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Abstract. In this paper we study the local stabilization of one dimen-
sional compressible Navier-Stokes equations around a constant steady
solution (ps,us), where ps > 0,us # 0. In the case of periodic bound-
ary conditions, we determine a distributed control acting only in the
velocity equation, able to stabilize the system, locally around (ps,us),
with an arbitrary exponential decay rate. In the case of Dirichlet bound-
ary conditions, we determine boundary controls for the velocity and for
the density at the inflow boundary, able to stabilize the system, locally
around (ps,us), with an arbitrary exponential decay rate.

Key words. Compressible Navier-Stokes equations, local stabilization,
feedback control, localized interior control.

1. INTRODUCTION

Stabilization of fluid flows around unstable stationary solutions is an im-
portant issue in many engineering applications (see e.g. [5]). The case of
the incompressible Navier-Stokes equations has been widely studied both in
the mathematical and engineering literatures [2, 3, 4, 15, 16, 17, 20]. Similar
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issues for the compressible Navier-Stokes equations are much more recent.
There are a few papers studying the controllability of such systems in the one
dimensional case [1, 12, 11]. The null controllability of linearized systems
([11]) or nonlinear systems ([1, 12]) implies their stabilization. But they
do not give an explicit way for computing stabilizing controls. One of the
goals of this paper is to fill this gap. We would like to determine stabilizing
controls for the one dimensional Navier-Stokes equations, around a constant
steady state ps > 0,us # 0. We first study the local stabilization of the
one dimensional compressible Navier-Stokes system, with periodic boundary
conditions, by a distributed control. Next we shall see that the stabiliza-
tion of the one dimensional compressible Navier-Stokes system by Dirichlet
boundary controls may be deduced from this first result.

We consider the following compressible isentropic Navier-Stokes equations
in the interval (0, L) with periodic boundary conditions

pt + (pu)y = 0 in (0,L) x (0,00),
plur + uuy) + (p(p))y — vuyy = pfX(102) in (0,L) x (0,00),
p(0,-) = p(L,-), w(0,) =u(L,-), uy(0, ) =uy(L,-) in (0,00),
p(+,0) = po(-), u(-,0) =wuo(-) in (0,L).
Here p(y,t) is the density, u(y,t) is the fluid velocity, v > 0 is the fluid
viscosity, and the pressure p is assumed to satisfy the constitutive law
p(p) = ap’,

for some constants a > 0 and v > 1. Here, f is an interior control with
support in (41, ¢2), a nonempty interval of (0, L). We set

Qy=(0,L), and Q) :=Qy x (0,00). (1.2)

Let us first notice that any pair of constants (ps,us), with ps > 0, is a
steady state solution of (1.1) for f = 0. By integrating the first equation in
(1.1) and using the periodic boundary conditions, we also observe that

L L
/Op(y,t)dy=/o po(y)dy, Vt>0.

Thus there is no effect of the control f on the mean value of the density. So
we start with an initial density pg satisfying

1

L
| s = and min () >0 (1.3)
0 yEQy
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To study the local stabilization of (1.1) around the pair of constants (ps, us),
where ps > 0 and us # 0, we define
OC=p—ps, V=U—1U.

The system satisfied by (o, v) is

ot + psvy +usoy +oyv +ovy = 0 in Q;O,
_ (% .
vy + voy +usvy + ay(o+ ps) 2oy _yaiyp = [X(r,0) 0 Q5°,
S

O-(O") :O-(La ')7 U(Ov ) :U(L7')a Uy(oa ) :Uy(L,-) in (0, OO),

a(-,0) =00() = po(-) = ps, v(-,0) = wo(-) = uo(-) —us in €y,
L

iA oo(y)dy = 0.

Now note that o satisfies

L
/ o(y,t)dy =0, Yt>0.
0

(1.4)

To achieve the stabilization of (1.4) with exponential decay e, for any
w > 0, it is convenient to introduce the new unknowns

=g, U= e, f: e“tf.

o
We notice that (7,7, f) satisfies the system
Ot + UsTy + psUy —wo + e 5,0+ 0,} = 0 inQ,
U +usty, + e Yo, + ay(e T + ps)T %0,

?, N ~ . o

*’/Wyyﬂ,s —WU = X)) 0 QY
6(07 ) = E(L, ')7 6(07 ) = i}\(Lv ')’ 5.1;(0’ ) = 6@/([’7 ) in (07 00)7
. _ . 1 [t
7,00 =oo(), 3,0 =w() n 7 [ ooly)dy=0.

0
(1.5)
Thus we have

1 (L
/ o(y,t)dy=0,Vt>0.
L Jo

To study the associated stabilization problem, we need to introduce the
one dimensional Sobolev spaces with periodic boundary conditions. For s €
NU{0}, we denote by H,,.(0, L), the space of L-periodic functions belonging
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to Hj (R), and by HEET(O,L) the subspace of the functions belonging to

H,.,(0, L), with mean value zero.

Our first main result is regarding stabilization of system (1.5).

Theorem 1.1. Let w be any positive number. There exist positive constants
Ho and &, depending on w, ps, us, {1, L and L, such that for all 0 < i < fig
and all initial condition (o0,v) € HL.,. () x HL, . (Q,) satisfying

per per

10000y 0,z ) < P

per

there exists a control f € L%(0,00; L*(2y)) for which system (1.5) admits a
unique solution (0,0) satisfying

1T O oo (0,005 12, (2))N L2 (0,005 L (24)) % HY (0,001 L2 (2, ) ML2 (0,002, (7)) < F-

per
Moreover, (5,5) € Cy([0,00); Hyer () x Hjep()), [6(y. )] < 5 for all
(y:1) € Q.

The above theorem leads us to the following stabilization result for system
(1.1).
Theorem 1.2. (Case of periodic boundary conditions.) Let w be any posi-
tive number. There exist positive constants iy and K, depending on w, ps,

us, £1, U2 and L, such that, for all 0 < g < fig and all initial condition
(po,uo) € H)., () x Hp.,. (), where py satisfies (1.3) and (po,uo) obeys

per

||(p0_PS>U0_uS)||HI§W(Qy)><H1 Q) < K,

per

there exists a control f € L*(0,00; L*(Qy)) for which system (1.1) admits a
unique solution (p,u) satisfying

||(p(7t) - p57u('7t) - uS)HHéer(Qy)XHl () < Cﬁefwt’

per
for some positive constant C' depending on w, ps, us, £1, o and L but inde-
pendent of 1. Moreover, we have p(y,t) > % for all (y,t) € Qy°.

The proofs of the above theorems appear in Section 4 and the details
about the controls fand f obtained via a nonlinear control law are given in
Section 4.4.

It is well known that the main difficulty in studying the one dimensional
compressible Navier-Stokes equations (1.1) comes from the nonlinear term
pyu. There are two classical ways to deal with that term. One way consists in
using the Schauder fixed point theorem, to prove the existence of a solution
to system (1.1). This method is well adapted for finite time interval [0, T]
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and when there is no feedback control (see e.g. [12, 19]). In our case, since
we look for a solution to (1.1) or (1.5) over the time interval (0,00), the
Schauder fixed point method cannot be used.

The second method consists in using a change of variables and in writing
the nonlinear system in Lagrangian variables. We follow that way. Since we
deal with the equations satisfied by & = e“!(p — ps) and ¥ = e“*(u — uy),
we do not use the classical Lagrangian change of variables, but a modified
one, adapted to system (1.5). In our situation the change of variables is
defined through the solution to a transport equation and not to an ordinary
differential equation. We shall refer to the transformed system (2.9), as the
Lagrangian system and the transformed variable (o,v), as the Lagrangian
variables. Similarly, system (1.5) will be referred to as the Eulerian system.
Finally our method consists in finding a feedback control operator able to
stabilize first the linearized Lagrangian system, and next the nonlinear one.
This is done by using a fixed point method. Then, coming back to the
Eulerian system, we prove the stabilization of system (1.5) and hence of
system (1.1).

The transformed nonlinear system presents two new difficulties. One is
that the control zone is also evolving with time. Thus the control operator
becomes time dependent. But there is no general stabilization method for
finding a feedback control operator for nonautonomous systems. We manage
this situation by choosing a fixed control domain, which lies inside each
transformed control zone for every ¢ > 0 (Lemma 2.7).

The second difficulty is that the nonlinear term F} appearing in the right
hand side of the density equation of the Lagrangian system, is no longer
with mean value zero. Hence the associated density is also not with mean
value zero, but the control has no effect on the mean value of density. To
handle this difficulty, we split F; and ¢ in a unique manner as for all x €
(0,L), Vt>0,

Fi(z,t) = Fim(z,t) + F10(t), o(x,t) =omn(z,t) 4+ oa(t).

Here F' ;, and 0, are with mean value zero, and F} o and o (which are the
mean values of F} and o respectively) are functions only depending on time.
We estimate the two components differently. In our fixed point argument,
we will see that it is convenient to deal with a solution o and a right hand
side F1 o in weighted Lebesgue spaces. Proceeding in this way, we prove that
o is bounded in the corresponding weighted Lebesgue space. However, we
can deduce afterwards that oq is indeed bounded (see Theorem 4.4).
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Next we consider the one dimensional compressible Navier-Stokes equa-
tions around (ps, us), ps > 0,us > 0 with boundary controls

pt + (pu)y = 0 in (0,L) x (0,00),

pluy + uuy) + (p(p))y —vuyy = 0 in (0,L) x (0,00),

0.9 =a(), w0,)=a(), ul,)=g() n@Ocx), (10
p(-,0) =po(-), u(-,0) =wup(-) in (0,L),

plp) = ap’,

for some constants a > 0 and v > 1. We prove a local stabilization result for

system (1.6) with initial conditions (pg,ug) close to (ps,us). Since us > 0,
S

we prove that u(y,t) > % > 0 for all (y,t) € Q. Thus the boundary

condition for density has to be prescribed only at ¥y = 0. For us; < 0 the
boundary condition for density should be prescribed at y = L and the result
of local stabilization can be easily adapted from the case us > 0. Our main
theorem for this case, reads as follows.

Theorem 1.3. (Case of Dirichlet boundary controls.) Let w be any positive
number. There exists a positive constant pq, depending on w, ps,us > 0, and
L, such that for any initial condition (pg,ug) € H(0, L) x H*(0, L) satisfying

1[%11511 po>0 and [[(po— ps,uo — Us)HHl(o,L)le(o,L) < [tds (L.7)
there exist controls 1 € L?(0,00) N Cy([0,00)) and go,q3 € H%(O, 0), such
that system (1.6) admits a unique solution (p,u) satisfying

||(p(7t) - ps,u('vt) - US)”Hl(O,L)XHl(O,L) < Ce_wtv (18)

for some positive constant C' depending on w, ps,us, and L but independent

of pq. Furthermore, p(y,t) > % and u(y,t) > % for all (y,t) € (0,L) x

(0, 00).

We prove the above stabilization result by extending system (1.6) to
(=L, L) with periodic boundary conditions and then using Theorem 1.2
with a control localized in (—L,0). Finally the traces of the velocity and
the density at boundary give the boundary controls for system (1.6).

Chowdhury et. al ([9]) prove the exponential stabilization of compressible
Navier-Stokes system in (0,7) with homogeneous Dirichlet boundary con-
ditions around (ps,0), by using a localized control for velocity, for initial
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conditions in H'(0,7) x H'(0, 7). Our approach to prove the local stabiliza-
tion of system (1.1) around (ps,us), ps > 0,us # 0, with periodic boundary
conditions, is also using Lagrangian coordinate transformation, similar to
[9]. However, there are crucial differences in the behaviour of the two sys-
tems and hence in the techniques to handle them. While the transformation
is given by an ODE in [9], it is given by a pde of transport type and hence
the estimates require more intricate analysis. The linearized system around
(p,0) in (]9]) is not null controllable by localized control because of the ac-
cumulation point wg in the spectrum of the linearized operator (see [8]).
That is why in [9], the decay rate has to be chosen strictly less than wy.
But in our case, we are able to show that the system is locally stabilizable
with exponential decay e~“!, for any w > 0. When u, # 0, even though
the unstable subspace is of infinite dimension for w arbitrarily large, the
unstable eigenvalues are isolated and there is a uniform lower bound for the
differences between any two eigenvalues. We are able to manage the infinite
dimensional unstable spaces by using the null controllability of the linearized
system associated with (1.1) by a localized control (see [11]). Furthermore,
in [9], because the unstable subspace of the linearized system is of finite
dimension, the feedback control operator turns out to be a Hilbert-Schmidt
operator. In contrast, in our case, the infinite dimensional unstable subspace
necessitates a totally different argument to get the structure of the feedback
operator.

To complete the references, we mention that Ervedoza et. al ([12]) prove
the local exact controllability of compressible Navier-Stokes system to con-
stant states (ps, us) with ps > 0, us # 0 using boundary controls for density
and velocity, when the initial conditions for density and velocity both be-
long in H3(0,L). Our stabilization result Theorem 1.3 is also with similar
boundary controls but in less regular space. However, our approach is en-
tirely different from that of [12]. In [10], the authors consider the linearized
compressible Navier-Stokes system around (ps, us) with ps > 0, us # 0 with
periodic boundary conditions. By the moment method they prove the null
controllability of this system in H;;l X Hp,,, for s > 6.5, using a localized
L2-interior control only for the velocity equation. In [11], the null control-
lability of that system is obtained in H}}er x L? by proving an observability
inequality. In [14], the authors study the stabilizability of the same linearized
system with exponential decay e, for any w > 0, using L?-control acting
only in velocity equation. It is proved that H;ST x L? is the largest space in
which that system is stabilizable with any arbitrary exponential decay rate.
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The plan of the paper is as follows. In Section 2, we introduce the La-
grangian change of variables and study its properties in Section 2.1. We
explain how we can choose a fixed control zone in Section 2.2. In Section
3, we study the feedback stabilization of the linearized Lagrangian system.
The stabilization of the nonlinear system is treated in Section 4. We state
and prove the stabilization results for the Lagrangian system in Section 4.1.
The Lagrangian system and its equivalence with the initial one are studied
in Section 4.2. Section 4.3 is devoted to the proofs of Theorems 1.1 and
1.2. In Section 4.4 we determine the nonlinear control law for the FEulerian
system. The case of Dirichlet boundary controls is studied in Section 5. For
the sake of completeness, some classical proofs and estimations are added in
an appendix (Section 6).

Acknowledgement. The authors are members of an IFCAM-project, Indo-
French Center for Applied Mathematics - UMI IFCAM, Bangalore, India,
supported by DST - IISc - CNRS - and Université Paul Sabatier Toulouse
III. The authors gratefully acknowledge the financial support from IFCAM.

2. REWRITING SYSTEM (1.5)

The goal of this section is to explain how we can transform system (1.5)
through a change of variables. A similar approach is used in [9] when ugs = 0.
In the case us # 0, the method is more complicated.

For any s € NU {0}, we equip the spaces

Hie(0.1) = { | o =Y ae™ T, 3 b jenf? < oo},

k€EZ kEZ

per(o L) {(,0 per 0 L ’/ dl‘ - 0
with the norms,

1 s 1
s0.0) = O+ P erl)2, Nellgy on = D [k lel?)2.

Il
keZ keZ\{0}

We mention that the Sobolev space H,,(0,L) for s = 0 corresponds to
L%(0,L).

Let us also recall that for any bounded open interval (L, L) C R, a
Sobolev constant sy of the embedding H'(Ly, Ly) — L*(Ly,Ly) can be
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chosen as (see for example, Theorem 8.8 in [7])

so = 4V2 (1 + L;Ll) : (2.1)

In particular, we shall use the notation so for the interval (0, L) and in this
case

s0 = 4V2 <1 + i) : (2.2)

2.1. Lagrangian variables. To define properly the change of variables, in
addition to Q, = (0, L), we introduce the notation

Qp:=(0,L), and Q3 :=Q; x (0,00), (2.3)

to consider functions depending on the x variable. Since we deal with peri-
odic boundary conditions, it is convenient to identify €2, as well as €, with
the one dimensional torus R/(LZ).

For any smooth function v, L-periodic in the space variable and bounded
in L?(0, 00; H2,.(€)), we consider the L-periodic mapping Y5(-,¢) from €,
to €, satisfying the following equation

P 0 P (0,0, Y (a0) € QF,
Ys(x,0) = I(x), Ve, (2.4)

Y@(SL‘,) :Yg(ZL’—FL,-), Vaxe Qx,

where I(x) is the identity mapping in R/(LZ). By the method of character-
istics, this is equivalent to the following ordinary differential equation for all

(z,t) € Q°,

& ol 4 uslr = 1),7)] = s + e 0Vl + sl — 1), 7),7), 7> 0,
.
Yi(x +us(T —t),7)|r=0 = I(x —ust), V(x,t) € Q5°,

and hence to the following integral formulation for all 7 > 0,
Yo(x +us(t—1t),7) = I(x+us(t—1t)) + / e " Ys(zr +us(r—t),r),r) dr.
0

Thus to prove the existence of a solution to (2.4), it is enough to prove the
existence of a solution to the above integral formulation. In order to do that
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we introduce the spaces

V = Cy([0,00); HY., (2,)) N L2(0, 00; H2.,. (),

per per

(2.5)

‘?w = {i}\ € ‘7 | ||6HL2(O,OO;H2 () < min{%’ \/%lio}} ’

per

where s¢ is defined in (2.2). The following proposition gives the existence
and uniqueness of a solution to (2.4) under some conditions of v.

Proposition 2.1. If 7 € XA/M, then there exists a unique function Yy €
Cy([0,00); L*(Q)) satisfying
t

Yo(x,t) = I(z) + /0 e “To(Yo(x + us(r —t),7),7) dr. (2.6)

For every t > 0, the periodic mapping x — Yz(x,t) is bijective from the 1d-
torus Q to the 1d-torus Q. Moreover, Yz belongs to Cy([0,00); HZ,,.(2)) N

per
CL([0, 00); ngr(Qx)) and it satisfies equation (2.4).

The proof of the above proposition follows from the Picard’s iteration
method and careful estimations of the integrals. For the sake of complete-
ness, the proof is given in Section 6.1.

Lemma 2.2. Let o € V,, and let Y5 be the solution of equation (2.4). Then

oY 1

-1 —.
ox 2

<

The proof is given in Section 6.1.

Corollary 2.3. Let v € V., and let Y; be the solution of equation (2.4).
Then, for every t > 0, the periodic map x — Y5(x,t) is Cdiffeomorphism
from the 1d-torus 2, to the 1d-torus €)y. Denoting by X5(-,t) the L-periodic
inverse of Y3(+,t), we have

X@(Y@(l‘,t),t) =z, V (.%,t) € ngv Yﬁ(Xﬁ(%t)?t) =y, V (y7t> S ng

O
Let us introduce the constants
b= aypl 2, vy = z (2.7)
Ps
We set for all (z,t) € Q5°,
o(x,t) =o(Ys(x,t),t), v(x,t)=0(Ys(x,t),t), f(a:,t) = A(Y;;(l‘,t),
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Let us consider the system
Ot + us0y + psvy —wo = F1(o,0,t) in Q°,
U+ UsUp + b0z — UUpz — WU =
X + @00 i Q5
a(0,-) =a(L;-), 0(0,-) =0(L,-), 0(0,-) = va(L, ) in (0, 00),
70 =000) T =) s [ oola)de =0,

Y(z,t) = I(x) —i—/ e To(x +us(r —t),T)dr, Y (z,t) € QY

0
z, V(z,t)eQr, Y(X(y,0)t)=y, V(yt)eQy
Zlﬁ(t) = X(Ela t)) Z2,'17(t) = X(€27 t)a \V/ t> 0)

(2.9)
where
o _ oy \ ! e [(OYN\ T
F1(0,0,t) = psty <1 — <8x> ) — e o, <8x> ,
-1
B(,5,t) = 5, [b Ay (e F + p)12 (?D
v PYOYNT L1 1 (YT
(e7¥G + ps) Ox* \ Ox Ve ps (e7¥'o + ps) \ Ox
(2.10)

Then we have the following theorem.
Theorem 2.4. Let
G € L°°(0,00; HY,,.(,)) N L*(0,00; HY., (%)),

per per

v € L*(0,00; H2,. () N H (0, 00; L*(Q,)),

per

be the solution of (1.5) with control fe L%(0,00; L*($2)). If in addition ¥ €

V, then (7,7, f) defined by (2.8), together with (Y,X) = (Y5, X3), satisfies
system (2.9). Further, & belongs to L°°(0, 00; H',, (s ))ﬂL2(0 oo; HY,.(92)),

per per
v belongs to L?(0,00; ngr(Qx)) N HY(0,00; L2()), f € L2(0, 00; L2(Q,)),
and there exists a constant M, depending on w, such that

16,9)| 5 < M1ul|(@,9)] 5,
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where ||(a,)|| 5 denotes the norm of (7,v) in

L>(0, 005 H ., (Q22)) N L*(0, 005 H (Q2)))

per

x (L2(0, 00; H2,,(92:)) N HY(0, 00; L2(£2)))

per

and ||(G,v)||5 denotes the norm of (,0) in
(L>°(0, 005 Hper (€2y)) N L2(0, 005 Hper ()
x (L*(0, 00; H?

per

(Qy)) N H(0, 005 L*(92y)))-

Proof. For (0,7, f) with the L-periodic transformation Y; defined in (2.6),
by the chain rule differentiation formula, (7,7, f) satisfies (2.9) in Q2°, with

L- per10d1c boundary conditions. From Lemma 2.2, it follows that

aY,,>1

for © € V,,. The rest of the proof follows from this and the change of Varlables

formula.

0

The converse of the above theorem will be handled in Section 4.2. We

shall need the following spaces
V = Cy([0, 00); HE, (94)) N L2(0, 00; HZ, (),

per per

Jo
7= {77 | lommon < o |

and, for v € 17, the transformation

Yi(x,t) = I(z) + /t e “To(x +us(r —t),7)dr, Y (x,t) € QY.
0

We have the following lemma.

Lemma 2.5. Let 0 € V and let Yy be defined by (2.12), then

- R ) O
du L (000L2(Q0) | V2W 220 Hper ({1
‘ay < 1173 (0ort3
022 || e ooz~ V2o 000 (@)
oY
or Lo (0,00 H \/>”U||L2 0,003 HZ, ()

pe'r
Moreover, if v € Vw, we have

Y5
Ox

-1 <

1
roQr) 2

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Proof. By differentiating (2.12), we get

Y- t
aa “(z,t)—1= / e p(r+us(s—t),s)ds, V(x,t)eQy. (2.17)
x 0
Thus )
Y 1—e 20t
) t)—1 S (%% . )
H or 0T Lo, S o Peloszen)
and (2.13) is proved. Estimate (2.14) follows from
0%Y5

t
W(Lt) :/0 e Upr (T + us(s — t),s) ds.

The estimate (2.15) is a direct consequence of (2.13) and (2.14). If ¥ € V,
we have

0Y5
ox

—1 SSO —1

L(Qg°)

<

% ;
Lo (0,00l (20)) 2

ox

O

Corollary 2.6. Let v € V., and let Ys be defined by (2.12). Then, for each
t > 0, the periodic mapping v — Ys(x,t) is C'-diffeomorphism from the
1d-torus €, to the 1d-torus Q. Denoting by Xy(-,t) the L-periodic inverse
of Y3(+,t), we have

Xﬁ(Yﬁ(xv t)? t) =z, V (1:7 t) € ngv Y’g(X’g(y, t), t) =y, V (y7 t) € QZO
]

2.2. From a moving to a fixed control zone. As mentioned in the in-
troduction, in the transformed system (2.9), the control zone depends on the
time variable ¢. To handle this situation, we choose an open interval O C 2,
such that O lies inside the control zone (¢ 3(t), f2(t)) for all ¢ > 0. This is
detailed in the following Lemma.

Lemma 2.7. Let v belong to Cy(]0, 00); H;QT(QI)) N L?(0, oc; ngT(Qx)) and
let us also assume that

(2.18)

p 8sp ’ 250

V2w(ly — 0y) @}_

Hi;HL?(O,oo;H%T(QI)) < min{

Then we have

10;5(t) — £4] < %gfﬂ Vt>0, j=1,2. (2.19)



14 D. MiTrA, M. RAMASWAMY, J.-P. RAYMOND

Furthermore, if we choose the open set O C §, defined by

0= (Wl +b) (T~ El)) , (2.20)
8 8
then we have
OcC (Zl,ﬂ(t%ZQ,i(t))v Vi>0. (221)

Proof. For every t > 0 the moving domain for the control is (Zlﬁ(t), 2275(15)),
where

t ~
U =0 5(t) + / e “To(ls(t) Fus(r—t),T)dT, j=1,2, Vt>0.
0

~ A% 2w|€2 — £1|
For HU|’L2(O,OO;H38T(QI)) < T 8sy we get
/ 1~ [l — 1]
’gj,i(t) _Ej‘ < \/%HUHLQ(O,OO;LOO(QJC)) < 3 .

by — ¥
For(5:|2 1

by choosing

, we also have 1+ < o —§ . Therefore, the lemma follows

O = (£1—|—5,€2—6).

Let us notice that, with (2.21), we have

X(Zl,a(t)fz,g(t))xo =xo, Vit>0.
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Thus to study the stabilizability of system (2.9), it is enough to study the
stabilizability of the system
Gt + UGy + polly —wF = F1(5,0,1) i QX
Uy + UsgUp + b0y — VoUsy — WU
=xof + F(3,0,) in QY
d(0,:) =a(L,"), ©(0,")=0(L,"); z(0,") =0x(L,") in (0,00),

L
a(-,0)=00(), v(-,0)=wvo(-) in Uy, / oo(x)dz = 0,
0
Y(z,t) =1(x) + /t e “Tu(x + us(r —t),T)dr, V(x,t) € QY,
0
X(Y(z,t),t) =2, V(r,t)€Q, Y(X(y;t),t) =y, V(y,t)€Qy,
Ust) = X(0,t), lag(t) = X(byt), V>0,
(2.22)
where F; and F» are defined in (2.10).

3. STABILIZATION OF THE LINEARIZED LAGRANGIAN SYSTEM

In this section, we will use the notation 2 and Q*° instead of €2, and

°°, since we are going to study the Lagrangian system (2.22) where the

unknowns are functions of (x,t) only. Associated to the transformed sys-
tem (2.22), with the control zone O, let us consider the following linearized
system

Ot +usop + ps vy =0 in Q°,
Tt — Volan + s Uy + 032 = fxo in Q%
50,) = (L, ), ©(0,)) =v(L,"), (0,) =,(L,-) in (0,00), (31)

5(,0) == 50, 5(,0) == /170 in Q, / 50($)d$ == 0,
Q

where the control J?belongs to L2(0,00; L?(Q2)).
Let us introduce the complex Hilbert space

Z=H! (Q) x L*Q)

per

endowed with the inner product

<< " ) ) < . )> = b/Opr(x)ax(w) dz + ps /OL u(z)v(x)da.
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We define the unbounded operator (A, D(A)) in Z by
D(A) = H2,(Q) x H2,.(Q)

per per
and ; ;
L P
A= S S . (3.2)

d d? d
b Vg ~Usgg
Setting z(t) = (5(-,t),v(-,t))T and Bf = (0, fxo)?, system (3.1) can be
written as

Z(t) = Az(t) + Bf(t), 2(0)=2z € Z. (3.3)

Let us mention that (A, D(A)) generates a Cy semigroup in Z, denoted by
{e!}y>0, and the control operator B belongs to £(L?(2),Z). We recall
Lemma 2.2 from [14] regarding the spectrum of A for L = 27 (see also [11]).

Lemma 3.1. The spectrum of A consists of 0 and two sequence of complex

eigenvalues {—Al, — M Yhezs with —\ = —E, —A ==X, forallk e
7*.
Moreover, for k =0, we denote —)\8 =0. For k € Z* with k? < A;bo—p;,

)\h . [k2vo—ik(+/4bps—k2vp2+2us)] P — [k2vo+ik(y/4bps —k2v92 —2us)]
k 2 ’ k 2 )

and, for k € Z* with k* > 4%

vo

A= [(k2vo—|k|\/k2v02—4bps)—2ikus) \P o= [(K2vo+|k|\/k2v02—4bps) —2ikus]
k 2 ) k= 2 :
Let us denote wy = b,fzf. We have the following asymptotic behaviors
Re)P
Re)\z — W, % — vy as |k| — oo,
Im AP Im AP
| =] = us |2 = us  as k] = oo.

In view of the above lemma, for w > wp, (A + wI) has an infinite number
of eigenvalues with positive real part (see [14] and [11]). In spite of having
an infinite dimensional unstable space, system (3.1) is stabilizable in Z with
exponential decay e~“!, for any w > 0, by a L?-control acting everywhere in
Q (see [14]). We know that system (3.1) is null controllable in Z at T', by
L2-localized control, for any T' > ﬁ (see Theorem 1.2 in [11]). Now from
this null controllability result, we obtain the complete stabilization of system
(3.1) (see Theorem 3.3 in [21]). One can also get a feedback stabilization
result as in the following theorem.
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Spectrum.pdf

FI1GURE 1. Spectrum of A withus =1=ps =a =v,y = 25,
wo = 25 and w = 100

Theorem 3.2. Let w be any positive number. There exists K,, €
L(Z, L*(Q)) such that the semigroup (e!At«I+BKm)) o4 is exponentially sta-

ble. The solution (c,v) of
)(»0)— ( §§> € 7, (34)

i(,g)—(AerIJrBKm)(g)a (

belongs to Cy([0,00); Z) N L%(0,00; Z) and satisfies

STES K

1G98z < Me™(Go, o)z for all ¢ > 0, (3.5)
for some § > 0 and M > 0. Furthermore, K,, can be chosen in the form
K,, = —B*P, where P is the solution of the following algebraic Riccati

equation
PeL(z,Z"), P=P*>0,

3.6
P(A+wl) 4 (A* + wI)P — PBB*P + 1 = 0. (3.6)

The above theorem follows from Theorem 3.3 in [21].
It is convenient to define the feedback operator K € L(H}.,.(€2) x L*(Q),
L*(9)) by

K(5,0) = Kp (Gm,0), Y (3,0) € HL.(Q) x L*(9), (3.7)

per
where oy (2,t) = o(z,t) — 1 [o0(y,t)dy and K, € ﬁ(H;er(Q) x L2(9),
L?(2)). Now we analyze further the structure of this feedback operator to

see if it can be expressed by a kernel in a suitable Sobolev space. We have
the following proposition in this direction.
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Proposition 3.3. Let the operator K € L( per(ﬂ) x L2(Q), L*(Q)) be de-
fined in (3.7). Then there exist two kernel operators k, € L*(Q; H,.(Q))
and k, € L*(Q x Q) such that for all (5,7) € HL,,. () x L*(Q),

per

K(3,9)(@) = (ko500 s, + [ ol €9706)

P5T7 per

Proof. The operator K € L(H,,, () x L*(2), L?(2)) can be decomposed in
the form
K(a(-,1),0(,1)) = Koo (-, t) + Kyo(-, 1),
with
1555|220y < Cllol| s, ) for all & € Hy, (), (3.8)
and
K0l r20) < Cll0ll 2y for all o € L*(€). (3.9)

Let us denote by Dy, (€2) the set of functions which are the restrictions
to  of L-periodic C* functions. The space Dy, (2 x Q) is defined in an
analogous manner. The dual of Dy, () is denoted by Dj,,.(2) and the dual
of Dper (€2 x Q) is denoted by Dy, (2 x Q). From Schwartz’s kernel Theorem
(see [18, Theorem II], [13]) adapted to Dy, (2), it follows that there exist
ke € D,..(Q x Q) and ky, € D)., (Q x Q) such that for all z € Q,

per per

(K,3)(x) = (ka(2,).5())py, (@) pprey  Tor all & € Dper(2),  (3.10)

per

and

(Kwv)(@) = (ku(®,), 0())pr () Dper()  for all U € Dyper(92). (3.11)

per

Due to (3.8) it follows that k, is a distribution of order 1, and due to (3.9)
that k, is a distribution of order 0.

Since Dper(€2) is dense in H;GT(Q) as well as in L2(f2), using the calcu-
lations so far and the definitions of &k, and k,, we have a unique extension
ko(z,-) € H.L(Q) and ky(z,-) € L*(Q) such that

per

(Ko0)(x) = (ko (), () g0

per

L), o) foralloe H;GT(Q)

per
and

(Ku0)(x) = (ko(z, '>75(')>L2(Q),L2(Q) for all v € Lz(Q).
Moreover, due to (3.8) and (3.9), k, belongs to L?(Q2; H,.1(2)) and k, be-

per

longs to L2(Q x ). O
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Let us set
V=H!

per

() X Hper (90).

per

To use a fixed point argument in later analysis, we need to consider initial
condition (gp,vp) in V. We have the following regularity theorem for the
solution (¢,v) of (3.4).

Theorem 3.4. For (d¢,v9) € V, the solution (c,v) of (3.4) satisfies

||5||Loo(o7oo;yzg”(g)) + ||5HL2(0700;H; () + ”UHL2 (0,00;HZ,.(Q))
+HUHHl(o,oo;L2(Q ) < Cll(0,v0)llv-
Proof. The estimate of (7,9) in L?(0, 00; Z) N L*(0, 00; Z) follows from the

exponential stability of the semigroup (e!A+«I+BEm)),  see (3.5). Next,
the estimate of ¥ in L?(0, oo; H2,,.(Q))NH(0, 00; L%(9)) follows from regular-

per
ity results for parabolic equations, with a right hand side in L?(0, oo; L%(9)).
O

To handle the nonlinear terms in (2.22), we need to consider the linearized
system (3.4) with forcing terms, i.e.,

Ot + UusOz + psVp —wo = f1 in Q%

Uy + UusUp + boy — VoUgy — WU

ok (301 = 7 [ 360 de T0) 1o i Q.
6(07 ) :a(L")v 5(07') :5(1/7 ')a 5:(:(Oa') :596(1/7 ) in (0700)7
5(',0) = 00(‘), 5(-,0) = U()(-) in Q.

(3.12)
As explained in the Introduction, to study system (3.12), we decompose
f1 and ¢ uniquely as follows

filz,t) = fim(z,t) + fia(t), o(z,t) =on(z,t) +oa(t), V(z,t)eQy
(3.13)

where

Jra(t) /f (x,t)d /flma:t Vit>0,

1
(3.14)
oq(t) := L/Q o(x,t)dz, L/Qam(a: t)de =0, Vt>0.
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Setting 2, (t) = (Gm(-,t),0(-, 1)), we easily check that (&,7) is a solution
to (3.12) if and only if (2,,,0q) is a solution to

Z;n(t) - (A +wl + BKm)zm(t) + (fl,m('7t)7 f2('7t))T for all ¢ > 07
z2m(0) = 2
oo(t) =woa(t) + fie(t), Yt>0, oa(0)=0.

05

(3.15)
This leads to

t
oo(t) = e“’t/ e “fial(s)ds, Yt>0. (3.16)

0

Thus, we introduce the weighted Lebesgue spaces
L(0,00;e 0y = {h | e “Oh e L0, 00)},

( ) ={h]| (0,00)} (3.17)

L'(0,00;e7%0)) = {h | e=“Oh € L1(0,00)}.
We have the following results for the linearized closed loop system (3.12).

Theorem 3.5. For (0o,v9) € V and fim € LQ(O,OO;H;M(Q)), fio €

LY0,00;e V) and fo € L*0,00;L*(Q)), the solution =z(t) =
(G(,t),0(-,t))T of system (3.12) satisfies

HgmuLz(o,oo;Hl () + ”am”Loo(o,oo;Hl Q) + H&Q”L‘X’(O,oo;e*w(‘))

per per

F0ll 22 (0,005, (2)) + 101l 11(0,00:22(2))

3.18
< (Hfl,mHLZ(O,oo;ngr(Q)) + ||f1’Q||L1(O,oo;e—w(‘)) ( )

G0, T)llv )-

+ f2ll 20,0022 (02)) T |

Proof. The estimate of (G,,,v) in L?(0,00;Z) N L>=(0,00; Z) follows from
the exponential stability of the semigroup (et(A+WI+BKm))tZO, see (3.5), the
Duhamel formula and the Young inequality for convolution products. The
estimate of &g in L™(0, c0; () is obvious. Next, as in Theorem 3.4, the
estimate of ¥ in L?(0, 00; Hp,, (€2)) N H'(0, 00; L*(£2)) follows from regularity

results for parabolic equations, with a right hand side in L?(0, co; L?(2)). O
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4. STABILIZATION OF THE NONLINEAR SYSTEM

With the feedback operator K € £ (H;er(ﬂx) x L*(Qy), L*(Qy)) defined

in (3.7), the closed loop nonlinear system corresponding to (2.9) is
Ot + us0y + psvUy —wo = F1(0,0,t) in Q5
Ut + usUp + b0y — VoUpy — WU
=xoK(a(1),v(-,1)) + Fa(o,v,t) in QF,
a(0,-) =0o(L,-), v(0,:) =v(L,"), (0,) =0(L,-) in (0,00),
a(,0)=o00(-), v(-,0)=wv(-) in g, / oo(z)dr =0,

Y(z,t)=1(x) + /t e To(x +us(r —t),T)dr, ¥ (z,t) € QY

X(Y(xt)t) =2 ¥(2,1) €QF, Y(Xwtht) =y V(ut)eQr,
Z1,5(25) = X(Elat)7 ZQ,ﬁ(t) = X(£27t)a Vit>0,

(4.1)
where F; and Fj are defined in (2.10).

In this section, first we show that (4.1) admits a unique solution in a suit-
able ball defined by some estimates. Next we show that it is possible to come
back from system (4.1) to the original system (1.5), since (7,0, X,Y") satis-
fies the required estimates. Using these results, we finally prove Theorems
1.1 and 1.2.

4.1. Stabilization of the Lagrangian system (4.1). Recall the unique
decomposition introduced in (3.13)-(3.14). We first state the following lemma
which will be useful in deriving several estimates.

Lemma 4.1. Leto(z,t) = op(z,t)+oq(z,t) with oy, € LOO(O,OO;H;W(Q:E))
and 7o € L>(0,00;ew0)). If
< Ps

HgWHLDO(O,oo;H;ET(Qz)) + H&Q”L‘”(O,oo;e*“’<‘>) = 4807 (42)

then
e 5 (e ) < 5V (a,t) € Q7.

Proof. Using (4.2) and s > 1, for all (z,t) € Q3°, we have

|6_Wt5(x’t)| < ||&m||L°°(Qg°) + HaQ”L"O(O,oo;e*“’(‘))

~ ~ P
= SO||Um||L°°(O,oo;H1 @) T [7Qll oo (0,005 (1) < Es

per
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Let us consider the space

per

C:Cm"i'CQv Cm GLQ(O,OO;Hl (Qx))ﬂLoo(()’oo;Hl (Qm))y

per per

D = {(¢.9) |9 € H'(0,00 LA(2,)) 1 L3(0, 00; HE,, (2,)),

Ga € L=(0,00;¢ ) },
(4.3)
equipped with the norm
||(C719)HD = ”Cm”p(o,oo;f];er(gz)) + HCmHLoo(o,oo;H;er(Qz))"‘
1€all oo (0,005 -1y + 191l 22(0,00;12,,. (@) F 101 E1.(0,00:22(02))-

For any p > 0, we define
D, ={(0,0) € D|[||(o,0)|p < u} (4.4)
We set
(€9 \_ e €9\ _
Fl(Ca'lgat) = psﬁw (1 - (WT) 1) —¢€ tgﬁm (WBT) 17

Fo(C,0,1) = Co (b — ary(e7I¢ + py) =2 (2 ) 1y

v, 82Y<Cv‘9)(6Y(<ﬂ9))73
e~ wi(+ps Ox2 ox

1 1 Y (S92
_Vﬁg}z (pis - e~ wiC+ps ( ox ) )

As mentioned in the Introduction, we use the decomposition

Fl(c,’lg,t):Flym(c,ﬂ,t)—i-Fl,Q(C,’lg,t), Vit>0,

1
where F} o(¢,0,t) = L/ Fi(¢,9,t)dx.
Q

The next lemma gives some useful estimations of (4.5).

Lemma 4.2. There exists a positive constant Co depending on w, ps, Us,
s0, L, v such that for all (¢,9), (¢1,9Y), (¢3,9%) belonging to D,, with

4 = min { 5;0, %}, we have the following estimates
[ F1,m(C, 9, ‘)HLz(om;H;er(Qz)) < C2H(Cﬂ9)||%)a (4.6)
1F10(¢,9, )1 0 0050y < C2ll(¢, DD, (4.7)

HF2(<7 v, ')||L2(0,oo;L2(Qz)) < CQH(Ca 19)||2D7 (48)
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1 m (€190, ) = Fan (S92, )| 20 003 12, (20)

< Gy (I 9o + I 9 ) I1¢E 91) = (€2 82) [,
HFl,Q(Cl7 017 ) - FLQ(C27 1927 ')HLl(O,oo;e*w('))

< G (I 9o + 19 ) I1(¢E 91 = (€2 8%
HFQ(Clv 1917 ) - F2(<27 192) ’)”LQ(O,OO;LQ(QI))

< G (I ) p + 1,920 IS 9Y) = (¢, 92) .

The proof of all these estimates (4.6)-(4.11) is given in the appendix (Sec-
tion 6.2).
We have the following theorem.

Theorem 4.3. Let K € L(H}., () x L*(Q), L*(Q)) be defined in
(3.7) and O defined by (2.20). There exist constants pg > 0 and k > 0,
depending on sg,w, L, l1, 02, us, ps, such that, for 0 < @ < pg, and any initial

conditions (o9, vo) satisfying

”(UO’UO)HH,}ET(QE)XHl (Qz) < /i,lj, (4.12)

per

the closed loop system (4.1) admits a unique solution (o,v,X,Y) such that
(5,0) belongs to Dy, X € Cy([0,00); HZ,.(Qy)) N CL([0,00); HL,,.(Qy)), and

per per
Y € C’b([O,oo);Hzer(Qx)) N Cl}([O,oo);H;er(Qx)). Moreover, ¢ € C([0,00);
ngr(Qx)), v belongs to V,, and satisfies (2.18).

Proof. The proof is based on the Banach fixed point Theorem. Let us choose

450’ 2sg’ 850 T 4C1Cy

ps @ V2wlls — 0] 1}7K:;L (4.13)

Ho = mm{ T

where Cy and Cs are the constants appearing in Theorem 3.5 and Lemma
4.2 respectively. Let  belong to (0, po]. For any (¢,9) € Dy, we denote by

(4.9

(4.10

(4.11

)

)

)
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(5(90), 5(470)) the solution of the following linear system

5 4 ug S 4 p S —wE ) = F(¢,0,1) in Q,
3 4 u g 4pa e — ya?) — w0 =

Xo(@) K@V (), 807 (1) + Fo(¢,9,1) in QF,
90, =5, ), D0, =L, ),

570, =a(L,+)  in (0,00),

TSN 0) =00(r), TEN(,0) =wvp(-) in Q, / oo(z)dz = 0,
Qp

t
y (¢:9) (x,t) = I(z) +/ e He +us(t —t),7)dr, Y (x,t) € QY
0

(4.14)
where Fy and F» are defined in (4.5).
Let us prove that the mapping
(€, 9) — (5@,19),5@,19)) (4.15)
is a contraction in Dj. Since f is less than or equal to 4p—s and ;@, from
50 S0

(3.5), (4.6), (4.7), (4.8) and (4.12), it follows that

1E 2,5,

e (H(UO,UO)H i1, @)t @) F IFLm (G0 ) p20 oo, ()

HIFL2(C 0, ) o o000 + IRV 20 etz ) (416)

< &1 (1100, 0) iy 0y, 0 + C2N(G DB
< (Cik + C1Cop) < .

Hence, if (¢,9) € Dy, then (E(C’ﬁ),'ﬁ(g’ﬁ)) belongs to D;. We set

2 =50 @y =0 50,
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The couple (3, V) satisfies
St + usSe 4 psVe —wE = F1(¢CL 04, 1) — Fi(C2,92,8) in Q,
Vi +usVy + b5y — Vi —wV =
XOK(E(,1), V(. 0) + B(¢h 0", 1) = B(¢%0%1) in QF,
V(L)

g(ov ) = i([ﬁ ')7 ‘7(0 ) Vx(ov ) = ‘790(11’ ) in (0’ OO),
(-,0)=0, V(,0)=0 inQ,.
(4.17)

If (¢1,9') € Dy and (¢3,9%) € Dy, with Theorem 3.5 and estimates (4.9),
(4.10), (4.11) and (4.13), we have

H(&(Clﬁl) 5(4%%) _ (5@2,192) 5(4%9%) ‘
9 9 D
< U0 ~ @ Moy 0
+HF1,Q(C17 1917 ) - FLQ(CQa ) HLl(O,oo;e—w(')) (418)
+HF2(C17 1917 ) - F2(<.-27 192’ ')HL2(O,OO;L2(QZ)))
< 201Cofi]| (¢, 0) = (¢ 02)[Ip < 5lI(¢H9Y) = (¢, 9%) b
Hence, the mapping defined in (4.15) is a contraction. Further, v obtained

from this fixed point argument belongs to V., and satisfies (2.18) because of
our choice of pg. The proof is complete. O

4.2. Transformation to original system. Now we want to prove the con-
verse of Theorem 2.4.

Theorem 4.4. Let i belong to (0, po|, where pg is defined by (4.13). Let
(0,7,X,Y) be a solution to system (4.1) such that (¢,v) belongs to Dy. Let
us set f(')t) = Xo K((E('at)vg('vt));
3(y7t) = b—v(X(y?t):t)v i}\(yvt) - ~(X(y7 )7 )7 f(yv ) - f(X(yv )7 )
If ¥ € Vi, then & belongs to L2(0,00; H},,.(Q,)) N L>(0, 00; HL,(Qy), ©
belongs to L?(0,00; H2,,(€)) N H(0,00; L*(R)), f belongs to L%(0, oo;
L*(Qy)) and there exists a constant Ms,,, depending on w, such that
1@, )5 < Maw ll(a,0)l[p-

Moreover (7,7, f) satisfies system (1.5), and, for t > 0, Y (-,t) = Y5(-, 1)
is the solution of (2.4) and X(-,t) = X3(+,t) is the inverse of Y(-,t). In
addition, 5o belongs to L?(0,00) N L>(0, 00).
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Proof. For v € Vw, using Lemma 2.5 and the change of variables formula, we
get that (7,9, f) satisfies (1.5) in Q°. Notice that all the solutions to the
density equation (1.5); are with mean zero. Consequently, ¢ also satisfies
this condition. Since

0o do 0X

—(y,t) = —(X(y,t),t) —(y,t

ay(y, ) =5, X0, 3y (y,1),
we have

8¢y ) < V21T Dy oy F>0.

if 7 € V,. Indeed, in that case we have ’%(y,t)

< 2. This inequality
provides an estimate of & in L>(0,00; HL,.(Q,)) N L?(0,00; H,.(Q,)), but

per per
also in L>(0,00; H},,.(€)) N L*(0, 00; H,,.(€,)) because 7 is with mean
value zero.

Let us now recall the identity

. 1L 1 [E 0X (y,t)
t) = — t)dr = — o(y,t)—=—"=d vVit>0. 4.19
o) = [ wtetde =1 [To0.0" 0 dy viso @)
From (4.19) and the estimate of & in L>(0,00; Hp,.(€)) N L*(0, oc;
H!,.(€,)), it follows that 7¢ also belongs to L>(0, 00) N L%(0,00), because

per

‘%(y,t)’ <2 O

Remark 4.5. The Lebesgue spaces L*(0, oc; e“*’(’)) and L*>(0, oo; e“*’(')) are
well adapted to study the ordinary differential equation satisfied by oq. We
can prove the convergence of the fixed point method by using these spaces.
But it is not possible to do it directly in L°(0,00)NL?(0,00). We have finally
deduced from (4.19) that oq is actually bounded. However, it is not possible
to use an identity similar to (4.19) for the different iterates of the fized point
method.

The next remark will be useful to prove the stabilization of system (1.5)
by using the stabilization of system (2.8).

Remark 4.6. In Section 4.1, we first obtain the unique solution (¢,v,X,Y")
of system (2.9) satisfying v € V. Then applying Theorem 4.4, we get a
solution (0,v,X,Y) for system (1.5) where Y is the solution of (2.4) and
X its inverse. But the solution (0,v,X,Y), obtained in this way, is not
necessarily unique. To prove the uniqueness, we first need to guarantee that
the solutions to system (1.5) provide solutions to system (2.9) by a change
of variables. That is obtained by imposing one more condition on the norm
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2. () in addition to the fact that v € ‘~/w. The details are

given in the following lemma. The uniqueness of solution for system (1.5)
will be obtained as a consequence of the uniqueness of solution for system
(2.9) (see the proof of Theorem 1.1).

of 19] 2(0,00: F12

Lemma 4.7. Let o € V, and let us set v(y,t) =0(X(y,t),t) for all (y,t) €
Qy°- There exists a positive Cy, such that if

191l 20,0032, (92.)) < Clos

then v belongs to V.

Proof. For each t > 0, we have v(y,t) = v(X(y,t),t) and Y (X(y,t),t) =y
for y € Q. Now differentiating these two terms with respect to y, we get

05 0T0X  OY 0X

= 2T 4.20
oy Ox 0y’  Ox Oy (4.20)
Using change of variables and the fact that %—f < 2, we have
101l 22(@ge) < 210l r2(Qse)- (4.21)
Using 4 aY > 5 1 from Lemma 2.5, we get
v X
‘ 9 ’ o ox H L (4.22)
Oz ~ 1197120z 109 iz~ 192 ll2(ae)
By differentiating (4.20) with respect to y, we get
0% _ 0% (0X\* OBPX QW (0X\P Y EX o
oy2  0x2 \ oY Ox Oy?’ 022 \ Oy or 0y ’
With Lemma 2.5, we have
‘ 22X ‘ 22y
9% || oo (0,00:L2(2,)) — 022 | Lo (0,00:L2(02))
< 020 itz ) < 22
Thus we get
2 25
Hag §4’ 5’4; +2f‘ L (4.24)
0 2@y~ 197 Ml2ge) 02 || 20,0011}, (02)
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Finally by using (4.21), (4.22), (4.24), we obtain

ov H 0%

03]l 2gz) 11027 M2
< 2v2(1+ \@)\WHB(O,O@H;ET(QJC))-

190 220tz 2y = Iy + ]

Let us choose

Cy = min{ Ve ) v } . (4.25)
8(vV2+1)sg 4VL(V2+ 1)sg
For C,, defined above, ¥ belongs to V. O

4.3. Stabilization of the original system. By making a change of vari-
ables, we can transform system (4.1) to find a control law for system (1.5).
For (o9,v0) satisfying (4.12), let (¢,v, X,Y) be the unique solution to sys-
tem (4.1) satisfying (o,v) € Dy. Associated to this solution, we consider the
change of variables

(1)~

Then, for each t > 0, the feedback control K(o(-,t),v(-,t)), is transformed
in the form

<Y(:§,t)) Y (w.8) € Q. (4.26)

K(&(1), () 0 X (-, 1), (4.27)

where X (-,t), the inverse of Y'(-,t), is also one of the components of the
solution to system (4.1). As in Theorem 4.4, we can set

a(y,t) = o(X(y,1),1), v(y,t) =v(X(y,1),t), V(y,t) €@, (4.28)

and for each t > 0 we have X (-,t) = X5(-,t), where X5(-,t) is the inverse of
Y5(-,t) and Y3(+,t) is the solution to transport equation (2.4). Therefore the
feedback law K, transformed with the change of variables (4.26), depends
not only on v(-,¢) but also on X3(+,t). This is why we set

K@), 0(t), Xa(t)(y) = K (5 1), 5, 1)) o X (g, 1), ¥ (y,1) € Q5. (4.29)

The feedback operator K is linear but, due to the change of variables, K is
a nonlinear operator.
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With the change of variables (4.26), system (4.1) is transformed into

Ot + usoy + psty — wo + e 5,0+ 00,} = 0 in Qy

~ ~ —wtos —wt A, PN Vyy ~

U + usvy + e vy + ay(e T + ps) Oy =~V —— — Wo
e Yo + ps

= X K@), X5(8)) in Q.
8(07 ) = 6'\(L, ')’ 6(07 ) = 6([” ')7 i}\y(ov ) = 6@/([” ) in (07 OO),

L (4.30)
F0 =@l 3.0 =wl) 0. 1 [ o=
ayﬁa(f’t)ms V(@) _ b ety ),8), Y (a,1) € QF,

Y5(z,0) = I(x), V x€Qy, Yi(x,)=Ys(x+L,.), Ve,
Xo(Ys(w,t),t) =x, V(z,t) € QF.
Theorem 4.8. Let w be any positive number. There exist positive constants
Ho and K, depending on w, ps, us, €1, €2 and L, such that for all 0 < i < [ig
and all initial condition (oo, vg) € Hper(Q ) X H;er(Qy) satisfying
(00 v0) g3, 0,y 2y < R (431)
the nonlinear closed loop system (4.30) admits a unique solution (o, v, Yy, X5)
satisfying

per(

1@l < & (4.32)
Moreover, (7,0) € Cy([0,00); Hpe, () X Hpe,(€)), [3(y, )] < % for all
(y,1) € Q.

Proof. In view of Remark 4.6 and Lemma 4.7, pp in Theorem 4.3 can be
reduced further, if necessary, so that ug < C,,, where C,,, is defined in Lemma
4.7. Then by Theorems 4.3 and 4.4, we deduce that there exist constants
o > 0 and & such that, for 0 < iz < jip and any initial condition (¢, v) €
HL. () x H).,(9,) satisfying

per per
I(00,00) iy @, rrs () < R (433)
the closed loop system (4.30) admits a solution (7,7, X,Y") such that

() x H'(0,00;L%(82y))NL?(0,00; H. (2y))

1@ D) e 0,001 123, (2, 2200003,
Moreover, X € Cb([0,00) per( )) N Cl}([ovoo) H;CT(Q )) Y e Cb([

Hpor(Q2)) N Cy(10,00); Hper (%)), & € C([0,00); Hper(€y)), and 5

per

Cb([o OO) H;ET(Q ))

< 7
00);
€



30 D. MiTrA, M. RAMASWAMY, J.-P. RAYMOND

If the initial condition (og,vg) satisfies (4.33) and if (7,7, X3, Y5) is a so-
lution to (4.30), we can define (¢, v) by change of variables, and (7,7, X,Y),
with (X,Y) = (X5, Y5) is a solution to system (4.1). From the decomposition
0 = oy, + 0o and the definition of oq, we deduce that

||aQ||L°°(0,OO;e_w(')) S m ||g||L°°(0,oo;H1

per

(Qy))NL2(0,00;Hj (2y)) 2

per

1001 oo (0.00)nL2 (0.00) < N9l oo (0,001, (€2 )22 (0,00: 12, (24))
and

15| Lo (0,003 13, (2, )N L2(0,00: 83, (2,)) F 1001 200 (0,005e=0)

per

<ol poo a0, )nL2@+sm,, (92,)) T 1100l Loo @+ )nL2RA )AL (R 0200

per per

<(2+L7Y?) 111 Lo (0,00:12, . (92))NL2 (0,002, () -

Therefore, due to Theorem 2.4 and to the definition of the norms || - ||p and
|- |l 5, we have

1@, 9)p < @+ L) (@05 < 2+ L7%) Miw |13, 9)ll5-

Thus, if we choose (2 4+ L~'/2) My, fio < pio, we shall have ||(5,9)||p < po,
and (¢,v, X,Y) will be the unique solution of system (4.1) in D,,. Thus,
under the additional condition (2 + L™Y/2) My, fio < pio, (4.30) admits a

unique solution (o, v, Xz, Y5) such that ||(,7)]| 5 < . The proof is complete.
O

15

From Theorem 4.8, the stabilization result of Theorem 1.1 is obtained
with the control f defined by

f(yv t) = X(Z1,€2)(y)[/€ (8(7 t)ai)\('v t)a X(-, t)) (y)7 v (ya t) € on (4'34)

Proof of Theorem 1.2. The closed loop nonlinear system corresponding
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to system (1.1) reads as follows
bty = 0 in QP
plur + uuy) + (p(p))y — vuyy
= PX (01,0 K (e (p(t) — ps), ! (u(t) — uy), X (1)) in Q5
p(0,) = p(L,-), w(0,-) =u(L,-), uy(0,-) =uy(L,-) in (0,00),
p(+,0) = po(-), u(-,0) =wue(-) in €,

oY (x,t) oY (z,t) o
6t —|—’LL3 8$ —U(Y(Jl,t),t), V(iﬁ,t) € Qz ’

Y(2,0)=1(z), VaxeQy, Yz, )=Y@+L,), Ve,
X(Y($>t)7t):$7 V(.I‘,t) EQ;O

(4.35)
From the proof of Theorem 1.1, it follows that system (4.35) admits at least
a solution (p,u, X,Y") defined by

p= e ' +ps, u= eiwta"i‘ us, X=2X5 Y=Y

where (7,0, X3, Y5) is the solution of system (4.30). The solution (p,u, X,Y)
is unique in the set of functions satisfying

1 (p = ps), (" (u — us)) | < fi-

Thus the stabilization result of Theorem 1.2 is obtained with the control f
defined by

FW:1) = X1y () €K (e (p(t) = po), € (u(t) = us), X (1)) (y), (4.36)
for all (y,t) € Q3.

4.4. Control law for the original system. In this section, we explain
why the control defined in (4.27) or in (4.29) is a nonlinear control law for
system (4.30). The state variable of system (4.30) is (o,v, Y, X5). It is
clear that (7,7, Y3) are state variables, since the triplet satisfies an evolution
equation. The last equation in (4.30) is a nonlinear equation characterizing
X5 in terms of Y;. Since we deal with one dimensional problems, X3 can be
easily deduced from Y. This is why we can consider X3 as an additional
component of the state variable for system (4.30).

Due to Proposition 3.3, the feedback K is expressed by two functions
ky € L?(Qu; H L(Q,)) and k, € L?(Q, x ). For all t > 0, we compose

per
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ko(-,-) and ky(+,-) with X5(-,t) and we set
ko(y, 1) = 10y Xo(C.0)] ko(Xa(y, 1), Xo(C, 1))

and
ko(y, ¢ 1) = [0y Xo(C,t)| ko(Xo(y, 1), X5((, 1))
Since X3 belongs to Cy([0, oo);ngr(Qy)) N C; ([0,00); H,,.(€)), it follows
that
ko € Cy([0,00); L2(Qy; HoL(€)))  and Ky € Cy([0,00);: L2(€y x Q).
Therefore, the control law K for the original system is defined by
K (3(-1),8(-1), X5(1)) (3)

= (ko (y. 1), 5(1))

~

keu(y, -, 1), 0(-, 1) (4.37)

. +( ) 0y
Hper(Qy),Hper () L2(9y)
Remark 4.9. The corresponding control law for system (4.35) is

e UK (e (p(t) — ps), e (ult) — us), X (1)) ()

= 7{:\0— 7'7t) l( .’t s H Q
< /(\y ) ( ( ) )>H;elr(9y)v per ()
(k;v(ya'at)a (u(,t) ’LLS)) L2(Q )
Y

From Theorem 4.8, it follows that the first two components of the state of
system (4.35), namely (p,u), are stabilized towards the steady state (ps,us),
exponentially in the H).(Q,) x H).(Q,) norm, even if (Y, X) is not stabi-
lized.

5. DIRICHLET BOUNDARY CONTROL

In this section, we study the local stabilization of the one dimensional com-
pressible Navier-Stokes system around (ps,us), ps > 0,us > 0 by boundary
controls. We prove Theorem 1.3 by using Theorem 1.2. To do that, we
need to extend the domain (0,L) to (—L, L) and to consider system (1.6)
in (—L, L) with periodic boundary conditions. The next theorem gives the
stabilization result for domain (—L, L) x (0,00), analogous to Theorem 1.2
and we skip its proof as it is similar to that of Theorem 1.2.

Theorem 5.1. Let L be any positive number and ({1,¢3) is an open subset
of (=L,L). Let us consider system (1.1) in (—L,L) x (0,00) with peri-
odic boundary conditions. For any positive number w, there exist positive
constants [y and K, depending on w, ps, us, {1, o and L, such that, for
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(-L,L)x H' (~L,L),

per

0 < <o and any initial condition (pg,ug) € ngr
where pg satisfies
1 L

— dy = ps and i 0
5 _Lpo(y) y=ps and  min po(y) >

and (po, ug) obeys
1o = psyuo —ws)llpgy (—r.nyxm, (-Loy S KR

there exists a control f € L*(0,00; L2(—L, L)) for which system (1.1) admits
a unique solution (p,u) satisfying

1o 1) = pauCst) = sl .y, (-1, < CRE

for some positive constant C' depending on w, ps, us, €1, 2 and L but inde-
pendent of fi. Moreover, we have p(y,t) > % for all (y,t) € (—L, L)x(0,00).

Furthermore, if us > 0, we can choose [ig in such a way that u(y,t) > %
for all (y,t) € (=L, L) x (0,00).

To prove the stabilization result for system (1.6) using the above theorem,
we extend the initial condition (po,ug) as follows.

Proposition 5.2. Let [ig and K be the positive constants defined in Theorem
5.1 corresponding to the domain (—L,L). There exists a positive constant
pq depending on w, ps, us, L and fig, such that any (po,uo) € H(0,L) x
HY(0, L) satisfying (1.7), i.e.

fglﬁ po >0 and |[[(po — ps,uo — us)| g1 (0,0)x 1 (0,0) < Hds

admits an extension (p§,u§) in H). (—=L,L) x H) (=L, L) obeying
1 L
— o(z)dx = ps, i o > 0, 5.1
5T /Lpo(w) T= P 107G (5.1)
and
”(Io(e] _p57u8 _uS>HH1 (—L,L)XHl (—L,L) S /K\;ﬁo (52)

per per
Proof. We want to determine jiq and the extension (p§, u§) € Hp,(—L, L) x
H}.,.(—L,L) of (po,up) depending on fip in such a way that (1.7) implies
(5.1) and (5.2). Recall that [[po — ps||g1(0,) < Ha gives

o — psHLoo(o,L) < Softd, (5.3)
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where s is the Sobolev constant depending on the domain. To get (5.1), we
need the compatibility condition

1 L
oL J, po(z)dz < ps. (5.4)
In view of (5.3), we have
L po@e < Lo+ som)
— x)dr < — s .
oL J, Po = 5\Ps T Sopd
We notice that (5.4) is satisfied if We choose pg such that
0< pg< L= (5.5)
50

From now on, we assume that (5.5) is true. In order to determine the
extension, we consider the minimization problem

0
min{/ |0'(x)]?dx | o € H'(—L,0) and satisfies (5.7)} (5.6)
~L

with
0(0) = po(0), o(—L) = po(L),
0 L 5.7
/_L o(x)dr = (ps + p)L, where p=ps— 2/0 po(x)dz. o7

By solving Euler-Lagrange equation associated with (5.6), we obtain the
solution

0min(7) = az® + bx + 09, on (—L,0)
with

a=3

(po(L)—ps) + (po(O)—ps) —2p 6:2(%_ ps+ﬁ—p0(0))
L2 ! 3 L '
(5.8)
Since |po(L) — ps| < sotd, |po(0) — ps| < sopq and |p| < sopq, we have

(5.9)

Thus we get a positive constant M; depending only on L, sg such that

0 0 4a2L3
[ ln@Pde = [ 20 0P <2 (M5 1 2L) < (510
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Now define

e P05 on (OaL))
Po = { Omin, on (—L,0]. (5.11)

Then p§ belongs to H',.(—L, L) and by (5.10), we have

per
106 = sl .y < (M1 + D) (5.12)

In place of (5.5), we assume that u4 satisfies the more restrictive condition
Ps

0< g < ————. 5.13
In that case, p§ obeys (5.1). We extend ug as follows
Po
. uo(x), if x€(0,L),
=02 (wo(0) — uo(L) +wo0), it we (=10 G
Then u§ belongs to H,,,.(—L, L) and

HUS—UsH%J;W(fL,L) = HUS—“S||?{;er(fL,0)+||U0—Us”%J;W(O,L) < Mapg, (5.15)
for some positive constant Ms depending only on L, sg. Finally we assume
that L

Ps Ko
sov/My + 1" /M +M2+2}.
In that case, (p§, uf) satisfies estimate (5.2), the proposition is proved. [

(5.16)

O<pd:min{

Proof of Theorem 1.3. Let us consider (pg,up) satisfying (1.7) where
ta > 0 obeys (5.16). Then (po, ug) admits an extension (pf, u§) to (—L, L),
satisfying (5.1) and (5.2) (see Proposition 5.2). We consider system (1.1) in
(—L,L) x (0,00) with the initial condition (p§,u§) and an interior control
localized in L =L
oca 5
(=L, L), it follows that there exists a control f € L?(0,00; L?(—L, L)), with
—L —L

27 4
(0, 00) admits a unique solution (p¢, u¢) satisfying

). Now, from Theorem 5.1 applied to the interval

support in ), such that system (1.1) in the domain (—L,L) X

—wt
1o t) = sy (o 8) —ws)ll gy nywems,, (—r,n) = €€
for some positive constant C' independent of py. Furthermore,

pe € L2<07OO§H1 (_L7L)> N Cb([07 OO);Hl (_L7 L))

per per



36 D. MiTrA, M. RAMASWAMY, J.-P. RAYMOND
and

u® € HY(0,00; L>(—L, L))NL?(0,00; H2, (—L, L))NCy([0,00); HY. (—L, L)).

per per
We also have

p(t) =5 and w'(yt)> TV (yt) € (~L,L) x (0,).
By setting
(p’ u) = (pevue”(o,L)X(O,oo)a (517)

(p,u) is the solution of (1.6) with the controls
Ch(t) = pe(ov t)a qQ(t) = ue(ov t)a Q3(t) = ue(L’ t) (518)

Moreover (p,u) satisfies (1.8), p(y,t) > % and u(y,t) > % for all (y,t) €
Q;°. With (5.18) and the regularity of the trace of (p°,u®) at = = 0, L, we

have g1 € L?(0,00) N Cp([0,00)) and g; € H%(O, o0), for j = 2,3. Hence,
Theorem 1.3 is proved. U

6. APPENDIX

6.1. Proof of Proposition 2.1 and Lemma 2.2. Proof of Proposition
2.1.

Proof. In order to use the method of successive approximations for the ex-
istence of a L-periodic solution Y to equation (2.6), we define the sequence

of functions {Yﬁ(n)}neN by

Y (2, t) = I(z), V(z,t) €Q, (6.1)

and for every n € N,

t
YD ) = 1)+ [0 b un(r =), 1)+ ot un(r—1),7) d.
0
(6.2)
for all (z,t) € @Q2°. By induction, it follows that Yﬁ(nﬂ) is L-periodic and
AGRRNS Cy([0,0); L*(Q)) for every n € N. Now, for every t > 0, we

v
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obtain
1000 = P60 g,
1o ‘ N (Y
p— a . Fu ‘7 T
2w Jo |0y Loo(9Qy) o

L
/ Vi (@ + ug(r = 1),7) = V"V @+ ug(r — 1), 7)? da dr.
0

v

By using £ = x 4 us(7 —t), for fixed 7 > 0, £ > 0, n € N and the periodicity
of {Yﬁ(n)}neN, we have that

L
Yy (@t us(r —1),7) = V" V(@ s — 1), 7)) da
L+ug(r—t)
:/ (1) V(g m) = YD (g T de (64)
us (17—t

s
= [ e v Ve e
From (6.3) and (6.4), we obtain

Y0 =Y )

Lo[<los, | Lo (n-1)

< ’ VT /rY6 (€7) = Y3 (&, 7)) dg dr
2w 0 8y LOQ(Qy) 0
2

< 2915120 estrz, @ 172" = Y1, 0002200y

= 9w L2(0,00;HZ.,.(Qy)) 177 v Cp(0,00;L2(22))

Similarly, for every ¢ > 0, we also have
) 1 Lst,
132 C,0) = 3V ()0, < S 100 Re 0 cim,, )
As T € V,, this yields
2 1 1
1% = YV lleuoozz@n < 5

1Y =Y lley oo t@n) < g YmEN.

From the above estimates, it follows that {Yﬁ(") }nen converges to a L-periodic
function Y3 in the space Cy([0,00); L(€,)) and Y5 is the unique solution to
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equation (2.6).
In order to conclude the regularity of this solution, we check that

4 [8}% (x 4+ us(T — 1), 7')}

ox
Wy OV Y5
— 8—y(Yv(:c + us(1T — t),T),T) [ o (x + us(T — t),T)], >0,

Y3

(l‘—f-us( )77—)|T=0: 1.

ox
(6.5)
The unique solution of equation (6.5) is
Y3 t ov
a—;(x,t) = exp </0 e_ma—?j(}%(:c +us(t —t),7),7T) dT> , V(x,t) € QY.
(6.6)
From this expression, we estimate that
Ve
oy <3 (6.7)
07 | oo () ~ 2
From (6.6) and (6.7), it follows that
Y5, I? 9L
“ (1) <=, Vt>0. (6.8)
8$ Lz(Qa:) 4
In a similar manner, we obtain
s, |17 27
Z(t < — Vit>0. 6.9
H 5 (1) o = 162 T P20 00tz @) Y > (6.9)
Using the fact that v € ‘7 we obtain
3\/§u5
Hatﬁx H =5 |Uch([o 00)i L () T T~ o 191l 22 (0,00;172,,.(2,))
(6.10)

for all t > 0. Finally, (6.8), (6.9) and (6.10) yield that
Y5 € Cp([0,00); Hpep () N Gy ([0, 00); Hpep (%))

per per

and hence Y5 is the solution of (2.4).

For every t > 0, the injectivity of the mapping = — Y;(z,t) follows
from the uniqueness of the solution to equation (2.6). The existence of a
unique solution to the backward equation corresponding to (2.4) implies the
surjectivity of the mapping = +— Y5(x,t) for every ¢ > 0. O
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Proof of Lemma 2.2.

Proof. From the estimates in the above proof, we obtain

ov

exp </Ot GwTa;(Y@(QZ + us(T —1t),7),7) dT) - 1‘ <

N

' Y5

o (x,t) — 1‘ =

for all (z,t) € @2°. Thus

O

6.2. Estimates of the nonlinear terms. In this section, we assume that
(¢, ), (C',9") and (¢2,9?) belong to D, with ;1 = min{ ps V& } Here,

4s0 7 2s0

to avoid heavy notation, we denote the change of variables by Y instead of
y (69
Proof of (4.6) and (4.9). To estimate Fy,, in L*(0,00; HY,(Qy)), it is

per

OF
enough to estimate — in L?(0,00; L?(Q)). We have

Ox
2
8Fl 1 %Tg —wt (Cm)xﬁl‘
E*Psﬁm (1—%3;> +P579a:@—8 %?
o oy (6.11)
—w Cm'ﬂ:ca: —w Cﬁﬁx:c —w Ox2
—e ! Y —e ! Y te t(<m+CQ)79z gy22'
ox ox (%)
The different terms in (6.11) may be estimated as follows
oy  _
‘ psﬁxz’ <1 - (67) 1)
z L2(0,00;L2 ()
oy
< 2psso r 1 ||’l9”L2(0,oo;ngr(Qz))
Loo((]?OO;H;er(QZ))
2psS0
< W||19”%2(0,00;H5”(Qz))7 (6.12)
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82}2/
psVq 8;5' 5
(7) L2(0,00;L2 (%))
82
< 4p380H19 HL2 (0,00;He, () H 922 (6.13)
L7 |l o0 (0,00;L2(Q))
2\@0550 2
< T‘WHLQ(O,OO;HEW(QZ))’
e—wt (gm):cﬂa: e—wt (Cm):crlga:
o o 6.14
Oz L2(0,00;L2(Q%)) Oz L2(0,00;L2(Q)) (6. )
< 280HCmHLOO(O,oo;H;ET(Qw))|’79HL2(0,00;H§M(QQU))7
—wt Cmﬁxz
€ Y
Ox L2(0,00;L2(Qy))
< 250H(TVLHLOO(O,OO;H;ET(Q:C))||19||L2(0,00;H36T(Qz))> (6.15)
_ CQﬁxm
e oy < 2[[¢all oo (0,00:e <) 1Pl L2 (0,005 112, (02.)) » (6-16)
Oz L2(0,00;L2(Q2))
and
82}2’
7Wt(Cm + QQ) (37)2
@ L2(0,00;L2(02))
82
s4 (SOM”LHL"" 0,00, (22)) T ||<9||Loo(o,oo;e‘“(‘>)> ’ 19903715 L2(0,00;L2(Q))

< \fsops “19||L2 (0,005 H2, ()"

(6.17)

Using (6.12), (6.13), (6.14), (6.15), (6.16) and (6.17), we can choose a con-
stant Co = Cy(w, so, L, ps, us) such that (4.6) holds.

To prove the Lipschitz estimate in (4.9), we have to estimate aFl (¢ ot

t
8F1 1(¢2,9%,t) where Y/ (z,t) = +/ ™9’ (x,s) ds, j = 1,2. For that,

0
we have to consider different terms. We are going to estimate

Cl 191 2 192 82Y1 82Y2

—wtSmYrx _ —wtSmzx 1_ 0822 2 _ 0x?

€ oyl € Y2 and Psﬁx (ayl )2 ,05193; (8Y2 )2 N (618)
oz oz ox oz
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The other terms could be estimated similarly. We write

1 91 2 92
—wt Cmﬂaxv _—wt Cmﬂ:v:c
oyt Y2
ox ox
9l ¢2 1 1
_ _—wt Yzx 1 2 —wt Sm 1 2 —wt 2 92
=e ¥ oY1 (Cm - Cm) +e Y oYL (ﬂx;t - ﬂa:x) +e ¢ mﬂxz oYl ~ py2 .
or ox ox oxr
For the first term we have
Q91
—wt Yzx (1 2
€ oY1 (Cm - Cm)
oz L2(0,00;L2(Q4))

S 230”<71n - CENHLOO(O,oo;H;eT(Qm))”191HLZ(0,OO;H§@"(QQC))'

The second term can be estimated as

—wt C?gn 1 2
€ oY1 (ﬂxa: - ﬁxz)

8:5 L?(o,oo;lm(m )
< 250[[ Gl oo (0,005 12, (@) 1 = D71 22(0,0052, . (020))-

For the third term, we have

—wt 2 92 1 1
€ Cmﬁmm (ayl - ay2>

ox ox

L2(0,00;L2(022))
—wt ~2 92 aYZ 8Y1

€ Cm’lgacx 9. 9,

s ox oz L2(0,00;L2(224))

< %”192HL2(0,00;H2 @I = P[220 00112, (2,)-

per per

|

Hence we have

1 91 2 92
—wt mﬁm: _ —wt mﬂazx
oy'! oY?
oz Oz 1112(0,00;L2(2))

< max {250, pjg} (1" 8" o + 12 9)n ) %

(HC% - CrQn||Loo(o,oo;H;W(Qz)) + 9t - 192||L2(o,oo;ngT(Qz))> :

This completes the estimate of the first expression in (6.18). For the second
one, we write

foad 9%y?

1 0x2 2  Ox2
PsVyz Y 1\9 — PsVyg 9Y2\9
(%) (%)
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_, 8;;/21 (19 192) N , 192 (82yl 82Y2>
S S -
()2 @23 o> o2
0%Yy? 1 1
+ 03192 ( T 2 ) :
"o \ @R O
We can estimate the first term as follows
92y!
ps i (05 — 03)
(% )? L2(0,00;L%(Q24))
4psso

<

per

\/2—”191HL2 (0,002, (@) 19" = O2[| 20,0032, (0))

The second term can be estimated as

92 22yl p2y2
( BYl )2 Ox2 Ox2

) L2(O<>0L2(Q )
< 0580”192||L2(000 I =92 200 00s1 Hper ()"

per

For the last term, the estimate is

209%y? 1
191 o2 ((6 1)2 - (6‘;;2)2>

ox
2

92 0%Y ay1\?
T Ox? Oz

L2(0,00;L2(Q4))

-(%))]

< 16ps

L2(0,00;L2(02))

20°v2 (9y! _ ov2
< 3675 || V2" g2 ( Ov  Ox )‘ L2(0,003L2 ()
36ps
= o<l H192||L2(000H2 (Q0)) ||191 792||L2(0,00;H56T(QI))
swwwwu

20,0012, @) 10" = 92[ L2 (0,001 12, (020)) -

In the last inequality, we have used that |92 L2(0,00H2,, () < %. Hence
we have

) a%2y! ) a%2y?
ps’ﬂ (3(2’11) _psﬁx(aasﬁ)g
22 )7 11 22(0,00;L2(22))

SQM“@@IWMD+W@ﬁWbMW'ﬁmeWPAQ»
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The other terms can be estimated similarly. Therefore, there exists a positive
constant Cy = Cy(w, S0, L, ps, us) such that

HFl,m(Cla ’1917 ) - Fl,m(<27 7927 ')HLQ(O,OO;H;M(QQC))
< Gy (1 llp + (€% 9% 1) 161, 91) = (62,9

Proof of (4.7) and (4.10). From Section 4.1, we have

Fio(C,9,1) :/Q sV <1— (&6)—1) dx—/ e—wt(Zm+ZQ)z9x(g§)—1 dz.

Using Lemma 4.1, to estimate the first term we write

oda (1= (251 da
Q, ox

L1(0,00;e=%())

< 2ps/ e vt / Iy (8Y — 1> dx| dt
0 - al’
< )4

<2, [ aOlznan | Gy (0 -1 e
0 x L2()

2ps

> —wt
<\/ﬂH19HL2(O,oo;ngr(QI))/O e (- )| 2, dt

p 2
< ;||19HL2(0,00;H2 (Q22))

per
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The second term can be estimated as follows
b ~ oY  _
[ et Gara(Gr as
Qg € L1(0,00;e=« ("))

& ~ ~ oY
= [T [ e G GGy deas

0 Qp - €z
< . —wt
< 2soHCm\ILW(OVOO;H;ET(QE))/0 e /Q \iiy du dt

+2||CQ||L°°(O,00;6W<'>)/ 6_wt/ |19x‘ dCC dt
- 0 Qa

< Q\FSOHCmHLoo OOOHper(Qx))/O €_Wt||’l93:(‘at)”L2(Qz) dt

VGl ey [ I e

2\/>so
\/7 ||<m”Loo (0,00;H1L,,.(Q2)) HﬁavHL? (0,00;L2(922))

peT

2f
F|’CQ||L“ 0,00:e~<) 92 £2(0,00;22(022))

| A

IN

(14 50) Y= (161 ey, ) + 160 e

e

+wuw<o,w%<m»)-
Therefore, there exists a positive constant Cy = Ca(ps,w, So, L) such that
1EL(G 0, M 0rserewtny < Call (G0 .

The Lipschitz estimate (4.10) can be proved in a similar way. g

Proof of (4.8) and (4.11). Let us recall that

o Ps + 6""tC (%)3

~ PP | v _9%Y
Fy(C0,1) = (Om)e (bav(pﬁe ) 23y) + %22 49,

9 1 1 1

—y - _

A\ s psteeiC (P2

To estimate F»((,4,t) we need a lower bound for ps + e “C. Due to Lemma

4.1, we notice that

195 + et (2, 8)] > ps — et (2, 8)] > % V(z,t) € Q®.  (6.19)
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By the fundamental theorem of calculus, we have
1
(ps +e " ¢(w,)72 = p] % = (y=2)e"“"((a,1) / (ps +7e” (2, 1)) dr,
0

for all (z,t) € Q3°. Therefore, it yields
|(ps + e7¢(2, )77 = pI 72 < Cye™'[((2,1)], V¥ (2,t) € QF,  (6.20)

for some positive constant C3. Using Lemma 4.1, (6.20), (2.15), the first
term can be estimated as follows

L2(0,00;L2(022))

lavGnde (037 = (ps + €10y 2(3E) 7))
< Cs(H(Cm)z(%_l)||L2(o,oo;L2(Qz)) + 1 (Cm)ee™ (Cm + Ca)lL2(0,00:L2(2,)))
< s 11(Gm)all 20 merizny) (13 = 1l ooy + 16l e 0.e-0)

L [COIP
< (19122133, 0y + 16m I camoo i, 00y + 16012 0 orevty):

For the second term we have the following estimate

2%y 2
‘ v —SF 160 |97
—wt oy \3 YT = R 27T
ps +e ¢ (%) L2(0,00;L2(9)) Pe || Oz L2(0,00;,L%(Q))
16vsg 2
< vas N2 0 002, (20
To estimate the third term first note that

1 1 1
ps  pste @t (I1)2
_ 1 _ 1 + 1 . 1 1 1 1 1 1
T ps Ps‘i‘eiwtc P.s+67WtC Ps+67Wt< % Ps+€7wtg % Ps+67w§< (%)2
_ e"wi¢ 1 ) 1 1 Y 1
T ps(pstewtQ) + pste—wtl (% o ) % + ps+e—wt¢ ((%c ) (%)2
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Using Lemma 4.1 and (2.15) we have the following estimate for third term
1 1 1
Vg <ps - Mm)

< %He,%m +70) 0z 120,002

LZ(O,OO;L2(QZ))

2o (G

z ) HLQ(O,OO;LQ(QU)

892 (55 — )HLQ(O,OO;L2(QI))

<03(||am||LoooooH1 ) T 150l e 0 -0 ) 192200005712, (2)

per

121/30
20219017 20 00, 2 (Q4))

= <H0m||L°° 0,00 e, () HUQ”LOo 0,00,e=w()) T ||19“%2(0,00;H%er(9w))> '

Therefore, there exists a positive constant Cy = Cs(sg, ps, us, L, w, V) such
that

1F2(C, 9, ) £2(0,00:02(020)) < C2ll(C, 9|5
The Lipschitz estimate (4.11) can be proved in a similar way. U
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