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SEMI-CLASSICAL RESOLVENT ESTIMATES FOR SHORT-RANGE L~
POTENTIALS. II

GEORGI VODEV

ABSTRACT. We prove semi-classical resolvent estimates for real-valued potentials V' € L*(R"),
n > 3, of the form V = Vi, + Vs, where Vy, is a long-range potential which is C* with respect to
the radial variable, while Vs is a short-range potential satisfying Vs(z) = O ((z)~°) with ¢ > 1.

Key words: Schrodinger operator, resolvent estimates, short-range potentials.

1. INTRODUCTION AND STATEMENT OF RESULTS

The goal of this paper is to extend the semi-classical resolvent estimates obtained recently
in [7], [9] and [11] to a larger class of potentials. We are going to study the resolvent of the
Schrédinger operator

P(h) = —h*A + V(z)
where 0 < h < 1 is a semi-classical parameter, A is the negative Laplacian in R™, n > 3, and
V € L®(R") is a real-valued potential of the form V = Vi, + Vg, where Vi, € C!([rg, +00)) with
respect to the radial variable r = |z|, r9 > 0 being some constant, is a long-range potential,
while Vg is a short-range potential satisfying

(1.1) Vs(@)| < Ci|e| +1)7°

with some constants C; > 0 and d > 1. We suppose that there exists a decreasing function
p(r) >0, p(r) — 0 as r — oo, such that

(1.2) Vi(x) < p(Jz|) for |z| > 1.
We also suppose that
(1.3) Vi (z) < Co(lz| +1)~F for |z|>rg

with some constants Co > 0 and 8 > 1. As in [11] we introduce the quantity
g5 (h,0) == log ||(|«] +1)*(P(h) = E+i6) (|2 + 1)°|| jo_,

where L? := L?(R"), 0 < § < 1, s > 1/2 is independent of h and E > 0 is a fixed energy level
independent of h. Our first result is the following

Theorem 1.1. Suppose the conditions (1.1), (1.2) and (1.3) fulfilled with § and B satisfying
the condition

(1.4) 0>3, B>3.

Then there exist constants C' > 0 and hg > 0 independent of h and 6 but depending on s and E
such that for all 0 < h < hg we have the bound

(1.5) gE(h,0) < Ch=*3log(h™1).
If the conditions (1.1), (1.2) and (1.3) are fulfilled with 6 and B satisfying the condition

(1.6) 0>3, [=3,
1
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then we have the bound
(1.7) g=(h,0) < Ch=3 (log(h=1))** (log log(h 1)) ™"

When Vg = 0 and V7, satisfying conditions similar to (1.2) and (1.3), it is proved in [4] when
n > 3 and in [8] when n = 2 that

(1.8) g5 (h,0) < Ch™!

with some constant C' > 0 independent of h and 6. Previously, the bound (1.8) was proved
for smooth potentials in [2] and an analog of (1.8) for Holder potentials was proved in [10]. A
high-frequency analog of (1.8) on Riemannian manifolds was also proved in [1] and [3]. When
Vi, = 0 and Vg satisfying the condition (1.1) with 6 > 3, the bound (1.5) has been recently
proved in [11]. Previously, (1.5) was proved in [7] and [9] for real-valued compactly supported
L potentials. When n = 1 it was shown in [6] that we have the better bound (1.8) instead of
(1.5). The method we use to prove Theorem 1.1 also allows us to get resolvent bounds when
the conditions (1.4) and (1.6) are not satisfied, which however are much weaker than the bound
(1.5). More precisely, we have the following

Theorem 1.2. Suppose the conditions (1.1), (1.2) and (1.3) fulfilled with 6 and B satisfying
either the condition

(1.9) 1<0<3, B>1,
or the condition
(1.10) >3, 1<p<3.

Then, there exist constants C' > 0 and hg > 0 independent of h and 6 but depending on s and
FE such that for all 0 < h < hg we have the bounds

(1.11) g (h,0) < Ch™5™ (log(h™))"

if (1.9) holds, and

(1.12) g% (h,0) < Ch=a=26=Am2 (log(h™1))"
if (1.10) holds, where

_ { 7 4 }>Z
e ORIV

B 1 4 2
mQ_maX{é—ﬁ’3(ﬁ—1)}>§’

B 1 1
Vv = max —5_1,—5_1 .

Clearly, this theorem implies the following

Corollary 1.3. Suppose that Vi, =0 and let V- = Vg satisfy the condition (1.1) with 1 < § < 3.
Then, there exist constants C' > 0 and hg > 0 independent of h and 0 but depending on s and
E such that for all 0 < h < hg we have the bound

1

(1.13) gE(h,0) < Ch™36D) (log(h™1)) T .
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To prove the above theorems we follow the same strategy as in [11] which in turn is inspired
by the paper [9]. It consists of using Carleman estimates with phase and weight functions,
denoted by ¢ and p below, depending only on the radial variable  and the parameter h, which
have very weak regularity. It turns out that it suffices to choose ¢ belonging only to C! and
w only continuous. Thus we get derivatives ¢’ and u' belonging to L>°, which proves sufficient
for the Carleman estimates to hold. Note that higher derivatives of ¢ and u are not involved
in the proof of the Carleman estimates (see the proof of Theorem 3.1 below). In order to be
able to prove the Carleman estimates the functions ¢ and p must satisfy some conditions (see
the inequalities (2.3) and (2.9) below). On the other hand, to get as good resolvent bounds
as possible we are looking for a phase function ¢ such that max ¢ is as small as possible. The
construction of such phase and weight functions is carried out in Section 2 following that one
n [11]. However, here the construction is more complicated due to the more general class the
potential belongs to.

It is not clear if the bounds (1.5), (1.7), (1.11) and (1.12) are optimal for L potentials. In
any case, they seem hard to improve unless one menages to construct a better phase function.
By contrast, the optimality of the bound (1.8) for smooth potentials is well known (e.g. see [5]).

2. THE CONSTRUCTION OF THE PHASE AND WEIGHT FUNCTIONS REVISITED

We will follow closely the construction in Section 2 of [11] making some suitable modifications
in order to adapte it to the more general class of potentials we consider in the present paper.
We will first construct the weight function p as follows:

r) (r+1)% -1 for 0<r<a,
)=
: (a+ 1) —1+(a+1)"2F — (r +1)72F for r >a,

where a = h™™ with

mo + eXTp if (1.4) holds,

) mo+er/2+ €Ty if (1.6) holds,

"= my +vel+ eIy if (1.9) holds,
ma + veX+ eIy if (1.10) holds,

2 1
3735-3
while T; > 0, j = 0,1,2,3, are parameters independent of h to be fixed in the proof of Lemma
2.3. Furthermore,

where € = (log %)71, A = loglog %, mo = max{ }, m1, mg and v are as in Theorem 1.2,

1—¢ f (1.4) holds,
. 2mo (1.6) holds,
3511 _ g’;g‘ — €ty f (1.9) holds,
B-1_ % — etz if (1.10) holds,
and
1+e€
21 -
(2.1) T

where t; > 1, j = 1,2,3, are parameters independent of h to be fixed in the proof of Lemma
2.3. Clearly, the first derivative (in sense of distributions) of y satisfies

, 2k(r 4 1)%—1 for 0<r<a,
p(r) =

(22) (2s —1)(r +1)72% for r > a.
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The following properties of the functions x and y/ are essential to prove the Carleman estimates
in the next section.

Lemma 2.1. For all v > 0, r # a, we have the inequalities

(2:3) 2r () — ' (r) > 0,
(2.4) p(r) > e(r +1)72,
p(r) 12k (p 2s
(25) iy SR,
M(T)z -1 4k 2s
(2.6) ) Se a™(r+ 1)

Proof. Tt is easy to see that for r < a (2.3) follows from the inequality
fr)=14+10-k)r—(r+1"2%>0
for all » > 0 and 0 < k < 1. It is obvious for 1/2 < k < 1, while for 0 < k < 1/2 we have
fliry=1—k—-(1-2k)r+1)"2*>Ek>0.

Hence in this case the function f is increasing, which implies f(r) > f(0) = 0 as desired. For
r > a the left-hand side of (2.3) is bounded from below by

2r Y (a+ 1) —1—5)>0

provided a is taken large enough. The lower bound (2.4) is an immediate consequence of (2.1)
and (2.2), while the bounds (2.5) and (2.6) follow from (2.4) and the fact that u = O(a?*). O

We now turn to the construction of the phase function ¢ € C1([0,+0c0)) such that ¢(0) = 0
and ¢(r) > 0 for r > 0. We define the first derivative of ¢ by

, r(r+1)*—7(@+1)7% for 0<r<a,
¢'(r) =
0 for r > a,
where
(2.7) T =mh”/3

with some parameter 7y > 1 independent of A to be fixed in Lemma 2.3 below. Clearly, the first
derivative of ¢’ satisfies

" —kr(r+1)7F1 for 0<r<a,
@ (r) =
0 for r > a.

Lemma 2.2. For all r > 0 we have the bounds

h=43log(h~1) if (1.4) holds,
2.8) h () < h=43(log(h=1))%/?(loglog(h=1))~" if (1.6) holds,
' ~ ) RETm(log(hL)) if (1.9) holds,

h~3—2(B=Fm2 (og(h=1))¥ if (1.10) holds.
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Proof. Since k < 1 we have

maxgoz/ o' (r)dr §7’/ (r+1)"Fdr < N
0 0

T

ot )F S (k) st

and
et if (1.4) holds,
-k < (eA)~! if (1.6) holds,
1 if (1.9) holds,
1 if (1.10) holds.
Since
O(e) if (1.4) holds,
eX/2 4+ O(e) if (1.6) holds,
m(l—k) = )
mi — 5 + ved+ O(e) if (1.9) holds,
2(3 — B)ma + veA+ O(e)  if (1.10) holds,

and taking into account that h=* = ¢! and h™¢ = e, we get (2.8) from the above bounds. O

Let ¢ € C§°([1,2]), ¢ > 0, be a real-valued function independent of h such that ffooo ¢(o)do =
1. Given a parameter b > rg to be fixed in the proof of Theorem 3.1 below, independent of h,
set

R
Clearly, we have 0 < ¢, < 1 and ¢p(r) =1 for r < b, ¢p(r) = 0 for r > 2b. For r > 0, r # a, set
A(r) = (1) ()
and )
3 (M(T) (hfl(fl(r + 1)75 + hilQbIbb(T) + ‘(,OI/(T)D)
h=1e! (r)p(r) + ' (r)
+p(r) (1= (1)) Co(r +1) 77

where Q) > 0 is some constant depending only on b. The following lemma will play a crucial
role in the proof of the Carleman estimates in the next section.

B(r) =

Lemma 2.3. There exist constants by = bo(E) > 0, 79 = 19(b, E) > 0 and ho = ho(b, E) > 0 so
that for T satisfying (2.7) and for all b > by, 0 < h < hg we have the inequality

(2.9) A(r) — B(r) > —Z ()

2
for allr >0, r # a.

Proof. For r < a we have

Alr)=— (@/2)/ (r) + 720, <1 —(r+1D*a+ 1)”’“)2

= =2/(")¢"(r) = 273 (r + 1 Hat )7 (1= 0+ 1) e+ 1))
> 2kt(r + 1)_k_1cp'(r) — 2/<:7'2(7“ + 1)k_1(a + 1)_k
> 2kT(r + 1)_k_1<p'(7") — Tza_k//(r).
Taking into account the definition of the parameters ¢ and T we conclude
(2.10) A(r) > 2k7(r + 1)1/ (r) — O(WF™2/3)1/ (1)
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for all » < a. Observe now that if (1.4) holds, we have
km —2/3 =mg—2/3 4+ eXTp — O(e) > e
provided we take T > 2 and A big enough. If (1.6) holds, we have
km —2/3 = (1 - 26—77)1\0 - et1> (mo +eX/2+€T1) —2/3
= mo — 2/3 + €(T1 — mot1) — O(2X\?) > emoty
provided we take T = 3mot;. If (1.9) holds, we have

2 2veA
km —2/3 = <3—m1 — 3—m% - et2> (m1 + vex + €ly) — 2/3

2T:
== <—2 - m1t2> 0(62)\2) Z em1t2
3m1

provided we take Ty = 6m?ty. If (1.10) holds, we have

km —2/3 = (ﬁ o 1_8 ;;L)Q”d - 6t3> (ma + veh + €T3) — 2/3
_(B-Um 2 ((B-1Ty
B 2 3 2

provided we take T5 = 6[73”72?’. Using that h* = €, h¢ = e~!, we conclude that

— m2t3> € — 0(62)\2) Z emgtg

€ (1 4) holds,
“mot1 if (1.6) hol

e~mt2 (1 9) holds,

e~™2t3 if (1.10) holds.

Taking e small enough and ¢, ta, t3 big enough, we obtain from (2.10) and (2.11) that in all
cases we have the estimate

(2.12) A(r) > 2kr(r+ 1)1 (r) — %,u’(r)

for all r < a. We will now bound the function B from above. Note that taking h small enough
we can arrange that 2b < a/2. Let first 0 <7 < §. Since in this case we have

§(r)>Cr(r+1)7"

with some constant C' > 0, we obtain

ulr) (h2Qu(r + )7 + ¢"(r)?)
<

B(r) < h1g/(r) +M(T)(1_¢b(7°))(7”+1)76
Gy O DT ke pr)e" ()
< Gutrty (e 1)) + R

+(1 = y(r)(r + 1)
< Qo hT (r + DM (e 1) () o hid (r)
(L= p(r))(r + 1) P (r)
< Qury Sr(r+ 1)TF LY () + (roh3 + 07PN (1)
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where Qp, > 0 is some constant depending only on b and we have used that k < (26 —1)/5 in all
three cases. Taking h small enough, depending on 7(, and b big enough, independent of h and
T, we get the bound

~ E
(2.13) B(r) < CQury 3r(r + 1)7F 1/ (r) + Z,u’(r)
with some constant C' > 0. In this case we get (2.9) from (2.12) and (2.13) by taking 79 big

enough depending on b and C but independent of h.
Let now § <7 < a. Then we have the bound

B % (5'((:))>2 (74 ’@"(7“)\)2/!(7“) 4+ 1))

S (W20 + 122 4220+ 1)7%) W) + 0 ()
< (h’2a2’25 +T2a72k) W(7) —i—a’ﬁﬂ//(r)
E
< 2m(6—1)—2 2km—2/3 m(8—1) / < =)
< (n R O ) () < Ll ()

provided h is taken small enough. Again, this bound together with (2.12) imply (2.9).
It remains to consider the case r > a. Using (2.5) we get

. (,u(r) (hfl(r + 1)*5))2
Bl 2 p'(r)

S 672h72a4k(,’ﬂ + 1)48725/‘/(7“) + 671a2k(r + 1)2376’“/(,’“)
< (E—Qh—2a4k+4s—25 +€—1a2k+25—5) W ()

< (h2m(572k723)72726,\ +hm(ﬁf2k72s)7€)\>

+(r+1)"Pu(r)

W (r)
where we have used that ¢! = h=°*. When (1.4) holds we have

m(d —2k —2s) —1—eX = (mp+eXTp)(0 —3+¢€) —1 — el

>mp(d —3) =1+ eA((0 —3)Tp — 1) > e

if we take T > 6723’ and

m(B — 2k — 2s) —eX =mo(B — 3) — O(eX) > mo(B — 3)/2.
When (1.6) holds we have

m(d — 2k —2s) — 1 — e

= (m0+6)\/2+6T1) <(5—3+:n—);+6(2t1 —1)) —1—eX
=mo(d —3) — 1+ (0 — 3)eN/2 — O(2)?)
> (0 —3)eN/2 — O(2X?) > (5 — 3)e)/3
and

m(f — 2k — 2s) — e
A
= (mo + e+ €T1) (:n— + 6(2t1 — 1)> — €\ > et1my.
0

When (1.9) holds we have
m(d — 2k —2s) — 1 — e
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4 4re
= (mq1 + ve\ + €T <5—1——+—+62t—1>—1—6)\
(s 2) By 3z T

=m0 —1)— g +((6 =) — DX+ €((6 = )Ty +my(2ty — 1)) — O(2A?) > emqty

and

4 4
= (my + veX + €Th) (ﬁ_1_—+i§+e(2t2—1)> — e\

= ml(ﬂ — 1) — g + ((ﬂ — 1)1/ — 1)6)\ + 6((5 — 1)T2 + m1(2t2 — 1)) — 0(62)\2) > emits.

When (1.10) holds we have
m(d — 2k —2s) — 1 — e
(B —1)veA
ma
=ma(0—B) =1+ ((6 = Vv — 1)eX + €((6 — B) T3 + ma(2t3 — 1)) — O(2X?) > empts

:(m2+l/6)\+eT3)<6—ﬁ—|— +6(2t3—1)>—1—6)\

and
m(f — 2k — 2s) — e
(B —1)veA
m2
= ((B = 1)v — 1)eX + emg(2ts — 1) — O(2A?) > emots.

We conclude from the above inequalities that

= (mg + veX + €13) < + e(2t3 — 1)) — €A

e+ h if (1.4) holds,
(2.14) p2m(6—2k—25)—2-2eX | m(B—2k—25)—eX ~ €’ 4 e oM if (1.6) holds,
T 2e7mt2 if (1.9) holds,

2e~m2ts if (1.10) holds,

with some constant v > 0 independent of h. It follows from (2.14) that taking h small enough
and t1, to and t3 large enough, independent of h, we can arrange the bound

E
(2.15) B(r) < 5,1/(7“).
Since in this case A(r) = 0, the bound (2.15) clearly implies (2.9). O
3. CARLEMAN ESTIMATES

In this section we will prove the following

Theorem 3.1. Suppose (1.1), (1.2) and (1.3) fulfilled and let s satisfy (2.1). Then, for all
functions f € H?(R™) such that (|z| + 1)*(P(h) — E +i0)f € L% and for all 0 < h < hy,
0 < 0 < eha=?*, we have the estimate

(] + 1)~ fll 2 < Ca®* (eh) ! [[(|2] + 1)°e?/" (P(h) — E £ i6) || .2

9 1/2
(3.1) +Cak7'<£> e/ £ 2

with a constant C' > 0 independent of h, 6 and f.
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Proof. We will adapt the proof of Theorem 3.1 of [11] to this more general case. We pass
to the polar coordinates (r,w) € RT x "1 r = |z|, w = z/|z|, and recall that L?(R") =
L?(R* x S~ 1 "~ ldrdw). In what follows we denote by || - || and (-,-) the norm and the scalar
product in L2(S"~!). We will make use of the identity

(3.2) P2 A== 1)/2 g2 4 %

where Ay = Ay — 2(n —1)(n — 3) and A,, denotes the negative Laplace-Beltrami operator on
S 1. Set u = r(®=D/2e9/h f and
PE(h) = r=V2(P(h) — E +if)r—=1/2)
PE(h) = e?/"PE(h)e /M.
Using (3.2) we can write the operator P*(h) in the coordinates (r,w) as follows

A
PE(h) =D} + = —E+i0+V
T

where we have put D, = —ihd, and A, = —hzﬁw. Since the function ¢ depends only on the
variable r, this implies

A
P (h) :D3+r—;” ~E+i0 — ¢+ hy + 2D, + V.

We now write V' = VS + 1~/L with
Vs () = Vs(2) + vy(|2) Vi (2)

and _
Vi(x) = (1= u(lz])Vi(z).
For r > 0, r # a, introduce the function
F(r) = =((r?Aw — B = ¢ (r) + Vi(r,))u(r, ), ulr, ) + [ Drulr, )|

where Vi (r, w) := Vi (rw). It is easy to check that its first derivative is given by
2 -
F'(r) = —(r 2 Awu(r, ), u(r, ) + ((¢)* = Vo) [lu(r, )|

—oh M (PE(R)u(r, ), Deu(r, )
+20h~'Re (u(r,-), Dyu(r, -)) + 4h~ | Dyu(r, )|
+2h7 m (Vs + he")u(r, ), Dyufr, -)).
Thus, if u is the function defined in the previous section, we obtain the identity
WE+pF = 2 = ) Agu(r, ), u(r, ) + (B + (u(e)? = pVi)) u(r, )|
—2h_1,u1m (P;E(h)u(r, ')’ DTU(T, )>
+£20h~ " pRe (u(r, ), Dypulr, ) + (1 + 4h~ ¢ ) | Dru(r, -)|?
+2h7 pm (Vs + he"Yu(r, ), Dru(r, -)).
Using that A, > 0 together with (2.3) we get the inequality
WE+pF > (By + (u()? = pVi))lu(r, )|* + (1 + 407 ¢ w) | Dyu(r, -)|1*
3h721u’2
_ "
—60h™ p ([[ulr, )1* + 1Drulr, ) |I?)

1PE (hyutr, )2 = L Dputr, |1
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=3h 2P (' + 4h ') T (Vs + b ulr, )P — é(u’ + 407 W)l Dru(r, )17
In view of the assumptions (1.2) and (1.3) we have
(Vi)' = W'V + pVi = i/ (1= o)V = Vi + p(1 = ) Vi
< (U= 4)p(r) + b S [B)p(r) + (1 = ) Co(r +1) 77
< 1 (1 = 4p)p(b) + O~ p(r/b)p(b)’ + p(L = ) Ca(r + 1) 7
< OB + (1 = b)Calr +1) 7 < T+ (1 = ) ol + 1)
provided b is taken large enough. Observe also that the assumption (1.1) yields
Vs| < [Vl + v Vil < Ci(r + 1) + Qo

where Qp = sup|,j<a |V ()] Combining the above inequalities we get
2K
W +uE = (B ) ) G )P

= (32 + R T BTN 1) BT + 19+ (1 = ) Calr + 1)) [fu(r, )|

3h~2p? + 2 1 2 2
7 1P (h)u(r, )| — 60h~ w (lulr, ) ||* + (| Dyulr, -)|I?)

= (350 + A = BO) ) Tt [P

3h 22 + 2 1 2 2
7 1P (hyu(r, )I* = 0n p (lulr, )II° + (| Drulr, -)[|?) -

Now we use Lemma 2.3 to conclude that

3h72u2
7 IPZ (Ryur, )]

E
WF+pF = Ll )| -

=0h™ p (Julr, I + 1 Drur, )I) -

We integrate this inequality with respect to r and use that, since p(0) = 0, we have

/ (W F + pF')dr = 0.
0

Thus we obtain the estimate

E [, 2 o [ ,UQ + 2
o | Hllu(r,) dr < 3h —PZ (R)u(r,)[|"dr
0 0o M

(3.3 +on™t [ (Jutr P + IDeutr ) i
Using that u = O(a?") together with (2.4) and (2.6) we get from (3.3)

/Oo(r +1)72u(r, )|Pdr < Ca®®(eh)? /Oo(r + 12|PZ (h)u(r, )|*dr
0 0

(3-4) +C0(ch) " o™ /00" (Iu(r, I + 1Drulr, -)II?) dr
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with some constant C' > 0 independent of h and #. On the other hand, we have the identity

Re / <22‘Q0/D7’u(707 ')7 ’LL(T’, )>d7’ = / hﬂP”Hu(VZ )H2d7°
0 0
and hence

- + O ulr, - ))ydr = - ur-Qr O07"_2 w(r, ), u(r,-))dr
I“A (PE(u(r, ), u(r, ))d A\mrmnwi+ﬂ< Awt(r, ), ulr, ))d
_/ (E +&)|u(r, -)H2dr—|—/ Vaur, ), u(r, )dr.

0 0

This implies

- u(r, )||2dr 72 Oour-zr
Léuu<,wdgo<>é|u,wd

(3.5) +vémw+wwanﬂﬁﬁ+vlém&+U%WﬁwwaWW

for every v > 0. We take now v small enough, independent of h, and recall that 6(eh)~a?* < 1.
Thus, combining the estimates (3.4) and (3.5), we get

/oo(r + 1) u(r, )|[*dr < Ca™(eh) ™2 /w(r + 1P (hu(r, ) |[*dr
0 0

(3.6) +C9(eh)1a2k7'2/ |w(r, ) ||>dr
0
with a new constant C' > 0 independent of h and . Clearly, the estimate (3.6) implies (3.1). O

4. RESOLVENT ESTIMATES

Theorems 1.1 and 1.2 can be obtained from Theorem 3.1 in the same way as in Section 4 of
[11]. Here we will sketch the proof for the sake of completeness. Observe that it follows from
the estimate (3.1) and Lemma 2.2 that for 0 < h < 1, 0 < 6 < eha™?¥ and s satisfying (2.1) we
have the estimate

(4.1) (] + 1) fll 2 < M|(J] +1)*(P(h) — E £6) f|| 2 + M6"|| f]| 12

where

Ch—4/3 log(h™1) if (1.4) holds,
Ch*4/3(log(h*1))3/2(log log(h=1))~1 if (1.6) holds,
Ch=3™ (log(h™1))” if (1.9) holds,

Ch™3—2B=BIma (1og (1)) if (1.10) holds,

with a constant C' > 0 independent of h and #. On the other hand, since the operator P(h) is
symmetric, we have

OIf I3 = +Tm (P() — E+i0)F, f)
(12) < (M) 2||(j2] + 1) I + @MY (12l + 1)* (P(R) — B % i0)f 3.
We rewrite (4.2) in the form
(43) MOV fllge < gl + 1)l + 202 (] + 1) (P(h) — B+ i0)f 2.
We now combine (4.1) and (4.3) to get
(1.4) (] + 1)~ fllz2 < AM2| (o] +1)°(P(h) — B = i6) | .
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It follows from (4.4) that the resolvent estimate
(4.5) [l +1)7(P(h) = E i) (Ja + 1) 7| o, 1o < 4M*

holds for all 0 < h < 1, 0 < 6 < eha=?! and s satisfying (2.1). On the other hand, for
0 > eha=2F the estimate (4.5) holds in a trivial way. Indeed, in this case, since the operator
P(h) is symmetric, the norm of the resolvent is upper bounded by #~! = O(h=2¥™=2). Finally,
observe that if (4.5) holds for s satisfying (2.1), it holds for all s > 1/2 independent of h. Indeed,
given an arbitrary s’ > 1/2 independent of h, we can arrange by taking h small enough that s
defined by (2.1) is less than s’. Therefore the bound (4.5) holds with s replaced by s" as desired.
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