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BOUNDARY FEEDBACK STABILIZATION OF THE
BOUSSINESQ SYSTEM WITH MIXED BOUNDARY CONDITIONS

Mythily Ramaswamy? Jean-Pierre Raymond! Arnab Roy*

Abstract

We study the feedback stabilization of the Boussinesq system in a two dimensional do-
main, with mixed boundary conditions. After ascertaining the precise loss of regularity of the
solution in such models, we prove first Green’s formulas for functions belonging to weighted
Sobolev spaces and then correctly define the underlying control system. This provides a
rigorous mathematical framework for models studied in the engineering literature. We prove
the stabilizability by extending to the linearized Boussinesq system a local Carleman esti-
mate already established for the Oseen system. Then we determine a feedback control law
able to stabilize the linearized system around the stationary solution, with any prescribed
exponential decay rate, and able to stabilize locally the nonlinear system.

Key words. Boussinesq system, mixed boundary conditions, boundary Feedback Stabiliza-
tion, finite dimensional controllers, fractional Sobolev spaces.

AMS subject classifications. 93B52, 93C20, 93D15, 76D05, 76D55, 26B20.

1 Introduction

In the recent years, there has been a considerable interest in feedback stabilization of fluid flows
around stationary solutions. However most of the works focus on either Dirichlet or Neumann
boundary conditions on the entire boundary. Mixed boundary conditions do arise naturally in
applications, for example, in energy efficient building structures.

In this paper, we would like to establish rigorous stabilization results for the Boussinesq
system, around a stationary solution, by feedback controls of finite dimension, for geometrical
domains and boundary conditions including models studied numerically in [I]. Stabilization
problems for the Navier—Stokes system with mixed boundary conditions are already studied
in [2]. Those results could be extended without major difficulties to the Boussinesq system. But
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in [2], only the case of a right angle junction between Dirichlet and Neumann boundary condi-
tions is considered. Therefore the results obtained in [2] cannot be applied to the geometrical
configurations studied in [1J.

The goal of this paper is to fill this gap. An extension of the results of [2] is not obvious.
Indeed the analysis of such control systems relies on fine regularity results and on Green’s
formulas to characterize adjoint operators. These Green’s formulas, which are known for velocity
fields and temperatures with H3/2t¢ spatial regularity with ¢ > 0, may be wrong for H3/2—¢
spatial regularity when & > 0 (see [3]). In addition to that, the H3/2~¢ spatial regularity with
e > 0 that we have for the models considered here, is not sufficient to deal with the nonlinear
term of the control Navier—Stokes equations. This is why a careful analysis of these difficulties
is carried out in the present paper. The main idea to overcome the drawbacks linked to the loss
of regularity is to work with weighted Sobolev spaces. The analysis of the stationary case can
be handled with results proved in [4] for the Laplace and Stokes equations separately, but the
approach proposed in the present paper is totally new both for the analysis and for the control
of such instationary systems, even for the case of the Navier—Stokes system alone.

The precise assumptions on {2 are stated in Section Its boundary T' = 012 is split as
follows I' = I'y, U I'. U Iy, where I',, I'. and I';, are relatively open subsets in I', two by
two disjoint. An example of domain satisfying the assumptions stated in Section [2.I]is given in
Fig. [l The control Boussinesq system satisfied by the temperature 7, the fluid velocity u and

I,

\\4

1

Figure 1: Rectangular domain with inflow and outflow boundary condition.

pressure q is

0
a—;—ﬁAT—i—u-VT = fsin Q, 7(0) = 79 in Q,
0
T = grs+0c on X, a 0 on ¥\X%.,
0 on 1.1
8—1:+(u-V)u—diva(u,q) = @7, divu = 0 in Q, (1.1)
u=0on X, u = gus+Vve on X, o(u,¢g)n = 0 on %,,
[Tu(0) = TITuy,

where & is the thermal diffusivity, v is the fluid viscosity, o(u,q) = v(Vu + (Vu)?) — ¢I is the



Cauchy stress tensor, fs, grs and gy are stationary data, Q@ = Q x (0,00), £ =T x (0, 00),
¥p =Ty x (0,00), 3y = Ty x (0,00), X = T'e x (0,00), 0. and v, are control functions,
B € L>(;R?), and II is the Leray projector introduced in Section

Let (75, us, qs) be a solution to the stationary Boussinesq system

—kATs +us - V1s = fgin €,

0
Ts = gr,s Ol I, 8777;8 = 0 on F\Fc,

(us - V)us —div(o(us,qs)) = B 715, divug = 0 in Q,

(1.2)

u;, =guysonl, u, = 0only, o(us,g)n = 0 on I

We assume that (7,u,¢q) is an unstable solution for the instationary Boussinesq system (|1.1)).
Our goal is to stabilize system (|1.1)) in a neighborhood of the stationary solution (7, us, gs) at
a given decay rate w, by finite dimensional boundary controls in the form

N N
bu(a,t) =3 filt)gos(a)  and  ve(a, ) = 3 fil)gala). (1.3)
i=1 1=1

The functions g; = (g, gv,i)T are localized in I'., and they play the role of actuators. They have
to be chosen in order to satisfy some stabilizability properties. The function f = (f;)1<i<n €
L?(0,00; RY) is the control variable. In order to determine the control f in feedback form, we
write below the system satisfied by (0, v,p) = (7 — Ts,u — us,q — gs):

00

E—RAH + u-Vl + v-V7s + v-VO = 0 in Q,

0 = 6. on X, % =0on X\X, 6(0) = 6 in Q,

0 on 1.4
a—:—diva(v,p)—l—(us-V)v+(v-V)us+(v‘V)v:,8Gin Q, (14)

divv=0in Q, v=vc.onX, v=0on2,,
o(v,p)n =0o0n %,, IIv(0) =Ilvy in €,

where 0y = 79 — 75 and vy = ug — us. The linearized system around the steady state solution
(7s, s, ¢s) is given by

%7HA0+US'VG+V'VTs:Oin Q,
# = 6. on X, g—z =0 on ¥\¥, 6(0) = 6 in Q,

1.5
88%_diVU(Vap)+(us-V)V+(V'V)us = 597 divv =0in Q’ ( )

v=veconY., v=0on, ov,pn=0on2%,,
IIv(0) = IIvg in Q.
The main issues that we have to deal with are

— obtaining regularity results for the linearized system, for the closed-loop homogeneous and
nonhomogeneous linearized systems,



— writing the linearized system as a control system,

— studying the stabilizability of the control system, and determining stabilizing feedback control
laws,

— studying the stability of the closed-loop nonlinear system.

Let us address successively these issues. In Section [3| by using the variational formulation
of the stationary Boussinesq system, we define the Boussinesq operator (A, D(A)) in Z =
L*(Q) XV%Pd(Q)’ where V%Fd(ﬂ) ={veL?(%R?) |divv=0inQ, v.n=0o0n Ty} and Ty =
'y, UL, (see Section . The control operator B is defined in Section and in Section |4}, we
show that the linearized system (1.5 satisfied by z = (6,IIv)” can be written in the form

7z = Az + Bf, z(0) = zo,

and that (I — II)v satisfies an algebraic equation. This representation is essential to apply
the stabilizability Hautus test. We also need the precise characterization of the adjoint oper-
ators A*, B*. This is obtained by using Green’s formulas and regularity results for functions
belonging to D(A) and to D(A*). In particular, we prove in Section 3| that

D(A) C HZ(Q) x HF¥ (Q;R?) and D(A*) C HZ(Q) x H}(Q;R?),

where HZ(2) x H?(Q;R?) is a weighted Sobolev space introduced in Section We emphasize
that these regularity results are obtained by using the mixed (variational) formulation of the
stationary Boussinesq system, the Green’s formulas are obtained by using the PDE formulation
of this system and the variational formulation is used in writing the PDE in operator form. That
is why we show the equivalence between these three formulations. Due to the loss of regularity
induced by the Dirichlet—Neumann, Neumann—-Neumann and Dirichlet—Dirichlet junctions, the
analysis is more tricky.

Stabilizability results may be deduced from null controllability results. Local boundary con-
trollability to trajectories of the Boussinesq system is established in [5], [6], [7]. See also [§],
for additional results of local exact controllability to the trajectories of the Boussinesq systems
with interior controls. But all these controllability results are for Dirichlet conditions for both
velocity and temperature and when the boundary of the domain is regular. As far as we know,
there are no similar controllability or stabilizability results in the case of mixed boundary condi-
tions and the analysis of our problem is more delicate. Here, adapting to the Boussinesq system
the approach used in [9] for the Oseen system, we prove in Appendix a local Carleman estimate
for the adjoint stationary Boussinesq system. Using this result, we prove that the control sys-
tem corresponding to is stabilizable. Then the feedback control law is defined as in [10]
or [2]. The regularity of solutions to the nonhomogeneous linearized closed loop system is also
established in Section Bl

In particular, we show in Section [5.3|that if the initial condition (6, vo) belongs to H®(2) x

Vi r, (), where V. () = Vg,rd(Q) N H¢(Q;R?), and if the right hand side of the nonhomo-

geneous linearized closed-loop system belongs to L?(0, oo; HF_CH‘E(Q)) x L2(0, o0; HdeE (), for

e € (0,1/2), then the solution to the closed-loop linearized system belongs to the Hilbert space
X = (£2(0,005 D((AoI = A)F+5)) N HE5(0,005 7))

+HY 0,00, H275(Q) x H275(Q)).



In Section [6] we carefully estimate the nonlinear terms v - V6 and (v - V) v in order to show,
via a fixed point method, that the closed-loop nonlinear system ([6.1)) admits a unique solution
in some ball of X. More precisely we prove the following theorem in Section [6.2

Theorem 1.1. Let € belong to (0,1/2). For a given w > 0, there exist a family of actuators

gi = (90i,8v,i) € H(%Q(FC) X HgéQ(Fc) explicitly given in (5.5), a constant pg > 0 and a constant

Co > 0 such that if p € (0,p0) and if [[(60,vo)llm=()xve . (@) < Con, then the system (6.1
n, Ty

admits a unique solution in the ball B, = {(0, v) € X : [[e*!(6,v)|x < p}, and it satisfies

10(8), V()| e (@) <= () < Ce™™,

where C' depends on |00 gy and ||[vo|lw=(q)-

For the definition of the spaces HgéQ(FC) and Hgé2 (T'c) see Section

Therefore, our paper provides a rigorous framework for models studied in [I]. Let us mention
some additional references linked to our paper. The idea of using finite dimensional controllers
for the stabilization of linear parabolic systems goes back to [II]. The stabilization of the
Navier—Stokes system by means of finite dimensional feedback controllers is obtained in [12], in
the case of an internal control. The case of a boundary control is studied in [13], [10], [14]. See
also additional results in [I5], under the more restrictive assumption that the unstable spectrum
of the linearized operator is semi-simple.

2 Preliminaries

2.1 Functional framework and assumptions

We set L2(Q) = H°(Q; R?), H*(Q) = H*(;R?), Vs > 0 and the same notation conventions will

be used for trace spaces. We denote by H(l)(/)Q(Fc) (respectively Hg(/)z (T'¢)) the subset of functions
belonging to H/2(T.) (respectively H3/2(T.)) whose extension by 0 to the whole boundary T

belongs to H/2(T) (respectively H2(T)). A similar definition is valid for Héég(f‘d). Now we
introduce the spaces

V%d(ﬂ) ={v € H(Q)| divv = 0inQ, v = 0on Ty},
Vg,rd(Q) is the closure of V%d(Q) in L2(Q),
H%n(ﬂ) = {p €EHY Q) |p=0on Fn} . Z=1L*Q) x V27Fd(Q).

From the above definition of VY

nr, (), it follows that, for all v € VO, (), v-nlr, =0 as
element in (Hy)*(Tq))'.

n,I'y

For ¢ € [0,1/2), we define the spaces HI?CHE(Q) as the dual space of H%:E(Q) with respect
to L2(Q) and HdeE(Q) as the dual space of HEE(Q) with respect to L2((2).

Throughout the paper, the following assumptions are assumed to be satisfied.



Ns
(Hy) For the two dimensional domain €2, the boundary I' is split in the form I' = |J I';, where
i=1
each I'; is a submanifold of class C? and the boundary condition on T'; for the fluid velocity (or
temperature) is only of one type, either Dirichlet or Neumann.

(H2) The set of junction points between these submanifolds is J = {J; | j = 1,--- ,N;}. For
each vertex J € J, there exists r, > 0 such that {z € R? | dist(x, Ji,) < 7} NT is the union of
two segments.

(Hs) If T, ﬂfj = {Ji}, for some 1 < ¢, j < Ng and some 1 < k < Ny, the angle at Jj interior
to  is at most 7 if it corresponds to a Dirichlet—Neumann junction, and it is strictly less than
27 otherwise.

(H4) The control zone I'. corresponds to one of the submanifolds of the family (I';);<i<n,. We
assume that I' is of class C3.

(H3) The solution (75, ug, gs) of the stationary problem (1.2)) belongs to H'¢0(Q) x H*¢0(Q) x
He(Q) and (75, u)|q,. € H*T0(Qc) x H* 0 (Q,,) for all € > 0 and some gy > 0, where
Qee ={z € Q|dist(z,I'\T¢) > e}.

In our work, we need weighted Sobolev spaces for further analysis. For all —1 < 0 < 1,
s € N, we introduce H§(Q;R?), the closure of C*°(Q) in the norms

2 )
ol = X [ 10wl
la|<s Q

where r stands for the distance to J, a = (a1, az) € N? denotes a two-index, |a| = a1 + ag
and J, denotes the corresponding partial differential operator. We denote the weighted Sobolev
spaces as

Li(Q) = HY(Q;R?)  and H;(Q) = H{(Q;R?), Vs> 0.

Note that, following [16], we can also define the space H(£2) when s > 0 is not an integer. We
also recall that [16, Theorem 3]

H§() — H*%(Q) forall s > 6 >0,

and the trace operator g is continuous from H2(€2) into H3/279(T) for all 0 < § < 3/2. We also
introduce the following time-dependent weighted Sobolev space

Hy'(Q) = L2(0,T; HZ(Q)) N HY(0, T;L2(Q)).

2.2 Some useful results

The orthogonal projection in L?(£2) onto V%Fd(Q) is denoted by II. The following result can be
proved as in [2, Lemma 2.2]:

Lemma 2.1. We have the following orthogonal decomposition

L*(Q) =V, (Q) @ VHL (9).

n)Fd
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The orthogonal projection TI from L2(2) to V9

n,lg

(Q) is defined by

[Mu=u—-Vq — Vg, where
@ € HY(Q), Aq = divu in Q,

P
@eHL (Q), Agp = 0inQ, 2

8—n:(u—Vq1)-n on Ty.

We have introduced weighted Sobolev spaces in order to study the regularity of solutions to
the following elliptic equations

Al —kA0=fin Q, 6 = 0 onTy, =0 on I'\T,, (2.1)

on

and
Av — divo(v,p) =hin Q,

2.2
divv=0inQ, v=0onTy, o(v,p)n=0o0nT,, (22)

where A\g > 0, f € L?(Q2), and h € L2(Q). It is well known that equation (2.1)) admits a unique
solution # in H!(£2), and that the system (2.2]) admits a unique solution (v, p) € H' () x L(Q).
Under the assumptions made on I' in Section we can prove the following proposition.

Proposition 2.2. The solution 6 € H*(Q) to equation [2.1)) belongs to HZ () and satisfies
16112 (0) < Csll fllz2 ()

for all § € (1/2,1). The solution (v,p) € HY(Q) x L%(Q) to system belongs to H2(Q) x
H}() for all 6 € (1/2,1), and it satisfies

IVIlaz@) + [Pl ) < CslihllLee)

Proof. Since the angle of junctions between Dirichlet—Neumann (respectively Neumann—Neumann
and Dirichlet—Dirichlet) is less than or equal to 7 (respectively less than 27), the regularity for ¢
follows from [4, Theorem 6.4.6], and the regularity for (v, p) follows from [4, Theorem 9.4.5]. O

The existence result for stationary Navier—Stokes equation for polyhedral domain is given in
[4, Theorem 11.2.1]. We can adapt this idea to establish the existence and regularity result for
nonlinear stationary Boussinesq system (|1.2)).

Theorem 2.3. Let fs € Hr_cl, (Gr,5:8u,s) € H&éz( I.) x Hl/z( [.). There exist constants 1 > 0
and Cy > 0 such that if

(97,5, 8u 8)||H1/2(1‘ )xH/2(T.) T ||szH < Cher, (2.3)
then the problem admits a solution in the ball
Bz, = {(r,u,q) € H'(Q) x H'(Q) x L*(Q) : [[(7,w,9) || i1 (0yxm () x£2(0) < €1} -

If moreover fs € Lz(Q), (9r.5,8us) € Hgf(l“c) X H3/2(Fc), then (1,u,q) € HHEO(Q) X
H!*0(Q) x H®(Q), for some g9 > 0.



3 Stationary linearized system

To define the different operators involved in the Boussinesq system, we first consider the following
stationary equation

A —KAO + u;-VO + v-Vr, = f in Q,

0 = 6. onT, 29 =0 on I'\T,,
n
Av — divo(v,p)+ (us- V)v+ (v-V)us— 86 = h in Q, (3.1)

divv =0 in €,
v=vconl, v=0onl,, o(v,p)n=0onT),,

where Ag > 0 is chosen later on, v € HgéQ(I‘c), 6. € HgéQ(FC), and (f,h) € L?(Q) x L2(Q).

Definition 3.1. Let & belong to (1/2,1). A triplet (0,v,p) € HZ(Q) x H3(Q) x H}(Q) is a
solution to (3.1)) iff the equations (3.1)1, (3.1)s, (3.1)4 are satisfied in the sense of distributions,
and (3.1)2 and (3.1)5 are satisfied in the sense of traces.

To prove the existence and uniqueness of solution to system ({3.1)), via the mixed (variational)
formulation, we introduce the continuous bilinear form on H'(2) x H'(2) defined by

a((6.9),(6:9) = [ (BE+KVO - VE + (.- VOE + (v Vr)¢) da
Q
+/ MV -d+2vDv:Dop+[(us- V) v+ (v-V)ug| - — 08 - ¢) du,
Q
where Dv = (Vv + (Vv)T), and the continuous linear form on H'(Q) x L2(€2) defined by

b(,p) = /Q pdiv ¢ da.

The mixed formulation for system (3.1)) is
Find (0,v,p) € H'(Q) x H(Q) x L?>(Q) such that

0=0.onT', and v=vconIl, v=0onTy,

a((6,v), (€. ) — b(b. p) = / (fe+h- o) (3.2)

for all (¢,¢) € HY, () x HE (),

b(v,) =0 for all v € L*(Q).
The variational formulation for system (3.1)) is
Find (0,v) € HY(Q) x V}(Q) such that

f=6.onI'. and v=veconI., v=0o0nT,, (3.3)
a(0.)(E6) = [ (FE+he@) V(Ed) € HE(2) x V(@)

The mixed formulation (3.2)) will be used to analyze the regularity of solutions to equation (3.1)),
while the variational formulation (3.3)) will be used to write equation (3.1)) in an operator form.
Later we will prove the equivalence of these formulations and of Definition (3.1



3.1 Homogeneous boundary conditions

Proposition 3.2. There exists Ay > 0 depending only on k,v,us,7s and B such that, for all
(0,v) € H () x V%d(Q), we have

L .
a((6,v), (6,v)) 2 5 min(x, 2V)H(9,V)qu%c(g)xv%d(m- (3.4)

Proof. The proposition is a direct consequence of classical majorizations combined with Korn’s
and Young’s inequalities. O

Consider the linearized stationary Boussinesq system with homogeneous boundary conditions

A —kKAO + u,-VO + v-Vr, = f in Q,
00

# =0 onTy, = 0 on I'\ Ty,
n

Av — divo(v,p)+ (us - V)v+ (v-V)us— 36 = h in Q,

divv=0inQ, v=0onTy, o(v,p)n=0onT,.

(3.5)

Proposition 3.3. Let \g be large so that (3.4) holds. Let (f, h) belong to L*(Q) x L%(Q) and
assume that 0. = 0, v. = 0. The variational formulation (3.3) admits a unique solution (0,v).

The mized formulation (3.2) admits a unique solution (0,v,p). This solution belongs to
HZ(Q) x H3(Q) x HX(Q) for all § € (1/2,1), and we have

101122y + IVIIE2 () + Il r) < Cs (If]lz20) + [hllee) - (3.6)

Proof. The existence and uniqueness of (6, v, p) belonging to Hf, () x V§, (Q) x L*(Q) follows
from the Lax—Milgram Lemma and from the surjectivity of the divergence map as in [4, Theorem
9.1.5]. To prove the regularity, we can write (3.5)) in the form

Av — divo(v,p) =h+ 80 — (us-V)v—(v-V)us in Q,
divv=0inQ, v=0onTy o(v,p)n=0onT,,

MO —rAD = f—us,-VO—v-V7rg in Q, 6 = 0 on I,
00

= 0 on I'\T..

Since u; € H0(Q), we have (h+ B30 — (us-V)v — (v-V)us) € L*Q). From Proposi-
tion it follows that (v,p) € HZ(Q) x H}(2). As (us,7s) € HIT0(Q) x H0(Q), we
have (f —us- V0 —v-Vrs) € L3(Q). From Proposition it follows that 6 € HZ(2). O

3.2 Green’s formulas

Now we state Green’s formulas for the temperature and velocity separately.



Theorem 3.4. Let 6 belong to (1/2,1), and € be positive. Let us setT'c. = {z € I | dist(z,T) <
e}, and let us define

Hll‘c,a (Q) = {9 € Hll‘c ’ H‘Fc,s = O} .

For all € HZ(Q) and for all £ € H%CE(Q), we have

06
(68002 oy 3y =~ [ V8-V + [ o (3.7
: .. 00 9
If in addition o € L*(T'\I';), then
n
06 1
<€, A0>L35(Q),L§(Q) = — o V@ . V§ + F\F § %, fOI' all f ~ HFC(Q) (38)

Proof. Let us first notice that with the help of Hardy’s inequality ([4, page 223])

/r25|ul2dw < C/r2(15)|Vu]2dm,
Q Q

we have H%C(Q) C L?5(%), for § € (1/2,1). The Green’s formula (3.7) can be first proved for
6 € C®(Q) and £ € C*(Q) N H%CE(Q). Next the theorem follows from the density of C*°(Q)
in H2(Q) and that of C*(Q2) N HIl‘c,E(Q) in H%C,E (). The second Green’s formula (3.8) can be
proved by using the density of Hllc _(€2) into H%C(Q) O

Theorem 3.5. Let § belong to (1/2,1), and € be positive. Let us setl'q. = {x € I'|dist(z,T'g) < €},
and let us define

H%dﬁ () ={veHp,|v[r,. =0}.

For all (v,p) € H}(Q) x HY(Q) and for all ¢ € H}dE(Q), we have

<¢7 diva(vap)>L%6(Q),L§(Q) = _2V/K;DV : D¢+/delv¢+/1" O'(V,p)l’l'(f). (39)

\Fd,s

If in addition o(v,p)n € L%(T',,), then we have

(¢, div J(V,p)>L36(Q)’L§(Q) = —21//QDV : D¢ + /deivd) —i—/F o(v,p)n- ¢, (3.10)

n

for all ¢ € H%d(Q)

Proof. The Green’s formula can be first proved for (v,p) € C®(Q) x C°(Q) and ¢ €
C> (ﬁ)ﬂHll“d,s (€2). Next follows from the density of C*(Q) in H3(Q2), of C> (ﬁ)ﬂH%dﬁ (Q)
in Hllﬂdys (Q2), and of C>°(Q2) in H}(£2). The second Green’s formula follows from the density
of Hll“d,e () into Hlld(Q). O

These Green’s formulas are used to establish the equivalence between Definition mixed
formulation (3.2]), and variational formulation ((3.3)).

10



Theorem 3.6. Let \g be large so that (3.4) holds. Let (f,h) belong to L*(Q) x L%(Q), and
assume that 0. =0, v, = 0.

(1) A triplet (0,v,p) € HZ(Q) x HZ(Q) x H}(Q) is a solution to (3.5) in the sense of
Definition[3.1] if and only if (8,v,p) is a solution to the mized formulation (3.2).

(2) If (0,v,p) is a solution to the mized formulation (3.2)), then (0,v) is a solution to the
variational formulation (3.3).

(3) If (8,v) is a solution to the variational formulation (3.3)), then there exists p € L*()
such that (0,v,p) is a solution to the mized formulation (3.2)).

Proof. (1) Let (0,v,p) € H2(Q) x HZ(Q) x H} () be solution of equation (3.5). Multiplying
(13.5)1 by & € H%C(Q) and (3.5)3 by ¢ € H%d(Q) and using the Green’s formulas (3.8)—(3.10),

we obtain the mixed variational formulation.

Conversely, assume that (0, v,p) € HZ(2) x H3(Q) x H}(2) satisfies the mixed variational
formulation with 6. = 0 and v, = 0. By using the Green’s formulas f successively
with test functions (£,0) and (0, ¢) for £ € C°(Q) and ¢ € C°(;R?) in , we can prove
that (0, v, p) satisfies 1 and 3 in the sense of distributions.

Now, by using equation (3.5);, (3.7) and the mixed formulation (3.2) with (&,0), £ €
H%CE(Q), we obtain

/F\F gz =0, V¢eHr, (9). (3.11)

Thus 29 =0 on I'\T'... Since this is true for all ¢ > 0, we conclude that 20 =0onI\T..
n n

With similar arguments, we can also recover the boundary condition o(v,p)n =0 on T'),.

(2) It is very easy to see that if we choose (¢, ¢) € Hf (Q) x V%d(Q) in (3.2), then we obtain
the variational formulation (3.3]).

(3) This follows from the uniqueness of solution (#,v) to the variational formulation (i3.3))
and the uniqueness of (0, v,p) to the mixed formulation (3.2)) proved in Proposition O

We define the unbounded operator (A, D(A)) in Z by

D(A) = {(0,v) € H () x V1 (Q) [ (£, ¢) = a((0,v), (&, ¢)) is

continuous in Z}, and

(Mol = A)(0,v), (& @)z = al(8,v), (&, ¢))
for all (8,v) € D(A), (£, ¢) € HL (Q) x VL ().

Theorem 3.7. The operator (A, D(A)) is the infinitesimal generator of a strongly continuous
analytic semigroup on Z, and its resolvent is compact.

Proof. Using the coercivity of the bilinear form a((¢,v), (6,v)) in H%C(Q) X V%d (©), we conclude
from [I7, Theorem 2.12, page 115] that (A, D(A)) generates an analytic semigroup on Z. From
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Proposition it follows that (Aol — .A)~" is bounded from Z into H} (€2) x V%d(Q). Since,
the imbedding from H} () x V%d(Q) into Z is compact, the resolvent of A is compact in Z. [

3.3 Adjoint problem

Let us introduce the adjoint equation

Mo — KAE — u,-VE —B-¢ = f in Q,
& =0 onTy, Hg—i+(us-n)§ =0 on I'\T,,
Mg —diva(e,¢) — (us- V) + (Vuy) ¢+ (V7)) ¢ =h in Q,

divgp=0inQ, ¢=00onTy o(p,¥)n+ (us-n)¢p=0onT),,

(3.12)

where (f,h) € L*(Q) x L?(Q). We define the following bilinear form a# and the linear form ¢,
on Hf () x Vi (9), by

#((€, ), (6, ) = /Q (M8 + KYVE - VO — (u, - VO — (8- $)0) du
v

()\o¢ v+ 20D¢: Dv — ((us- V)@) - v+ (Vuy) ¢ v + (Vr)Té - v> dx
+/F\Fc(u8 -n)é0 dx + /Fn v (us-n)pdr,

f(@,v):/g(fQ—Fh-v).

2

The mixed (variational) formulation for equation (3.12)) is defined by

Find (¢, ¢,4) € H () x Hf, (Q) x L*() such that

a((£,9),(0,v)) = b(v,¢) = £(6,v) V(0,v) € Hf (Q) x Hf,(Q), (3.13)
b(¢p,p) =0 forall pe L3(Q).

We can prove that the mixed formulation (3.13) admits a unique solution (£, ¢,v) € HZ(Q) x

H2(Q) x H}() for all § € (1,1), as in Proposition Associated with a™, we introduce the
operator (A%, D(A#)) defined by

D(A%) = {(¢,¢) € H} () x VL, () | (6.v) = a™((&, ¢),(0,v)) is
continuous in Z},

and (Aol — A#) (£, ¢), (0,v)) , = a¥((£, ¢), (0, v)) for all (€, ) € D(A¥) and (0, v) € H} () x
V%d(Q). Let (A*, D(A*)) be the adjoint of (A, D(A)). Since a™((¢,¢),(0,v)) = a((0,v),
(&, 9)), for all (€, ¢) and all (6, v) belonging to H%C(Q) X V%d (), we have D(A*) = D(A%) and
Af = A7,

Let Ao be fixed so that (3.4)) holds. Let us analyze the fractional powers of the domain of
the operator A and its adjoint A* used later on.

Theorem 3.8. We have
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e

D((AoI —A)?) = HE (2) x VL (Q),  D((Aol — A%)?2) = H} () x V()

. (3.14)
(D((NoI = A")?2)) = Hp () x V().
Furthermore, for ¢ € (0, 3),
(D((Ao = AV2=2)) = [L2(Q), Hp (21— X [V 1, (2), Vi ()1
= () % (B @) Vi) 19
D((hoI — A)M*E2) (H%C(Q) N H1+’7(5)(Q)) X (V%d(Q) N H1+ﬂ<5>(9)) : (3.16)

where n(e) = (§ —€?).
Proof. Step 1. Proof of (3.14). The first and second identities in (3.14]) follow by adapting the
proof from [2, Theorem 2.13] to our case. For that it is sufficient to establish

[HE, () x V1, (Q), Hp 1 (Q) x VR (Q)]12 = Z, (3.17)

and to show that (Ag/ —.A) is a closed maximal monotone operator in Hp. (Q) X VI?;(Q). The
last identity of (3.14 - ) follows by duality arguments.

Step 2. Proof of (3.15)). Now using (3.14)), for € € (0,1/2), we have
D((AoI — A")V?7/%) = [H} () x VI, (Q), L*(Q) x V{1 ().

By duality, we get the first identity in (3.15). To get the second identity in (3.15), as in [2]
Lemma 2.12], we first note that

V01, (9) = TA(Q) N VL ©).
Then, for € € (0,1/2), we can write

[Varr, (9, Vi, ()i = [L*(Q) N Vi, (2), Hy, (2) N Vi (@)1

= [L2(Q), H /()1 NV (Q) = H75(Q) N Vi H(Q).

’VLFd

(3.18)
We also have
[L2(Q), Hy ()1« = Hp, "7 (Q).
Combining both the results yields the second identity in ([3.15]).
Step 3. Proof of (3.16]). Let us denote by (0, v) the solution to the equation
(Aol — A)(6,v) = (. ). (3.19)

Let € € (0,1/2) be fixed. We know that Aol — A is an isomorphism from (D((AgI — A*)1/27¢/2)Y
into D((AoI — A)Y/?/2). Thus we have the following estimate

ICfs D) (pergr—amyrrz—er2yy < CIO, V)| (g r—ay1/2ter2)- (3.20)
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Notice further that the solution mapping from (f,h) to (6,v) is continuous from HF_C1 (Q)
( ) into Hf () x V% (Q) and also from Z into (H3/27¢() N H} (Q)) x (H%/?22(Q)
( )). Thus by interpolation, it is also continuous from (D((Aol —.A*))1/27¢/2) = [L*(Q)

npdm) Q) x VEA @) into

X O X

PI(HP275(Q) N HE(Q)) x (HY275(Q) NV (), HE, % VI Ji-e
= (H'"O(Q) N HE, (@) x HTO(Q) NV (9),

where 7(¢) = § — £%. Thus we have

1O oo g < OB (p(nor—aeyyra—eray

This continuity result, with estimate (3.20]), gives the last inclusion in (3.16)). O

3.4 Nonhomogeneous boundary conditions

We now want to prove the existence of a solution (6,v,p) of the mixed formulation for the
system (3.1)) with nonhomogeneous boundary condition.

1

Theorem 3.9. Assume that (f,h) belongs to L?(2) x L2(Q) and (0., v.) belongs to HZ (L) x
1

H§,(T:). Then, the mized formulation (3.2) admits a unique solution (6,v,p).

3
Moreover, if (0.,v.) belongs to Hgy(I') x HSO( ¢), then this solution belongs to HZ(Q) x
H2(Q) x HH(Q) for all § € (3,1), and it satisfies

820y + IV eszcy + Pl
< Co(If 2@y + Illuacey + 166l 9., + rrvcum(m). (321)

Proof. The uniqueness follows from the uniqueness result stated in Proposition [3.3] To prove
the existence of solution, we first consider the equation

7
% _oon T\ T,
~ on (3.22)
AV — dive(v,p) — 86 = h in Q, ’

divv=0inQ, v=0onT, v=0onTy, o(v,p)n=0onT,,.

Xl —kAO=fin Q, =0, 0nT,,

The equation for 9 is decoupled from the equation for (v,p), thus we can apply results already

existing in the literature for each equatlon separately. Since 6, € HOO( ¢), from [4, Theorem
6.4.6], it follows that system 1 2 admits a unique solution 0 cH 1(Q2), and that
3

this solution belongs to H(?(Q) for all § € (3,1). Since v, € HE)(T.), from [4, Theorem 9.1.5,
Theorem 9.4.5], it follows that system (3.22))3—(3.22) 4 admits a unique solution (V,p) € V() x
L?(€2), and that this solution belongs to HZ(2) x H}(Q) for all 6 € (1/2,1).
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_ We look for a solution (6,v,p) to the mixed formulation (3.2) of the form (0,v,p) =
(0,v,p) + (0,v,p). Thus, (0,v,p) must satisfy

b — kAO + u, VO + V.V7, = —u,-V0 — v-Vr, in €,
~ o0
6 =0 onT,, o 0 on I'\ Ty,

AoV — dive (¥, D) + (u,. V)V + (V.V)u, — 86 = (3.23)
—(us.V)V+ (V- V)u, in €,
divv=0inQ, v=0onI, v=0onTly, o(v,p) n=0o0nT,.

Since the right hand side in (3.23)); (respectively (3.23))4) belongs to L?(2) (respectively L%(Q)),
from Proposition it follows that this system has a unique solution belonging to HZ(f2) x
H2(Q) x H}(Q) for all § € (3,1). O

Remark 3.10. We can prove the equivalence of the three formulations for the solution as before,

1 1
even when (f,h) belong to L?(Q) x L*(Q) and (6., v.) belongs to HZ(T.) x HZ)(T.) by using
Theorem [3.9.

3.5 Rewriting equation (3.1) in the operator form

We define the Dirichlet operators G € E(HééQ(FC) X HééQ(FC),HI(Q) x HY(Q)) and G, €
L(HyY*(Te) x Hp' (), L*(9) by

G(‘ga Vc) = (GB(em Vc)a Gv(‘ga Vc))T = (05 V)Ta Gp(ga Vc) =D (3'24)
where (0, v, p) satisfies equation (3.1)) with (f,h) = (0, 0).

Due to Theorem@ the operators G and G, are continuous linear operators from (Hgé 2 (T'e)x
H2/2(T,)) into (H2(Q) x H2(Q)) and from (Ha,*(T.) x Ha,*(T,)) into H} () respectively.

We can extend the operator A to an unbounded operator A with domain D(A) = L%(Q) x
VY(Q) in (D(A*))’, in order that (A, D(A)) is the infinitesimal generator of an analytic semi-
group on (D(A*))’, with compact resolvent. Later on, we shall denote this extension by A.

Theorem 3.11. Let (0.,v,) € Hg’éZ(Fc) X Hgéz(Fc). Let us set

B0, ve) = (Aol — TG, ve), (3.25)

Id 0

where G is defined in |3.24| and Il = <0 I

HY2(T0)), (D(A%))).

If a triplet (6, v,p) € HZ () x H3(Q) x H}(Q) is a solution to (3.1), then (0, v) satisfies

>. The operator B belongs to E(HggQ(Fc)) X

()\OI - A)(Qv HV)T - B(Gm Vc)T = (fv Hh)T in (D(A)*)Ia
(I-T)v =N, il —I)Gy(be, ve).

Conversely, if (0,v) € H}(Q) x H3(Q) satisfies (3.26), then there exists a unique p € H}(Q)
such that (0,v,p) € HZ(2) x H3(Q) x HY(Q) is a solution to (3.1)).

(3.26)
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Proof. Since G is continuous from (H30/2(I‘C) X HgéQ(FC)) into (HZ(2) x HZ()), it is obvious

3/2 3/2 N
that B € L(H (L)) x Hl (), (D(A7))').
If (0, v,p) satisfies equation (3.1]), then we can write
(8, v,p) = (6.%.5) + (0,9.D),

where (5,?,]3) is the solution to (3.5)) and (A,V,ﬁ) is the solution to (3.1)) with (f,h) = (0,0).
Then we obtain

(Ao = A)(0,11%)" = (f,1Th)", (3.27)
and R R
0,9) = G(6,,v.)" implies (A\oI — A)(0,TI¥)T = B(6,.,v.)" (3.28)
From ([3.27)) and (3.28]), we obtain (|3.26)).

~ ~

The proof of the converse statement is based on the decomposition (6,v) = (6,v) + (0,Vv) and
on Theorem [3.6}(3). It is left to the reader. O

When (6.,v.) is in the form (I.3)), it is convenient to introduce the operator B € L(RY,
(D(A*))") defined by

N
Bf = fiB(g0.,8v.)- (3.29)
=1
Thus we can rewrite 1 as
(Mol — A)(0,TIv)T — Bf = (f,TTh) in (D(A)*)". (3.30)

In order to compute the adjoint of the control operator, we now prove a Green’s formula
between the solution (G(0.,v.),Gp(0c,ve)) to the nonhomogeneous boundary value problem
(3.1)) with (6., v.) as boundary condition and solution (£, ¢, 1) to equation . Before proving
that we need one technical lemma about the existence of normal derivative in suitable space.

Lemma 3.12. Let Q be a bounded open subset of R? satisfying assumptions (Hy)—(Hy). Let us
define

By(Q) = {€ e H*0(Q) | Ag € IA(@) },
Es(Q) = {[v] e H'O(R¥?) | div]v] € LZ(Q)} :
where [v] is a (2 X 2) matriz and the divergence is taken line by line. Then

(1) The linear mapping v1 : & — gfl is continuous from E1(Q) into HY?7%(I).

(2) The linear mapping yq : [v] — [v]n is continuous from Ey(Q) into HY/27%(I),

Proof. Let us set E(Q) = {¢ € H'(Q) | A¢ € L2(Q)}. We know that v, € L(EB(Q), H~Y/2(T))
[18, Chapter VII, Lemma 1, page 381] and v, € £L(H?(Q), HY/*(I')) [19, Theorem I11.2.23, page
158]. Thus by interpolation, it follows that ; is also bounded from FE; () into HY/279(T), since
[E(Q), H2()]1-s = E1(Q) and [HY2(I"), HY?(I)];_s = HY/?79(I).

The proof for vy is similar. O
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Theorem 3.13. Let Q be a bounded open subset of R? satisfying assumptions (Hy) — (Hy).
Let 1/2 < 6 < 1. Assume that (0., v.) belongs to (Hgf(rc) X HgéQ(I‘c)). Let (g,8) belong to
L2(D\T,) x L2(T,,).

0
For all 0 € HZ(Y) satisfying 0 = 0. on T, %

5 0 on T'\T, and for all§ € H(?(Q)DH%C(Q)

satisfying % =g onT'\ T, we have

(& A0) 12 (o) r20) — (08812 (0)12(0)

- a Ve - g9.
on H1/2-8(T'.),H5~1/2(T,) M

For all (v,p) € H3(Q) x HY(Q) satisfying divv = 0 in Q, v = veonTe, v = 0 on Ty,
o(v,p)n = 0 on Iy, and for all (¢,v) € (HE(Q) ﬁV%d(Q)> x H}(Q) satisfying o(¢p,)n = g
on Iy, we have

(¢, div U(V>p)>L2_5(Q),L§(Q) —(vdivo(e, ¢)>L2’_5(Q),L§(Q)
= — (o0&, )0, ve)giro-s(r,y mo-1/2(r,) —/ g v.

n

(3.32)

Proof. Step 1. Proof of (3.31). Since 6 belongs to HZ(f2) and 2—9 =0onI'\T, and ¢ €
n
H3(Q) N H} (), from Theorem it follows that

(680) 12 (.12 = / V6. Ve, (3.33)
For (6%), ¢ C®(Q) and (£¥)r € C>=(Q), we have

o¢k
Ok ALk = — ok . vk ok > 34
JLorac = [ ot ve s [0S (3.34)

By density of C*(Q) in HZ(9), passing to the limit when & tends to infinity and using Lemma

we obtain

0.8 / V0. vg+<§fb > . (3.35)
HI/Q_J(F),H‘S_I/Q(F)

6”7 H1/2—6(F)7H6—1/2( ) a” H1/276(FC)7H6—1/2(FC)
< b 6 >
ém H1/2_5(F\FC),H5_1/2(F\FC)

= <85,9> + / g9,
on H1/2-8(T"), H6-1/2(T") M\,

Step 2. Proof of (3.32). As (v,p) € HZ(Q) x H} () satisfies o(v,p)n = 0 on I, and
¢ € HF(Q)N V%d(Q), by using Theorem we obtain

Since

+

the proof of (3.31)) is complete.
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(¢, div U(V,p))Laé(Q)7L§(Q) = —21//QDV : Do dzx. (3.36)

For a sequence (v¥,p*), € C®(Q) x C°(Q) and a sequence (¢F,yF) € C®(Q) x C>®(Q). We
have

/Qv -divo(pF, F) = QV/DV Do¢F + /wmdwv +/ (¢F, pF)n - vF. (3.37)

By density of C*(Q) x C*°(Q) in H}(Q2) x H}(Q), passing to the limit as k — oo, using
Lemma, we obtain

(vdive(e,9))rz () L2

= —2V/ Dv:D¢+ / Y divv + (o (@, V)0, V)g2-5(p) mo-1/2(r) -
Q Q

We can proceed as in Step 1 to complete the proof of (3.32)). O

The Green’s formula (3.31))—(3.32)) in Theorem is needed to characterize the adjoint of
the operator B.

Proposition 3.14. The adjoint of the control operator B € L(RN,(D(A*))') is the operator
B* € L(D(A*),RY) defined by

. S 0¢
(£,B°(&,0))pn = /F fi (—mge,ian — gvi- a(¢,w)n) : (3.38)
i=1""1e

for all (&,¢) € D(A*). Furthermore, the adjoint of B € L(H, 3/2(Fc) X H3/2(FC),(D(.A*))’),
belongs to L(D(A*), (Hgé2(F ) X H3/2( I'.)") and is defined by

(%) B€.8) = [ ~w5Eoe—o(6.0)n-ve. (3.39)
for all (&, ¢) € D(A*) and all (0., v,) € (HS?(Te) x HAA(T,)).

Proof. We know that (A\oI — A*) is an isomorphism from D(A*) to L%(Q) x V%Fd(Q). Thus for
all (¢, ¢) € D(A*), there exists (f,h) € L?(2) x V%Fd(Q) such that (Aol — A*)(&, @) = (f,h).

For all (¢,¢) € D(A*):

<Bf (f ¢)> D(A*) — Zfz g@zagvz (5 ¢)> D(A*)

I
.MZ

N
Il
—

1 { oI = TG g1, 80 (6. )

(D(A))",D(A*)

I
/\

G0, ve), TIOOT — A7) (€, )

2(Q)xL2(Q

L )
= {(03), (1 W) ey = [ 0+ [ voh
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Now with the help of equation (3.12)) and Green’s formula (3.31]), we obtain

/0f=/0<Ao«s—m§—us-V§—ﬁ-¢>
Q Q

= [ [eno— [ e;§+/F\Fce<us~n>s+/ﬂ<us~ve>s

—/F\Fcﬁ(us-n)ﬁ—/Q,BQ-d’
:_H/Cec(gf)—/Qﬁew—/ﬂ(v-vfs)f

Similarly, by using equation (3.12)) and Green’s formula (3.32), we have

/Qv'hz—/Cvc-a<¢,w>n+/gﬂe-¢+/g<vfs>%-v

Hence, we obtain

(BE. (€. 8)) by pas) = — /Fcec (gg) - [ 806~ [ (v v
—/Fvc-a<¢,w>n+/ﬂ0-¢+/9(vfs>%-v

= Z/ fi ( 991 —gvi oo, ¢)n> ) 0

4 Instationary linearized Boussinesq system

Definition 4.1. A tm’plet (9 v,p) € H52 L) x H2 1(Q) x L2(0,T; H}(Q)) is a solution to
if the equations (|1.5))1, 4 are satisfied in the sense of distributions and (| .2, 5 are

satisfied in the sense of tmces

Theorem 4.2. Assume that (0.,ve) € [L2(0,T; HY*(T,)) N HY(0,T; L2 (T.))] x [L*(0,T;
Hy)*(T.)) N HY(0, T3 LA(T.))] and (6o, vo) € L2(2) x VO 1. (Q). A triplet (8,v,p) € H?'(Q) x
HE’I(Q) x L2(0,T; H}(Q)) is a solution to (L5]) iff (6, v) satisfies

(@, Iv)" = A0, 1Iv)T + Bf in (0,T), (6(0),TIv(0)) = (do, vo),

N (4.1)
(I —I)v =731 fill =Gy (90,i58v.i):
where Gy is to the second component of the operator G = (Gg, Gy)T .
Proof. The result follows from Theorem with (f,h) = (¢, IIv'). O
Remark 4.3. We can write evolution equation 1 in the following form
7 = Az + Bf, z(0) = (6, vo)! = 20, (4.2)

19



where B € LRN, (D(A)*)). Actually, as in [2, Theorem 3.2], we can show that
(Ml —A)BeLRY,Z) for any 2 <y <L (4.3)

Using this result, we can easily verify that if zg € Z, equation (4.2) admits a unique weak solution
in L?(0,T; 7).

5 Stabilization of the linearized system

Since (A, D(A)) is the infinitesimal generator of an analytic semigroup on Z with compact
resolvent, the spectrum 3 of A is contained in a sector of the form S, 9 = {A € C | |[arg(A—a)| >
¥ > m/2} and it consists entirely of isolated eigenvalues of finite multiplicity [20, Chap. 3,
Theorem 6.29, p. 187]. Thus, for a given w > 0, the eigenvalues of A, repeated according to
their geometric multiplicity, can be ordered in the following manner

e < Re)\NuH < —w < ReANu < Re)\Nu_l < --- < Re). (51)

If the above inequalities satisfied by —w are not strict, without loss of generality we can increase
w to have strict inequalities. We introduce the set of indices I,, = {1,---, N, }. We have the
following decomposition of Z:

Z2=72,.®%,, Z=2"®7", (5.2)

where Z, is the space generated by (J;c;, Gr(};) and Z; the space generated by (;c;, G(A;)-
Here we denote by Gr(\;), the real generalized eigenspace for A, that is to say the space
generated by Re(Gc(Aj)) UIm(Ge(A;)).

5.1 Stabilizability of the linearized system

In order to stabilize the system
7z = (A+wl)z + Bf, (5.3)

we want to first fix the family of functions {g;}. For that we consider the adjoint eigenvalue
problem for A\; € I:

NE—KAE — u,-VE —B-¢ = 0 in €,
&€ =0 onT,, /{%—I—(us-n)ﬁ =0 on I'\Ty,
Xip — divo(e, ) — (us- V)p+ (Vuy) ¢+ (V7)) ¢ = 0 in Q,

divgp=0inQ, ¢=00onTy, o(d,¥)n+ (us-n)¢p=0onT,,.

(5.4)

If (&, ¢,7) is a non trivial solution to (5.4), we shall say that ¢ is the pressure associated
with ¢. We choose a family of eigenfunctions (&, ¢;):er, of the adjoint problem associated with
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the eigenvalue \;, for i € I,,, such that Z = span{Re(;, ¢;),Im(&, ¢;) | i € I,,}. Following [2],

we set
{ (Re (gi) Re (o(¢s, wi)n))) lie Iu} U

{(1(52) mo@vm) lien} ]

where 1); is the pressure associated with ¢;. Next, we choose in W, the functions g; =
(96,i:8v,i), 1 <i < N for some N, such that

W = span

Span{gla EQ, cey gN} = W7 g = mgi? (55)

where m is a smooth function with compact support in I'. such that m =1 in fc, a nonempty
open subset of I'.. Since the eigenfunctions of A* are smooth, at least H? x H? away from the
junction points of I';, we have g; € Hg’f(l“ ) X H3/2(F ).

In the following theorem, we prove the stabilizability of the system using the above family
(g@ iy 8v, 7,)1<z<N C H0/2(Fc) X Hg(/)Q(FC)

Theorem 5.1. If the family (go,i, 8v,i)i<i<n C H(:)30/2< r.) x H3/2( T.) is chosen as in (5.5)), then
(A+wl,B) is stabilizable in Z.

Proof. Since condition (4.3)) is satisfied, it is known that the pair (A + wI, B) in system ([5.3)) is
stabilizable in Z if the following Hautus condition is satisfied [I7, Part III, Chapter 2, Proposition
3.4]:

Ker(MI — A*)NKerB* = {0} forall j=1,2,---,N,. (5.6)

f (£,¢)T € Ker(\;I — A*) N Ker B*, With j € I, then (¢,¢)7 is a solution to (5.4) and
B*(¢,¢)T = 0. By using Proposition we have

5 (5) - (- /Cﬁmﬁe,jfie(gfl)— My - Re (0(6,0)n)
=i [ st (5) - /mgw (r(, ) ))jvl-

Since B*(&, ¢)T = 0 and (g;)1<i<n form a basis for W, we deduce that

[l f oo

Since m =1 in I'., we obtain

%:()on I, o(¢,¥)n =0 on L.
With Theorem [Appendix A.2] we can conclude that (£,¢) = (0,0). Hence (A + wl,B) is
stabilizable in Z. O
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5.2 Stabilization by finite dimensional feedback controls

In this Section, we look for the feedback stabilization of the pair (A + wI,B) in Z. Let m, be
the projection onto Z, along Z;, 7y = I — m,, and let us set

Ay =my(A+wl), As=ms(A+wl), B, = mB, Bs=mB,
Buf =N, fiBugi VE=(f1,-,fn) €RV.

We consider the Riccati equation
From [10] 2], it follows that (A, — B,B;;P,) is exponentially stable on Z,.

Proposition 5.2. The operator KK = —B*P from Z to R", with P = w}Pym, € L(Z), provides
a stabilizing feedback for (A + wl,B). Moreover, the operator A+ wl — BB*P with domain

DA+wl —BB*P)={z€Z | (A4+wl—BB*P)ze Z}

is the infinitesimal generator of an analytic semigroup exponentially stable on Z.

Proof. We refer to [21]. O

5.3 Regularity of solutions to the closed loop system

Theorem 5.3. Let € € (0,1). Assume that (6p,vo) € H*(Q) x Vir, (), (fi,f) € L?(0, oo;

H1:1+6<Q)) % LZ(O,OO;H1:3+€(Q>) and g; = (90i,8v,i) € H352<FC) X HgéQ(FC) is chosen as in
(5.5), then the solution (0,v) to following system:

gf—nAH—i—us-VG—i—v-VTs—w@—fl in Qoo = x (0,00),

(‘8)701 =0 on (I'\T,) x (0,00),

60‘2: — dive(v,p)+ (us- V) v+ (v-V)us, — wv—086 = fr in Q, (5.7)
divv=01in Qx, v=0o0nTy,x(0,00), o(v,p)n=0 onT, x (0,00),

N

0,v)" == [BiPumu(8,v)"], 8 on Tex (0,00),
=1

0(0) = 6y and IIv(0) = vo in Q,

satisfies

168, v) ”L2(o,oo; D((MoI—A)2T2)NH 22 (0,00; 2)+H (0,00, 3 % () x H3 % (1))

< C (H(fla f2)HL2(07OO;HITC1+6(Q))XL2(07OO;H;;+5(Q)) =+ ||(‘907VO)HHE(Q)foLFd(Q)> i (5-8)
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Proof. Step 1. In the first step, our main aim is to prove that (6,v) € L?(0,00; L3(Q) x L2(2)).
We can write (0,v) = (0u, Vi) + (0s,vs) + (0, (I — T)v) with (0, vy)T = m.(0,v)T, (05, vs)T =
75(6,v)T satisfy the following equations

(0, V)T = (Au = BuBiPy) (00, vi)T + mul f1, B2)7
N
(0, V)T = As(0s, )" Z By Pumu(6,v)"], Bgi + ms(f1,£2)" (5.9)

(02(0), va(0))" = mu(bo, vo)",  (85(0),v5(0)" = 75(60, vo)"

(A, — ByuB:P,) is the infinitesimal generator of a stable, analytic semigroup on Z,,. Observe that
the operator 7, belongs to L((D(A*)), Z,) (see [10, Remark 3.9]). As Z, is finite dimensional,
we have Z, C D(A). Here m,(f1,f2)T € L%(0,00; D(A)) and 7, (6o, vo) € D(A). Thus, we
have (Hu,vu)T € H'(0,00; D(A)). The semigroup generated by Ay is analytic on Z;. Also
-V (B Pumu(0,v)"], Bsgi + ms(f1,f2)" € L?(0,00; (D(A*))') and my(fo,vo)" € L*(Q) x
VY(Q). Thus by [17, theorem 2. 2, page 208], we can conclude that (fs,vs) € L?(0,00; L?(Q) x
L)),

_ Step 2. The solution of equation ({5.7) can be written as (6, v,p) = (6,v,p) + (8,,p), where
(0,v,p) satisfies

Aof(t) — kAB(t) + us-VO(t) + V(1) V7, = 0 in Q,

96(t) =0 on I'\T
on ¢ B
Aov(t) — dive(v(t),q) + (us - V)V(t) + (V(t) - V)us — B 6(t) = 0 in Q, (5.10)

divv(t) =0in Q, v(t)=0onTy, o(Vv(t),p(t))n=0o0nT},,

N
(0(t), ==Y [BiPumu(0(t),v(t)"], & on T,
=1

~

and (0,V,p) satisfies

9 .~ . i
gt+/\06—nA9 + us-VO +v-Vrg
0 - - :
= —§+)\09+/\06+w9+f1 in Q,
~ ~ ~ 00
0(0) = 6y — 0(0) in Q, 6 = 0 onT,, n =0 on I'\T,,
n
v A _ (5.11)
a—\tf—l—)\ov—dlva(vp)—i—( V)V+ (v-V)us, — 30
= at+)\ov+)\0v+wv+len Q,
divv=0 in Q,
v=0only, v =0onT, oV,pn=0onTl,,

v(0) = vo — IIv(0) in Q.

By applying Theorem we have (6,v)T € H(0, oo; H%_E(Q) X H%_E(Q)) It is easy to see
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that (6,v)T € L2(0,00; L2(€2) x L2(Q)).

— 98 4 20+ Ao + wh + fo

_ € L?(0, 00; (D(AoI — A*)1/?275/2Y"),
I (—%—j AoV 4 AoV + wv + fg)
We also have

(60 — 6(0),vo — IIV(0))T € H*(Q) x Vi 1 () = D((AI — A)/?).

n)Fd

By [17, Theorem 2.2, page 208], we can conclude that:
(@,%)T € L*(0,00; D((XoI — A)2+2)) N H2T5(0, 00; Z),
with the estimate

1(6,¥) HLQ(O,OO; D((Col—A) 25 )HEHE (0,00, 2)

<cC <||(f1, f2)||L2(07OO;HF—01+E(Q))XL2(0700;H;;+6(Q)) + ”(90»VO)HHE(Q)xV;’Fd(Q)> .

6 Stabilization of full system

We apply the feedback control law as in Proposition to system ([1.4) and we obtain the

following closed loop system:

% — kA0 4+ us-VO + v- Vg + v-VO = 0 in Q,

% =0 on X\ZX,

gz — dive(v,p)+ (us-V)v+ (v-Vus, + (v-V)v—0860 = 0 in Q,
divv=0in@, v=0on,, ov,p)n=0onx%,,

(0,V)T——§: [BZPUWU(G,V)TLgi on Y,

=1

0(0) = 6y and IIv(0) = vp in Q.

(6.1)

Motivated by the regularity of the solution in Theorem of the closed loop linearized system

(5.7, let us introduce the following spaces

X1 = L2(0,00; D((Aol — A)2+5)) N HZ3(0,00; 2),
Xy = H' (0,00 H2~5(Q) x H2 (),

and X = X; + X9 equipped with the norm

= inf 2 2 1/2'
”CLHX a:a1+a2,clu?EX1,a2€X2 (”alnXl + ||a2HX2)

24



6.1 Estimates of nonlinear terms

We first state the following lemma regarding the estimates of nonlinear terms.

Lemma 6.1. Let ¢ € (0,1/2) and (§,¢) € X. Then (¢ - V)¢ € LQ(O,oo;Hdee(Q)) and
(¢ - VE) € L*(0, oc; Hlchs(Q)). Also, we have the following estimate:

16+ V)@l 20 ety +<(c < CNE D (6.3)

(¢ Vf)HLz(o,oo;Hl:ch(Q)) < CI(&, ¢)||§( (6.4)
Moreover, if (¢4, 1), (€2, ¢?) € X, then we have the following estimate:

11" - VED) = (8% - VE)| 20 0o 1+ )
+I(@" - V)& = (&7 V)&l 20 ooy ()
< C(IIE oYllx + €% 89)x) (€. @) — (€% 6?1 x- (6.5)

Proof. Step 1. Proof of . We can write (&, ¢) = (&1, ¢1) + (&2, ¢2), for any (€, p) € X
with (&1, ¢1) € X1, (§&2, d2) € Xs. Recall from Theorem that

D((AoI — A)2t5) (H%C(Q) N H1+%—62(Q)> X (V%d(Q) N H1+%—€2(Q)) .

Thus, we get:
& € L2(0,00; HE(Q) N H'W575(Q)) N H275(0, 00; LA(9)); (6.6)
¢1 € L(0,00; V1, (Q) N H'TE~=(Q)) N H2F5(0, 00; VI 1, () . (6.7)
Further,

€ € H'(0,00; H275(Q)) and ¢ € H'(0,00; H275(12)).
Now, consider
(@-V)p = (d1-V)o1+ (1 V)2 + (¢2- V)d1 + (P2 V)o. (6.8)
We are going to analyse each term separately.

If Q satisfies cone property in R™ with n > 2s > 0, from [22, Theorem 7.57, Page 217] it follows
that

H*(Q L"(Q) f 2<r< . 6.9
@=L for 2<r< (6.9
Thus, we get HEE(Q) — Lg(Q) By duality, we have
2 e 2 -l
L7(0, 005 L2 (Q2)) < L7(0, 00; Hp, 7(2)). (6.10)

Thus, it is enough to prove that (¢ - V)¢ € L?(0, oo; LZQ?(Q))
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Estimate of the first term of . As (&1,¢1) € X1, by interpolating between the spaces
L?(0,00; D((MoI — A)%+%)) and H%Jr%((),oo; Z), we obtain:

(&1, 1) € L>(0,00; D((Aol — A)2)) = L*(0,00; H*(Q) x V§ ()
< L(0, 00; LToF (Q) x LT (Q)),

where the last inclusion will follow from . Also from , we have:

Ve € L0, 00; H*(Q)) < L(0, 00; LE-137 (Q2)). (6.11)

As <1%€ + 2_5;[252> = 4_354+252, by applying Hélder’s inequality, we obtain
4
(1 - V)1 € L*(0,00; Li-3:127 (Q)). (6.12)
It is immediate from 4364282  2=¢ {hat.
1 2

(¢1- V)1 € L2(0,00; L7% ().

Moreover, from ([6.10)), (6.11)), (6.12):

(@1 - V)1l 120,00, -1+ () < Cll(1 - V)¢1||L2(0
< Cll(¢1- V)1
£2(

< CH¢1||L00(0

2

,00; L2=< (Q))
4

0,00; L 4—3s42e2 (Q))
22 oIVl T

,00; LT=¢ (Q)) L2(0,00; L2—e+2e2 (Q))

< Cllenllzeo 0,00, vz, @) 1011 12 g o ma1+5-22 )
< C|I(&, D)IIx- (6.13)

Estimate of the second term of . We have already established that ¢p; € L>°(0, oo; LT (Q)).
Also we know that ¢2 € H(0, oo; H%_a(Q)) Again, implies

Vs € H(0, 00; H25(2)) — H(0, 00; LF1 ().
As (452 + H2) = 3 < 222 we can conclude as before (¢ - V) € L*(0, oo; Lﬁ(Q)) with

the estimate

(1 - V)2l £2(0,00, 1145 (22)) < ClI(E, @)% (6.14)
Estimate of the third term of . We have

o € H'(0,00; HZ~5(Q)) <5 L¥(((0,00) x Q); R?),
Ve € L2(0,00; L7237 (Q)) — L2(0, 00; LT (Q)).

Thus, (¢2 - V)¢1 € L*(0, 00; LQQTE(Q)) with the estimate

(D2 - V)1l 20,00 1142 (2)) < ClI(E D)% (6.15)
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Estimate of the fourth term of . We already know that
¢o € H' (0,001 H2*(Q)) = L*(((0,50) x Q) R),
Vs € H(0, 00; H25(2)) < L>(0, 00; LEFT () < L¥(0, 00; LT ().
Hence, (¢2 - V)2 € L%(0, oc; LZQ?(Q)) with the estimate

(2 - V)2l £2(0,00, H-1+2(22)) < ClI(E, @)% (6.16)

Step 2. The proof of (6.4)) is similar to the above one. For the Lipschitz estimates, if (¢!, ¢!), (€2, ¢?) €
X, we have

H(le : V)Cbl - (¢2 ) v)¢2‘|L2(0,oo;H1?;+E(Q))
= ll(¢"- V)(8" = 6") + (" = 6") - V)D" | 2(0 ey 14+

We can write (&7, ¢') = (&], 1) + (&, #5), for any (&', ¢') € X with (¢], ¢) < Xl, ( &, #5) €

Xo, for i = 1,2. Using this splitting, we can decompose the terms (¢! - V)(¢! — ¢?), ((¢* —
@?) - V)¢? as in and we can estimate these terms following the proof of ( - - ) to
obtain (6.5]). O

6.2 Proof of the main result

Proof of Theorem[1.1. We want to stabilize (6,v) with the prescribed exponential decay rate
e . So, we will make the following change of variables:
f=c0, v=c"v and p=-cp. (6.17)

-~

Then the system satisfied by (6,v,p) is

9 _ wd — kAO + u,-V0 + v-Vr, = —e_Wt<V'V§) in Quo,
ot

% =0 on (I'\T.) x (0,00),

ov ~ PG o | (o )

56 WY T dive (v,p)+ (us-V)Vv+(v-V)us — g0

— T V)V in Qe (6.18)

divv=0in Qs, v=0o0nTy x(0,00), o(v,p)n=0onT, x (0,00),
N
0.9)" ==> e [BiPumu(0,v)"], 8 on T.x (0,00),

=1
6(0) = 6y and IIV(0) = v in Q.

Thus it is enough to prove that equation (6.18)) admits a unique solution in the ball BH =
{(5, V) eX :|(6,9)x < u}. We can define the mapping M on X, given by:

M : (€, @) = (Og,p: Ve,pp):
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where (0¢ ¢, ve ) will satisfy the following system:

00
% — wheg — WAl + us Vg + Ve VT
=—e ¥ (¢ VE) in Qu,
00
882(15 = 0 on (F\Fc) X (0700)7
v .
% —wvep —divo (Veg, peg) + (Us - V)vep + (Veg - V)us — B e o

=—e ¢ V)¢ in Q,
divve gy = 0 in Qoo
vep =0o0n Ty x (0,00), o(veg,pep)n=0onT, x (0,00),

N

(O veg) ==Y e [BiPumu(0e,6,ves)' ] & on I'ex (0,00),
=1

9&4,(0) = 90 and HV&#,(O) = Vo in €.

Our first aim is to show that M is a mapping from Eu to itself. Let ||(&, @)||x < . We set

and Cp= — (6.19)

1
Ho="4cn ic

If (&, 0) € EH and 0 < p < pg, with Theorem and Lemma ﬂ we obtain:

M (S, @)l x = 10,9, veo)llx

< C(H (¢ : Vf) ) (‘7—" : v)¢"L2(07m;H;cl+E(Q))XLQ(O,OO;H;;JFE(Q)) + H(eovVO)HHE(Q)foL’Fd(Q))
<C(lE D% + H(HO;VO)HHg(Q)XVfL,Fd(Q))

§C<0u2+j—g) <

If (€1, 91), (€2,9%) € E#, with Theorem and (6.5)), we have:

1M, 1) — M (€%, ¢%)llx

< ((¢1 Ve, (o V)‘Ibl) - ((¢2 -V)E, (¢* - V)¢2) HLQ(Opo;Hlfcl*E(Q)><Hljdl+E(Q))
< C2(II€h dllx + (€% #)llx) (€h, @) = (€%, %)l

< 2uC?(¢h, ") = (€%, ¢7)Ix-

Thus, if 0 < p < po and [[(6o, vo)llz=@)xvz . (@) < Cop, M is a strict contraction in Eu and
n, Ty

the system (6.18]) admits a unique solution in Eu- O

A Unique Continuation for the Linearized Boussinesq System

We establish a unique continuation result for the linearized Boussinesq system, adapting the
local Carleman inequality proved in [9] for the Oseen equation. Such unique continuation result
for Oseen equation has been obtained earlier in [23]. However, the authors in [9] prove different
Carleman estimates than [23].
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Theorem Appendix A.l. Let O be a domain in R%, X € C, @ be a non empty subset of
O such that dist(0w,00) > 0. Assume that (1s,u5) € H*T0(0) x H2T0(0O). Let (£, ¢,7) €
H?(0) x H?(0) x HY(O) be a solution to the following problem:

—B-p-—AL—u;-VE=Ain O,
—A¢ — (us- V) + (Vus)'¢ + Vo + (V7)T€ = Mg in O, (A1)
dive =0 in O.

If¢E=0,¢0=01inw, then p =0=¢€ in O and p = constant in O.
Proof. This proof consists of mainly three steps. In the first step we construct a cut-off function
x and we write equations satisfied by x¢, x&, x¢. In the second step we establish some Carleman

estimates and in the final step we deduce the unique continuation for the Linearized Boussinesq
System.

Step 1. Equations for (x¢, x¥), x§. Since ¢ = 0 = ¢ in W, 1) = constant in w. Without loss of
generality, we may assume that ¢ = 0 in w. Let us set

O_;. ={z € O | dist(z,00) > e}.
We choose ¢ > 0 sufficiently small to have dist(dw,00_.) > 0.
Let x be a smooth, non-negative, cut-off function, with values in [0, 1], such that
x(z)=1ifz€eO_,p and x(z)=0 ifzecO\O_. ;.
The equations satisfied by y¢ and x§ are

—A(x9) — (us - V)(x) + (Vus)" (x9) + V(x) — Ax¢) =1,
—A(x¢) —us - V(X§) — Ax§) = B (x@) + fo,

where f = f; + (V7,)T (x€), fo = —€Ax — 2V - V€ — £(ug - V) with
fi = —dAX —2(V)(Vx) + ¢(us - Vx) + ¥ Vx.

Also observe that supp(f1) C O_./4 \ O_. /5 and supp(f2) C O_./4 \ O_,)s.

(A.2)

Td(

Step 2. Carleman estimates. We introduce the function ¢, (z) = e™®) where 7 > 0 is a free

parameter and

e d(x) € C%(O) function, with no critical points outside @, i.e. inf |Vd(z)| =k >0,

r€O\&
edx)>1on O, max d(r)=d*<d;= min d(x).
z€O\O_, /o z€0_,

Carleman estimate for (x¢, x1). Observe that (x¢, x¥) € H3(O) x H}(O) with (x¢)|sgo = 0 =
V (x®)|lso and (x¥)|lso = 0 = V (x¥)|so. By using local Carleman inequality in [9], (A.9)] for
functions (¢, xv) € HZ(O) x H}(O) satisfying (A.2)1, we obtain:
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There exist C' > 0 and 7 > 1 such that for all 7 > 7, there exists 5(7) such that for all s > s(7)

1) [ 25 ([P0 + 7T P + 5777 s — div(x9)) da
@]

<C / e2s7 (@) (ser(x)\ div(xe)* + | — A(x¢) — A(x) — (us - V)(x¢)
O

+ (Vu)" (x¢) + V() ) da

<C [ e (st v + |6 + ) do. (A3)
@
where C' > 0 does not depend on ¢, 1. Here, we have used the fact that 7, € H2t0(O) in order
to have V7, € L>*(0).

Carleman estimate for x§. We use the Carleman estimate [24, Theorem 1.2] to equation ({A.2),.
Observe that x¢ € H}(O) and x£ =0 =V (x§) in @.

There exist C' > 0 and 7 > 1 such that for all 7 > 7, there exists 5(7) such that for all s > 5(7),

1) [ 25 [V + 27267 e da
@
< C/eZS@T(m)SlTQer(x) (1fl + Ix9l?) da, (A4)
@
where C' > 0 does not depend on £.

Combined Carleman estimates. Now, by using the bound for y¢ from (A.3)), the estimate (A.4])

gives

1) [ 2o VP + 27267 e da
o

< C/e?scpr(x)s—lT—Qe—Td(:c)|f2|2 dr
o

+C / 250 (@) =172 (se‘rd(x)\ div(ye)|? + [£1]% + \XgP) dz. (A.5)
(@]
That implies

1) [ 25 [[VOQP + (272627 — 052 g P e <
@

C/625%(””)5_17_26_”(35)|f2|2dx + 0/628%(“5)3_17'_2 (ser(x)| div(xe) > + |f1|2> dx.
@] (@]

By choosing s large enough, there exists Cy > 0 such that

(827_2627'd(x) _ 08—17_—2)|X£|2 > 00527_2627-d(a:). (A?)
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Thus, with the help of (A.7)), estimate (A.6) becomes

) [ 25 [V + 27267 e dor <
@

0/623“"7(“)517267d(x)\f2|2 dxr + C/ezs‘pf(x)517'2 (ser(m)| div(xe)|* + |f1\2) dx.
@] (@]
(A.8)

Now, by using the bound for x¢ from (A.§]), the estimate (A.3]) gives

1) [ 25 (190 + 7P + 5727 s — div(x)”) dor <
@

C/625%(’6)3_17_26_”1(“7)]f2\2 dx + 0/625%@)8—17_2 (ser(x)] div(xe)|* + \f1]2) dx
@] @]

+ C’/er@T(m) (ser(x)| div(xe)|*> + |f1|2) . (A9)
@

Hence, we have

1) [ o) (I90@) + 7 @P + 5777 s — div(xd)) da
@]

<c / 2@ (|87 + | fof*) + C / 207 semd®) div(x9)|* dx
O (@)

= C’/er“"T(x) (111> + | f2?) + C/ezs“"T(x)ser(x)]VX - | du. (A.10)
@ (@

In the last equality, we use the fact that div(x¢) = Vx - ¢ as div¢ = 0.
Step 3. Unique Continuation. Observe that

fi=fa=Vx=0 inO_,p. (A.11)
In virtue of estimate and observation , we obtain

1) [ @ (908)? + g + s s — div(x@)) da
O_¢

<C / 2567 () (I + [ fo|?) dz+ C / e2597(@) 5eTd@) |y L 2 dz. (A12)
0\075/2 0\075/2
Recall that
dlz)> 1,z €0, max d(z) =d" <d; = min d(z). (A.13)

z€O\O_, /o 2€0_,
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Hence, by using (A.13)) and the fact that y =1 in O_,, estimate (A.12)) gives
L (s@p o)

<C exp[2s(er* — erl)]sfleedel / (‘fl,Q + ’f2|2) dx
O\O_¢ /2
+C exp[2s(eT — 7|72 (7 ) / IV - ¢|* da.
O\O_¢/2
Since d* < d1, by taking s large enough, we obtain |¢(x)|?> + |[¢(x)|> = 0 in O_.. Hence,
¢(x)=0=1(z), in O_. (A.14)
Since, € > 0 can be chosen arbitrarily small, we obtain
¢(x)=0=1(z), in O. (A.15)
Then by using equation , we can also conclude that £ =0 in O. 0

Theorem Appendix A.2. Suppose (7s,us) satisfies assumption (Hs) in Section . For any
Aj € X with Re \j > —w, if

ANE—RAE — us-VE —B-¢p = 0 in Q,

& =0 onTy,, /igfl+(u5-n)f =0 on I'\T,,
Aj o —divo(d, ) — (us - V) + (Vus) '@ + (V7)€ =0 in Q, (A.16)

divg=0imnQ, ¢=0o0nTy, o(p,Y)n+(us-n)p=0onT,
and S—i =0onT,, o(¢p,v)n=0 on T,
then (&, ¢) = (0,0) in Q.

Proof. Let Qe be an extension of {2 such thatASAl = Q. \ Q satisfies o0NT = fc. We extend
(&, ¢,1) by zero across the boundary I'. onto €. For that, we set

R M

0 in €, 0 in Q, 0 in Q.
Recall that (7s,us)|q,. € H*T(Q) x H*0(Q, ) for all ¢ > 0 and for some gy > 0, where
Qe = {z € Q| dist(z,T \ Te) > e}. Now, we fix ¢ > 0 small enough so that I'. C Fee =
{z € T | dist(z,Bd(T'.)) > €}, where Bd(T'.) = T \ T is the relative boundary of T'.. We set
O = {z € Q | dist(z,00) > €}. We extend (75,u5) to O in such a way that this extension

(75, Us) belongs to H2T¢0(O)x H20(0), see [18, Remark 5, Chapter IV, Page 117], [25, Theorem
5.4

It is easy to see that the triplet (£, ¢,1) € H2(O) x H2(O) x H'(O) satisfies
—ﬁ-a—mAg—ﬁs-Vg:AjginO
—VAG — (s - V) + (Vi) T + Vi) + (VA)TE = \j¢ in O
divep = 0 in O
é=0=¢inw,

(A.17)
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where W is a subset of @. Now we are in the same situation as in equation (A.1]). We can apply
Theorem [Appendix A.1|to conclude that ¢ =0 =¢ in O. O
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