and taking the complex conjugate give

3 3 s L/2+y3 .
() — ()] = |1 — w] | e (55 )asewio

+ [cos(E) +in sin(E)]‘ .

Computation of ) on the unit circle. One has |i(e?)| =

-(votvrg .
—ez( 2 )Ata [cos(Z) + in sin(E)] + ¥

= |cos(E) + insin(Z) — eil(l@;ug >At£+29
is obtained by a multiplication by | — eil<%)m£\.
Use of Rouché’s theorem 5.1. One chooses the closed simple path « be equal to the unit circle.
Since w €]0,2[, one has |(e) — (e?)| = |1 — w||v(e?)] < |4(e)| for all § € R. By Rouché’s
theorem 5.1, x¥ has the same number of roots in the open unit ball than .

All in all; each case of w leads to three roots of y with modulus strictly less than 1 or equal to 1
and simple. The L2-stability is thus a consequence of Proposition 1.

. The latest equality

O]

Example 2. The three first flux decompositions of Example 1 satisfy hypotheses of Proposition 3.
They are also satisfied by the Lax-Wendroff decomposition only with the extremal choice |a|] = A/«
or la| = A/y/a. (Note that the L2-stability may be proved by a directe computation with o = 1 and
A > |a| in the particular choice w = 1).
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