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Nobody’s Perfect; Matched Layers for Heterogeneous Media

Laurence Halpern *  Ludovic Métivier T Jeffrey Rauch ¥ Juliette Ryan ®

Abstract

We present an example of Bérenger’s method for a problem with variable coeffi-
cients at the interface showing that the method is not perfectly matched. The reflec-
tions are revealed by constructing an infinitely accurate geometric optics approxima-
tion. They are also revealed in numerical simulations that confirm the dependence on
wavelength from the asymptotic expansions.

1 Introduction

This paper analyses reflections at artificial absorbing layers used at the external part of
computational domains. They are used to truncate to finite size computations aimed at
computing solutions on infinite or very large domains. Particular attention is paid to
Bérenger’s layers [8, 9, 10] that under a variety of situations are perfectly matched, that
is give rise to no reflections at all. We give a natural example where this method is not
perfectly matched when coefficients are not constant on a neighborhood of the interface.

Computing reflections for variable coefficient problems requires care. The standard
method freezes coefficients, drops lower order terms and reasons with plane waves. It is
a good way to compute the leading reflection term. For intelligent absorbing boundaries
including Bérenger’s method the leading term is equal to zero. The plane wave compu-
tation does not suffice to evaluate the small reflections that are produced. We compute
infinitely accurate high frequency asymptotic solutions. The imperfection is revealed by
the presence of non zero reflected waves in the high order correctors. The order at which
these waves appear in the expansion is a measure of the effectiveness of the absorbing
layer.

We analyse a wave equation that is a close cousin to the acoustic equations of geo-
science. In addition to the accurate high frequency solutions, we perform numerical sim-
ulations. The size of the reflections as a function of frequency matches the prediction of
geometric optics.

The asymptotic expansions give a tool to compare imperfect strategies. Indeed we
begin by computing reflections for methods simpler than Bérenger’s. In order to avoid
amplifying layers that sometimes are created by Bérenger’s layers [0], [16], smart layers
were introduced in the latter article. They are dissipative by elementary energy identities.
Even with variable coefficients. In this article we introduce a refinement called tuned layers
that are tuned to a presumably known wave number. They are dissipative and reflect at
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the same order as Bérenger’s method. On our test problem the imperfect Bérenger problem
outperforms the other two methods tested. Had we tested a problem where the Bérenger
layers were amplifying, the performances would have been reversed as in [23], [15]. The
tuned layers are never amplifying.

There is very little analysis in the literature for time dependent Bérenger methods
when there are variable coefficients at the transition to the layer. Variable coefficients
also arise when analysing constant coefficient problems in polar coordinates using circular
computational domains and annular absorbing layers [27], [12]. Relying on the analyticity
of the coeflicients, these authors show that the method of complex coordinate deformation
yields perfection in the time harmonic case. For truly time dependent problems it is not
clear what conclusion to draw as different temporal components would require distinct
deformations.

Collino and Tsogka [13] find reflections in numerical simulations using Bérenger’s
method in heterogeneous media. They see large reflections from the external bound-
ary of the computational domain. Their computations may also show the small reflections
from the imperfection at the transition to the layer.

Bérenger’s strategy is one of many approaches to the construction of weakly reflecting
absorbing layers. Our main result reveals a limit to its effectiveness. We neither summa-
rize, evaluate, nor criticize other strategies. The interested reader can consult [21], [11],
O, [18], [25], [19], [17], [1], (21, (715 140, (3], [22], [24], [20], listed here in chronological order,
to appreciate the variety of interesting ideas and methods.

Consider the hyperbolic operator

d
d
Ly(0h,0x) = 0p + Y Aj(2)0;, 0+ 1<j<d.
j=1

': )
85[3]'

The coefficients A; are N x N matrix valued. The computational domain D := H?Zl] — 1, 44]
contains a not too much smaller rectangle R that includes the domain of interest and the
support of the data. The 2¢ hyperplanes defining the faces of the boundary of R form a
network in D denoted N. The goal is to modify the equation in the layer D\ R so that
solutions are both weakly reflected at the interfaces comprising N and are damped in the
layers comprising D \ R.

In one situation it is easy to construct perfectly matched absorbing layers. If the
coefficient matrices A; are real diagonal and invertible, then the system consists of N
uncoupled scalar transport equations with nonvanishing velocity in the x; direction. It is
then easy to place perfectly absorbing boundaries and also perfectly nonreflective layers
at an artificial boundary z; = £/;.

The original problem is

L(0y,0,)U = F, (1.1)

with F' compactly supported in R C D.

Bérenger’s method introduces split dependent variables U= ut,....U d) with U7
defined on D \ R and taking values in C" for 1 < j < d. Then U with values in CN? is
required to satisfy in the layers D\ (R UN),

QL

(L0 0:) U); = U7 + Aj(@)0;(D>_UY) + oj(a)U7 =0, 1<j<d (1.2)
/=1



Each absorption coefficient o;(z;) > 0 depends on only one variable and vanishes in R.
There is in addition a C* valued Up defined on R and satisfying

L(0,0,)Up = F on R. (1.3)

The partial differential equations (1.2) and (1.3) are supplemented by transmission condi-
tions requiring that for each k the function that is equal to Ag > ;UjinD \ (RUN) and
equal to AxUp on R is continuous across the hyperplanes in N parallel to {z; = 0}. The
exact form of the continuity depends on the existence proof. It is not made explicit here
since it changes from case to case while the idea of the proof is not modified. In addition
U must satisfy boundary conditions on 0D that are constructed to be weakly reflective.
It is only very recently that existence and uniqueness theorems have been proved for this
transmission/boundary value problem with many corners. The corners are multihedral
when d > 3.

The goal of Bérenger’s strategy is that Up should be a good approximation to U on
R.

Definition 1.1. The method is perfectly matched when Bérenger’s transmission bound-
ary value problem is at least weakly well posed and for F supported in t > 0, the unique
solution, also supported in t > 0, satisfies the perfection condition

Us (1.4)

= U‘RX’R'
If the coefficients A; are constant on a neighborhood of the external layer D\ R, then the
method is perfectly matched as soon as it is weakly well posed [16].

We give examples with variable coefficients at the layer that are not perfectly matched.
The examples are from important applications where the Bérenger split system is well
posed. This is the typical behavior to be expected when the coefficients are variable on a
neighborhood of the interfaces.

Section 2 recalls the rigorous proof of perfection that works when the coefficients are
constant on a neighborhood of the layer. The proof clearly fails when there are variable
coefficients. This does not prove imperfection.

In Sections 3 and 4 infinitely accurate asymptotic expansions of reflected waves are con-
structed for variable coefficient problems. The phases satisfy variable coefficient nonlinear
eikonal equations. Examples are constructed so that the phases are explicit. Since all the
methods considered are cleverly designed, there are no reflections in the leading terms.
Equivalently, a naive plane wave analysis would not reveal reflections. For Bérenger’s
method and the tuned layers the reflections are smaller by two powers of €. This is a
computation in perturbation theory beyond orders normally calculated.

The predictions from the asymptotic expansions are confirmed by numerical experi-
ments in Section 5. Given the failure of perfection of Bérenger’s method we compare the
performance of that method and the so-called smart and tuned layers. In part this is done
because the computation of the reflections for those methods is simpler than for Bérenger’s
method so is an excellent way to introduce the analysis. Numerical simulations reveal the
reflections proved to exist by the asymptotic expansion.

Acknowledgment. Excellent suggestions from both referees, in particular T. Hagstrom,
resulted in substantial improvements in this article.



2 Perfection and the change of variables method

The proof of perfection in the case of constant coefficients from [16] is not bothered by
variable coefficients so long as the coefficients are constant throughout the layer. We
demonstrate in this article that variable coefficients in a neighborhood of the interface at
the boundary of the layer can destroy perfection.

Recall the constant coefficient proof to see its failure when the coefficients vary at the
interface.

Theorem 2.1. If D = R and the Bérenger layer with absorptions vanishing in R defines
an transmission problem that is at least weakly well posed, then the layer is perfectly
matched provided the coefficients Aj(z) are independent of x on R4\ R.

Proof. Consider the Laplace transform in time of the split variables U. The transform is
indicated with a ™. It is holomorphic in Re7 > 7). Introduce the function V' that is equal
to F(Zj U;) on D\ R and equal to Up in R.

The transform satisfies

Ui+ (T+Uj(xj))_1Aj(x)8j‘7 =0 on RI\(RUN). (2.1)

Multiply by 7 and sum on j to obtain the important equation that arises from the
Laplace transform of the unsplit equation

Vv T Vo d
TV +§j:T+Uj(xj) Aj(z) o, 0 on R*\(RUN). (2.2)

The Laplace transform of the equation satisfied by Up implies that this equation is
also satisfied on R. The transmission conditions across A imply that

ov

~ T 4 _ ~ d
TV(z) + zj: P Aj(z) oz, (z) = F(z) on RZ. (2.3)
The Laplace transform U satisfies
TU@) + Y Ajw) @(m) = F(z) on R% (2.4)
J J 8$j

The key observation is that, at least when 7 is real, (2.3) and (2.4) are conjugated one to
the other by a change of variable leaving R and N fixed.
For fixed real 7 > 0 define d bilipschitzian homeomorphisms X;(z;) of R to itself by

dX;(z;) T+ 0j(x;)

L= X0 =,
Then,
9 dX; 0 tHoay) 0 r 99
dz; _ dz; OX, T 09X, T+o(z) 0r; | 0X;
Define W (X) by W(X) = V(2(X)). Then
FWX) +Y Aﬂx(X”g;Vg(X) = F(a(x)). (2.5)
J
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Since z(X) = X on the support of F,

TWX) +) Aj(x(X))g?;(X) = F(X). (2.6)
P, J

The coefficents A; are constant on R? \ R and X ~— x(X) takes R?\ R to itself. In
addition, z(X) = X on R. It follows that

TW(X) +Z Aj(X)gjvg(X) = F(X). (2.7)

The bilischizian map preserves N so W satisfies the transmission conditions across N.
The function X — W(X) solves exactly the same transmission problem (2.4) that defines
the function z — U(z).

The well posedness assumption implies that the transmission problem is uniquely solv-
able. It follows that

X W(X):=V(®X)) and 2 U)

define the same functions on RY.
On R the bilipschitzian map is equal to the identity and V' = Up. Thus the identity
just proved shows that on R, Ug = U. Summarizing, for x € R and for 7 large and real,

~

Ug(r,z) = U(r,z) on R. (2.8)

The well posedness of the Bérenger problem and the hyperbolic problem imply that
there is a A1 so that both sides of (2.8) are holomorphic in Re7 > A;. Since they are equal
for large real 7, unique continuation of holomorphic functions implies that they are equal
in Re7T > A1. Uniqueness of the Laplace transform implies that

Ug = U on R.

This completes the proof of perfection. ]

Remark 2.1. T. Hagstrom,acting as a referee, observed that the above argument also
proves perfection when D = R? and there is an absorbing layer only in xj (that is o, =0
for k # j) provided that in the layer, the coefficients are independent of x;.

There are problems, for example with an isolated antenna for Maxwell’s equations or
radar in the exterior of an airplane where it is reasonable that the coefficients are constant
outside R. For others, notably geophysical computations, the heterogeneity of the earth
extends beyond R.

The failure of a proof of perfection does not prove imperfection. The following sections
prove that Bérenger’s method yield non trivial reflections.

3 Analysis of reflection for a wave equation system

To demonstrate imperfection we compute infinitely accurate high frequency asymptotic
solutions of the transmission problem with variable coefficients at the interface between
the unsplit region x7 < 0 and the layer in z1 > 0. The computation is performed on a



2 x 2 system that is as simple as possible. See [10] for similar computations for Maxwell’s
equations in R3 with constant coefficients.

The analysis of smart layers, which add a damping to the equation, is done in Section
3. The Bérenger’s method splitting the equations as in (1.2) is analysed in Section 4. The
interest of the smart layer is that it is dissipative for the natural L? norm. Bérenger’s
method often destroys strong hyperbolicity, for example in case of Maxwell’s equations.

3.1 Preliminaries

Consider the wave equation with 0 < ¢(-) € C*(R),

Ll(a:, 8)u = 0w + A101u + As0ou =0 in ]R1+2,

m=ce (V1) = (5 - 3.)

Define

L(xz,0)u := Li(x,0)u + ocBu = 0, x1 > 0. (3.2)

0 < 0 € R. The matrix B is a symmetric non negative matrix, for example the identity,
or the projection on the positive eigenspace £, = C® = C(1,1) of Ay, that is

B, — % G D | (3.3)

This choice is called the smart layer in [10].

3.2 Incident asymptotic solution in z; < 0.

The following computations are justified by the analysis in Chapter 5 of [26]. The ansatz
for solutions of Lu ~ 0 is
us o~ e/F Z elaj(t,xz), with the phase S(t,z) = t+ p(x1) + k. (3.4)
§=0

The candidate u® oscillates in time with the frequency 1/27e >> 1. The real number k is
fixed. The differential of the phase is then given by dS = (1, ¢, k).

Theorem 3.1. (i) If the real valued function ¢ € C with ¢’ # 0 satisfies the eikonal
equation
2
Aan) (@ (21) + k%) = 1,

(it) and the coefficients a; € C™ satisfy the recursion relation

ap(t,x) € Ker Li(x,dS), (3.5a)
Vji>0, ilLi(z,dS)aji(t,z)+ L(x,0)a(t,z) = 0, (3.5b)

then (3.4) is an infinitely accurate approximate solution of Lu = 0. We write Lu® =
O(e>). This means that for all N and compact K, ||L(8y, 02)uf || 1oy = O(eV).



(iii) If g; = g; € C§°(R?) (11 is the projection operator on Ker Ly(x,dS)) are supported
in a fixed compact K, then there is one and only one family of a; satisfying (3.5)
together with the initial conditions, Ila;(0,-) = g; and the polarization Ilay = ag.
They have support in the tube of rays with feet in K and speed of propagation given
by the group velocity

v = —(¢, k). (3.6)

(iv) Let @ be the generator of Ker Ly (x,dS) defined in (3.13). The principal term ao(t,z) =
ag® is a solution of the transport equation

Oapg+v-Vay+ (d+v0)ag = 0. (3.7)
~v and d are defined by

ke (2ck — 1
B® =~®, AP =dd, d= 6(20,) . (3.8)
@

Proof. The computation is not simple to carry out, so we present the main details. Inject
the ansatz in Lu® = (L1 + o B)u® ~ 0 to find

L(eiS/a D aj> ~ oS/ (le(x,dS)Zgj aj + Y &L(x, B)aj) =0,
€ 7>0 J>0
with

B , _(l4+ke ¢
Ll(x, dS) =1+ (pAl + kAy = ( CQD/ 1— ke (39)

The term of order —1 of the expansion above gives
Li(xz,dS)ay = 0. (3.10)
In order to have a nontrivial solution ag this requires the eikonal equation,
det Li(x,dS) =0, equivalently, AP+ k) =1. (3.11)

We suppose that k is such that kc(x1) < 1. Define ¢ by

A@) =\ R e =0 (312

There are two solutions to the eikonal equation, according to the sign of ¢’. The group
velocity shows that solution with positive (resp. negative) ¢’ is a leftward propagating
wave (resp. rightward). The kernel of L;(x,dS) is one-dimensional, spanned by

® = (—cp, 1+ke). (3.13)

Thanks to the eikonal equation, its norm is given by |®[|> = 2(1 + kc). The image,
Im Li(x,dS), is one dimensional, with basis ¥ := (1 4 ke, c¢’). (@, V) are an orthogonal
basis for R?. The orthogonal projection on the kernel is denoted by Il(z, dS):

09
P

(@, w)

II:
@2

equivalently , Mw = o. (3.14)



By (3.10), ag is polarized, i.e. takes values in the kernel of L (z,dS),
ag = Ha(]. (3.15)

These choices of the phase and ag guarantee that the leading term in the first sum of (3.2)
vanishes so the first sum is for j > 1 while the second is for j > 0. Setting the term of
order €/ equal to zero for all j > 0 requires that the next terms in the expansion satisfy

Vj >0, ilLi(z,dS)ajti(t,z) + L(z,0)a;(t,z) = 0. (3.16)
Denote by Q(z,dS) the partial inverse of Li(x,dS) defined by
Q(z,dSII(z,dS) = 0, Q(z,dS)Li(x,dS) = I —1I(z,dS).

Multiplying (3.16) on the left, first by the orthogonal projection II(z, dS), and second
by Q(z,dS), yield the pair of equations equivalent to the j-equation,

II(x,dS)L(z,d)a; =0, (3.17a)
i(I —(z,dS))aj+1 + Q(x,dS)L(z,0)a; = 0. (3.17b)

These equations are the starting point for the recursive computation of the a;. Equation
(3.17a) for j = 0 gives a transport equation on ag = Ilay:

II(z,dS)L(z,0)ap(t,x) := (x,dS)(Oap + A101a0 + A202a¢ + 0 Bag) = 0.
Define ag by ag = ag®. Since ® only depends on x1 one has
61(0(0(1)) = 01apP + Oéoq)/, 62(0(0(1)) = Orao®, and 315(&0(1)) = Oiag®P, s0

(8ta0 + O1apllAq + 82050HA2)(I) + Ozo(UHBCI) + HA1q>/) = 0.

The ITA;II are related to the group velocity by (see [26])

HA]H = ’U]'H, v; = W (318)

This gives the formula for the group velocity in (3.6). Defining d and ~ by (3.8) yields

(3.7). In 1 < 0, the transport equation together with initial value gg, determines Ilag.

The process iterates until all coefficients are determined as follows. Given a;_1, (I —1II)a;
is explicitly given by

(I —Ia; =iQ(x,dS)L(x,0)aj_1. (3.19)

Then (3.17a) is split as
II(z,dS)L(z,0)la; = —II(z,dS)L(z,0)(I — I)ay, (3.20)

and gives a transport equation on «; defined by Ila; = o;® as before. This transport
equation, with initial data given by g;, uniquely determines a;. For the precise formulas,
note that II(z, dS) is given by

1 [(1—ke —c¢
= 2 ( —cp 14 k‘c) ' (3-21)



Therefore ]
I-1I = §L1(x,d8), Ly(xz,dS) = 2(I —1I) + OII. (3.22)

To calculate d, we must calculate ® = (—(c¢')’, kc’). Differentiate the eikonal equation
written as (c¢’)? + k¢ =1 to find

2(c) (') + 2k*cc =0,  which gives — ¢/®] 4+ k®, = 0.

Therefore

P! k kd [k ked ! ked ! —cy'

/ 2 / ‘4 / @ P

¢ == = — AP = [MA;®' = ——————— . P
24 <<0’> 24 ((0/) ’ 1 24 (k:) ’ ! 2<p’(1 + k:c) <k‘> <1 + k:c>

that yield the second part of formula (3.8), and (3.7). The transport at step j follows the
same dynamics, with a right-hand side:

(Opaj +v - Va; + (d+vo) aj) @ = —II(z,dS)L(x,0)(I — II)a;. (3.23)

For future use compute Q(x, dS). By the Cayley-Hamilton theorem, we have (L1 (x,dS))? =

2L (x,dS), therefore using (3.22), we see that @ is given by
1 1
Q(z,dS) = i(I—H(a:,dS)) = ZLl(x’dS)' (3.24)
|

3.3 Reflection for the wave equation with layer

The analysis is made in R?. The velocity c is assumed to be smooth. The coefficient &
in contrast may be discontinuous at 1 = 0. Solving the Cauchy problem in R? with a
discontinuous coefficient ¢ is equivalent to solving the problem in each half-space, with
transmission condition [Aju|p = 0. Since A; is invertible, this is equivalent to [u|pr = 0.

Next analyse the reflection and transmission of a high frequency wave in z; < 0
when it arrives at the boundary x; = 0. The input is a solution with phase S'(¢,z) :=
t— (1) + ks,

uf = !S' () a'(t,z,e), a'(t,z,e) Z e a i(tx),  L1(0, 0x)u® = O(e™). (3.25)

Suppose that the amplitudes a; are supported in a tube T C R!'*? of rays with temporal
cross sections TN {t = 0} compact in {z; < 0}.

Using Theorem 3.1, we construct a transmitted wave with the same phase and a
reflected wave, supported in x; < 0, with phase S®(t,z) := ¢t + ¢, (x1) + kxo. The
reflected wave v° is

€ = ST (ta)/e a(t,x,e), a“(t,z,e) ~ Z &l aj(t,z), L1(0 0x)v° = O(e™). (3.26)
=0

v

The transmitted wave, supported in x; > 0, is

S = SR/ G (4 2 ), a(t,x,¢) Z & al(t,x), L0 8p)w® = O(e™). (3.27)

w

They both have vanishing initial values. We first show that there are uniquely determined
reflected and transmitted waves. Then we compute exactly the leading terms in their
asymptotic expansions.



Theorem 3.2.

(i) Given the incoming amplitudes a§ there are uniquely determined amplitudes ajT and
af so that u®, v¢ and w* are infinitely accurate solutions of the differential equations
and the transmission condition is also satisfied to infinite order,

V(t,x2) € R x R, Ar(u® +0°)(t,0_,m2) = Ajw(t,0,,22) + O(e™). (3.28)

(11) If o(x1) = 0ly,50 , the coefficient aff vanishes identically, and the reflection coeffi-

e (1t ke(0)ba — (1 — ke(0))
. + KC 22 — (L — ke 11
Ri(k) = 3.29
That is, noting aj(t,x) = aj(t, )P’ € Ker L1(0,dS"), then
V(t,z2) € R xR, ai(t,0_,x9) = Ry(k)a(t,0_,22)®". (3.30)

(iii) For a matriz B, the reflection coefficient Ri(k) vanishes if and only if the diagonal
part of B is a scalar multiple of the matriz

Bk) = <1t)kc 1—Ok:c> '

In that case the first nonzero reflection coefficient then occurs at least at order 2, so

(3.31)

V(t,.%‘g) € R xR, a?(t,O,,azQ) = RQ(k, 82)01(1)(25, 07,$2)<I>R. (3.32)
These are called tuned layers. For the tuned layer, the reflection operator is

Ry(k,0z) = (k¢'(0) +2¢(0)¢, (0) D). (3.33)

o
4c%(0)¢’3(0)
Remark 3.1.

1. The reflection coefficient does not depend on the off-diagonal entries of B.
2. The reflection coefficient vanishes at normal incidence if and only if bi1 = bas.

3. The most common matrices B are B = I and B = 111 defined in (3.3). In these

cases  isok [ 1 ifB=T, (a)
R1(k)—m7 5_{2 fB=1 (b)

Proof. (i) The formulas in Theorem 3.1 and its proof apply to the incident and reflected
waves in 1 < 0 with B = 0, and to the transmitted wave in x; > 0. The phases are
T = —p, = —p". The corresponding kernel, projector, and partial inverse of L;(x,dS)
are indexed by I, R, or T. They are the same for the incident and transmitted waves. To
determine the coefficients a;’R’T requires the transmission condition A;(u® + v®) = Ajw®
on x1 = 0. This is equivalent to

aj+aj=aj on x; =0, j=0,1,... (3.34)

10



3 3 3 3 . I,T,R I,T,R
The polarized parts are written with obvious notations IT""®q ;T =ag ®LLR | The coef-

ficients a;’T’R are solutions of transport equations in the half spaces. They are determined
by the transmission condition. Details follow for j = 0,1. For the tuned layer, we treat
also j = 2.

(i3) By (3.15) the coefficients at order 0 are polarized, II"®Tag™" = a;™". The trans-
mission condition at order 0 becomes

Maf, + T%a; = M"a) onx; =0,

equivalently,
ag®t = [ap]®' on 1 =0,

where [a] denotes the jump between the transmitted and incident part at z; = 0, that is
[a](t, x2) = a™(t,04,x2)—a'(t,0_,z2). Since ®' = (—c(¢')’, 14+kc) and ®F = (—c(p™), 1+
kc) = (c(¢"), 1 + kc), these two vectors are transverse, so

af =0 and afj=cq) onz;=0.

The transport equation (3.7) for the incident, reflected, and transmitted waves becomes

with v} = of = =" = ¢/, = —vf, vo = —kc?,
Oraf + vidiag + vadhaf + d'ag = 0, 21 <0, (3.35a)
Oy + v101a + vadaay + (d' +yo)ay =0, z1 >0, (3.35b)
dragy + v 01 af + vedrag + dRag = 0, r1 < 0. (3.35¢)

Since af has zero initial value and boundary data at x1 = 0, it vanishes identically in R2.
The reflection is at least first order. Next determine inductively the correctors. By (3.19),
(I —TI%)a} =0 in R? and af is polarized. Therefore, splitting the transmission condition
(3.34) for j = 1, one finds on the interface

Il'ay —"ay + 1%y = —(I — ay + (I —I)ay, so

— [a1]®" + aff®® = [(I — )aq] on z1 = 0. (3.36)

For the incident and transmitted phases and amplitudes, the superscripts, I, T, are omitted
when no confusion is to be feared. Next identify the righthand side of (3.36). From (3.19)

(I — H)a1 = ’LQ(@t + A101 + A09 + UB)(L(),

with o = 0 for the incident wave. Insert ag = Ilag = «ag(t,z)®. By definition of @,
Qagp = 0, and therefore Qd:ap = (Orap)Q ¢ = 0. Furthermore, ® depends only on z;. So,

(I — H)a1 = iQ((alaoAl + OsagAs + Oé()O'B)CI) + aoAlCI)I). (337)
Introduce the transverse part of the transport operator
T = O+ v205 +d, (3.38)

to rewrite the transport equations for the incident and transmitted waves in (3.35) as

v101a9 + Tag +voag =0, o =0 for z1 <O0. (3.39)
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Replace 01 in (3.37) to obtain

(I — H)a1 = ZQ((— (T+ ’YU)OéoAl + OqcgAsg + OéoUB)CI) + OzoAch)/),

1
e
U1
or, reordering the terms,

1
(I — H)a1 = iQ((aQOéoAg - FTaoAl)@ + Oé()Al@/ + aga(B — UlAl)(I)). (3.40)
1 1

The evaluation of the important term with o is the object of the following lemma.

Lemma 3.3. For any symmetric matriz B, define the matric By = B — %Al, with y
defined by I1B® = v®. Then

bgg(l + kC) — b11<1 — ]{ZC)
dey!

B®=0, QBd= . (3.41)

Proof of Lemma. First it is easy to see that

A0 — Ad = 0.
U1 (%]

=
w
|
|
=
=
[

MB——&@::%B——&W. (3.42)

Suppose now that (using the orthogonal basis (®, ¥) with ||®]? = ||¥|?)

(B®, @) (B®, W)
B =~ +n¥, v = ——-=, n = 1’
]2 ]2
compute A;® = v1® — vV, and therefore
(B—-LA)D = (n+72)0. (3.43)
() U1
Then . .
V2
Ny =gty = (B4 ).
U ¢ 2P @'
Compute
b L ' boa(1 + ke) — by (1 — k
vt =0 = — “° ), therefore TH_,Y?Q — 22(1 + ke) — bui( C).
4 co! \1+ ke U 20

Use this in (3.43) to get (B — - 41)®, and then into (3.43) to get the third equality in
(3.41). O

End of Proof of Theorem. Since ¢, and hence vy, is smooth across the interface 1 = 0,
the righthand side of (I — IT)a; is composed of two parts: one is continuous across the
interface, the other one having o as a factor, jumps. For the jump, we find

[(I — H)al] = ioap@RB1P at x1 =0. (3.44)
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Insert (3.41) in (3.44) to find

I 522(1 + kc) — bn(l — /60)

(I — 11" a1] = ioay vl

4ept
Replace in the transmission condition (3.36), to find

bao(1 + kc) — b11(1 — k
— [aq]®" + PN = ioay 221+ ke) = bu( )

v 3.45
46@1, ( )

Take the scalar product with U' in (3.45) to obtain, since ®' and W' are orthogonal,

R ool 622(1 + kc) — bn(l — kc) (\I/I, \IJI)

aroT dep” (77, 9%)
Compute
(¢, o) 1
(W1, @R) eV

to obtain formula (3.29) in Theorem 3.2.

(#47) Furthermore, no reflection occurs at this order if and only if boo(1 + kc) — by1(1 —
kc) = 0, that is [(/ — II)a1] = 0 and [a1] = af = 0. This proves the first part of (i) in
Theorem 3.2.

Computation of the order two reflection. Since the extra diagonal coefficients do
not intervene, we suppose from now on that B = B(k) from (3.31). Then

v=c%? By =DB- %Al = Li(z,dS"). (3.46)

Next compute the transport equation for af. Since (I —II*)af = 0 in R?, (3.35¢) is valid
for af,
dal + v Val 4+ dtaf = 0.

Again, of being solution of the leftward transport equation with zero boundary and initial
data, vanishes identically in R2. The information obtained so far is

af = TRa} =0 in R? | [a1] =0 on x1 =0. (3.47)
To calculate the next term in the expansion of the reflected wave, start with the transmis-
sion condition ah + a5 = aj on x; = 0. Splitting the amplitudes into II and I — II parts
yields
May + May + (I —ay, + (I —%)ay =M'ay + (I —T')ay on z1 =0,
rewritten as [I%a5 — [II'ag] = [(I — II"')ag]. Equivalently
— [a2]®" + a5 @™ = [(I — IT")ay). (3.48)

To compute the jump in the righthand side, use (3.17b) for the incident and transmitted
ay (with the index ' omitted as long as only incident and transmitted waves are involved),

(I — H)ag = iQ(A181 + O + A0 + aB)a1 .

13



Since ay is continuous on the interface, we obtain
(I —I)as] = iQ(A1][01a1] + 0Ba;) onxzy =0. (3.49)
Split a1 to compute the jump of derivatives,
[O1a1] = [01llaq] + [01(I —ID)a1] = [Ohaq]® + [01(L — IT)aq].

The jump of 0j«; is obtained from the transport equation. Start with the jump of 9 (I —
IM)a;. From B1®" = 0, and from (3.40), for both the incident and transmitted wave, we
have

(I — H)al = ZQ((AQ@Q — UiAlT)OtQ(I) + ()z()Al(I)/). (350)
1

Differentiate (3.50) in z; and take the jump on the interface. Since the coefficients are
smooth, only the jump of derivatives of g in x1 intervene,

01(1 — ay] = iQ((AsDs — viIA{r) D100]® + [D100] A, ).
1

By (3.35), [01c0] = —Z L, and since neither o nor ¢ depend on the transverse variables,
we obtain -
(1 — May) = —2X(I —M)a; on z; = 0. (3.51)
(1

Next compute the transport equation for the incident and transmitted a;. Begin with
H((?t + A181 + Agaz + UB)(Oq‘I) + (I - H)al) = 0.

The polarized part leads to the transport equation computed before, and we put the rest
on the right hand side,

(vlaloq + Toq + 0"}/0(1)@ = *H(at + Ag0y + A101 + O'B)((I — H)al) .
Next take the jump on the interface. Since (I — IT)a; is continuous, we find
(vi[Oha1] + oyaq)® = —II(A1[01(I —)a1] + oB(I —I)a; on x; = 0.

Replace the first term after the equal sign from (3.51) to find

(n1[d1a1] + oy01)® = —oTl(—L Ay + B)I — a1 = —oTIBy(I — May.

U1

Since By = Ly(x,dS") = 2(I —II), 1By (I — II) = 0, and therefore

[oTy] = =2 Mgy on 2y = 0. (3.52)

U1
Adding (3.51) and (3.52) gives
[810,1] = —ﬂal onry = 0.
U1

Inserting in (3.49) gives, with a little algebra

[(I—H)CLQ] = iaQBlal = i%Llal = i%Ll(I—H)al. (353)
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Insert now (I —II)a; from (3.50):
o 1 , o
[(I — H)ag] = —ELl Q((Agag — aAfT)Oéo@ + agA1P ) = —Zle.

The righthand side is rearranged as

d
V o= (A3 — 2A1)0ae® + agAdi (P — Zd).
U1 U1
It is not difficult to see that
d kd 1
AP - 2d) = S W, (Ay— 2A)D=——T. (3.54)
V1 2¢cy’ V1 ¥
Therefore Lo .
V= (702060 — —,82040)\11.
2¢c¢’ %)
Since L1V = L1%e1 = 2L1e; = 2V, we get
o/ kd 1
e = 2200 L ia)e
[( )CLQ] 2 26(,0’2 @0 S0/ 200
Insert into (3.48) to obtain with the superscripts inserted
kd 1
_ P! RPR — _0(7 1_ Ly 1)\1,1'
[QQ] +ay 2 20g0/2 @ oV 20
The usual ¥'- argument yields
R _ O ( kd 9 1)
&%) 20%0/2 2C§0/+ Qg + 2¢ | -
This completes the proof of Theorem 3.2. |

4 Reflection analysis for Bérenger’s doubled system

Bérenger’s model is defined by doubling the equations as in (1.2), with o9 = 0 and o1 (x1) =
o, positive constant.

E1 =0+ 11181 + ﬁ282 and Z = 51 + O'E, (4.1&)
. ~ (A A ~ (0 0 ~ (I 0
T I N L N N
When o = 0, the system is equivalent to the wave equation (3.1) (see [16] ).

In this section we perform a WKB analysis for the Cauchy problem with ¢ > 0, with
tools as in Section 3.2. Then we study the reflection and transmission in a medium with
o =0 for x1 <0, and o > 0 for x7 > 0.
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4.1 Asymptotic solutions for Bérenger’s doubled system

The ansatz for the free space solution of Lu=0is

& +w . ~
i ~ /e Ze]&j(t, x), with the phase S(t,z) = t+ @¢(x1) + kxa.
=0

Compute

~ ~ ~ ~ ~/ ~/
Li(x,dS) =1+ @ A1+ kAy = <”‘PA1 7 >

kAo I+ EkAs
It follows that

~ - (D -
Ly(z,dS) <<1>1> = Lyi(z,dS)(®) + D). (4.2)
2
Therefore the phases are the same as for the original system. The ansatz is
i ~ ed/e Zsjdj(t,x), with the phase S(t,z) = t+ ¢(z1) + kza. (4.3)
j=0
The following algebraic results were established in [16]. By (4.2), the kernel of Ly is of

dimension 1, spanned by B
b = (gOlAl(I’, kAQ‘I)) (44)

The matrixNﬁNOf the projector on Ker El(x,NdS), and Q the partial inverse of L (z,dS)
defined by QII = 0 and QL1(x,dS) = I — II, are obtained through the projector II on
Ker Li(x,dS) and the partial inverse Q) of L;(x,dS) in (3.24):

~ (AT AT ~ (I—-¢'AQ —¢'A1Q
1 <kA2H kA ) @7 LkA0  T-kAQ) (4.5)

Theorem 4.1. With the same assumptions as in Theorem 3.1, the same results hold for
the Bérenger’s operator, and the principal term ao(t, ) = 640&) s a solution of the transport
equation

Oty +v - Vag + (d + ’?0’) ag =0, (4.6)

with v the group velocity defined in (3.6), d the zero order coefficients defined in (3.8),

and 7 = 2.

Remark 4.1. The absorption coefficient 7 is the same as for the tuned layer.

Proof. The recursion relations are the same as in (3.17), adding a tilde when necessary.
The coefficient ag is polarized, and ag = ﬁ&o = 640:13. Next calculate the transport equation
for a&g. Write B B B B B

H(@t + A101 + A0y + JB)(@O(I)) =0

as
8t0~é0(5 + 810701’:[2{1(5 + 820701:/[2{2&; + (ﬁglél + Jﬁé&))do = 0.
Compute

T 5 —Alq) e go’A1HA1<I> . UlAlq) - =
A= ( 0 > » A2 = (kAQHA1<1> = \odpe) = 01®
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by (3.18). IIA;® is computed in the same way, and we find
ﬁglé = 1)1&;, ﬁAVQ(E = 1}26. (47)
Next compute the term containing P

/ A((¢" A1 + kA2) @)\ (1) = (A1 (=) (1) (@' A4TTA;
A2’ = < 0 = 0 =\ kATIA D )

By (3.8), IIA;®' = d® , and so

[IA, 9 = do.
The last term I1B® is computed using that IIA;® = v;®, and v; = —c?¢/,
/Al(I) /A1HA1(I) . ’ 80/A1<I> . & 2 12F
1B = H( 0 ) (kAgHAl(P)__SOUI ke Ay =—pv® =Y P.
Summarizing, we get the assertion in the theorem. |

4.2 Reflection coefficients for Bérenger’s layer

The input is an incident wave in {1 < 0} with phase S'(t,z) :=t — ¢, (x1) + kza,
@€ = S /e Gt 3 e), @'tz e) Z elai(t,x), Li(8,0,) 0 = 0(e™). (4.8)

Suppose that the amplitudes d; are supported in a tube T of rays with compact temporal
cross sections T'N{t =0} CC {z; < 0}.

By Theorem 4.1, we construct a transmitted wave with the same phase, and a reflected
wave with phase S®(t,z) := t+¢. (1) +kxa. The reflected wave ©° is supported in x; < 0:

¢ = eiS"(ba)/e a“(t,x,ye), a“(t,x,e) Z e al(t,z), L1(0;,0:)0° = O(e>). (4.9)

The transmitted wave is supported in z1 > 0,

W = S /G (¢ 2 e, @t (¢ x,E) ~ Y eaf(t,x), L(0h,0:)i° = O(). (4.10)

=0

Theorem 4.2.

(i) Given the incoming amplitudes EL§ there are uniquely determined amplitudes ZLjT and
&f so that uf, v¢, and W are infinitely accurate solutions of the differential equations
and the transmission condition is also satisfied to infinite order,

V(t,z0) €ER X R,  Aj(a° +0°)(t,0_,@9) = Ad°(t,0,,22) + O(e®). (4.11)

(i1) If o(x1) = 0 1y,50, the coefficients af and af vanishes identically. The reflection
coefficient of the layer is equal to

akd' (0)

R EOEON

That is, noting @l (t,z) = ab(t,z)®" € Ker L1(0,dS"), then

af(t,0_,xy) = R(k)ah(t,0_,20)®".
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Remark 4.2. Bérenger’s layer with o(x1) satisfying o(0) = --- = o®=1(0) = 0, o) (0) #
0 is nonreflecting at order p+ 1. There exists R,(k) # 0 such that

agio(t,0_,x2) = o(0) Ry(k) af(t, 0, 2) B
The proof of this case follows the proof of Theorem 6.1.(iv) in [10].

Proof of Theorem. Follows that of the preceding section. We will show that the
zero and first order terms in the expansion of the reflected wave vanish in 7 < 0, that
as(t,x) = dg'(t,:c)@", and express &4 in terms of the incident wave. Define, for every j,
dj by

T
Compute the transmission at the interface. Since the coefficients of order 0 are all polar-
ized, one has @) ®" + aE®™ = aT®' on 21 = 0. Since the vectors ®' and ®* are transverse,
this yields

ag =0 and a5 = &jon z1 =0.

Using the group velocity v'(z1) = CQ(cp’+, —k), the transport equation for the incident,

reflected and transmitted waves, with the transverse part (3.38) are

v oiah + T'éy =0 (4.12a)
1016 + T'ag + oyay = 0, x1 >0, (4.12Db)
—voiag + Thag =0, x1<0. (4.12¢)

Since the reflected wave vanishes at time 0, the transport equation (4.12¢) propagating
to the left implies that Gf is identically equal to zero in RZ x R. Since a3 = a} on z1 = 0,
Taj = Tap. Subtracting (4.12a) from (4.12b), it follows that

vi[01Gp] + 07a, =0  on z; = 0. (4.13)
Next compute the terms of order 1 with tildized (3.19) at order 1,
(I -T)at™*" =iQ (A0 + Ly + oB) a5 T @™ Ly := 0, + Asds.

Since &% =0 in RZ xR, (I — ﬁ)&lf = 0in R? x R. For the incident and transmitted waves
(indices T omitted), replace d1ap from (4.12), with o = 0 for the incident wave,

(I — ﬁ)dl = Z@ <( — Uilgl(Tdo + oFdw) + (ET + Ug)do)&) + dogﬁf)/)
1

~ 1 ~ ~ ~ ~ ~ ~
lQ (((LT - UTAlT)d() + (O'B - ﬂfh)do)@ + doAl(I)/)

I
1 Uy

R
1Q <<(LT — EAIT)QO + 0B1a0)<1> + CtoAlq),>,

with ~
Bi=B-— %Al — B+ 'A,. (4.14)
We first claim that the term in o vanishes, since (omitting the ’s)

B = (90/141‘1’ +e Ai(pfAr + kAz)q)) _ <90’A1<I> - w’A@) —0
_ ¢ _ . o,
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and therefore for both the incident and transmitted waves,
~ -~ o~ 1 ~ ~ o~
(I —a; = iQ((Ly — U—IAlT)d()(I) + a4 9'). (4.15)
1

Since the previous equation does not contain o, it shows that on the interface [(1 —I)ay] =
0. Summarizing, for the reflected wave in R?, (I — II%*)a} = 0, for the incoming wave in

R? and the transmitted wave in R, [(1 — I)@y) = 0. The transmission condition for a; is
afo" 4 [ay)®" = [(I —INa1] =0 on z; =0,
and shows that
ay =0 and af =aj onz =0.

Next compute the transport equation for &f. Since (I — ﬁR)d{‘ =0in R%, (4.12¢) is valid
for af:
ol + vt Val + dtaf = 0.

Again, & being solution of the leftward transport equation with zero boundary and initial
data, vanishes identically in R?. Summarizing the information obtained so far,

alf _ ﬁRalli =0in RQ_’ [&1] =0 on T = 0. (416)

To calculate the next term in the expansion of the reflected wave, start with the trans-
mission condition a, + a5 = a3 on x; = 0. Split into polarized and not polarized parts,

'ay 4+ ORa5 + (I — IMah + (I — I%)as = M'ad + (I —11"a  on x; = 0.

By (4.16) and tildized (3.17b), (I — II*)a% = 0 in R2, and the previous equation can be
written as B _ _
M*as — [[T'ag) = [(I — I)as] on z; =0,

or equivalently B B N
[5[2]{)1 + dg‘l)R = [(I — HI)&Q] on x1 = 0.

The vectors @' and ®* are transverse, hence giving a unique solution ([dg], @%). Take the
scalar product with ¥ = (¥', ¥'). Since (®', ¥') = 0, then (&', ¥') = 0, and we find

v (T =TMag), ) ([(1 = T1ay), V)
ay = 9 = CEIE (4.17)

To compute the jump in the righthand side, use (3.17b), omitting the indices ',
(I -Mas = iQ(A101 + Ly + oB)ay.
Since @ is continuous on the interface, we obtain
(I —M)as) = iQ(A1]01d1] + o Bay). (4.18)
Split again a; to compute the jump of derivatives:

[01a1] = [O1ay] + [0 (I — I)ay] = [0161)® + [0 (I — )y ).
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The jump of 911 will be obtained from the transport equation, the jump of 0y (I — ﬁ)&l
by differentiating (4.15) in z; and taking the jump on the interface. Start with the latter.

~ ~ o~ 1~ ~ kd
~ _ . ~ ~ \IJ
81([ — H)a1 =0 (ZQ ((LT — aAy]')ao‘I’ + W(XO ( 0 ) ))
Since the coefficients are smooth, only the jump of derivatives of &g intervenes:

[01(I — 1] =i Q ((Ly — %217)[31070]‘5 + 222,,2[31@0] (3))-
1

N3}

By (4.13), [01d0] = =5

variables, we obtain

&y = o', &, and since neither o nor ¢ depend on the transverse

1

[01(I —)ay) = o/, (I —M)a; on x3 = 0. (4.19)
Next compute the transport equation for the incident and transmitted &;. Begin with
I1(8; + A0y + Ayds + 0 B)(@y® + (I — M)a,) = 0.

The polarized part leads to the transport equation computed before, and we put the rest
in the righthand side:

(010181 + Té1 + 0361)® = —1(Ly + 4101 + o B)((I - M)ay) .
Next take the jump on the interface. Since (I —II)a; is continuous, we find
(v1[81a1] 4+ 0761 )® = —I1(A1 [0 (I — I)ay] + o B(I — M)ay).

Replace the first term after the equal sign from (4.19) with the help of (4.14), to find

(01[0161] + 07a1)® = —aﬁ(—vlﬁl + B)(I - T)ay = —ollBy (I — M)ay.
1

We have already met the matrix By = 4 A1 + B and shown that it vanishes on the kernel
of Li(z,dS). Therefore

. L~ oy
[0161]® = = —G(U—IHBl + ¢/ ar. (4.20)
Defering (4.20) and (4.19) in (4.18) gives, with a little algebra,
~ ~ 1 ~ ~ ~ ~ 1 ~ ~ ~ ~
(I -Mag] = icQ(I — —Al)Biay = icQ(I — —AII)B(I — )ay.
V1 U1

(I — 1)@, was computed in (4.15) as

~ o~~~ ~ ~ 1 ~ o~ o~ kd _ (T
(I — H)al - ZQ(V + W), V.= (LT — ;1 A]_T)O[O@7 W .= W (67 <O> .
and therefore .
(I —Mag] = —oQ(I — aAln)BlQ(V +W).

Plugging into (4.17), reintroducing the exponents ', we find
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L (FoQUU - FAINBIQ(V + W), T)
ay = @ 1) . (4.21)

We know from perfect matching that for constant coefficients (¢’ = 0, W= 0), the PML
is perfectly matched. In particular on the interface &4 is zero. Therefore the contribution

of V vanishes, and only the term containing W remains. To compute the coefficient, we
need an intermediate technical computation.

Claim. For any vector V = (V1,Va),

Proof of Claim. First the equality

(B - LA)QV = (V1 ¢ AIV] + v2>)

0

is obtained by explicit calculations, using that ¢’A; + kAy = L1 — I, Q = iLl and
II =1 — 2L1. Then some manipulations show that

A0 (Vl + @ A IL(Vy + V2)> _ (AIH(Vl + @ A II(Vy + V2))> _ (A1HV1 + Qv A IV + VQ))
0 o 0 o 0

Subtracting these two expressions proves the claim.

The claim implies that

1~ =\ % A ! . (I_U%Aln)‘lll o !
(s (s) - (A - 3)

Therefore

Compute the right hand side

@ (%) 5) = (Vopmery (1)

= ((I - I'Al + kA2)Q") W, Ot
= (- ( nehHv, v
= ((I- QI)‘PI o) = g
since QU = %\I/I. Therefore
. kc H\IIIH2 _ kd
a5 = _U4c<,o L on) &g 0402g0/3 Qg - (4.22)
O
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5 Numerical experiments

Numerical simulations in this section exhibit the reflections proved to exist in the asymp-
totic expansions. Their amplitudes as a function of frequency correspond to the leading
order predictions of the theory. Since the theorems are rigorous and the accuracy of the
numerics is checked, what this shows is that the asymptotic regime is attained for the fre-
quencies tested. Figure 2 shows the interesting fact that with comparable wave numbers
much smaller meshes are needed to resolve Bérenger’s layer in the asymptotic regime.

The computational domain (see Figure 5) is the rectangle D :=] — 1,1.6][ x| — 2,2|
(black box). The smaller rectangle of interest is R :=] —1,r [ x ] —1,1[ with » = 0.6 (blue
box). The magenta box is the support of the data. The absorbing layer is |, 1.6] x | —2,2[
in green. The domain D is wide in the x1 and xo directions so that waves reflected from
the external boundaries during the time of computation 7' = 2 do not interfere with the
reflections from the interface.

T2

T

VP4
VPO IIYs
VPP IIYs

1/7/7777
///7/777

VOIS 4

VORIV, I IIvYs
SIS SIS
VRSN, WYY

V4
/7
/7
/7

1

NNNN

NNNNNNANN
ARRRRRRARY
ARRRRRRARY
ARRRRAARARAN
ARRRRARARAN
ARRRRARARAN
ARRRRARARA
NONNNNANNN

Figure 1: Data in the = plane

A very precise numerical solution in R is computed using a large computational domain
and small discretization size with an excessively large computation cost. The error in R is
the difference between the solutions computed with absorbing layers and the nearly exact
solution from the brute force computation.

The reflections depend on the frequency. The asymptotic expansion shows that with
apy := ap®', one has a = a*®", and o™ ~ Ray), with

) .
Smart : fs ; Rg = 20219 )
mw e (r)
) . Rp _ okd (r)
R = { DBérenger : (2rw)? Rp _402(7")(;7’5’(7“ ’
Ry o (kd(r) + 2c(r)¢’, (r) 92)
T : = ‘
\ uned (2mw)?’ fr 4 (r)g’P(r)

22



We choose the velocity ¢(z1) = 1/cosh(x1 + 1), for which the eikonal equation for k& = 1,
¢'*(x1) +1 = 1/¢%, has the explicit form ¢"(z;) = —¢/,(z1) = —sinh(z; + 1). This
gives the formulas

Rs = io cosh(1l +7) Re— 1

, ——————— Rr=0 ——5——(1+42cosh(1 + r)ds).
4sinh2(1+7°) B 7 4sinh2(1 +7) r=e 4sinh2(1+r)( ( )02)

Define | ‘2

7|z
Xpp(@) = COSp( 202 ) Lizl<p

a CP~! function, compactly supported in the disk of radius p. The initial data is chosen
equal to a polarized wave packet

w(x,0) = X 4(@1) Xro2(w2) c0s (2T w (—py(x1) + ka2)) @', @' := (cy , 14kc), ro:=1.

The asymptotic solution has a wave moving to the right with phase t + (—¢4(x1) + kz2)
and also a wave with amplitude smaller by a factor 1/w moving to the left with phase
t — (—¢4(z1) + kz2). When the rightward wave reaches the layer there are reflections. It
is the size of those reflections, given by the difference of the computed and nearly exact
solutions in R that we measure.

Equations are solved with a simplified parallel Navier-Stokes solver designed in [11],
based on a 4th order discontinuous Galerkin technique in space and a 3rd order TVD
(total variation diminishing) Runge-Kutta scheme in time. Fluxes are computed using a
characteristic decomposition. The square domain D is discretized with Az; =4/N, N =
(400, 800, 1600, 2800). The discrete L? norm in space and time in the domain of interest
R is used to measure the error. Figure 2 shows, for various frequencies, the convergence
of the numerical error with mesh refinement. The reflection is almost independent of the
mesh size for small mesh. This shows that there is a reflection due to the interface and
that the reflection is not the result of discretization error.

C = l/cosh(x+1), SMART C = 1eosh(x+1), BERENGER 0 C = 1/cosh(x+1), TUNED

——0=10 ——=10]
w=20 =20
35 ——u=40 3s —e—u =40

5
//“_‘ 05 /\‘\‘ 05
o o
1000 1500 2000 2500 000 EQ 7000 50 2000 2500 3000 500

5 5 5 3 1500
# gridpoints in x, # gridpoints in x # gridpoints in x,

Figure 2: Reflection by a layer as a function of the number of points for 3 values of w

Figure 3 shows the reflection for small mesh in loglog scale for Bérenger, smart, and
tuned layer as a function of the frequency, together with the theoretical expectations. The
expected behavior is confirmed. So is the linear dependence on ¢ that we do not display in a
figure. For w = 10, the ratio |Rg/Rp| predicted by the theory is 27w cosh(1 + r) ~ 161.95.
The numerics yield 162.22. The ratio Ry (u(-,0)/Rp(u(-,0)| is about 25 and is independent
of the frequency.
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Figure 3: Reflection by smart, tuned and Bérenger layers as a function of the frequency,
numerical results and theoretical bounds.

6 Conclusion

It is proved by high frequency asymptotics that Bérenger’s layer is not perfectly matched
for variable coefficients. However the reflection is of order 2 while most smart layers
are of order 1. If the wave number k is known, we have introduced a tuned layer with
reflections of order 2. The smart and tuned layers are both dissipative in the layer by
straightforward energy estimates while Bérenger’s layers can be amplifying even in cases
where they are perfectly matched. In numerical experiments, Bérenger’s layer outperforms
the tuned layer by a factor of 20. The relative error for tuned is already quite small, and
the computational cost is half as large.
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