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Abstract

The leader trajectory function defined in this article is an approx-
imate solution of a differential equation. It is defined by some inde-
pendent one-dimensional differential equations. The generalized main
result of this article asserts that if the leader trajectory exists then it is
at finite distance from the solution of the system. The application of
the generalized main result is to control the trajectory of the periodic
systems. We prove that for any periodic system and any initial con-
dition there exists a leader trajectory which is a linear function of the
time variable. In other words, we find an exact Rotation vector formula
which is the relation between the rotation vector and the initial con-
dition. In addition, we present a necessary and sufficient condition for
the existence of a locally constant rotation vector under perturbation
of the system, known by the Arnold tongue.

Keywords: Differential equations, bounded solution, periodic system, ro-
tation vector.

1 Introduction and main results

One important application of the result is to control the trajectory of the
periodic systems as cited in the abstract; The applications of the periodic
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differential equations are various. The issue is to estimate the value of the
rotation vector. For some biological works about the rotation wvector see
1, 4] [6, 8] [10, 12] [15] B7] |39 41]. We study in this article the following
system

T = f(:p), teR, x= (l‘i)?:p ZE(O) =x9, x9€R". (1)

where f : R* — R" is a C? function. The function z(t) = (z;(t)), is
the state of the system. Notice that any non-autonomous system can be
written as an autonomous system. We introduce in the present Section
some notations, the definition of the leader trajectory and the main results.
The Section 2 is the ingredients to study the linearized of system () which
has the form of the Riccati differential equation. In the rest of Sections we
prove the main results

1.1 Periodic systems

Many mathematical models are defined by the periodic systems [5, 9] [14].
For example, in biological sciences the components of the [rotation vectorl are
called the frequency [10, 12, [33]. When the periodic system is stable, in the
sens of the Lyapunov stability, the [rotation vectorl exists |5 9, 14} 38].

Definition 1 (Periodic function). Let be ¢,p € N* and let
g = (g;)] : RY — RP be a function. We say that g is periodic if it is pe-
riodic relative to each variable. In other words,

gl<y177y] +177yq) :gl(y)a Vi :muvj :mu vy: (yl)zqzl S [Rq

In this article, we use the usual norm on R?, ¢ € N*, defined by
|zl = maxi<i<q 2| for all z := (z){_; € RZ. We also denote .|| the
associated matrix norm.

Definition 2 (The rotation vector). Let be ¢ € N* and A € RY. Let
g : R = R? be a continuous function. We say that A is the rotation vec-
tor of the function g if

sup||lg(t) — At]| < +oo.
teR

Notice that if the rotation vector exists then it is unique. To formulate the
main results let us introduce the following notations; Let p,q € N*, for every
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g X p matrix M = [m; j]; ; we denote

o(M) = Z Z m; ;. (2)

1<i<q1<j<p

Let be u € R?, we denote Diag(u) the diagonal matrix of diagonal u. Let be
1 <4 < g, define the diagonal matrix I; ; as

I g = Diag(v), v=(vj)i_; : vi=—-landv; =1, V1<j#i<gq (3)

Denote by I, the ¢ x g identity matrix and put Iy , = I,. The particularity of
the matrix I; 4 is the relation 2y; = o(Iy 4y) — o (I; 4y) for any vector (y;)7_;.
Let g : R — RY be a C? function we denote dg and d?g the first and the
second differential of g respectively.

Main Result. Let be xy € R™ and let x be the solution of the Equation ().
Suppose that f is periodic, then x admits a[rolafion vectod p € R™ which is
the unique solution of the following Rotation vector formula

lim %[\Ilo[fxo](p, 0 - ilfal(e)] =0, vi=Tm, ()

t—+00

where the functions (Wl[fmo]> are defined by

n
=0

Ui fzol(p, t) == /Ot Ai(p, s) exp <% /: 0<Ii,ndf(1/,0 + xo)IZ-,n> dl/> ds,

Ai(p,t) :== 0<Il-,n(,0 — f(tp+ :Eo))), VteR, Vi=0,n.

1.2 Generalized Main result

Define the leader trajectory function.

Definition 3. [Leader trajectory| Let be ¢ € N* let g : R? — R? and
p: R — R? be a C! functions. We say that p is a leader trajectory of the
function g if the following hypotheses are satisfied

. sup{‘ fgo*(dg(u(u)))dl/‘, te [R} < Ho00.

o Vi=1,q, 31 € {—1,1}: supy> fg Tia(Ii7ng(u(7',~1/))1¢7q>du < 400.



4 W. OukiL, Pu. THIEULLEN AND A. KEssI

e The following one-dimensional differential equations
. ) 1
91 = 0 (Toait®) = Tiag(u0) + o (Tadg(u(t) Iig ) s
¥;(0) =0, i=0,q, teR

admit a solution ¢; : R — R of initial condition ;(0) = 0 such that

S“[,E [t (1it) — i(Tit)| < 400, Vi=1,q.
te

Generalized Main Result. Let be g € R™ and let x be the solution of the
FEquation (). Suppose that

ldf [l + 14 fll o < +o0.

Let pp: R — R™ be a leader trajectory of f such that u(0) = xg. Then there
exists D > 0 such that

lu(t) =zl < D, VvieR. (5)

In order to prove the Generalized mains result, we use the following linearized
system of ({): Let u : R — R™ be a C! function such that p(0) = x.
Consider the change of variables

n(t) = p(t) — @' (x0), t € R, n:= (m)iy,

where ®! is the flow of the system (Il). Use Taylor formula to obtain the
following linearized system

0= u(t) = f(pt) +df (u(t)n + 0" Cu(t)n, |InO)| =0, teR, (6)

where ¢, : R x R"*"*™ is a continuous function such that [|(,||., < [|d*f]
and where n” is the transpose of the function 7. Equation (B) take the
form of Riccati differential equation. The aim is to prove that the solution
n : R — R™ is uniformly bounded on R.

2 Riccati differential equation

We denote v’ the transpose of a vector v and for any ¢ € N* we denote

1,:=(1,...., )T €R? and 0,:=(0,...,0)7 € R%.
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In this Section, we study a generalized Riccati differential equation. Let
4:R— R4 B:R— RI*? and # : R — R?¥9*? be a continuous functions
such that

3y < 1 max {1 1Bl } < (7)
Consider the following Riccati differential equation
y=Aa(t) + B(t)y +y" H(t)y, y(0) =0q y= ()i, teR (8)

Recall that the notation o(.) and the diagonal matrix I; , are defined by
Equations (2)) and (3] respectively. Consider the following hypotheses
[H1]

sup{‘ /Ot o(B(v))dv

and for every i = 1, ¢ there exists 7; € {—1,1} such that

, tE[R}<+oo,

t
sup {TZ/ o0(L;,B(Tiv) L q)dv, t> 0} < +oo,
0
[H2] The following one-dimensional differential equations
. 1
Vi = o(ligA(t)) + ga(li,qg(t)li,q)%a t >0, (9)

admit a solution 1; : R — R of initial condition v;(0) = 0 such that

sup [o(rit) — Yi(rit)| < +o00, Vi=1,q.
te

The following theorem is the main ingredient used to prove the main results.

Theorem 4. Let y be the solution of the differential Equation (&) and let be
~v € (0,1) as defined by Equation (). Suppose that Hypotheses [H1] and [H2]
are satisfied. Then there exists v, > 0 such that for ally € (0,~.) there exists
D., > 0 such that the solution y of Equation () satisfies sup;cpl|ly(t)|| < D, .

The strategy it to use an appropriate change of variable in (8) and use
the differential equation comparison. In order to simplify, we introduce the
following notation. Define the cone V_ﬁ of R? by

Vi={z=(z)_,€R': 2 >0, Vi=1,4q}. (10)
We consider the partial order = on R? defined by

VzeRI: z>04 < z€V] and z§®q<:>z€V_f.



6 W. OukiL, Pu. THIEULLEN AND A. KESsI

Define the sets 9(3’ and X, of the ¢ x ¢ diagonal matrix by
JC;F ={liq, i=0,q} and K,={-1: I¢€ JC;F} UJC; (11)
We have the following lemma

Lemma 5. Let y be the solution of the differential Equation (8). Let be
~v > 0 given by Equation ([{). Let be T > 0 and put U = [T, T]. For every
I€Xy and T € {—1,1} denote

Or(t) :==Yr(rt) — o(Iy(rt)) (12)
where Y1 : R — R satisfies

by = o(1a(t)) + %o(IfB(t)I)w.r, teR. (13)

Let be D > 0 and suppose that sup,c;||y(t)|| < D/~, then

D? d
Vit IeX,: 6;(t) = ———— — t)or(t .
€U, VI e X, 61(t) A 77 [exp(at)ar(t)] > 0
Proof. Denote I, := [ci.jl1<ij<q be the ¢ x ¢ matrix such that ¢; ; = 1 for all

i,j =1,q. Let be I € X, and 7 € {—1,1}. Consider the change of variable
zr(7,t) := exp(tD)Iy(rt), teU.

Put g7(t) := Iy(7t), since the inverse matrix of I is itself the system (8]
becomes

g1 = t1a(rt) + 7IB(1t) I (t) + Iy (rt) 3 (rt)y(rt), Wt e U.
That follows

a1(r,t) = exp(t]) |T1A(r) + [T+ rIB(r) g + 7y (rt)5£(rt)y(rt) | (14)

Remark that I 3 = qfq. We have the relation

1 ~ -
exp(tly) = I, + g(exp(qt) —1)I, and |lexp(tl,)] < exp(qt), ¥t > 0. (15)

By hypothesis sup;ci7||vy(t)|| < D and ||#]|, < then

Iy exp(tf)IyT(Tt)}[(Tt)y(T)|| < exp(qt)D?, VteU.
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From (I4),

zr(7,t) < exp(tl)|T1A(tt) + [I + TIB(t)I]3;| + %exp(qt)D%lq.
Suppose that exp(—qt)d;(t) = D?/(v(1 — 7)) then exp(—qt)d;(t) > 0. Use

the fact that for every ¢ = (¢;)i; € R? and v = (v;){_; € R? such that
o(v) # 0 there exists ¢ € R that satisfies |¢| < ||¢|| and such that

q
Z cjvj = ¢o(v).
j=1
The above vector v play the following role
1 _
v = 51/)1(7'15)]1(1 —yr(t).
Use the hypothesis hypothesis || B(t)|| < 7, to obtain
- 1 ~
[T+ IO ooty = (1) < ~(1 =S, Vi€ U

Since exp(tI)V," C V', Equation (I4) implies that

51(nt) < rexp(thIa(rt) + éexp(tf) (T + 7 IB(r) 1) (7)1,
— (1 =) exp(gt)d(t)1, + %exp(qt)D%Lq, vVt e U.
By Equation (I5), we have
o(IB(1t)I) = exp(—qt)o(exp(t])IB(t)I1,) and exp(tI)] = exp(qt)1,.

By addition, we get

Gexplat)in(rt) = o(ar(7,0)] < ~a(1 = 1) expla0)3(®) + 4 explat) D,

We have proved d;(t) = D?/(v(1 — 7)) implies that 4 [exp(qt)d;(t)] > 0. O

Recall that the diagonal matrix I; ; define the sets JC;F and X, in Equation
(II) and recall that I, is the ¢ x ¢ identity matrix.
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Lemma 6. Let v : R — R? and ¢ : Ky x {—1,1} x Ry — R be a functions
such that

e Forall (I,7,t) € Kgx{-1,1} x Ry,

w(=I,7,t) = —(I,T,t). (16)

o There exist 0, o, T > 0 such that for all I € K, there exists 1 € {—1,1}
such that 71 = 7—1 and such that

O-+y(L, 11, t)—o(Iv(trt)) > a > (I, 71, —t)—o(Iv(—T71t)), Vt € (0,T).

e Forall Iy € {I;,—1I,;} and all T € {—1,1}

O+ (Io, 1, t)—o(Igv(1t)) > a > P (ly, 7, —t)—0o (lov(—7t)), Vt € (0,T).

Then,
1
o) <0+ a+ 87, Vie [-TT]

where

ﬁT = SUP{‘¢(Iq,TI,t)—7[)([,7'1715) : te [_TvT]7 Iej{;—}

Proof. By addition and by Equation (I6]), we have

2(0 — ) +v(Io, 11, t) + V(I,711,t) > o(lov(Trt)) + o(Tv(7t)),
200 — ¢(I,T], —t) — 1/1([0,7’], —t) > O'(IQ’U(—T]t)) + O'(IU(—T]t)).

Use the fact 77 = 7_; and again Equation (I6):
e Lor Iy = I, and I = —1; ; we obtain
200 — o) + Iy, m1,t) — V(L g, 1, t) > o(Igv(Trt)) — 0 (L; qu(T1t)),
2a +(Lig, 71, 1) = Y(Lg; 71, 1) > o(Igv(=71t)) — 0 (Li gv(=711))-
e For Iy = —1, and I = I; ; we obtain

2(9 - a) - 1/1(1«17717 ) + w( 4,q> TIs ) > —[U([qU(T]t)) - U(ILqU(TIt))L
20 — (I, 7, —t) + Y1y, 71, —t) > —[o(Lv(—T1t)) — o (Li qv(—T1t))].



Rotation vector formula 9

Now, use the relation

Vu=(u)l, €RT: w=<[o(Iu) —o(lqu)], Vi=1,q,

DO | =

to deduce that for every i = 1, ¢ there exists 7; € {—1,1} such that

vilrit) + % (04, 73,t) = 0L, 7ist)] | < 0+ 0, Ve € (0,7)

vi(—7it) — % [w(Iq,Ti, —t) — (Lig, Ti, —t)] ‘ <O+a, Vt€(0,T).

Finally, by definition of the constants S7 of the present Lemma, we find

1
[0 <6 +a+ 587, Vi |-T,T]

Proof of Theorem [}

For every a € R and ¢ = 0,q let 9;(¢,a) be the solutions of the Equation
@) of initial condition v;(0,a) = . For every i = 1,q le be 7, € {—1,1}
defined by the hypothesis [H1] and put 79 = 1. Let y be the solution of the
differential Equation (§]) and put

0i(t, @) == —i(mit, ) + o(L; qy(mit)) and §;(t, ) = —6;(t, ), Vi=0,gq,

Let be D > 0 and put a. = D?/(y(1 — v)). Since y(0) = 0, then
0;(0,a) = 6,;(0, o) = . By Lemma [5

5:(0,a,) >0 and §;(0,0,) >0 Vi=0,q.

Since 6;(0,0) = §,(0,0) = 0, then there exists € > 0 such that

0;(t, ay) > ay > 8;(—t,0) Vte€ (0,¢), Vi=0,q,
O;(t, ) > ae > 9;(—t,0) Vte (0,e), Vi=0,q
Define
T=sup{t>0: 0;(s,as) > ax >8;(—s,0), Vs (0,t), Vi=0,q},
T =sup{t>0: 9;(s,a4) > x> 9;(—s,0), Vse(0,¢), Vi=0,q}
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Our strategy is to prove that T = T = +o0o. By contradiction, suppose
that T < +o00 or T < +oo, then there exists i € {0, ¢} such that one of the
following cases is true

0:(T, ) = s, 0;(—T,0) = au,
éz(z7 Ay ) = O, éz(_za 0) = Ox.
Then T and T satisfies
4 [exp(qt)gi(T a*)] <0 and 4 [exp(qt)gi(—T 0)} <0 (17)
dt ’ - dt BN B
d d
- ) < — (— <
o [exp(qt)él(z, a*)] <0 and o [exp(qt)él( T, 0)} <0. (18)

Integrate Equation (@) to obtain

1 t
Y;(t, o) = aexp (5/0 U(I@q@(y)li,q)dy) +;(t,0), VteR, Vi=0,q

By hypothesis [H1| there exists w > 0 such that for all 7 € {—1,1} we have

T

sup {E /Ot o(B(tv))dv, Vte [R} <w,

and for all i = 1, ¢ there exists 7; € {—1,1} such that

ot
sup {E / o(L;,gB(Tiv)1liq)dv, Yt > 0} <w.
q Jo

Let be T, = min{Z,T}. We obtain the following estimations

Po(7t, ) < exp(w)a+ 1o(1t,0), Ve {-1,1}, Vte (0,T),
¥i(Tit, o) < exp(w)a + ;i (7it,0), Vi=1,q, Vte (0,T).

Put

Y(Lig, 7, t) == i(7t,0), Vi=0,q, V7e{-1,1}

By definition of the function ;(t,0) we have: (-1 4, 7,t) = —¢(liq, T,1t)
for every i = 0,q and 7 € {—1,1}. By definition of 7, we have: for all I € X,
there exists 1 < i < ¢q and 77 € {—1,1} such that 77 = 7_; = 7; and such
that for all ¢ € (0,7%) we have

exp(w)ax + (I, 17,t) — o(Iy(1rt)) > e > (I, 17, —t) — o(Ly(—77t)),
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further, for all 7 € {—1,1} and I € {I,,—1,;} we have
exp(w)as + (I, 7,t) —o(Iy(rt)) > o > (I, 7, —t) — o(Iy(—7t)),

where we recall that a, = D?/(y(1 —)). By Hypothesis [H2] there exists
B > 0 such that

sup [1ho(1it) — Yi(mit)| < B, Vi=1,q.
teR
By Lemma [ ,

(@)l < 2(exp() + Do + 5798, VI-T., T (19)

There exists v, > 0 such that for all v € (0,7,) there exists D, > 0 such

that )
exp(w) +1
ﬁDﬁ/ +78 < D5, (20)

Choose a, = D,%/(y(l — 7)) and use equation (I9) to get

exp(w)

+1
Il < =7 D2+~8<D,, V[-T.,T..

Then ||yy(t)|| < Dy for every t € [-T,,T*]. In particular ||yy(T)|| < D-
and ||yy(—=T%)|| < D. By Lemma [5l and Equation (I),

exp(qt)gi(T*,a*)} >0 and exp(qt)gi(—T*,O)} > 0,

d d
%[exp(qt)éi(T*,a*)} >0 and % [exp(qt)éi(—T*7 0)} > 0.

We obtain a contradiction with Equation (I7). Then T, = +oo and we have

0i(t, o) > e > 6;(—t,0) V>0, Vi=0,q,
0;(t, o) > e > 6,(—t,0) Vt>0 Vi=0,q.

Finally, use again Equation (20) and Lemma [6] to deduce that

exp(w) + 1

- D2+48<D,, VteR

lry@I <
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3 Proof of the Generalized main result

Proof of the Generalized main result.
Consider the Equation (). By hypothesis of the Generalized main result
there exist L such that

max{||df |, 4 fll o} < L.

Let be € € (0,1) and consider the change of variable
n(t) = € | u(et) — &(zo)|, t € R, n:= (m)iy,
where ®' := (®!)"_, is the flow of the system (IJ). Use Taylor formula

i =€ [i(et) — f(u(et)] + edf (u(et))n +n" ¢u(t)n, n(0) =0,, tER,

where he function (, : R x R™*™*" is a continuous function and satisfies
1¢ull < ld?f]lo, < €L. By hypothesis the function g : R — R™ is a leader
trajectory of f such that u(0) = zp. By Theorem M there exists v, > 0 such
that for all eL < v, there exists D, j, such that

Lot 1
ln(t) = @ (@o)ll = Z NIl < FDer, VEER.

€

4 Leader trajectory and Rotation vector formula

We show in this Section that for any periodic function g there exists a con-
stant vector p € R? such that the function ¢ — t1, is a leader trajectory of
the function ¢ — Ip_l g(pt). In order to prove the result let us introduce the
following notations; Let g = (g;)’_; : R? — R? be a C' periodic function.
Recall that the cone V{ is defined by Equation (I0). Let ¥;[g] : VI xR — R
be the functions defined by

t 1 t
U;lg](z,t) :== / A;i(z,s)exp (—/ J(Ii7qI;1dg(1/z)IZI,~7q>dz/)ds,
0 q.Js

Ai(z,s) = a([i,q(ﬂq - Iz_lg(sz))), Vi=0,q, (21)
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where I, is the diagonal matrix of diagonal z. For every i = 0, ¢ the func-
tion W;[g](z,t) is the solution of the following one-dimensional differential
equation

. 1
bi=o(Lg(1y — I79(t2))) + 5J<Ii7qlz_1dg(tz)lzli,q)1/), (22)
¥(0)=0, teR

Proposition 7. Let g = (g;)!_, : R? — R? be a C* periodic function such

38,7 >0: inf{gi(z), z €R?, i=1,¢} >1+ B and |dg, <~

Then there exits vy, > 0 such that for all v € (0,7.) there exists p € Vi such
that the function t — tl, is a leader trajectory of the function t — Ip_lg(pt).
Further, p is solution of the following Equation

tim < [Wolgl(p. 1) — Wildl(p.1)] =0, vi=Tq

t—+oo t

For the proof of the following Lemma we refer to [5].

Lemma 8. Let be ¢ € N* and g,h : R? — R be a periodic function. Let be
z € RY and suppose that

1 t
lim —/ g(zs)ds <0,
0

t——+oo t

then there exists A\, € R and a bounded function p, : R — R such that the
following differential equation

b = h(zt) + g(zt)$, $(0) =0,
admits a solution ¢ : R — R of the form
Y(t) = At +p2(t), VEER

In particular, the Lemma is true when g(v) = 0 for all v € RY; in this case
we have

IPelloe < lblloe, V2= (2)iny, 221, Vi=Tg.

Proof of the Proposition[]. Thanks to Lemma [, for every i = 0,q and
z e V6let 7, : R — {—1,1} defined by

1 t
Ti(z) = —Sign(Ai ), A= lim —/ O'<Ii,qu_ldg(l/2)[z]i,q)dl/, (23)
0

t—+oo t
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where the function Sign : R — {—1, 1} is defined by Sign(t) =1 if ¢ > 0 and
Sign(t) = —1if t < 0. Remark that for all 7 € {—1,1} and z € V{ we have

d
J(Iz_ldg(th)Iz> = TEO'<IZ_19(TtZ)), (24)
d 0
0<Ii7qI;1dg(th)IZIi7q> = TEO'<IZ_IIZ'7qg(TtZ)) — QTJ(Ii’qag(th)), (25)
where a%ig = (a%igl, ey a%igq) is the i*" partial derivative of ¢g. In order

to prove that the function ¢ — t1, is a leader trajectory of the function
t — I g(pt), we must prove that

up |Wolg)(p, 7i(p)t) ~ Wilgl(p (p))| < +oo, Vi =Tq

Again, by Lemma [/, it is sufficient to prove that

tim [ Wola(p.1) — Wilal(p.1)] = 0, vi=T. (26)

t—+oo t

In order to simplify, for every i = 0,¢q, z € R? and ¢, s > 0 denote
, ¢
oitzit.8) = e (12 [ (11 g ) s ),

05(z,t,s) == exp (’y% /:a([z—ldg(ri(z)uz)fz>du>,
0,(2,t,5) := 04(2,t,5) — 0i(2,1,5),
Oi(z,t) == /0 04(2,t,5) + %Qi(z,t, s)a(ILq(ILq — Iz_lg(n(z)sz)))ds.

For every fixed k € N, define the function I'yy = (T 4)!_, : z € V! — R? by

1 ko ‘
T x(2) .—W/O 00(z, k,s)gi(Ti(2)sz)ds, =z € V.

Equation (28]) is satisfied if there exists p € VI and a sequence uj, — 400
such that limy_, 1 o 'y, (p) = p. We have

k .
Oi(z, k)l k(2) — /0 04(z, k, s)gi(1i(2)sz)ds = 0.

By the Mean value Theorem, for all z € Vf and all £ € N there exists si g >0
such that

7 z 1 z — z
06(2, k, Si,k) + §Q2‘(Za k, Si,k)U(ILq(ﬂq - I lg(si,kTi(Z)Z))>Pi,k(2)

= 002, k, 5 1) 91 (55 7i(2)2)-
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That follows

9i(s; y7i(2)2)
T = 2
Z,k)(’z) 1+CZ(Z, k:) Y ( 7)
where
1Qi(27k737,7k) 1 z
k) = Gy (halla = 1 a(si4m(2)9)
1 0;(z, k,sik) .

=51- m}ff@,q(ﬂq —1I; 9(81'7;3%(73)2)))- (28)

Let be L > 1 and denote
V= {z — (), €zeV: 2] < (L-1)|gll, and z > 1, Vi= m}.

By definition of the coefficients 7;(z) in Equation (23] and by Lemma [
using Equations (24) and (23] we find the following relations

1 ta I7Ydg(v2)L )dv| <, VYzeVp, teR, (29)
H Al )av|

TZ‘(Z)
q

t
/ a<I,~7qIZ_1dg(T,~(z)uz)[zlm) dv <=, VzeVy, Vt>0. (30)
0

That implies

0i(z,t,8) <exp(y), Vi=1,q, Vt>s>0, VzeVp,
exp(—y) < 0h(z,t,8) <exp(y), Vi=1,q, Vt>s>0, VzecVy.

For all t > 0 and all z € V[, we have the following estimation

Gl )] < galexp(2y) ~ ][l + gll] < gaLlexp(y) ~ 19l

Again, by the hypotheses of the present Proposition, there exists 8 > 0 such
that

inf{g;(2), z€RL i=1,q}>1+p

There exists 7, > 0 such that for all v € (0,7,) there exists L, > 0 such
that

2 and 2(1+P)

>
7T 2—qLy(exp(27) = Dllglee 2+ aLy(exp(27) — Dllgllo

L >1



16 W. OukiL, Pu. THIEULLEN AND A. KEgssI

By Equations ([27)) and (28)), for a fixed v € (0,7,) and L, > 1, the compact
and convex set Vp_ satisfies

Fk(\?LW) C VL'Y’ Vk € N.

and the function I'y, is C' on V.. By Brouwer fixed-point theorem, for all
k € N there exists pr € V., such that I'x(pr) = pr. There exists p € Vp
and there exists a sequence (ug)gen C N such that

1
lim p,, =pand lim —T, (p,ux) = p.

k—+o0 k—+o0 Ug

In other words,

. 1
lim —
k—4o00 U

Hence, Equation (20) is satisfied. By Equations (29) and (B0), we de-
duce that the the function ¢ — t1, is a leader trajectory of the function
t—= I 1g(pt).

[Wolgl(p, ur) — Wilgl(p,ux)] =0, Vi=1,q.

O

5 Proof of the Main result

Proof of the Main Result. Let x be the solution of the system [[l and suppose
that f is periodic. By periodicity, there exists > 0 such that

max { |l 10l o 1l } < - (31)
Let be ¢,y > 0, and consider the following change of variable
Z(t) :== ctly, + z(yt) —x0, VteR.
System [I becomes
i=cly +7fe (@), Z(0)=0, teR

fxo (z, zn—i—l) =cl, + ’}/f(Z + xo — Czn—i-l]ln)v Vz = (zi)?:-i_ll € R
Put fuy := (fr.i)lep, thanks to Equation (3I)) we get

N d - &2
V() €R X R: max{[|=fuo(z D), | 5 Fra(= )] | <7,

inf {fxo,i(z,znﬂ), i=1n, z= (zi)?jll € [R”H} >c— yw.
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Le be 8 > 0 fixed then fora all ¢ > 1 4 8 + yw we get
foo(Z 2n1) > 1+ B, Vz= (z)i! e R (32)

By Proposition [7, there exist v > 0 and p, € R" such that the function
wu(t) :=tl, is a leader trajectory of the function Ip_*lfmo. Since g = 0,, and
by the Generalized main result we deduce that

supl[tl, — I, '&#(t)| < +oc.
teR
By definition of & we obtain

t
sup||—(ps — cly) — 20 + 2(t)|| < +o0.
teR 7Y
In other words, the solution x of the Equation (II) admits a rotation vector]
p = (px —cly)/y . Again by Proposition [l and by the uniqueness of the
rotation vector the vector we deduce that p, is the unique solution of the
following equation

o1 ; ; .
t—l}-l—moo Z [\PO[fxo](p*at) - \Ill[fl‘o](p*at) = 07 Vi = 17”
where the functions W;[f,,] are defined in Equation (ZI) of the previous
Section. Since p, = vyp + c¢l,, and by using the change of variable ¢ — ~t
then it is equivalent

lim 1[\I»'o[f:,;o](p*,c, t) — Uil faol (s, €, t)] =0, Vi=1,n,

t—+oo t

where
t 1 t

Wilta)pret)i= [ Apes)exp (5 [ o (Bl a8 wp + zo)ly. L) v ) ds,
0 nJjs

Ailp,e,8) = o (Ll o = flsp+20)), Vi=0om,

By Equation (32) the coefficient ¢ is arbitrary in (1 4+ 5 + yw, +00), since p
is unique, we get

lim lim ° {\Ilo[fxo](p*,c, t) — W[ fuol (s €, t)} =0, Vi=1n.

c—oot—+oo t

Finally, by Lemma [§] of the previous Section, we deduce that p is the unique
solution of the following Rotation vector formula

lim %[\IIO[fxo](pvt) - \Iji[fxo](pvt)} =0, Vi=1,n,

t—+o00
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where

U, fzo)(p, t) == /Ot A;(p, s) exp <% /Stcr(IZ-,ndf(Vp + $0)Ii7n) dl/> ds,

Ailp,5) = (Tinlp = f(sp+0))), Vi=D,

S

6 Conclusion and open problem

We have proved that for any periodic field f and any initial condition the
solution of the system admits a unique rotation vector which is the solution
of the Rotation vector formula (). We conjecture that the solution x of
initial condition zg and rotation vector p is periodic on the torus if and only
if there exists 7' > 0 such that Tp € Q™ and Wq[fx,](p, T) — Vi[fzo](p, T) =0

for every i = 1,n. Consider the systems

@=f(z), z(0)==z0€R" and y=f(y)+((t), y(0)=ao,

where f : R" — R" is a C? periodic function and ¢ : R — R is an integrable
function. Let p, be the rotation vector of the solution x. Thanks to the
Rotation vector formula (4) and the Generalized main result, we deduce
that the rotation vector p, of the solution y exists and satisfies p, = p, if
and only if

sup |Wo[c](t) = Wilc](1)] < +o0, Vi=Tpm,
teR

U, [C](t) == /Ot exp (% /:0<Ii,ndf(py + a;o)Im) du>0(1i7ng“(s))ds, i=0,n,

which gives information about the Arnold Tongue. The leader trajectory
defined in this article is an approximate solution.
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