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Abstract

The leader trajectory function defined in this article is an approx-
imated solution of a differential equation. It is defined by some inde-
pendent one-dimensional differential equations. The generalized main
result of this article asserts that if the leader trajectory exists then it
is at finite distance from the solution of the system. However, the
differential equation can be controlled by a reduced one-dimensional
differential equations. The application of the generalized main result
is to control the trajectory of the periodic systems. We prove that
for any periodic system and any initial condition there exists a leader
trajectory which is a linear function of the time variable. Otherwise,
we find an exact Rotation vector formula which is the relation between
the rotation vector and the initial condition. In addition, we find eas-
ily a necessary and sufficient condition for the existence of a locally
constant rotation vector under perturbation of the system, known by
the the Arnold Tongue. The mean result answer to many problems in
natural sciences.

Keywords: Differential equations, bounded solution, periodic system, ro-
tation vector.
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1 Introduction and main results

One important application of the result is to control the trajectory of the
periodic systems as cited in the abstract; The applications of the periodic
differential equations are various. The issue is to estimate the value of the
rotation vector. The list of the related works is very large; for some biological
works see [8],[44]. The mean result answer to many problems because we find
an explicit relation between the rotation vector and the initial condition of
the orbit. We study in this article the following system

T = f(:p), teR, x= (l‘i)?zl, ZE(O) =ux9, x9€R™ (1)

where f : R* — R" is a C? function. The function z(t) = (z;(t)), is
the state of the system. Notice that any non-autonomous system can be
written as an autonomous system. We introduce in the present Section
some notations, the definition of the leader trajectory and the main results.
The Section 2 is the ingredients to study the linearized of system () which
has the form of the Riccati differential equation. In the rest of Sections we
prove the main results

1.1 Periodic differential equations

Many mathematical models are defined by the periodic systems [3] 5 [].
For example, in biological sciences the components of the rotation vectorl are
called the frequency [38], [13 [8]. When the periodic system is stable, in the
sens of the Lyapunov stability, the [rotation vector exists [3], 5] 1], [4].

Definition 1 (Periodic function). Let be ¢,p € N* and let
g = (g;)] : RY — RP be a function. We say that g is periodic if it is pe-
riodic relative to each variable. Otherwise,

gi(Us s+ 1) = 0ily), Vi = Ta, V5 = Tq, Wy = ()i, € R

In this article, we use the usual norm on R?, ¢ € N* defined by
|zl = maxi<i<q|zi| for all z := (), € RI. We also denote ||.|| the

associated matrix norm.

Definition 2 (The rotation vector). Let be ¢ € N* and A € R?. Let
g : R — R? be a continuous function. We say that A is the rotation vec-
tor of the function g if

sup||lg(t) — At|| < +oo.
teR
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Notice that if the rotation vector exists then it is unique. To formulate the
main results let us introduce the following notations; Let p,q € N*, for every
g X p matrix M = [m; j]; ; we denote

o(M) = Z Z m; ;5. (2)

1<i<q1<j<p

Let be u € R?, we denote Diag(u) the diagonal matrix of diagonal u. Let be
1 < < g, define the diagonal matrix I; , as

I; g = Diag(v), v=(vj)i_; : vi=—-landv; =1, V1<j#i<gq (3)

Denote by I, the ¢ x g identity matrix and put Iy ; = I,. The particularity of
the matrix I; 4 is the relation 2y; = o(Iy qy) — o(I; qy) for any vector (y;)7_;.
Let g : R — RY be a C? function we denote dg and d?g the first and the
second differential of g respectively.

Main Result. Let be xy € R™ and let x be the solution of the Equation (IJ).
Suppose that f is periodic, then x admits alrofafion vectol p := (p;)j—; € R"

which is the unique solution of the following Rotation vector formula

tim_ [ Wolfe)(p.1) — Wilfa)(o.)] =0, vi=Tom, (4)

t—+oo t

where the functions ;[ fz,] are defined by

Ui fzol(p, t) == /Ot A;i(p, s) exp (/: 0<Ii,qdf(l/p + xo)I@q) dl/> ds,

Ailp,s) = U(Iivq(p — f(sp+ xo))) .

1.2 Generalized Main result

Define the leader trajectory function.

Definition 3. [Leader trajectory| Let be ¢ € N* let g : R? — R? and
p: R — R? be a C! functions. We say that p is a leader trajectory of the
function g if the following hypotheses are satisfied

. sup{‘ fota(dg(,u(y))>d1/‘, te [R} < H4o00.

o Vi=1,q, 31 € {—1,1}: supy> fg Tia(Ii7ng(u(7',~1/))1¢7q>du < 400.
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o Vi =1,q: sup,cg [to(Tit) — Yi(mit)| < 0.
where the function ¥; : R — R satisfies the following one-dimensional
differential equations

di = 0 (Tigitt) = Tigg(u(t))) + 0 (Ligdg(u(t) Tig ) i, i = T,
¥;(0)=0, teR.

Generalized Main Result. Let be g € R™ and let x be the solution of the
FEquation (). Suppose that

ldf [l o + 14 fll o < +o00.

Let = (i) : R = R™ be a leader trajectory of f such that u(0) = .
Then there exists D > 0 such that

lu(t) —2@®)| <D, VieR. (5)

In order to prove the Generalized mains result, we use the following linearized
system of (I): Let g = (u))™; : R — R be a C' function such that
1(0) = zg. Consider the change of variables

Tl(t) = :u'(t) - (I)t(x())v teR, n:= (771')?:17

where ®! is the flow of the system (). Use Taylor formula to obtain the
following linearized system

i = () = f(u(®) +df (ut)n + 0"y, nO)| =0, teR,  (6)

where ¢, : R x R"™™*™ is a continuous function such that [|¢,[|., < [|d*f]|
and where 17 is the transpose of the function 1. Equation (6) take the
form of Riccati differential equation. The aim is to prove that the solution
7 : R — R? is uniformly bounded on R.

2 Riccati differential equation

We denote v” the transpose of a vector v and for any ¢ € N* we denote
1,:=(1,...., )T €R? and 0,:=(0,...,0)7 € R%.

In this Section, we study a generalized Riccati differential equation. Let
4:R—R% B:R — R and H : R — R7*9%? be a continuous functions
such that

By <1 max {900, |8l p <. (7)
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Consider the following Riccati differential equation

g=a(t)+ Bty +y H(t)y, y(0) =0q y=(y)l,, tER.  (8)

Recall that the notation o(.) and the diagonal matrix I; , are defined by
Equations (2)) and (3] respectively. Consider the following hypotheses
[H1]

sup{‘ /Ot o(B(v))dv

and for every ¢ = 1, ¢ there exists 7; € {—1, 1} such that

, tE[R}<+oo,

t
sup {TZ/ 0(L;,B(Tiv) 1 q)dv, t> 0} < 400,
0
[H2] The following one-dimensional differential equations
i = o(liqA(t)) + o (LiqB(t) i )i, t =0, (9)
admit a solution ; : R — R of initial condition 1;(0) = 0 such that

sup ‘wo(Tit) — l/JZ(TZt)’ < +o00.
teR

The following theorem is the main ingredient used to prove the main results.

Theorem 4. Let y be the solution of the differential Equation (8) and let be
v € (0,1) as defined by Equation (). Suppose that Hypotheses [H1] and [H2]
are satisfied. Then there exists v« > 0 such that for ally € (0,~.) there exists

D., > 0 such that the solution y of Equation (&) satisfies sup;egl|ly(t)|| < D, .

The strategy it to use an appropriate change of variable in (8) and use
the differential equation comparison. In order to simplify, we introduce the
following notation. Define the cone V_ﬁ of R? by

Vi={z= (), eRl: >0, Vi=14¢}. (10)
We consider the partial order = on R? defined by

Vze R?: z>®q<:>z€Vf and zi®q<:>zev_f.

Define the sets UC;F and X, of the ¢ x ¢ diagonal matrix by

Kf={lig, i=0,q} and K,={-I: IeX/IUuK]. (11)

We have the following lemma
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Lemma 5. Let y be the solution of the differential Equation (). Let be
~v > 0 given by Equation (). Let be T > 0 and put U = [-T,T]. For every
I€Xy and T € {—1,1} denote

01(t) i= exp(at) [0 (rt) — o(Iy(rt))] (12)
where Y1 : R — R satisfies
U = o(1A(t)) + To(IB(t) )Yy, t € R. (13)

Let be D > 0 and suppose that sup,c;||y(t)|| < D/~, then

2

VtER, VI € X, : ¢r(rt) — o(Iy(rt)) = — 07(t) > 0.

T

Proof. Denote I, := [ci.j]1<ij<q be the ¢ x ¢ matrix such that ¢; ; = 1 for all
i,j =1,q. Let be I € X, and Consider the change of variable

27(7,t) := exp(tD)Iy(rt), teU. (14)

and put g7(t) := Iy(7t). Since the inverse matrix of I is itself the system (8]
becomes

gr = Tla(rt) + 7IB(rt)Iy;(t) + TIyT(Tt)}[(Tt)y(Tt), Vvt e U.
That follows

31(r,t) = exp(t]) [71A(r) + [ + T8O + 1y (r)3((rt)y(rt)] . (15)

Remark that I 3 = qfq. We have the relation

1 ~ -
exp(tly) = I, + g(exp(qt) —1)I, and |lexp(tl,)|| < exp(qt), ¥t >0, (16)

By hypothesis sup;c;7||vy(t)|| < D and ||#]|,, <+ then
Iy exp(¢D)Ty" (rt)# (rt)y(r)|| < exp(qt)D?, WVt € U.

From (7)), we have

Zr(r,t) < yexp(tf) [TIﬂ(Tt) + [f + 7'[‘3(75)[]171] + %exp(qt)DQqu. (17)
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Suppose that §;(t) = D?/(y(1 —)) then &;(t) > 0. Use the fact that for
every ¢ = (¢;)7_; € R? and v = (v;)L_; € R? such that o(v) # 0 there exists
¢ € R that satisfies |¢| < ||¢|| and such that

q
Z cjv; = ¢o(v).
j=1
The above vector v play the following role
1 _
vi = Yr(rt) = g5 (2).
Use the hypothesis hypothesis || B(t)|| < 7, to obtain
1 -
—Tfﬂ(t)f(?ﬁz(ﬂ) —;(t)) <¥01(t)1g, VteU,
~ 1 5
[T+ I Cor(rt) = 550) < (0 = Dor(0)1,, Ve U

Since exp(tI)V," C V,}, then Equation (I7) implies that

sr(1,t) < Texp(tl)IA(Tt) + 3exp(1€]~)[l~ + 7IB(7t) ] (Tt)
— (1 — ) exp(tD)d(t)1, + %exp(qt)Dzllq, vt e U.

By Equation (I6]), we have
o(IB(1t)I) = exp(—qt)o(exp(tI)IB(t)I) and exp(t])] = exp(qt)l,.

By addition, we get

%[exp(qt)%(ﬁ) —o(zr(7,t)] < —q(1 — ) exp(qt)d(t) + Q% exp(qt) D?,

We have proved 67(t) = D?/(y(1 — v)) implies that &;(t) > 0. O

Recall that the diagonal matrix I; ; define the sets JC;F and X, in Equation
(II) and recall that I, is the ¢ x ¢ identity matrix.

Lemma 6. Let v : R — RY be a function . Let ¢ : Kg x {—1,1} x Ry = R
be a functions such that
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e Forall (I,7,t) € Ky x{—1,1} x R4

W(—=1,71,t) = —(1,71,1). (18)

o There emists 0,a, T > 0 such that for all I € X, there exists
11 € {—1,1} such that 71 = 7—1 and such that

O+, 1, t)—o(lv(rrt)) > a > (I, 17, —t)+o(Iv(—71t)), ¥Vt € (0,T).

e Forall Iy € {I;,—1I,;} and all T € {—1,1}
0+(1y, 1, t)—o(lov(rt)) > a > (1o, T, —t)+o(lopv(—7t)), Vt € (0,T).
Then,
1
[o®l <6+t 36, Wee[-T.T)
where

ﬂT::sup{‘i/}(fq,n,t)—zb(I,TI,t): te[-T,7), Ieﬂq}.

Proof. Use the fact 71 = 7_1 and use the Equation (8] to obtain

0 — (I, 11,t) +o(Tv(rrt)) > a > —(I, 77, —t) — o(Tv(—7yt)),
0 — (Lo, 7,t) + o(lpv(1t)) > a > —(Ip, T, —t) — o (Lov(—7t)).

By addition we get:

2(9 — a) + w(IO,T],t) + T/J([,T],t) > [O’([()’U(T]t)) + O'([’U(T]t))],
200 — (1,17, —t) — (1o, 11, —t) > o(lgv(—77t)) + o(Tv(—71t)).

For Iy = I, and I = —1I; ;, we have

20 —a) + (I, 7, t) — V(L g,11,t) — a > o(Lv(Tt)) — o(L; qv(Trt)),
a— Yy, ,—t) + (L g, 11, —t) > o(Igv(—1t)) — o(I; qu(—Trt)).

For Iy = —1, and I = I; ; we have

200 —a) — Iy, 7,t) + V(I g, 71, 1) — a > —[o(Igv(1t)) — o(I; qu(Trt))],
a+ Iy, T, —t) =Y, 71, —t) > —o(lyv(—1t)) + o(L; qu(—T7t)).
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use the fact that for every u = (u;)]_; € R? we have

vy = %[J(Jqu) —o(Lu), Vi=Txq.

Then for every i = 1,q and all ¢ € (0,7) we have:

wlrrt) + g [0y, 7i,1) — ol )] | < 0+

vi(—Trt) — % [Q/J(Iq,n, —t) — V(L q, Tis —t)} ‘ <0+a.

Finally, by definition of the constants S in the present Lemma, we get

1
o) <0 +a+ 5pr, Vie[-T.T]

Proof of Theorem [}

For all @ € R and i = 0,q let be 9;(t, ) be the solutions of the Equation
@) of initial condition v;(0,«) = a. Let y be the solution of the differential
Equation (8) and put

0i(t, ) = i(rit, @) + o (L qy(7it)) and §;(mit, @) := s (t, ) — o(L; gy(Tit))-
Let be D > 0 and put a. = D?/(y(1 — v)). Since y(0) = 0, then
0;(0, ) = 6,(0, o) = . By Lemma [5 we have

6;(0,a) > 0 and 6,(0,c,) >0 Vi=0,q.
Since 6;(0,0) = §,(0,0) = 0, then there exists € > 0 such that

0;(t, ax) > ay > 8;(—t,0) Vte€ (0,¢), Vi=0,q,
0;(t, i) > e > 8,(—t,0) YVt (0,¢), Vi=0,q.
Define
T=sup{t >0: 0;(s,as) > ay >8;(—s,0), Vsc(0,t), Vi=0,q},
T :Sup{t >0 éi(sva*) > Qy > éi(_svo)v Vs € (Ovt)v Vi = 07Q}

Our strategy is to prove that T = T = +oo. By contradiction, suppose
that T'= 400 or T = 400, then there exists ¢ € {0, g} such that one of the
following cases is true

&(T, ) = Qy,
é,(I, a*) = O,
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Then T and T satisfies

4 [exp(a)B(Toan)] <0 and 4 [espl@i-T.0)] <0, (19)
%[exp@t)éi(z,a*)] <0 and %{expwt)éi(—z,m} <0.  (20)

Let be T, = min{7T, T}, remark that
¢
;i (t, ) = aexp (/ U(Ii7q$(y)li,q)du) +1;(t,0), VteR, VIeX,.
0
By hypothesis [H1] there exists w > 0 such that for all i = 1,¢ we have
¢
sup {T,/ o(B(rv))dv, Vte [R} <w,
0

t
sup {Tz/ o(LigB(Tiv)1; g)dv, NVt > O} < w0.
0

Then for every i = 1, ¢ we obtain the following estimation

< exp(w)a + 1)[)1'(’7'@'75, 0)7 vt € (07 T*)a
Yo(mit, @) < exp(w)a + o(7it,0), vVt € (0,T%),
< exp(w)a + Po(—7it,0), ¥Vt e (0,Ty).
Put
1/}([7;,(]7 Tis t) = wl (Tit7 0)7 Vi = m

By definition of the function ;(¢,0) we have (—1I; 4, 7,t) = —t)(L;q,T,1).
By definition of Ty we have: for all I € X, there exists 77 such that
T1,, = T-1I;,, = Ti and such that for all ¢ € (0,7) we have

exp(w)as + (I, 71,t) + o (Ty(7rt)) > o > (I, 71, —t) + o (Iy(71t))
and for all 7 € {—1,1} and I € {I;,—I,} we have
exp(w)aw + (I, 7,t) + o(Iy(rt)) > @ > (I, 7, —t) + o (Iy(r1)).

where we recall that o, = D?/(v(1 —7)). By Hypothesis [H2] there exists
£ > 0 such that

su[g [tho(Tit) — i (mit)| < B, Vi=1,q.
te
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By Lemma [0l we have
vyl < (exp(w) + Dew + 8, V[-T., T]. (21)

There exists v, > 0 such that for all v € (0,74) there exists D, > 0 such

that
exp(w) + 1

(1 =7)
Choose a,, = D2/((1 —~)) and use equation (2I) to get

D2 + B < Dy, (22)

exp(w) + 1
(1 =7)

Then ||yy(t)|| < D, for every t € [=T.,T%|. In particular ||vy(7%)| < D,
and ||yy(—=T%)|| < D. By Lemma [5l and Equation (I9), we have

vy ()] < D>+ B <D,, V[-T.,T..

i[exp(qt)&(T*,a*)} >0 and i[exp(qt)gi(—T*,O)} >0,

dt dt
d d
p [exp(qt)éi(T*,a*)} >0 and 7 {exp(qt)éi(—T*, 0)} > 0.

We have obtain a contradiction with Equation (I9).Then T, = +oo and we
have

0i(t, o) > e > 6;(—t,0) V>0, Vi=0,q,
0;(t, o) > e > 6,(—t,0) Vt>0 Vi=0,q.

Finally, use again Equation (22) and Lemma [0l to deduce that

exp(w) + 1

D?+3<D,, VteR.
Y= 7 !

lvy@I <

3 Proof of the Generalized main result

Proof of the Generalized main result.
Consider the Equation (). By hypothesis of the Generalized main result
there exist L such that

max{||df |, [d*fllo} < L



12 W. OUKIL, PH. THIEULLEN AND A. KESSI

Let be € > 0 and consider the change of variable
n(t) = € |u(et) — ©%(z0)|, t € R, n:= (m)iy,
where ®! := (®!)7_; is the flow of the system (I]). Use Taylor formula

i =€ [i(et) — f(u(et)] + edf (u(et))n +n" ¢u(t)n, n(0) =0,, tER,

where he function ¢, : R x R™"™*" is a continuous function and satisfies
1¢ulloe < ld?f]lo < €L. By hypothesis the function p: R — R™ is a leader
trajectory of f such that u(0) = zp. Thanks to Theorem [ there exists
7« > 0 such that for all eL < . there exists D, ;, such that

. 1 1
[1(s) — % (o) || = ;Hn(t)ll <5Der, VseR.

4 Leader trajectory and Rotation vector formula

We show in this Section that for any periodic function g there exists a con-
stant vector p € R? such that the function t — t1, is a leader trajectory of
the function ¢t — Ip_l g(pt). In order to prove the result let us introduce the
following notations; Let g = (g;){_; : R — R be a C' periodic function.
Let ¥;[g] : R? x R — R be the functions defined by

U;lg](z,t) :== /Ot Ai(z, s) exp (/:0<Ii,qu_1dg(yz)lzfi,q) dy) ds,
Ai(z,s) = a(ILq(]l — Iz_lg(sz))>, (23)

where I, is the diagonal matrix of diagonal z. For every i = 0, ¢ the func-
tion W;[g](z,t) is the solution of the following one-dimensional differential
equation

b= oLy~ I9(t2)) + o (Lol dg(t) LLg e (24)
$(0) =0, teR.

Proposition 7. Let g = (g;)!_, : R — R? be a C* periodic function such

38,7 > 0: inf{gi(2), z€R%, i=1,¢} >1+ 6 and |dg| <7
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Then there exits v, > 0 such that for all v € (0,7.) there exists p € RY such
that the function t — tl, is a leader trajectory of the function t — Ip_lg(pt).
Further, p is solution of the following Equation

lim H\Ifo[g](p,t) = Wilgl(p,t)| =0, Vi=0,q.

t—+00

For the proof of the following Lemma we refer to [3].

Lemma 8. Let be ¢ € N* and g,h : R? — R be a periodic function. Let be
z € R? and suppose that Suppose that

1 t
lim —/ g(zs)ds <0,
0

t——+oo t

then there exists A\, € R and a bounded function p, : R — R such that the
following differential equation

) = h(zt) +g(=t)y, $(0) =0,
admits a solution ¥ : R — R of the form
Y(t) = At +po(t), VEeR.

In particular, the Lemma is true when g(z) = 0 for all z € RY. Further there
erists w > 0 such that

Ip=ll < wligllo, V2= (2)iey, 221, Vi=Tgq

Proof of the Proposition[l. By using Lemma B for every i = 0,q let
7i : RT — {—1,1} defined by

¢
Ti(z) = —Sign(Aiz), A= lim %/ J<Ii,qu_1dg(uz)fzfi,q)du, (25)
0

where the function Sign : R — {—1,1} is defined by Sign(t) =1 if ¢ > 0 and
Sign(t) = —1if t < 0. Remark that for all 7 € {—1,1} we have

J<Iz_1dg(7'tz)lz) = T% [Iz_lg(ﬂfz)}a

J<Ii,qlz_1dg(7tz)[i7qlz) = Ti(z)% [Iz_lg(th)] — 28a

-g(T2t).

(2
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By definition of the coefficients 7;(z) in Equation (23) and by Lemma [
there exists w > 0 such that

t
/ O’(Iz_ldg(TVZ)[z>dl/ <y, VzeR! teR,
0
t
/0 Ti(z)a(Ii,qlz_ldg(n(z)uz)[i,qlz>dz/ <yw, YzeRI, Vt>0. (26)

In order to prove that the function t — t1, is a leader trajectory of the
function ¢t — I g(pt), we must prove that

up |Wolg)(p, 7i(p)t) ~ Wilgl(p. i(p))| < +oo, Vi =0

Again, by Lemma [{] , it is sufficient to prove that

tim_~ [Wolg)(p.) ~ Wilo](p.1)] = 0. vi=0g (27)

t—+oo t

In order to simplify, for every i = 0,¢q, z € R? and ¢, s > 0 denote
t
0i(z,t,s) :== exp (’yn(z)/ 0<I,~7qIZ_1dg(Ti(z)uz)[zlm) dz/),
t
Oh(zt,5) i= e (i) [ o(1- gl L )av).
0.(2,t,5) := 04(2,t,5) — 0;(2,1,5),
t
: 1
O;(z,t) :== / 0y(z,t,s) + §Ql-(z,t, s)o*([@q(]lq - Iz_lg(n(z)sz)))ds.
0

For every fixed k € N, define the function I'y = (I'; x)2_; : R — R? by

1 ko
T, = ’ i\ T s [Rq.
z,k(z) @i(z, k,)/o HO(zv ka s)g (T (Z)SZ)dS Z €

Equation (27)) is satisfied if there exists p € R? and a sequence uy — +00
such that limy_,1 o 'y, (p) = p. We have

k .
(2, k)T 4 (2) — /0 0i (=, k, )gi (7:(2)2)ds = 0.

By the Mean value Theorem, for all z € R? and all k& € N there exists si g >0
such that

. 1 .
O3z ks s50) + 502 k57100 (Lig(1g — 17 9(557i(2)2)) ) Ti(2)
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= 96(27 k, Sik)gi(sikn('z)z)'
That follows

Dia(2) = SR, (28)
where
1Qi(z7k732 k) 1 2
) = ey (Tl = 1 (5E4m(2)2))
. 1 Hi(zakasik) -1 P
=3 1- m}0<ﬂ,q(ﬂq - I g(sz’,kTi(Z)Z)))- (29)

Let be L > 1 and denote
V= {z = (), €RT: |2 < (L—1Dlgll, and z>1, ¥i= 1,q}.

By Equations (26]), we have

0i(z,t,8) <exp(w), Vi=1,q, Vt>s>0, VzeVp,
exp(—w) < 0(2,t,8) < exp(yw), Vi=T,q, Vt>s>0, VzecVy.

We have for all ¢t > 0 and all z € V the following estimation

Gl 1)] < galexp(@rw) — 1[0 + lgllo] < gaLlexp(20) ~ lgle:

Again, by the hypotheses of the present Proposition, there exists 8 > 0 such
that

inf{gi(z), zeR! i=1¢q}>1+p

=1
There exists v, > 0 such that for all v € (0,7,) there exists L, > 0 such
that

2 2(1
L, > and (1L+5)

2= qLy(exp(2w) = Dllgll 2+ gLy (exp(29w) = Dllgll

By Equations (28) and (29)), for a fixed v € (0,7) and L., > 1, the compact
and convex set Vp_ satisfies

>1

Fk(VL“{) C va’ Vk € N.

and the function I'y, is C' on V L,- By Brouwer fixed-point theorem, for all
k € N there exists pp € V., such that I'y(pr) = pr. There exists p € V|
and there exists a sequence (ug)ren C N such that

1
lim p,, =pand lim —TI'y, (p,ux) = p.

k—+o0 k—+oo0 Up,
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Otherwise,
1
lim —[¥ -, , =0.
pm Uk[ olgl(p, uk) [9)(p, uk)] =0

Hence, Equation (27) is satisfied. By Equation (26]) of this proof, we de-
duce that the the function ¢ — t1, is a leader trajectory of the function
t— I 1g(pt).

O

5 Proof of the Main result

Proof of the Main Result. Let x be the solution of the system [Il and suppose
that f is periodic. By periodicity, there exists w > 0 such that

max { | 10l o 141 } < - (30)
Let be ¢,y > 0, and consider the following change of variable
Z(t) == ctly + x(yt) — 9, VEER.
System [I becomes
i =cHvfo(it), #0)=0, teR.

fﬂco (z, zn—i—l) =c+ Vf(z + 20 — Czn—i-l]ln)v Vz = (Zi):':_ll'

By Equation (B0) we have

n d - d?
V(zt) € R xR: max{ || = Fao (5 ) | fao (5Dl | < e,
fxo(z,an) >c—yw, Vz= (zi)i;rll.
Le be 8 > 0 fixed then fora all ¢ > 1 + 8 + yw we have
foo(Z 2ng1) > 148, Vz= ()it (31)

Thanks to the Proposition [} there exist v > 0 and p. € R" such that the
function p(t) := tl, is a leader trajectory of the function Ip:l fao- Since
Zo = 0, and by the Generalized main result we have

sup||tl, — Ip_*lsi(t)H < 400,
teR
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by definition of & we have

sup|[ 2 [(p. — €)1, — w0 + 2()] < +oc.

teR 7Y
Otherwise, the solution z of the Equation (I) admits a otafion vectorl
p = (p« —¢)/v . Again by Proposition [7l and by the uniqueness of the
rotation vector the vector we deduce that p, is the unique solution of the
following equation

1 ; ; .

lim = [Wolfuo) (put) = Wil faal (b 1) =0, ¥i=Tm
tro+oo t

where the functions W;[f,,] are defined in Equation ([23) of the previous

Section. Since p, = py + ¢ and by using the change of variable ¢ — ¢ then

it is equivalent

o1 . .
ttlol—Ii-noo ; [\Ifo[fmo](p*, Gy t) - \Ijl[fwo](p*v ¢, Zt):| - 07 Vi = 17 n,

where
t t
il fr) (0 0, ) = /0 Ailps)exp ( / o (LD df (vp + w0) Iy, Iy ) dv ) ds,

Ailpye,s) 1= o (LD, o1 = f(sp+20)) )

By Equation (31) the coefficient ¢ is arbitrary in (1 + 8 + yw, +00), since p
is unique, we get

lim lim © {\Ilo[fxo](p*,c, t) — W[ fuol (s €, t)} =0, Vi=1n.

c—oot—+oo t

Finally, by Lemma [§] of the previous Section, we deduce that p is the unique
solution of the following Rotation vector formula

lim %[\Ilo[fxo](p,t) ~ Wl l(p.t)] =0, Vi=Tm,

t——+00

where

Uil fzol(pyt) := /Ot Ai(p, s)exp (/: a([i,qdf(up + xo)ILq) dz/) ds,

Ailp,s) = 0<I,~7q(p — flsp+ xo))) .
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6 Conclusion and open problem

We have proved that for any periodic field f and any initial condition the
solution of the system admits a unique rotation vector which is the solution
of the Rotation vector formula (). We conjecture that the solution x of
initial condition xg and rotation vector p, is periodic on the torus if and
only if there exists T' > 0 such that Tp, € Q" and fo(p,T) — fi(p, T) = 0 for
every i = 1,q. Consider the perturbed system

&= f(x)+((t), teR, =x(0)=z€R,

where ( : R — R" is an integrable function. By the definition of the diagonal
matrix I € K we deduce that if f is periodic then the rotation vector is
locally constant for a small perturbation if and only if

t

t
sup|| [ exp </ 0<Idf(py —|—x0)I>dy)IC(s)d8|| < 400, VI € X,
teR JO s

which gives information about the Arnold Tongue. The leader trajectory
defined in this article is an approximated solution.
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