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Abstract

We prove in this paper that any solution x, of an ordinary differ-
ential equations defined by a trigonometric polynomial field, admits a
rotation vector p € R™. More precisely, the function t — xz(t) — pt is
uniformly bounded on time and it is a weak almost periodic function
of slope p.

Keywords: Periodic system, differential equation, rotation vector, rotation
number, almost-periodic function, trigonometric polynomial.

1 Introduction

In this paper we study the asymptotic behavior of a solutions of the ordinary
differential equations defined by a trigonometric polynomial field. The idea
comes from the scalar case; H. Poincaré defined the rotation number for circle
homeomorphisms [7]. The simple example is a scalar differential equation

= f(z), z(0)eR, teR,

where f: R — R is lipschitz and 1-periodic. There exists a rotation number
A € R such that the function ¢ — z(t) — At is periodic. For two dimension
[5] showed that the solution z, of the scalar differential equation

= f(t,x), =(0)eR, teR,
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where f : R x R — R is lipschitz and 1-periodic relative to each variable,
admits a rotation number. We know that any non-autonomous system can
be written as an autonomous system. Our result is a generalization of this
asymptotic behavior to any dimension. In this case A is a vector and it is
called a rotation vector or rotation set as defined in [6]. Under some as-
sumptions of stability [[8], [3]] prove the existence of the rotation vector.
We mention relative results about the rotation vector in [2]. Some biologi-
cal works use the ordinary differential equations defined by a trigonometric
polynomial field as in [[I], [4]].

2 Definition and Main result
We study in this article the following system
t=f(z), teR, zeR", xz(0)=ux,
where f : R™ — R” is a trigonometric polynomial in the following sense

Definition 1. [Trigonometric polynomial function| A function g : R" — R
is called a trigonometric polynomial if there exists a finite sequence
(¢p)pearzn C C such that

VeeR": g(x)= Z cpexp(i(z, p)),
peE2TL™

where (.,.) is the usual scalar product on R™. A function g : R — R" is
a trigonometric polynomial if each component is a trigonometric polynomial
function.

To formulate the Mains results let us introduce the following defini-
tions. We use the usual following norm |ly|| := maxi<;<yl|y;|| for every

Y= (yj)?zl eCcm.

Definition 2. [Rotation vector| Let A € R™ and ¢ : R — R” be a function.
We say that ¢ admits A as the rotation vector if

sup||(t) — Atl| < .
teER

Definition 3. [Periodic modulo Z" function| A function g : R — R™ is
called periodic modulo 7™, if

gzr + ki, 20+ k) = g(21. .0, 20), v(]{7)')?:1 SWAS v(zj)?:l € R™
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Definition 4. [Weakly almost-periodic function]| Let be r € R™. A func-
tion h : R — R" is weakly almost periodic of slope r if it is C*° and if
there exists a uniformly bounded sequence for the sup-norm of C*° func-
tions (gr : R™ — R™)ren that are periodic modulo Z™ and there exists a
sequence (rg)ren C Q™ such that

lim rp =7 and V¢>0: lim sup |gr(ris) — h(s)| = 0.

k—oo k—oo 56[_t7t}

Main Result. Let f : R™ — R" be a trigonometric polynomial function.
For every xo € R™ the unique solution x : R — R™ of

= f(x), teR, z(0)=uwx,
admits a rotation vector p € R™. In addition, the function
t— x(t) — pt,

1s weakly almost periodic of slope p.

3 Space of C* periodic modulo 7" functions

We define in this Section the space and the norm used to prove the Main
result. In order to use the Fourier development, let us introduce the following
notations

Notation 5. For every continuous function g : R — R™ and every p € 2xZ"
we denote ap[g] € C™ the following limit if it exists

aplg] ::tliglooﬁ/_t.../_tg(z) exp(—i(z,p))dz . ..dz,.

The following constant w will be used only as change of variable in order
to find a contraction in Lemmas [[3] and [[4l For every w € N*, we denote
E,(R™) the set of C* function g : R"™ — R™ such that z — g(wz) is a periodic
modulo Z" function. We remark that for very w € N* and g € E,(R") we
have

1 1
aplgs] = /0 /0 go(2)exp(—ilz.p))dzr - dzn,  gul2) = gwz), (1)
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which is the Fourier coefficient of the function g,. Since g € E,(R"™) is C*°,
by Dirichlet Theorem, we get

)= 3 aplaleslis(z)) @)

peE2TI™

p
a0 Y laplellIZ1 < +oo.
pE2TZ™ /0

We are now in position to define the following seminorm in E,(R™): Let
w € N* and g € E,(R™), we denote for every w € N* and ¢ > 0

p
lgllog =23 llaplgullll =

pE2ZN /O

where we recall that [ly[| := maxi<;j<ly;|| for every y := (y;)j_; € C". We
prove in the following Lemma that a periodic modulo Z" function g is C'*°
if it is uniformly bounded for the seminorm, i.e

Vg>0:  |gllwg < +oo,

In other words, the set E,(R™) coincide with the set of the periodic modulo
Z™ functions uniformly bounded for the seminorm.

Lemma 6. Let w € N*. Let (¢p), be a complex-valued family such that
p
Vgz0: ) lepllll 11 < +oo.
pe2rZn /0
Then the following series is normally convergent
1
g(z) = Z cpexp(z;(z,p»a cp € C",
peE2TZI™

and ¢, = aplg.,] for every p € 2wZ™. Further, g € E,(R™).
Proof. Appendix. A O

We denote 0 := (0,...,0) € R™. In the following Lemma we prove that
the seminorm ||.||,, 0 is a norm in the space {g € E,(R"): ¢(0) = 0} and we
compare it to the uniform norm topology.

Lemma 7. Let be w € N* and g € E,(R™) such that g(0) = 0 then

1
lao[gu]ll < 5llgllwo  and gl < ligllw.o-
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Proof. Appendix. B O

Finally, the following Lemma gives an upper-bound of the quantity ||g|w,.q
when g is a trigonometric polynomial.

Lemma 8. Let g : R® = R™ be a trigonometric polynomial function. Then
there exists 8 := [3(g) > 0 such that for every w € N* we have

I gullog < nBC)TH, vk 20,

where g, (z) := g(Z).
Proof. Appendix. C O

4 Main proposition

Notation 9. Let f : R™ — R” be a trigonometric polynomial. We denote
the finite subset Ay C 272" as

Ap:={pe2nz": |ap[fll] # 0},

and we denote
|Ag| = max{|lpll, pe€As}.

Let be y € R"/{0}. Define,

A(fy) =A{pe2mz™ : []pl| <27+ [Agl, (y,p) # 0},

Remark that A(f,y) # 0. We denote

7(f,y) = maX{ peA(f,y)}.

1 .
[y p)|
Let be y € Q*/{0}, we denote

7(y) = max {% p € 2nZ", (y,p) # 0}.

y.p)|

We denote 8 the constant 3(f) of the function f defined in Lemma [

In order to prove the Main result, the aim is to find the periodic modulo
7™ functions g of the Definition @l Using the Fourier development and
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Equation 2] remark that for every C'*° periodic modulo Z™ function g we
have

fet9() =" aplHlgllexp(ilz,p), Hlgl(z) = f(z+g(2)),

peE2TLn

under some convergence assumption of the series, by integration we get

Yv € R™: /0 flus+g(vs))ds =t Z ap[H g]]

pe2rZn™, (v,p)=0

n Z ap[H[gm (exp(i(v,p)t) _ 1>‘

pe2nZ™, (v,p)#0 (v p)

We need remove the linear part, hence the last term of the right member of
the last equality play the role of the periodic modulo Z™ functions g of the
Definition @ In the following Proposition we prove that it is bounded by

267(f,v)-

Proposition 10. [Main proposition| Let f : R™ — R™ be a trigonomet-
ric polynomial function. Then for every r € Q"/{0} and every ¢ > 0
there exists a C°° periodic modulo 7" function ¢, : R — R™ such that

|ér.elloe < 2B7(f,7) and such that

ap|H | ¢r.c
3 [H[¢re]]

o etz ) ~ D <

sup H‘br,ﬁ('z) -

ZeR” pE2TT™, (r,p)£0

where
Hpr|(2) == f(z+ dre(2)), Vz € R".

As is state in the above Section, the following constant w is used as
change of variable in order to find a contraction.

Definition 11. For every » € R" and every w € N*, define the set K, , as
gc K, if

e there exists a complex-valued family (c,)pearz» such that

1 n
g(z) = Z cp(exp(z;<z,p>) —1), Vz e R",
peE2TZI™

L HgHw,O S QﬁT(f,T‘),
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® [|glw,q < oo for every ¢ > 1.
Lemma 12. The set K, , is a nonempty subset of E,(R™).

Proof. The set K, # () because it contain the function z — g(z) = 0. Let
be r € R" and w € N*. Let be g € K,,,. Since ||g||w,0 < 0o then z — g(wz)
is a continuous periodic modulo Z". By definition of K, ., and by Lemma
the function g is C*°. O

For every r € R" , for every w € N*, and every g € K, define the
function ¥[r,w, g] : R* — R” as

Ur,w,gl(z) == Z

pe2nZ™, (r,p)#0

ap[H[w, g]]

1
<7,7 p> (eXp(Z;<Z,p>) - 1)7

where ]
Hlw,g)(2) = f (=2 +9(2)).
In the following Lemma we prove that K, is invariant under the operator

Ulr,w,.].

Lemma 13. Let f : R — R™ be a trigonometric polynomial function. For
every r € Q"/{0}, there exists w, > 0 such that for every w > w, we have

geK,, = Vr,w,g] € K, .
Proof. Prove that
Vge Kry:  |[¥[r,w,glllug < oo, Vg=>0.
Let be g € K, and denote

z

fulz) = FC), and Hlw,g)(2) 1= 1 (22 +9(2)) = 1)

z
w
By definition, we get

ap[H|w, g} = ap[fu] + ap[H[w, g]]-

By definition of ¥[r,w,.] for every g € K, ,, we have

trede = % e e -
pe2rwZ™, (r,p)#0 ’
v T el ) - 1)

pe2nZ™, (r,p)7#0



8 W. OuKIL

Recall that |Af| is defined on the Notations[@l For every p € 277" such that
(r,p) # 0 and such that ||p|| > |A¢| we have ap[f,] = 0. By definition of
7(f,r) and 7(r) in Notation 0 we get

1w, glllog < 20(fir) > llap[fw]llllgllq

pe2nZ™, (r,p)#0

+2r(r) > lap[Hw, g]]llll—llq

pe2nZ™, (r,p)#0

By definition of the norm, we have,

19w, glllwg < 7P follog + TO)HW, g)llwg- (3)

By Lemma [8 we have

Ba+l
Fullog < .

Now, we estimate the quantity ||H[w, g]||wq. By definition, we have

00 kprz
Al gl(z) = £(22409) - (22 = 3 THE (oo,

k=1
where
d* )90, (2) .- i, (2).
f(w) lezg 16221...8Zik(w)gl(2) gk(z)
For every k > 1 we have
laold* fL ]Il = O,

and since g € K, ,, then ¢g(0) = 0 by Lemma [7] we get

laolglll < llgllwo < ag = 2B87(f,7).

By Lemma [I5] [See Appendix D], we have for all ¢ > 0
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By Lemma B we get

[e.e]

Vg>0: [Hw,gllwg <Y
ps

exp(gk)wh , grrat
k12K wk+a

[oo + llgllq)*.
By hypothesis g € K, ,, then
Vg> 0,30 >0:  ||g]lwg < aq where og :=2B7(f, 7).

we deduce that for all ¢ > 0,

00 k ktq+1
- exp(gk)w" . B~
HH[Wag]Hc«uq < Z L9k n okta (o + aq)
k=1 )

_ﬁq-i-l o 1

> (re(@et (o + )

g+1

k

<

B
q” _
— [exp <nexp(q)w o (o +aq)> 1} < 0.
By Equations (@) and Equation (3)), we obtain
Vg € KT’,OJ : H\I’[Tawagqu < OO7 VQ Z 0

Choose w > w, > 0, where w, € N* satisfies

oo 1] < 250
We obtain
Yw > w, : Hﬁ[w,g]HMo < ﬂT(f’T). (5)

7(r)
Replace both Equations (#]) and (&) on Equation (B]), one obtain

Vw >w, || V[r,w,glllwo < BT(f,7)+ BT(f,r) =2B87(f,1) = 2.
O

Lemma 14. Let f : R™ — R™ be a trigonometric polynomial function. For
every r € Q"/{0} there exists w := w(r) > 0 such that for every e > 0, there
exists ¢r e € Ky satisfying

HQST,LU,E - \I’[T‘,w, gbr,w,e]HOO <€
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Proof. Let be w >  and h,g € K,,,, we have
\I’[T,w,h](Z) - \IJ[T7wyg](z)

B Z ap[¢lw, h, g](h — g)] (exp(i£<zap>) - 1),

pE2Z™, (rp)£0 (r.p)

where
olw, h, g](2) = /01 df(éz + sh(z) + (1 — s)g(z))ds.

The function
z = Plw, h, gl(wz),

is a C'*° periodic modulo Z™ function. As in Proof of Lemma [I3] for every
u >0,

[W[r,w, h] = ¥[r,w, g]llwo < 7(r)|¢[R, g](h = g)]|w,0-
Since h, g € K, then
17 = gllw,o < [|]lw,0 + [[gllwo < oo

Prove that there exists w, > 0 such that for every w > w, there exists
€w € (0,1) such that

[V]r,w, h] = ¥lr,w, glllw,o < €llh = gllw,o-

By Lemma [I5] [See Appendix D], we have
[¢[h, gl(h = 9)[|lw,0 < [|B[w, h, glllw,0ll7 = gllw0-
Then
[W]r,w, h] = ¥lr,w, glllw,o < 7(r)[[¢[w, b, glllwoll = gllw,o- (6)

Prove that there exists w, > 0 such that for every w > w, we have

Vg,h € Ky 27(r)||p[w, h, g]|lwo < 1.
As in Proof of Lemma [I3], we have

1 ©© dk-i—lfw(z)

olotgle) = [ ST () + (1 - 9)g(2)) Vs,

0 k=0
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By Lemma [I5] [See Appendix D| and [7]

1 oo
1

ol ugllln < |3 Ze 44 Folloll VeI
k=0""

where f,(2) := f(2z) and where V; : R” — R" is the C* periodic modulo
7" defined by

Vs(z) :== sh(z) + (1 — s)g(z), VzeZ", sel0,1].
By hypothesis g, h € K, ,, by consequence

sup [[Vsllwo < ll9llwo + [1Allwo < 487(f, 7).

s€(0,1
By Lemma [I5] we have

> 1 /Bk+2

o il < g e (09747 k—%g%[-( () ]

:%Qexp< (Lase(rm)’).

Choose w > w, > 0 large such that

2r() = exp (5 (Lapr(rn)) < 1.

T

By Equation (@), we have proved that for every w > w, we have
1
I1¥[r w, h] = ¥lr,w, glllwo < 5[Ih = gllwo- (7)

Now, choose w, >> 1 fixed and very large. By Equation (), for every € > 0
there exists k. > 0 such that

”\IJ[T, W, ¢r,w,e] - ¢r,w,s”w,0 <€,
where
(br,w,s = \I’ks [T7 W, g] .
By Lemma, [l we obtain
H\Ij[rv Wr, ¢r,w,e] - gbr,w,eHOO < €,

By Lemma [I3] we have ¢, € K, . O
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Proof of Proposition[I0l Let be r € Q"/{0}. By Lemma [[4] there exists
w = w, > 0 such that for every € > 0 there exists ¢, € K, such that

”\IJ[T7W7 ¢T’,w,6] - ¢T’,OJ,€HOO < €. (8)

Define the functions,

Ore(2) = Grue(wz), and H(g](z) == f(z + g(2)).

We recall that,

Hw, drw.e(z) = f(éz + ¢r,w,er(z)).

By Equation 11 .
ap[H[w, drw.e]] = ap[H[¢r.]],

Using the definition of ¥[r,w, qgm] and replace on Equation (§]), the function
¢re satisfies

a[H[ord]

o el p) 1) < e

sup [[dre(2) = Y

=eRe pei2nZn, (rp)#40

By Lemma [I4] ¢, . € K, ., then

[6r-ellloo < llbrwelloe < 267(f,7).

By Lemma [I2] the set K, is a subset of E,(R™). Then gzgr,e is a C* periodic
modulo Z" function.
|

5 Proof of the Main result

Proof of Main results. By a change of variable we can suppose that z(0) = 0
and f(z) # 0 for all z € R". Let (ex)r C (0,1] be a sequence satisfying
limg o€, = 0. For every k > 1 let v € R" — Q"/{0} be a bijective
function satisfying

1y = @) < e

Since vx(y) € Q™/{0}, consider for every y € R™ and every k > 1 the function
¢, (y) satisfies the Main Proposition such that

aP[H[¢7k Yy H
Z )

, 1
SR 1w =) = .y PP Dl

pE2TZ™, {7k (y),p)#0
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Define the recurrent sequence (pg)r C R™ as

po="0, pri1i= > ap[H[bs, ()], V> 0.
pE2nZ™, <'Yk(pk)7p>:0

Prove that the sequence (pk)x is bounded. Let be ¢ : R — R™ the function
defined by ¢ = 1 (t) := b, (p,) (Ve(or)t). By Item 1 of the Main Proposition,
we get

ap[H|[dy, ()] . 1
swplv() = 30 L BB (it (or) p)0) — DI <
teR pE2mZ™, (Vi (pk):P)#0 AP,
since the sum is normally convergent, that implies

t ‘ 1
ig{gllwk(t) - > apH 6, (o) ] exp (i (pr), ps)ds|| < o

pE2mZ™, (vx(pr),p)#0

By Equation 2 we have the following Fourier development

f(Z + qb'yk(pk)(z)) = Z ap[H[qbfyk(pk)H exp(z'(z,p)),

peE2TL™
implies

t
supl[va(t) = [ £Oulor)s + vals)ds — toral < 1.
teR 0

Since ||k ]loo < 00 then

1t 1
lowes = Jim 7 [ FOrlpi)s + vu(o)ds] < 1

we deduce that limsup,_,|/prl| < [|f]|. There exists p € R™ and a sub-
sequence (pg,)s which converge to p. In order to simplify the notation, we
suppose that (pg)r which converge to p. Since €, — 0 then

lim p, = lim y(px) = p.
k—o0 k—o0

We have supposed on the first of this proof, that f(z) # 0 for every z € R™,
then p # 0. There exists ¢ > 0 and kg > 0 such that

7(fiv(or)) <c, Vk > ko.
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By the Main Proposition, we obtain
SUP [| 6, (o) loo < 28 sup 7(f, v (pr)) < 2fc.
k>ko k>ko

The functions
S = ’Yk(pk)s + ¢7k(pk)(7k(pk)s)7

is a Picard iteration of the differential equation

there exists a weakly almost periodic function v, : R — R" of slope p such
that

t
= /0 I F((pr)s + Gny (o) (0 (1) s))ds — ¢ lim py
t
= / flps +p(s))ds —tp, Vt € R.
0

By uniqueness of solution of differential equation, we have proved that

x(t) = pt +P,(t), VteR.
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Appendix. A

Proof of Lemmall. By hypothesis, for ¢ = 0 we have

> el < oo,

pE2TZ™ /0

the series is normally convergent and we have

Vp € 2nZ"™ : g(wz)exp(—i(z,p)) = Z cpexp(i(z,q —p)), ¢ €C",
qe2T I

implies
1 1
Vp € 2nZ"™ : aplgu] :/ / g(wz)exp(—i(z,p))z1 ... 2n
0 0

1 1
= Z cp/ / exp(i(z,q —p))z1 ... 2n = Cp.
qeE2TI™ 0 0
Now, prove that g € E,(R"). Denote
0y(2) :== exp(i(z,p)), Vz € R",

It is sufficient to prove that for every ¢ > 1 we have

Se= D lepllldplle < +oo,
pE2TZ™ /0

where d9g is ¢*" differential of g, the function d?¢ is defined by

dig(vy,...,vq) = Z cpd?0py(v1, ..., vq), Yv; = (vjr)iey € R, Vj € [1,4].
peE2TLn
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We have
vj € [[17Q]]7 V’U] = (Uj,k)ZZI € Rn? b= (pj)?:lv

n n
dl0y(vi,...,vq) = Z Z ik - PR, €XP(E(2, D) )V1ky - - - Vg,kys

ki=1  kg=1
then

- q

ld96plloe = (3 Ipel)" < n¥lpll.

k=1

implies
q q L q
Vaz1: S,< Y liegln®lpl? = 5nlglhg < +oo.
pe2NZ™ /0

then g € E,(R"). O

Appendix. B

Proof of Lemmald . By Equation 2] we have
1
9(2) = Y aplg] exp(i—(z,p))-

peE2TIn

Since ¢g(0) = 0, then

aolgw] = — Z apl9ul;

pE2TZ™ /0
implies
1
laolgll < > llaplgull = 5 I9lle0-
pE2TZ™ /0
Since
lglloo < llaplgu]ll
peE2TZIn
We deduce that
9lloc < Nlgllw,0-



Trigonometric polynomial differential equations 17

Appendix. C

Proof of Lemmal8. Since g : R® — R™ is a trigonometric polynomial, then
it is C'° and there exists m € N such that

90(2) = 9(=) = > gy exp(i%<z,p>),

pe2rZ™, |pll<m

Denote 1
0p(2) == exp(i;(z,m), Vz e R",

Denote d*g is k" differential of g, which implies
ij = (Uj7s)g:1 S [Rn, Vj € [[1,]{7]],
dbg(vr, ... v) = Z ap[g)d*0, (v, . . . vp).

pE2TZ™,||p||<m

We have
Vi€ [k, Yvji=(vjs)s=1 €R",  pi=(p;)ie, € 272",

n

n
P b .
Foyfonseee ) = D o 30 L eyt

s1=1 sp=1

then
n k — Ds )\ Bk
vpeamz”, flp| <m: [0l = (3O12) <n¥ 2.

s=1

We obtain

m p
I gl < 20" 30 laplglll ]
pe2rZn, ||p||<m
ko Mk ko Mk
< 2n%(—)"* > laplglll = 20 (=) g]lw0-

w w
pe2rzZ™, |jpl|<m

It is sufficient to choose f := 2max{||g||w,0,m}. O

Appendix. D

k
Lemma 15. Let w € N* and <hj € Ew([R")) - Then
]:

(kwk—1)a

Vg EN, V€N I hjllug <

5y (11200 Ryl + 15 ]l.q)-
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Proof of LemmalIl . Since (hj)é‘?zl C E,(R™), by Equation 2] we can write

B = Y aplhy]eplis (s p,))

p;E2TL™

By definition of the norm then

pi
hillog=2 ||apj[hj]\|||;]||q- 9)
p;€2nZ" /{0}
We have
1 k
() = > H?:ﬂpj[hj]eXp(i;(zazpﬁ)
Plse- PR E2TL™ Jj=1
1
D SUED SR U T LYA
verZn 2?21 pj=v
Then

k k v
I ihillog =2 > I > Ti_ap, [ 11
ve2rZ™ /0 Z;?:l pj=v

v
<2 300 D0 MWl

v sk
vE2TL" Zj:l pj=v

By the triangular inequality we obtain

k
1
T _ihilleg <2 > Tjay, LA > sl
j=1

D1y PLE2TL™
Since

k
1> pjll < kI z0llpsll, Yoy, € 2027,
j=1

then

k
1 . pj
1= pill? < KTV |22, Vg, € 202,
j=1
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implies

_ pj
Il < 20®D7 57 (T 0ll 2 7) (T e, ]

D, PLE2TL™

_ 2
= 2% ST (M ollap, (1) My [ IE2 11, ()1

Ply-- DR E2TL™
By Equation (@), we obtain finally
1 _ D
Iyl < ko0 [2(flaolhs] |+ D0 12y, 11 ) |
p;j€2mZ™ /{0}

O
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