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Abstract

We consider the ordinary differential equations defined by a trigono-
metric polynomial field, we prove that any solution z admits a rotation
vector p € R™. More precisely, the function ¢ — x(t) — pt is bounded
on time and it is a weak almost periodic function of slope p.
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1 Introduction

In this article, we study the asymptotic behavior of solutions for ordinary
differential equations (ODE) defined by a trigonometric polynomial field.
The idea comes from the scalar case, where in this case H. Poincaré defined
the rotation number for circle homeomorphisms [5]. The simple example is
a scalar differential equation

where f : R — R is lipschitz, 1-periodic and ¢t — z(t) is the state of the
system. There exists a rotation number A € R for which the function
t — x(t) — At is bounded (periodic). We know that any non-autonomous
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system can be written as an autonomous system. Our result is a generaliza-
tion of this asymptotic behavior to any dimension. In this case, A is a vector
and called a rotation vector or rotation set as it is defined in [4]. Under some
assumptions of stability [[7], [2]] proved the existence of the rotation vector.
Some biological works use the ODE defined by a trigonometric polynomial
field and study the rotation vector components as in [[I], [3], [6], [8]]. Our
contribution to this biological works has two key points, the mathematical
proof of existence of the rotation vector and the study of the behavior of
solutions.

2 Definition and Main result
We study in this article the following system
&= f(z), teR, z(0)==z9eR",

where ¢ — (t) := (z;(t))}_; is the state of the system and f: R" - R" is a
trigonometric polynomial in the following sense

Definition 1. [Trigonometric polynomial function| A function g : R — R
is called a trigonometric polynomial if there exists a finite sequence
(¢p)pearzn C C such that

VeeR": g(x) = Z cp exp(i(x, p)),
peE2TL™

where (.,.) is the usual scalar product on R™. A function g : R — R" is
a trigonometric polynomial if each component is a trigonometric polynomial
function.

To formulate the Mains results let us introduce the following definitions.
We use the usual norm [|y|| := maxi<;<yl|y;| for every y := (y;)7_, € C" .

Definition 2. [Rotation vector| Let A € R™ and ¢ : R — R” be a function.
We say that ¢ admits A as the rotation vector if

supl|(t) — || < oc.
teR

For more information about the behavior of solutions, we introduce the
following definitions.



Trigonometric polynomial differential equations 3

Definition 3. [Periodic modulo Z" function| A function g : R — R™ is
called periodic modulo Z", if

g(z1 + kst k) =9(21- 0 2),  V(ky)jo € 27, Y(25)j=; € R™

Definition 4. [Weakly almost-periodic function]| Let be r € R™. A func-
tion h : R — R" is weakly almost periodic of slope r if it is C*° and if
there exists a uniformly bounded sequence for the sup-norm of C*° func-
tions (gr : R™ — R™)ren that are periodic modulo Z™ and there exists a
sequence (rg)ren C Q™ such that

lim rp =7 and Vt>0: lim sup |gr(ris) — h(s)| =0.

k—o00 k—o00 s€[—t,t]

We call the sequence (gi)x the Z™-periodic sequence of the function h.

Remark 5. Remark that for every k& € N the function s — gi(rgs) is a
periodic function.

Main Result. Let f : R — R™ be a trigonometric polynomial function. For
every xg € R the unique solution x : R — R™ of the differential equation

l‘:f(x), le [Rv 33‘(0) = X0, (1)
admits a rotation vector p € R™. In addition, the function
t— x(t) — pt,

1s weakly almost periodic of slope p.

3 Space of C*™ periodic modulo 7" functions

We define in this Section the space and the norm used to prove the Main
result. The proofs of Lemmas for this Section are left in Appendix. In order
to use the Fourier development, let us introduce the following notation.

Notation 6. For every continuous function g : R” — R™ and every p € 2nZ"
we denote ap[g] € C™ the following limit if it exists

aplg] ::tliglooﬁ/_t.../_tg(z) exp(—i(z,p))dz . ..dz,.
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In this Section and the Section (), for every function g : R — R™ and
every a € R, we denote g, the function defined as g,(z) := g(az) for all
z € R™. The following constant w will be used as change of variable in order
to find a contraction in Lemmas [I5] and [I6 of Section @l For every w € N*,
we denote E,(R™) the set of C*° function ¢g : R" — R™ such that g, is a
periodic modulo Z"™ function. We remark, for very w € N* and g € E,(R"™)
that

1 1
wlad = [ [ ) exnl=ite e, )

which is the Fourier coefficient of the function g,. Since g € E,,(R"™) is C*°,
by Dirichlet Theorem,

1
9(2) = > o] exp(i~(z,p)), (3)
pe2TLn
p
Vgz0: > laplgo]IIIZ 1% < oo
peE2TI™

We are now in position to define the following seminorm in E,(R™): Let
w € N* and g € E,(R™), we denote for every w € N* and ¢ > 0

p
lglog =2 D llaplgu]I[I =11

pE2TZ™ /0

where 0 := (0,...,0) € R" and where we recall that ||y|| := maxi<j<y||y;|| for
every y = (yj)?zl € C™. We prove in the following Lemma that a periodic
modulo Z" function g is C'*° if it is uniformly bounded for the seminorm, i.e

Vg>0:  |gllwg < +oo,

In other words, the set E,(R™) is include in the set of the periodic modulo
7™ functions uniformly bounded for the seminorm.

Lemma 7. Let w € N*. Let (¢p), be a complex-valued family such that
P
Vgz0: Y lepllll Z 11 < +oo.
pE2nZn /0
Then the following series is normally convergent
1
g(z) = Z CpeXp(Z;<Z,p>), Cp € (Dnv
peE2TIn

and ¢, = aplgy] for every p € 2nZ™. Further, g € E,(R™).
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Proof. Appendix. A O

In the following Lemma we prove that the seminorm ||. ||, 0 is a norm on
the space {g € E,(R"): ¢(0) = 0} and we compare it to the uniform norm
topology.

Lemma 8. Let be w € N* and g € E,(R™) such that g(0) = 0 then

1
laolgw]ll < §Hgvao and ||glloe < llgllw,o0-

Proof. Appendix. B O

We denote d¥g the k" differential of a function ¢ : R* — R™. The
following Lemma gives an upper-bound of the quantity ||d*g]|,, , when g is a
trigonometric polynomial. We recall that gi1 (z) := g(2).

Lemma 9. Let g : R* — R™ be a trigonometric polynomial function. Then
there ezists 5 := [(g) > 0 such that for every w € N* we have

s g < *5(2)7%, g > 0

Proof. Appendix. C O

We end this Section by the following inequality.

k
Lemma 10. Let w € N* and <hj € Ew([R")) . Then
j=1

¥ k (kwh )7
VgeN, Yk e N*: [[II7_ 1 hjllwg < Wﬂjﬂ[l!?ao[h]ywﬂ\ + (1A llw,q)-

Proof. Appendix. D O

4 Main proposition

The Main result affirms that the solution z of Equation () is a sum of a
linear part and a bounded part. The strategy to prove the Main result is
to approximate the bounded part of z by a Z"-periodic sequence. Using
the Fourier development and Equation (3)), remark, for every C'* periodic
modulo Z" function g that

flz+9(2) = > ap[Hlgllexp(i(z,p)), Hlgl(2) := f(z+9(=)),

peE2TL™
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under some convergence assumption of the series, by integration we get

Yo e R™: /0 flus+g(vs))ds =t Z ap[H|g]]

pe2rZn, (v,p)=0

+ Z %&fm (exp(i(v,p>t) — 1>,

pe2nZ™, (v,p)#0

The last term of the right member of the last equality will play the role of
Z™-periodic sequence of the bounded part of the solution 2 of Equation ().
In order to find an upper-bound of the bounded part, let us introduce the
following notations.

Notation 11. Let f : R™ — R™ be a trigonometric polynomial. We denote
the finite subset Ay C 272" as

Af = {p e 27" : ||ap[f]|| 7& 0}’
and we denote
Agl = max{lipl. pe A,
Let be y € R"/{0}. Define,

A(f,y) :={pe2rnZ": [p| <27+ |Ay], (y,p) # O},
Remark that A(f,y) # 0. We denote

1

mi p € A(f,y)}

7(f,y) == max{
Let be y € Q"/{0}, we denote

T(y) = max{% p € 22", (y,p) # 0},

y.p)|

We denote 8 the constant 5(f) of the function f defined in Lemma [0l

In the following Proposition we prove that the bounded part of the solu-
tion z of Equation ([Il) can be approximated by a Z"-periodic functions and
we find an appropriate upper-bound.

Proposition 12. [Main proposition] Let f : R™ — R™ be a trigonomet-
ric polynomial function. Then for every r € Q"/{0} and every ¢ > 0
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there exists a C*° periodic modulo Z" function ¢, : R" — R™ such that
lorelloo < 287(f,7) and such that

————(exp(i(z,p)) = V| <,

sup ||¢r,e(z) - ’L(’f’ p>

zeR™

Gp H ¢r,e
3 [H¢r,e]]

pe2nZ™, (r,p)#0

where
Hpr|(2) == f(z + dre(2)), Vz € R™

As is state in the above Section, the following constant w is used as
change of variable in order to find a contraction.

Definition 13. For every r € R™ and every w € N*, define the set K., as
g€ K, if

e there exists a complex-valued family (¢,)pc2-z» such that

1 n
g(2) = > cplexp(i—(z,p)) —1), ¥z € R,
peE2TL™ w

* llgllwo < 267(f,7),
o ||g]lw,q < oo for every ¢ > 1.
Lemma 14. The set K, , is a nonempty subset of E,(R").

Proof. The set K, ,, # ) because it contains the function z + g(z) = 0. By
definition of K, , and by Lemma [7] the function g is C'*°. O

For every r € R" , for every w € N*, and every g € K, let be ¥[r,w, g
the function defined by the following series in its convergence domain

ap[Hw, g]]

1
i(?‘,p> <Z7p>) _1)7

V2eR: Urwgl(z)i= Y (exp (i

pe2nZ™, (r,p)#0

where

Hlw,g](2) := f<z + g(wz)).

Since f is a real polynomial trigonometric function then ¥[r,w,g|(z) € R™
for every z € R™ such that the series converge. In the following Lemma we
prove that K, is invariant under the operator ¥[r,w,.]. We deduce that
Ulr,w, g](z) is defined for every g € K, ,, and z € R".
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Lemma 15. Let f : R — R™ be a trigonometric polynomial function. For
every r € Q" /{0}, there exists w, > 0 such that for every w > w, we have

ge K, = Vrw,g] € K, .
In addition, ¥[r,w,g| is defined for every z € R™.
Proof. Prove that
Vge Kry:  |[¥[r,w,glllug < oo, Vg=>0.

Let be g € K, and denote

Hlw,g)(2) = f (= + 9(w2)) - f(2).

We have )
ap[Hw, g]] = ap[f] + ap[Hw, g]].

By definition of ¥[r,w,.] for every g € K,

Ur,w,gl(z) = > .a”m (exp(z‘é(z,m) -1)

pE2wZ™, (r,p)#0 Z<T’ p>
ap [ﬁ[w7 g]] . 1
Gpl7 B, 91 - 1
+ > i) (exp(i=(z,p)) —1)
pe2wZ™, (r,p)#0
Recall that |[Af| is defined on the Notations [[I} For every p € 27Z" such

that (r,p) # 0 and such that [|p|| > |Af| we have a,[f] = 0. By definition of
7(f,r) and 7(r) in Notation [T, we get

p
[W[r,w, glllw,g < 27(f,7) > lap LA 11
pe2nZ™, (r,p)#0

o p
+27(r) > llap [ H [w, ]Il =11
pe2nZ™, (r,p)#0

By definition of the seminorm,

190w, 9llwg < TN o + 7OV (Hw,9]) g (4)

w

By Lemma [9] we have

g+l
If2lloq < === Va=0. (5)



Trigonometric polynomial differential equations 9

Now, estimate the quantity H< [w, g]) , lw,g- By definition,

w

00 gk prz
()= F(22+000) - f(2e) = > LI g,

k=1

(ﬁ[w,g])

FI N = Y e aZ%(Z)g“() i, (2)

Ulyeenylp=1

Since f is polynomial trigonometric function, then

VeeR: 1) =) =alfl+ Y aplfexplis(z))

pE2TZ™ ,pF£0

then for every k > 1 we get

PL = Y alil el ()]

pE2WZ™ ,pF£0

p D 1
- Y (wlf Z Z“l.. L) exp(i=(z,p)).
pE2WZ™ ,pF£0 s1=1 sp=1

By Notation

k . 1
apld’fu]:= Tm (2t)

> ( Z Z’“psl..psk)e(w,—t,t),

peE2TZ™ ,p#0 s1=1 sE=1

VteR: O(w / /exp (z,p))dz . ..dz,

Since p # 0, then

where

. 1
t—l}—i-moo W@(w, t, —t) = O,

we deduce that
lag[d* f1]] =0, k> 1.

Since g € K, then g(0) = 0. Thanks to Lemma [§ we obtain

laolglll < llgllwo < a0 = 2B7(f, 7).
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By Lemma [I0, we have for all ¢ > 0

oo

. 1
1(Hlw.g]) o < D2 1@ FL) g
w k=1

<
k

(k 4 1)9wka
g 18 F g (llg g + o).

Il
,_.

By Lemma O we find

~ o exp(qk)wkq /Bk+q+1
Vq 2 0: ” (H[W,g]) le7q S Z k'2k nk wk+q [ao + Hg”Wﬂ]k
w k=1 ’

By hypothesis g € K, ,, then
Vg>0,3ag >0: ||gllwg < g where ag := 287(f, 7).

we deduce that for all ¢ > 0,

o

; exp(gh)t B4 k
H (H[Wvg]) 1 Hw,q < Z k"2k n wk+q (ao + aq)

[exp <n exp(q)quE(ozo + aq)> - 1] < 00.
w

By Equations (@) and (@), we obtain
Vge Ky ||[¥[r,w,g]|lwg < oo, Vg=>0.

Choose w > w, > 0, where w, € N* satisfies

B[exp (nwﬁrcm) — 1} < 5:_((‘):")T)
We obtain
grif.r)

Vw > wy ||<ﬁ][w,g]>i\|w,0< 7(r)

Replace both Equations (B)) and (@) on Equation (), we obtain

Vw >w, || V[rw,glllwo < BT(f,r)+ B7(f,r) =287(f,r) = ao.
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Lemma 16. Let f : R™ — R™ be a trigonometric polynomial function. For
every r € Q"/{0} there exists w := w(r) > 0 such that for every e > 0, there
exists Gr e € Ky satisfying

HQST,LU,E - \I’[T‘,w, gbr,w,e]HOO <e.

Proof. Let be w > 8 and h,g € K,,,. For every fixed s € [0,1] , define the
function V; € K., as

Vs(z) :=sh(z) + (1 — s)g(z), VzeZ".
VzeR": V[rw h](z) = V[rw,g)(z) = V[rw, Vi(2)] — ¥[r,w, Vo(2)]
1
:A-_mm%m@mw

By definition of ¥ we get
\I’[T‘, w, h](Z) - \Ij[rv w, g](Z)

1 4, w, Vs .
=[x EEe gt e - vas

pe2nZ™, (r,p)#0 ir.p)

We have
@ aplHl, Vi = apl e Hlo, Vi), Hlw V() 2= 1 (= 4 Va(w2).

Since %V} = h — g, then

iH[w Vsl(z) = df (z +V (wz)) iV (wz)

ds e 3 ds °

= df (z + ‘G(wz)) [h — g](wz).
Then J
apl 2= Hlew, Vi) = ap | 9leo, Vil (h = g). .
where
Olo, Vi)(2) 1= df (= + Va(w2)). (7)

For every fixed s € [0, 1] we have ¢[w,Vs] € K. By Lemma [I0, for every
fixed s € [0, 1] we have

(6o, Vil (h = 9)a ), o < 1181 Vi) , lsllE = gl

w w
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Then

¥l ] = s gl < 70)( sup (01, Val), o) I = gllo- (9

Prove that there exists w, > 0 such that for every w > w, we have

Yoo Kot 70 sup (01 Vi) o) < 5 ©)

As in Proof of Lemma By Equation (7)) we have for everys € [0, 1],

0o Jk+1 1 (z
(olovi), =3 22 ),

@ k=0

By Lemmas 10}
S 2%
Vs € 0,1 (6w Val) oo < 3 arld ™ ool VallZy
w k=0

By hypothesis g, h € K, ,, by consequence

sSup HV;”w,O < HQH%O + ”hHqu < 4B7(f,r).
s€[0,1]

Using Lemma0l we get

k+16k+2

sup (4l )||wo_2 o (4B (£,

s€[0,1]
nf? > 2n/3? k
A

2 2
e (2 1)
Choose w, > 0 large such that
2 2
T(T)i}ﬂ exp (2nﬂ BT(f,r)) < %

We have proved Equation (). Thanks to Equation (8), for every w > w, we
have

1
I1¥[r,w. h] = ¥[r,w, glllwo < 5llh = gllwo-
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Now, choose w > 0 fixed and large. Let be g € K, ,, by the last inequality,
for every € > 0 there exists k. > 0 such that

1*< w0, 9] — W[, w, g][lwo < e,

Denote
qbr,w,e = \Ijks [7", w, g] .

By Lemma [I5] we have ¢, ¢ € K, . By Lemma [§ we obtain
||\I/[T7w7 ¢r,w,e] - ¢r,w,e||00 <€,
|

Proof of Proposition[IZ. Let be r € Q"/{0}. By Lemma [I0] there exists
w := w, > 0 such that for every € > 0 there exists ¢, ., € K,,, satisfying

H\IJ[T,OJ, ¢T7w75:| - ¢T7UJ7E”OO <e. (10)

Define the functions,

bre(2) == brwe(wz), and H[g)(2) == f(z + g(2)).
We recall that,
HLw, 610, J(2) = £ (2 + Grue(w2)).

By Equation (2), )
ap[H[w, ¢rw.e]] = ap[H[¢r,e]];

Using the definition of W[r, w, gz;,«,e] and replace on Equation (I0)), the function
¢r,e satisfies

swpldne(x) — Y 2Pl Gy )<

Wr
=eRn pei2nZ™, (r,p)7#0 (r.p)

By Lemma [I6] ¢, € K, ., then

”(57”,6”‘00 S |’¢T’,OJ,GHOO < 2/8T(f7 T)'

By Lemma [I4] the set K, , is a subset of E,(R™). Then qgm is a C* periodic
modulo Z™ function.
O
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5 Proof of the Main result

Proof of Main results. Consider the System (II) where f is a polynomial
function.There exists ¢ € N* such that || f|lc < ¢. Use the change of vari-
ables
zq(t) =a(t) —zo +qt, VteR,
we get
d
axq(t) = f(zq(t) +xo —qtl) +q, te€R, xz40)=0. (11)

where 1 := (1,...,1) € R™. Now, transform the last system to an au-
tonomous systems. Define the functions z,4+1 : R — R as the identity func-
tion: wp41(t) :=t for every t € R, the system (II]) can be written as

iq = f(xq + x9 — qxn-i-l:ﬂ-) + q, te [R7 xq(o) = ®7
Ipny1=1 teR, x,41(0) =0,
in other words,
i = fq(j)v te [R7 = ($¢I7$n+1)7 j(O) = (®70)7

where f, : R*T! — R"*! satisfies

fq(2) = <f(z + 20 — qzn411), 1), VZ = (2,2n41) € R"TL.

Since ¢ € N* then f, is a polynomial trigonometric function. In addition,
min,egn+1 fg(2) > min{q — || f|loo, 1} > 0. Without loss of generality, we
consider the system (Il) by supposing that x(0) = 0 and f(z) # 0 for all
z € R™. Let (ex)r C (0,1] be a sequence satisfying limy_, € = 0. For every
kE>1let v, € R" — Q"/{0} be a function satisfying-

VyeR": |y —v%(y)| < ek
We have v;(y) € Q"/{0}. For every y € R™ and every k > 1 consider the

function ¢, () satisfying the Main Proposition such that

¢“/k(y)]] exn(ilz _ 1
RO (exp(i(z,p)) — DIl <

ZS;lRl?IH%k(y)(Z) - > o

pe2nZ™, (v (y),p)#0

Define the recurrent sequence (pi)r C R™ as

po=0, pri1i= > ap[H|[o (o], Vh > 0.
pei2nZ™, {vx(pk),p)=0
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Prove that the sequence (pg)x is bounded. Let be ¢y : R — R™ the function
defined by t = ¥r(t) := b, (p) (k(pr)t). By the Main Proposition, we get

ap[H[Pr, (o] . 1
swpllua() = 3T BB expliln (o), b)) — DI < 1
ek peZn, (om0 RS
since the sum is normally convergent, that implies
t . 1
sup|[x(t) —/ > apH [0 (o) ] exp (i (i (pr), ps)ds]| < o
teR pENZ™, (1 (pk) p)F0
By Equation (3)), we have the following Fourier development
f(Z + ¢'Yk(Pk)(Z)) = Z a’p[H[gb’yk(pk)H exp(i(z,p>),
peE2TI™
then
¢ 1
supln(t) = [ SOu(ps +velods —tonll <3 (12)
€

Since [|9g]|oo < 00 then

1 t
loves = Jim 3 [ FOupi)s + dus)as] = o

we deduce that limsup,_,|/prl| < [|f]|. There exists p € R™ and a sub-
sequence (pg,)s which converge to p. In order to simplify the notation, we
suppose that (pg)r converge to p. Since ¢, — 0 then

lim p, = lim y(px) = p.
k—o0 k—o0

We have supposed that f(z) # O for every z € R", then p # 0. There exists
¢ > 0 and kg > 0 such that

(f,m(pr)) < ¢, Yk > k.

By the Main Proposition, we obtain

SUp || Doy, (o) lloo < 28 sup 7(f, v(pr)) < 28c.
k>ko k>ko

Now, prove that the sequence functions (¢;) converge uniformly on every
interval [0,7]. Since f is a polynomial trigonometric function, then there
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exist 7 > 0 such that f is uniformly n-Lipschitz function. For every T' > 0
we have

sup ”wlﬂ (t) - wlﬂ (t)H = Sup Hexp(zﬂt) eXP(—Qﬂt)l/sz (t) - wlﬂ (t)”
t€[0,T) t€]0,7]

< exp(2nT)||tbky — Yyl VE1, k2 €N,

where

[¥hs = V|7 = sup [lexp(=2nt)[Yog, (¢) — Yk, (B)]]]-

te[0,7

It is sufficient to prove that
Um [ty — g, [l = 0.

ko,k1—+o00

By Equation (I2])

t
¥k, — Vil <1 sup [exp(—%t)/ 811 Vo (ko) — Vir (pkl)lldS]
te[0,T] 0

o sup [exp(-2) [ i (5) — v 55

t€[0,T

1 1
+ sup [exp(—Znt)thsz — Pryr1ll + = + k:_]

t€[0,T)] 2 1

1
< T ||V (Pr) — Voo (1) || + 3k = Yl
1 1
+ T kg1 — Pry41ll + =t
2 1

Then
1
§||7/)k2 - ¢k1||T < "7T2||’7k2(/0k2) - 7]91(/0161)”

1 1
+ Tl prot1 — Pri+1ll + T + T — 0, when kg, k1 — +o0.

We deduce that the sequence function (i); is a Picard iteration for the
solution of the differential equation

&= f(x), x(0)=0,

there exists a weakly almost periodic function 97 : R — R™ of slope p such
that

t
ple) = Jim () = [ Jim (s + ou(0)ds —t Jim g

t
= / flps+5(s))ds —tp, ¥t € R.
0
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By uniqueness of solution of differential equation, we have proved that

() = pt+U5(1), VEeR.

6 Conclusion

We have proved that any solution x of ODE defined by a trigonometric
polynomial field can be approximated by a sequence functions ¢ — prt+og(t)
where (pr)r C Q" and converge to the rotation vector of . The functions
Y : R — R™ are periodic on t and uniformly bounded.
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Appendix. A

Proof of Lemma[l. By hypothesis, for ¢ = 0 we have

Y llepll < +oo,

pE2TZN /0

the series is normally convergent and we have

W. OuKIL

Vp € 27" : g(wz)exp(—i(z,p)) = Y cqexp(i(z,q —p)), ¢4 €C",

qe2TI™

implies

1 1
ap|gu] :/0 /0 g(wz) exp(—i(z,p))dz ... dz,

(13)

1 1
= Z Cq/o /0 exp(i(z,q —p))dz1 ... dz, = cp.

qe2TIn

Now, prove that g € E,(R™). Denote
1
Op(z) == exp(z’;(z,m), Vz € R",

It is sufficient to prove that for every ¢ > 1 we have

Se= > lleplllld®8]|0 < +o0,
pE2TZN /0

where d9g is ¢** differential of g. The function d?¢ is defined as

dlg= Y cd0,.

peE2TI™

We have

Vp = (pj)j—1 € 212" :

n n ‘ 1 ‘
a1, = Z Z zqﬁpkl < Pr, exXp(i(2, p)),

k=1 k=1

By consequence,

n

a8yl = (D2 1257)" < mo (2"

k=1
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Thanks to Equation (I3]), we get
Pl Pl
Y1 S,<n® Y el () =nt Y el (2
pE2TZ™ /0 pe2rZ™ /0

L4
= 5” 19lw,q < 400,

which implies that g € E,(R™). O

Appendix. B

Proof of Lemmald . By Equation (B]), we have

o)=Y alolexpli (=)

peE2TI™

Since g(0) = 0, then

aplgw] = — Z aplgwl,

pe2wZn /0
implies
1
laolgll < > laplgulll = 5 I9lle0-
peE2TZ™ /0
Since
lglloo < D llaplgw]l-
peE2TI™
We deduce that
9lloc < llgllw,0-

Appendix. C

Proof of Lemmald Since g : R™ — R" is a trigonometric polynomial, then
it is C'*° and there exists m € N such that

g(z) = Z aplglexp(i(z,p)), Vze R"
pe2rZ™, ||p||<m
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Implies,

= Y aldewlist),

pe2rzZn, |jpl|<m

Denote )
Op(2) := exp(z’;(z,p)), Vz € R",

Denote d*g is k' differential of g, which implies

dkgi(z) = Z ap[g]dkep-
: pe2nzn |p|<m
We have
Vp = (pj)j—1 € 272" :
d'e, = RS Dk =
Do) i P exp(i=(zp),
s1=1 sp=1
then

n

Ps \* m
Vpe2nZ®, |pl| <m: || d*0,)le = <Z 2 ) <t 2

s=1

Since <gl) = g., we obtain

w

k kMK p
1d°9 1 llwq < 2n°() > lap gl 11
pe2rnZ”, |pll<m

<3 el

w
pe2rZn, |jpl|<m

It is sufficient to choose B 1= 2max{}_ corzn |p|<mllaplglll, m}. O

Appendix. D
Proof of Lemmal[Ill . Since (hj);?:l C E,(R™), by Equation (8] we can write

hie) = 3 [l expli

pjE2TL™

{z,5))-
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By definition of the seminorm,

D
hillog =2 > llay, [hj,w]HH;JHq- (14)
p;€2nZ" /{0}
We have
1 k
_hi(z) = Y. Thap, k) exp(i—(z, > p))
D1y PR E2TLT j=1
1
= Z Z H?zlapj (7 ) exp(z;(z,w).
veE2TI™ Z;?:l pj=v
Then

k k v
I hillog=2 > I > Ti_ap, [l 1
ve2rZ™ /0 Z;?:l pj=v

(Y
<2 Y1 el

no ok
ve2n”Z 23:1 pj=v

Using the triangular inequality, we obtain

k
1
IMihilog <2 3 IGaay il el
j=1

P1,...,PRE2TWL™

Since
k

1> " pjll < kI, 20llpsll,  Vpjy, € 2027,
j=1

then .
||é Z;pjuq < kqw(k_l)qr[”pj”#d%||q, Vp;, € 22",
iz
We deduce that
ITT5_ B g < 2K9=Da 7 <Hllpjll¢0”%Hq) (Hﬁ?:ll!apj Uljw”‘)

Plse-PRE2TL™

_ Dj
= 2% ST (W zolag, gl Dy, o | IE211llap, [y

Plye-, D E2TL™
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By Equation (I4)),
1 _ D
Iyl < ek Dy (2(flaolhsal I+ D2 IEZ 1 (sl ).
pj€2mZ™ /{0}

O
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