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ADAMS INEQUALITY ON PINCHED HADAMARD MANIFOLDS

JEROME BERTRAND' AND KUNNATH SANDEEP'T

ABSTRACT. In this article we prove the Adams type inequality for W™ (M) func-
tions, where m is an even integer and (M, g) is a Hadamard manifold with Ricci
curvature bounded from below and sectional curvature bounded from above by a
negative constant.

1. INTRODUCTION

In this article we focus on the Adams inequality on Hadamard manifolds. Recall,
a Hadamard manifold is a complete simply connected manifold of nonpositive sec-
tional curvature and Adams inequalities are the optimal Sobolev embedding of the
Sobolev space WP when kp = n where n is the dimension of the space.

There are many works on Sobolev embeddings on Riemannian manifolds and we
know in particular that the Sobolev embedding holds when the manifold is com-
pact. To be precise, let (M, g) be a compact Riemannian manifold then the Sobolev
embedding states that the Sobolev space W#*?(M) is continuously embedded in to
Li(M) where ¢ = nf—’;p provided 1 < p < #. The precise inequalities with precise
constants describing these embeddings are of importance in both partial differential
equations and geometric analysis and has been a hot topic of research for the past
many decades (see [14] and the references therein). However when M is a com-
plete noncompact manifold then the Sobolev embedding is a nontrivial issue. In fact
there exists a complete noncompact Riemannian manifold M for which the Sobolev
embedding W*?P(M) — L9(M) does not hold for any p satisfying kp < n where

9= 7kp

When M is compact and p = 7 one can easily see that WHkP(M) is continuously
embedded in to LI(M) for all ¢ < oo but not for ¢ = oo and hence none of the above
embeddings W*?(M) < L4(M), for ¢ < oo are optimal. When M = 2, a bounded
domain in R™ with smooth boundary and & = 1, an embedding of the Sobolev
space VVO1 P(€)) into an Orlicz space establishing the exponential integrability of these
functions was obtained by Pohozaev ([26]) and Trudinger([30]). In 1971 J.Moser
([23]) while trying to study the question of prescribing the Gaussian curvature on
sphere understood the need for establishing a sharp form of the embedding obtained
by Pohozaev and Trudinger. He showed that there exists a positive constant Cj
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depending only on N such that
sup /eo‘|“|"1 dz < Gyl (1.1)
Q

ueCee(Q),[g |Vul"<1

holds for all @ < o, = n [wn,l]ﬁ where 2 is a bounded domain in R", and ||
denotes the volume of €2 and w,_; denotes the n — 1 dimentional area of the sphere
S7=1. Moreover when a > a,, the above supremum is infinite. Moser, in the same
paper, established the appropriate version of this sharp inequality on the sphere S?
and later Cherrier ([7]) proved it for the case of any compact Riemannian manifold.
These optimal inequalities of the Sobolev space W' (M) where n is the dimension
of M are called the Moser-Trudinger inequalities.

Even though one expects a similar type inequality to hold for higher order Sobolev
spaces, it is not at all obvious how to modify the proofs of the case k =1 to k > 1
due to the failure of Polya-Szego type inequalities for higher order gradients V*. In
a significant work, D.R. Adams ([1]) established the sharp embedding in the case of
higher order Sobolev spaces W(f P(Q2) when kp = n. He found the sharp constant S,
for the higher order Trudinger-Moser type inequality. More precisely he proved that
if k is a positive integer less than n, then there exists a constant ¢y = cy(k,n) such
that

sup / Pl@I gy < 9|9, (1.2)
weCk(Q), [ IVFulP<1 JQ

for all # < By(k,n) and for all bounded domains €2 in R™ where p = %, p’ = p%l,

/

n k+1 p
la[iszéng} if ks odd,

Wn, I(n=kt
ok, ) = o (3) , (13)
Lol ——22 1 if kis even,
wn | T(25E)

and V* is defined by

if £ is even,

VA, if ks odd. '

Furthermore, if § > [, then the supremum in (1.2) is infinite.

Subsequently Fontana in [10] obtained the following sharp version of (1.2) on com-
pact Riemannian manifolds :

Let (M,g) be an n dimensional compact Riemannian manifold without boundary,
and k be a positive integer less than n, then there exists a constant ¢y = co(k, M)
such that

sup / Pl@I gy < ¢ (1.5)
ueCk(M), [, u=0, [ [VFulp<1 J M

if 6 < Bo(k,n), where p,p’,V’; as above where V, and A, are the gradient and
Laplace Beltrami operators with respect to the metric g. Furthermore, if 5 > [,
then the supremum in (1.5) is infinite. These type of sharp inequalities satisfied by
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the WHP(M) functions when kp = n are called the Adams inequalities.

In this article our focus will be on Adams inequalities on Hadamard manifolds. First

observe that Hadamard manifolds have infinite volume and hence f Y emu(xﬂpl dz is
infinite even for the trivial function u = 0. To tackle these issues we modify the
exponential function and look for inequalities of the form

s [ BB diy(o) < o (1.6)

ue€CT (M), fy; [Vulp<1

k-1
holds for 5 < By(m,n), where By(m,n) is as defined in (1.3) and Ey(z) = — Y &

i=0
for some k£ € N.

First observe that if (1.6) holds for some & € N, then as a consequence we will
have the inequality

{/M Ju()|*' dug(g;)} W < C/]\/[ V™ufP dpsg(), Wu € C(M) @

When M is the Euclidean space R™ using standard scaling arguments we can see
that such inequalities and hence (1.6) are impossible as mp = n. However in this
case one can prove embeddings if one replaces the constraint [, |[V™ul’ < 1 by
Lo IV™ulP + X [, [ulP < 1 for some positive constant A, see Cao ([5]), Panda ([24]),

JM. do O ([9]), Ruf ([27]), Li-Ruf ([16]) and the references therein.

When the sectional curvature is bounded from above by a negative constant we
do have inequalities like (1.7). For example we have the Poincare inequality which
follows from Theorem 2.5. Therefore one type of spaces where we expect Adams
inequality of the form (1.6) is this set of strictly negatively curved spaces. In the
case of constant negative curvature, namely the hyperbolic space, Trudinger-Moser
and Adams inequalities have been investigated in detail. For k£ = 1,n = 2, Mancini-
Sandeep ([21]) proved the Trudinger-Moser inequality in the hyperbolic space or in
other words Wh?(H?) is embedded into the Zygmund space Z, determined by the
function ¢ = (64’”‘2 —1). Another proof of this inequality was given by Adimurthi-
Tinterev ([2]). In fact in [21], they obtained the following general theorem:

Let D be the unit open disc in R?, endowed with a conformal metric h = pg,, where
ge denotes the Euclidean metric and p € C*(D), p > 0, then

sup / <e4’”‘2 — 1> dvp, < 00 (1.8)
u€C (D), fp [Vau2<1 /D

holds true if and only if h < cgyz for some positive constant c. Here V,, dv, de-
notes respectively the gradient and volume element for the metric h and gy =

2 2

2

Z (1—|‘2) dz? is the Poincare metric in the disc.
— |z

i=1

Extensions of this inequality to n > 2 were obtained in Lu-Tang ([19]) and Battaglia-

Mancini ([4]). See also [22] for another proof and related issues.
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Various forms of Adams inequality in the Hyperbolic space were proved by Kar-
makar and Sandeep [15] and Fontana and Morpurgo [12]. In [12] it was shown that
(1.6) holds when M is the hyperbolic space and k = [p — 1] where [z] denotes the
smallest integer greater than or equal to z. In [15] another approach was taken from
the point of view of prescribing the Q)-curvature and proved the following inequality
with p = 2:

sup / (eﬁuz - 1) dpy < +00 (1.9)
M

weC (M), [ (Pgu)u dpg <1

iff 8 < Bo(5,n), where 3y is as before and M is the n-dimensional hyperbolic space
and Pz is the critical GJMS operator in the Hyperbolic space. Related inequalities
with Hardy type potentials were obtained in [20].

Moser-Trudinger inequality has been proved for general Hadamard manifolds in [31].
i.e, they showed that when M is a Hadamard manifold then for any A > 0 the
inequality

sup [ B Bluta)| ) diyfo) < o (1.10)

uweCH(M), [, (IVul"+Alu|™) dug<1

holds with the optimal choice of 3 as n [wn,l]ﬁ.

In this article we investigate the validity of Adams inequality of the form (1.6) in
general pinched Hadamard manifolds. The main difficulty one faces in this task is
to handle the case of infinite volume. Also unlike in the constant curvature space
estimates on balls of fixed radius will depend on the center of the ball. To handle
these situations we make some assumptions on the curvature. Following is the main
result in this article.

Theorem 1.1. Let (M, g) be an n-dimensional pinched Hadamard manifold satisfy-
ing K, < —a? and Ric, > —(n — 1)b? for some a,b > 0'. Let m be an even integer

n

satisfying 2 < m < n and p = -. Then for any A > 0,

sup | ByBlu@P) duy(a) <00 (111
weCm (M), [, [|[V™ulp+A[ulp] <1JM

iff 8 < Bo(m,n), where Bo(m,n) is as defined in (1.3). If n < 2m then the theorem

holds with A = 0.

We will prove the result by converting it in to an estimate on operators given by
kernels, an idea initiated in this case by Adams [1] and developed further in [10],
[11] and [12]. We will implement this scheme by writing the functions as integral
operators given by kernels. The properties of these kernels leading to Adams type
inequalities has been given in [12]. The real issue in our case is to establish these
conditions on kernels. In the constant curvature case explicit formulas makes this
job easy, but in our case we lack these explicit formulas for kernels. One of the main
tool we use to overcome this difficulty is comparison theorems.

LConsequently, K ¢ is bounded from below as well.
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We divide this article into four sections. Section 2 will be devoted to preliminary
materials, Section 3 will develop the details required on Green’s function and the
proof of theorem will be given in Section 4.

2. NOTATIONS AND PRELIMINARIES

In this section we will introduce our notations and recall some results from Rie-
mannian geometry which we will be using in this article. For more details and proofs
of theorems we refer to any standard book on Riemannian Geometry like [6], [13],
[25].

2.1. Notations. We will denote by (M, g) a Riemannian manifold with inner prod-
uct ¢(-,-). The Ricci and Sectional curvatures will be denoted by Ric, and K,
respectively.

A Hadamard manifold is a complete simply connected Riemannian manifold (M, g)
with K, (x) <0 for all z € M. We will denote the n dimensional hyperbolic space
of constant curvature A < 0 by HY.

The Riemannian distance between x and y will be denoted by d,(z,y) and the
Riemannian measure will be denoted by j,. The surface measure of the Euclidean
unit sphere S"~! will be denoted by w,,_;.

Let us denote by V, and A, = +Tr Hess the gradient and the Laplace Beltrami
operator associated with the metric g. Moreover for a positive integer k, let A’; be
the k-th iterated Laplacian, we define the k th order gradient V’; by,

AVARES

g

{Ag, if k is even, (2.1)

k=1
V,Ay? , if kis odd,

k
For u € C*(M) we define |[VFu(x)|, © € M as the Buclidean modulus of AZu(x)

k— k—
when k is even and \/g (VgAngu(:p), VgAngu(x)> when £ is odd.

2.2. Some results from Riemannian Geometry. One of the main difficulties we
will face in proving our result comes from the infinite measure of these manifolds.
First we will recall some results on the volume.

Let V{*(r) denotes the volume of a ball with radius » > 0 in the n-dimensional
simply connected space form of constant curvature A € R then we have

wnotpn, it A=0,

V)\n(T) =Y w

ar 2.2
il [sinh™ 'sds, if A=-a?<0 (2:2)
0

a

In the general case we have the following volume comparison theorem:
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Theorem 2.1. Let (M, g) be an n-dimensional complete Riemannian manifold with
Ric > (n — 1)\ for some A € R then for any x € M the volume ratio

pg(B(z, 1))
Vi(r)
s a nonincreasing function of r. In particular
po(Ble.1) _ - iy(Bla, R))
Vi(r) T roo o VX(R)
and hence pgy(B(z,r)) < Vi(r).

=1

More precisely for the volume element we will need the following;:

Theorem 2.2. Let (M, g) be an n dimensional complete Riemannian manifold with
Ric > —(n — 1)b* for some b > 0. For x € M let 7" 1A,(r,0) dfdr denotes the
Riemannian measure in normal coordinates centered at x, then

. n—1
LA (1, 0) < (smlf;(b?‘)) |

Next we recall the Hessian comparison theorem:

Theorem 2.3. Let (M,g) be a Riemannian manifold such that K, < —a* with
a>0. Let y € M, then at any point x # vy, it holds

Dy(dy(y,)(x) > acoth(ady(y,z))g,
where D; denotes the Hessian of the distance function and g the restriction of the
metric g to {V,dy(y,-)(z)}*+ C T.M. Taking the trace, we get
B,(dy(y. (@) = (n — Da coth(ad,(y, 2))
If a =0 then
n—1
D (dy(4.)(@) > =)

dg(y7 I) .

1 —
dy(y, I)g and Ag(dy(y,-))(z) >

Next we recall the Laplacian comparison theorem:

Theorem 2.4. Let (M, g) be a Riemannian manifold such that Ric, > —(n — 1)b%.
Let y € M, then at any point x # vy, it holds

A, (dy(y, () < (n = Db coth(bd, (. y)).
2.3. Poincaré type Inequalities. In this final subsection we recall some inequali-
ties in Sobolev space and deduce some corollaries.

The following theorem is due to McKean for p = 2 (see [6]) and generalized further
by Strichartz ([29], Theorem 5.4).

Theorem 2.5. Let (M, g) be a Hadamard manifold with K, < —a® < 0 then for
1 < p < oo the inequality

(@)p/mvj dpy < /|Vgu|p dyig (2.3)

holds for all w € C(M).
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Let us also recall the following multiplicative inequality (see [8, Theorem 4.1] for
a proof).

Theorem 2.6. Let (M, g) be a complete Riemannian manifold and 1 < p < 2, then
there exists a constant C,, > 0 such that

[
=

IVgulll, < Gy (llullp)
holds for all w € C°(M).

(I1Agully) (2:4)

Combining the above two theorems and a recursive application will give the fol-
lowing inequality:

Theorem 2.7. Let (M, g) be a Hadamard manifold with K, < —a* < 0 then for
1<p<2andk €N, there exists Cy, > 0 such that the

[l duy < Coy [ 1950 dn, (2.5)
M M
holds for all w € C2°(M).

3. GREEN’S FUNCTION

One of the crucial tool which we will be using to prove our results is the infor-
mation on the Green’s function of the Laplace operator. In this section, following
the approach due to Li and Tam [17], we will construct a Green’s function on a
Hadamard manifold and show that it can be bounded by terms depending only on
the curvature bounds; we will also establish integral estimates for this Green’s func-
tion and its gradient. First let us recall the definition of entire Green’s function.

Definition 3.1. Let (M, g) be a Riemannian manifold, then an entire Green’s func-
tion of the Laplace Beltrami operator —A, is a function G : M x M \ {(z,z) : = €
M} — [0, 00) satisfying
(i) For each fixed z € M, A,G*(y) = 0 for all y € M \ {z}, where G* is the
function y — G(z,y).
(ii) G(z,y) = G(y,z) for all x # y.
(iii) For each fixed = € M,

dg(m,y)2_" . >
Grly) = O O W=
et Lto(l)] if n=2.

We need the entire Green’s function for the following representation formula:

Remark. Let (M, g) be a Riemannian manifold and G be an entire Green’s function
then for u € C?(M)

u(e) = [ Glao)(-Byu(w) dis) 3.
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and

)= =, | [ Gty i) (3.2)

Let @ : (0,00) — (0,00) be defined by

T2—n

o(r) = (3.3)

(n—2)w,_1

then we know that an entire Green’s function of —A in the Euclidean space R” ,n > 3
is given by G(z,y) = ®(|x—y|). Similarly for a > 0if ¥, : (0,00) — (0, 00) is defined
by

(e o]

an72

() = / (sinh £)1" dt (3.4)

then one can easily see that an entire Green’s function of the hyperbolic space H" ,
is given by G(x,y) = VY.(dy,(x,y)) where d, is the distance in H” .

In general we have the following theorem regarding the entire Green’s function of a
Hadamard manifold:

Theorem 3.1. Let (M, g) be a Hadamard manifold of dimension n > 3, then (M, g)
admits an entire Green’s function G satisfying the estimate

0 < G(x,y) < B(dy(2,y)) (3.5)

where ® is as in (3.3). Moreover if (M, g) satisfies :
(i) K, < —a* <0 then

0 < G(z,y) < V,(dy(z,y)). (3.6)
(ii) Ric, > —(n —1)b* ;b > 0 then
0 < Uy(dy(z,y)) < Glz,y) (3.7)

where U, and ¥, are as in (3.4).
We also need the following estimates on the L? and L' norms of G and its gradient:

Theorem 3.2. Let (M, g) be a Hadamard manifold satisfying K, < —a* and Ric, >
—(n — 1)b* for some a > 0,b > 0. Let G be the entire Green’s function established
in Theorem 3.1, then for every R > 0 there exists Agr > 0 such that

O(dy(z,y)) [1 — Ardy(z,y)] < G(z,y) < ®(dy(z,y)), whenever d,(z,y) < R.

(3.8)
Moreover there exists a C' > 0 such that for every x € M
| Gy dnw <ca ) (39)
B(z,R)
| Gaw) duty) < CuR), (3.10)

M\B(z,R)
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and

|V9G(J7» )|2 d,ug(y) < Y (R). (3.11)

M\B(z,R)

We need a few lemmas before going to the proofs of Theorem 3.1 and Theorem 3.2.
First let us recall the theorem concerning the existence of Green’s function for the
Laplace operator with Dirichlet boundary condition in bounded domains. For details
we refer to [3].

Lemma 3.3. Let (M, g) be a Riemannian manifold of dimension n > 3 and Q) be a
bounded open subset of @ with smooth boundary, then there exists a G : QxO\{(z,7) :
z € Q} — (0,00) such that

() Glz,y) =Gy, x), Ve #y
(ii) G(z,y) =0, if x € IQ ory € 0N.
(ili)) —AyG(z,-) =0z, —AG(-y) = (5y2_n
(iv) For each = fized, G(z,y) = L& 11 4 5(1)] as y — .

(n—2)wn—1
We are going to get our Green’s function as the limit of Dirichlet Green’s functions

in bounded domains. The following lemma plays a crucial role in getting the bounds
on the Green’s function.

Lemma 3.4. Let (M, g) be a Hadamard manifold of dimension n > 3 and ®,V, be
as in (3.3) and (3.4). For x € M define ®*, V% : M \ {z} — (0,00) by ®*(y) =
O(dy(z,y)) and Vi(y) = V,(dy(z,y)) for all y € M\ {x}. Then:

(i) —A;®@*(y) >0 forally € M\ {z}.
(i) —A,¥%(y) >0 forally € M\ {z} if K, < —a® < 0.
(iil) —A,U#(y) <0 forally € M\ {z} if Ric, > —(n — 1)b*.

Proof. Let us recall that, given a C? function f : (0, 4+00) — (0, +00),

Ag(fldy(z,-)) = f'(dg(z, ) Agdy(,-) + f"(dy(z,-))
(we use |Vydy(z,-)| =1 on M\ {z}). Note that ”(r) = ==2’(r); a similar formula
holds for ¥,. The conclusions (i) and (ii) then follows from Theorem 2.3 while (iii)
follows from Theorem 2.4 4

Proof of Theorem 3.1. Fix a point O € M and define for R > 0,
Br :={r e M :d,(0,z) < R}.

Let G denotes the unique Dirichlet Green’s function of Bi given by Lemma 3.3, we
will show that the limit of Gr as R — oo exists and is the required Green’s function.
We will present the arguments in several steps.

Step 1: Let 0 < Ry < Ry < oo and z,y € Bg,, © # y then Gg,(z,y) < Gg,(z,y).
Proof of Step 1. Fix x € Bg, and consider the function g, : Bg, \ {z} — R defined
by

ge(y) = (1 + E)GRQ (l‘,y) - GR1 (xv y)
Then for any 6 > 0, g, is harmonic in Bg, \ B(z,d) and g. > 0 on 9(Bg, \ B(z,0))
for 0 small enough thanks to (iv) of Lemma 3.3. Thus by maximum principle g. > 0
in Bg, \ Bs for 6 small enough and hence in Bg, \ {}. Now Step 1 follows by taking
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e — 0.

Step 2 : For every R > 0,Ggr(x,y) < ®%(y) for all x,y € Bg, where ®* is de-
fined as in Corollary 3.4.

Proof of Step 2. Fix x € Br and 0 > 0 small enough and consider the function
g*° : Br\ B(z,d) — R defined by

9" (y) = 9" (y) — msGr(x,y)

maX{GR(f;f: )dg(a:,y):d}' Then it follows from maximum principle that

g*°(y) > 0 in Br \ B(x,6) . Note that ms — 1 as § — 0. Thus Step 2 follows by
taking d — 0 in ¢g%°(y) > 0 for y € By \ B(x,6).

where ms =

Step 3 : Define for z,y € M, = # y,G(z,y) = }%im Ggr(z,y), then G is the re-
—r 00

quired Green’s function.

Proof of Step 3. First observe that GG is well defined thanks to Step 1 and Step
2. The estimate (3.5) on G follows from Step 2 by taking the limit R — oo. Also
G(z,y) = G(y, ) as it holds for each Gg. For any = € M the function ®, € L] (M)
and Gp < ®,. Thus A,Ggr(z,.) - A,G(x,.) in the sense of distributions which
implies —A,G(x,.) = J, for all x € M, in particular A;G* =0 in M \ {z}.

It remains to show that G satisfies the last condition of the definition of entire Green’s
function. Fix x € M and R > 0 such that x € Bg, then as y — x, we have

[dy(z, )" [dy (2, y) 7"
(n —2)w,_1 (n —2)w,_1

and hence G satisfies (iii) of the definition.

[1+o(1)] = Grlz,y) < Ga,y) <

When (M, g) satisfies Sect. < —a? < 0 we can repeat steps 2 and 3 with ¥, in-
stead of ® to establish (3.6).

To prove (3.7) fix # € M. For § > 0 define h*° by

W0 (y) = msG*(y) — Wy(dy(2,y)) , y € M\ B(x,9)

Vs (9)

where ms = Gogy- Lhen using (iii) of Lemma 3.4 we get —A,h™° > 0 and

{y:dg(z,y)=8}
hence using maximum principle h*° > 0 in M \ B(z,d). Taking the limit as 6 — 0
and observing that ms; — 1 we get G*(y) — Uy(dy(x,y)) > 0 for y € M \ {z}. This
completes the proof of the theorem. O

Proof of Theorem 3.2. The upper and lower bound of G namely (3.8) follows
from (3.5) and (3.7).

Fix x € M and define G* : M \ {z} — (0,00) by G*(y) = G(z,y). Then it follows
from Theorem 3.1 that

Bz, W; (1) € {y: G=(y) > t} C Bz, V;'(t)). (3.12)

Let Br and G be as in the proof of Theorem 3.1 and define G%(y) = Gr(zx,v),y # x,
then we know that G monotonically converges to G*. For t > 0, R > 0 define the
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compactly supported function

Hp(y) = min{t, Gx(y)}-
Then using Theorem 2.5 with p = 2 we get

n—1)al?
S < 19, (3.13)
Bgr Br
Now,
/‘VgHsz/ig = / |V9G§%’2dﬂg
Br Brn{G%<t}
-~ [ e - [ e
BrN{G% <t} {GE=t}
oG,
- 14
| G (314)
(Gt}

where v is the outward unit normal of {G¥, > t} and we have used that A,G% =0
in M \ {z}. For small enough € > 0, we get by applying Green’s formula on {G% >

3\ Bz, e):
/(a;;fH / (agf)— / A,GY dpy = 0.

{GE=t} OB(x,€) {GR>tN\B(z.¢)

where v on 0B(z,¢€) is the unit inward normal of B(z,€). Inserting this relation
into (3.14), we get, by definition of G%,

i 0G%
19ty =t [ =

Bgr OB(z,¢€)

Using this estimate in (3.13) and taking the limit R — oo we get

—1Dal?
[%] (G =)+ [ (@] < (3.15)
{Gz<t}
Hence [ (G*)*du, < Ctand (3.10) follows from (3.12).
{Gz<t}
To prove (3.9), first observe from (3.15) that
esm<|—2 L viso (3.16)
He “(n—1a] t’ ' '

Also from (3.12), Theorem 2.1 and (2.2) we have ,

1o((G* > 1)) < y(Bla, 8 (1)) < V(@) < € (—) iz @an
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Thus using (3.12) and (3.16), we get
/ G(z,y) dpgly) < / G*(y) dug(y)

B(z,R) G=>Ty(R)

(e 9]

B /Mg {G" > t} N {G" > Wy(R)}) dt

0
U, (R) %
= /ug({Gx>\Ifb dt + /p,g {G" >t} d
0 U,(R)
- [t [ mtte s ma
\Ifb(R
If Uy(R) > 1 then (3.17) implies that [ p, ({G* > t}) dt < C where C' is indepen-
Uy (R)
dent of x. If ¥y(R) < 1 then (3.16) and (3.17) gives
00 1 00
[ wtcm>de= [ 6> des [ e >a<casn
Uy (R) Vy(R) 1

This proves (3.9).

To prove (3.11) choose a smooth function f : R — [0, 1] such that f(r) =0ifr <1
and f(r) = 1if r > 2 and define fz: M — [0,1] by fa(y) = f(%%2),

Since A,G% =0 in By \ {z} we get

[ A ) *Gi0) diyls) =0

This implies

/ VLGP Ua0)) diy(v) <2 / VoIV oG ()G () diylv)

R

1
2

N|=

<7 / VLG rw) di) VG
{y:R<dg(z,y)<2R}

Now (3.11) follows by taking R — co and using (3.10).

Remark. The gradient estimate (3.11) also follows from (3.10) once we use the point-
wise estimate on positive harmonic functions defined on balls in terms of the lower
bound on the Ricci curvature proved by Yau ([32]) and the subsequent improvement
obtained in [18]. Using these results we get

Vy(log G(z,-))] < (3.18)

dg(l’, )



ADAMS INEQUALITY ON PINCHED HADAMARD MANIFOLDS 13

4. PROOF OF THEOREM

In this section we will prove our main theorem. We follow the idea of converting
the problem into a convolution type estimate problem introduced by Adams ([1])
and further developed by Fontana ([10]) and Fontana-Morpurgo ([11], [12]). The
main part of the proof is to represent functions in terms of kernels. First we will
introduce these kernels and prove the necessary estimates on these kernels.

4.1. Estimates on the Kernel. Define for m =25, j = 1,2, ..., the kernel
K™:Mx M\ {(x,z) :x € M} — (0,00) by

G(z,y) if m=2
E™(2.9) = [ Km=2(z, 2)G(z,y) duy(z) it m >4 (4.1)

Lemma 4.1. Let (M, g) be an n dimensional Hadamard manifold satisfying K, <
—a? and Ric, > —(n — 1)b? for some positive numbers a,b then for m < n, K™ is
well defined and satisfies the estimate

o [y ()" (14 Cldyw,y)]2) i dylay) <1

(4.2)
Ce=Pmda(@y) —if dg(z,y) > 1

K™(z,y) < {

r(#5™)

w121 (BEE)D(2)

for some B, > 0 and a,,y, = . Moreover there exists oy, > 0 such

that
/ (K™(2,9))? dpy(y) < Ce™nF, forall R > 1 (4.3)
M\B(z,R)

for some C' > 0.

Proof. First observe that when m = 2 the Lemma 4.1 follows from (3.6) and the
estimate (3.10). Next we show that if the lemma is true for an even m then it holds
for m+2 if m+2 < n and hence it will follow for all even m < n. Also observe that
if (4.2) holds with R = 1 as threshold then, up to modifying the constants C| it also
holds for any R > 0.

Let us consider the cases dy(z,y) < 2 and d,(z,y) > 2 separately.

Case 1 : Let z,y € M be such that d,(z,y) < 2.

[ K@ GG dug) = [ K26 dug(2)

B(z,2)

b [ KM@ G i)

M\B(,2)
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The second integral on the right is uniformly bounded independent of x as it is
bounded from above by

[ wrearane | | G )
M\B(z,2) M\B(y,1)
and the estimates (3.10) and (4.3).

Next we will estimate the first term. From (3.8) and the fact that K™ satisfies (4.2)
we get

[N
N

/ K™(x,2)G(z,y) dug(z) <

B(z,2)

1
[ cum (o 27 (14 Cldyfa, 1) Bl o))
B(z,2)
We will estimate the right-hand side by writing it in the normal coordinates centered
at x. Let us identify isometrically the tangent spaces of M at x with the Euclidean
space R™ by fixing a g-orthonormal basis. Let Fxp, : R — M be the exponential
map. Since K, < 0, by Rauch comparison theorem we get for any two points
Zi € Rn,’l = 1,2,
dg(Exps(21), Expy(22)) 2 [21 — 22].
Since ® is decreasing we get ®(d,(Exp,(21), Expy(22))) < O(]21 — 22]). We also set
Exp;'(z) = Z for an arbitrary point z € M.
Using the Ricci curvature lower bound, we can estimate from above the volume
element; precisely, if we set dz the Lebesgue measure, Theorem 2.2 can be rephrased

as )
sinh(b|Z)\"" .

< | ——- .

dug(z) < < 7 dz

Combining these facts together, we get

e [ o2 (14 Cldy(o ) (212

B(z,2)

i 1\ =g (sinh(BZ) "
< m=n (14 ¢ ) dz.
= / 2 (14 Clal? = Doy \ b2 :

B(0,2)
For Z # 0, we decompose the integrand as follows

o _a\ [E—gP (sinh(b]E]) "
m—n 1 2 —
A (1+ 01 )(n—Q)wn_l bz

Sy 1\ E=gP [ (sinh(oz]) )"
m—n 1 3 _1
H ( + Oz )(n_2>wn1 i +

g
(n—2)wy,_1

|5 (1 +C\zy%)
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Note that each term above is nonnegative and, for |Z] < 2,
. ~ n—1
0< M —1< C’| 512.
b|Z]

Combining these facts together, we obtain

17— g
T< / | |m n y| ds + / | |m n+1/2(|z y| d3

n— Q)wn 1

/ EHis n+2+1/2(‘2 g dz

n—2)wn_1

B(0,2)

Bounding each term by integrating over R" instead of B(0,2) and using, for 0 <
a, 3 < n such that o + 8 < n,

a—"n|, _ ,|B—n — 7(a>7(ﬁ) at+pB—n
[ ol e =y de = ZEy

where
I'(3)
F(n—x) ’

2
(see [28], Chapter 5) we get the estimate in this case.

y(w) =272

Case 2 : Let x,y € M be such that d,(x,y) > 2.

Let us denote d := d,(z,y), then

/Km x,2)G(2,y) dug(z / K™ (x,2)G(2,y) dpg(2)

B(y,2)

| K@ G duy(2)
M\B(y,5)
Since K™ satisfies the lemma we have using (3.9)

d

| K@ aGE ) dny) <ot [ G dule) < ceen

B(y,2) B(y,%)

e

where C, 3, a,, are independent of x and y. Now

/ K™(x,2)G(z,y) dug(z / K™ (2, 2)G(2,y) dpg(2)

M\B(y,%) B(z,3)

[ R aGE) due) < CN(G) [ K dugl2)

M\[B(y,H)UB(x,})] B( )

m\»—x
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V]
|

n / (K™ (2, 2))? dpug(2) / 2 dpy()

\B(z,3 \B(y,4)
Using (3.10) and (4.3) we get a bound of the form Ce #¢ for the last term in the
above inequality for some positive constants (5, C' independent of x,y. Next we show
that [ K™(x,z) duy(z) is bounded independent of x. Since K™ satisfies the
B(z,3)
lemma, writing in the normal coordinates centered at x and using Theorem 2.2 we

get

/ K™(x,z) dug(z) < C’/ / " Ar, 0)dr df
0

B(z,3)

m\»—A

< C’/Tm_"(sinh(br))”_ldr <C.
0

Combining all the above estimates we see that (4.2) holds for K™*2. It remains to
show that (4.3) holds for K™*2.

For this purpose let us define K7 (z,y) for z,y € Bg, v # y as in (4.1) with Gg
instead of G where GG is as in the Proof of Theorem 3.1. Then using monotone
convergence theorem we see that for all z # y, K@ (z,y) — K™(x,y) as R — oo and
for any fixed x € M, K@(z,-) solves

—AKF(x, ) = Ki(x,), KFpT(z,y) =0 y € OBg.
Let f € C'(M) be such that 0 < f < 1,and f = 0 in a neighbourhood of .
Multiplying the above equation by f2Kj** we get

[ AR e ) () PR ) ) / K (0, 9) K52, ) (£(0)? dty ()
Br
(4.4)
The term on the left-hand side can be rewritten as

/ DK, y) (F () K2, y)dpy (y) =

Bgr

/ 1V, (F ) K (2, ) Py (y) — / IV 2, )Py (v)

Inserting this into (4.4),we obtain
/ IV, (K 0) Py / VP 0) Pi)

D=

< / (K, 9) F () dug () / (K3 (2, ) f ()2 dpg(y)

R R
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< € s dut) + 5 (52 [0E i)

Br Br
Using Theorem 2.5 and taking the limit R — oo we get
2
3 (U5) SU@E™ 2w y) o) = 19 2(,9) i)

8 <O i)

Taking f such that f =0in B(z,3) and f =1in M \ B(z,1) we get

/ (K™ (2, 9))dyuy () < C / (K™ (2, ) Pdpy(y)

M\B(z,1) B(m,l)\B(z,%)

s [ )P
M\B(z,3)

The first term on the right hand side of the above inequality is bounded independent
of z as K™ (x,y) < C(dy(x,y))™"? " and the measure of the annulus is bounded
independent of z thanks to the lower bound on Ric,. The second term is bounded
by assumption. Thus there exists a C' > 0 such that for all z € M

| )yt < © (16)
M\B(x,1)
Let R > 0 and choose fr € C'(M) such that
frR=0n B(z,R), fr=1in M\ B(z,R+1), |[V,fp[ <1, 0< fr< 1.

Then by taking f = fr in (4.5) and using the fact that B(z, R+ 1) \ B(z,R) =
(M\ B(xz,R))\ (M \ B(x, R+ 1)) the equation (4.5) simplifies to

[% (n—Da + 1 (K™ (2, ) dpg(y)

M\B(z,R+1)

/ (K™ (2, 9))2dpiy () + C / (K™ (2,9))? dty(y)
M\B(z,R)

M\B(z,R)
—1

2
Thus if we denote o = [% (@) + 11 then 0 < o < 1 and satisfies for all R > 0

[ @ Pdw <o [ ) )

M\B(z,R+1) M\B(z,R)

Ca / (™ (2, 9))? dy ().

M\B(z,R)
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Let R > 1, then k < R < k+ 1 for some £ € N and hence a repeated use of the
above identity gives

/ (™2 (2, )2y () < / (K™ (2, )2y ()

M\B(z,R) M\B(a,k)

< ot / (K™, )2,y +an / (K™ (2,9))’ diig ()
M\B(x,1) M\B(z,k—i)

<ot [ ey - 3 cat [ (K ) i)

M\ B(z,1) i<§ M\ B(x,k—1)

s et [ ) g

i>4 M\B(z,k—i)

<l / (K™ (2, y))?dpy () + Ck / (K™ (2, 9)? dpy(y)

M\B(z,1) M\B(z,%)
(K™(x,y))? dpg(y)
M\B(z,1)

< CeB-Mose | Cle=oms 4 Chat < Ceom+2R
for some ;42 > 0 thanks to (4.6). O

k
2

+Cka

4.2. Symmetrization of the kernel. Recall, for a function f : M — [—o0, 00| the
distribution function of f is given by

M) = e M:|f@)] > 1), teR

and its nonincreasing rearrangement f* : (0,00) — (0, 00) is defined by
fr(t) = inf{s: Ap(s) <t} , t>0.

For K : M x M — [—00,00], denote by K* the function y — K(z,y). Denote by
K* and K** the functions

K*(t) = sup(K®)*(t) , K™ (¢ /K* > 0.

zeM

We have the following estimate on the kernel K™ introduced in (4.1) .

Theorem 4.2. Let (M, g), K™ be as in Lemma 4.1 then
(i) there exist constants A, > 0 such that

(K™*(t) < [Bo(m,n)t] = [1 +A°] foro<t<1 (4.7)
(ii) For any o € (0,1), there ezists B, > 0 such that

(K™)*(t) < % Jor t > 1. (4.8)



ADAMS INEQUALITY ON PINCHED HADAMARD MANIFOLDS 19

Proof. First note that if f(t) = At~ [1 + Btﬁ] , t > 0, for positive constants
A, B, a, 8 such that § < « then there exists a C' > 0 such that

1) < [At—lﬁ [1 +Ct‘§} for t>1
Using this together with (4.2) and Theorem 2.1 we get for t > 1,
po{y € M2 K™ (2, y) > t}) < pg(B(z, [71(1))) < VD (f7(1)
1

where f is as above with A = apm and @ = n—m, B = C and = 5. Now
substituting V", (f~'(¢)) using (2.2) we get for any = € M,

pe({y € M : K™(z,y) > t}) <

Wn—1 < an,m
t

Again if g(t) = At~ [1 + Bt_ﬁ} , t > 0, for positive constants A, B, «, 3 then there
exists a C' > 0 such that

gl () < [ [1+Ctr] for 0<t <1

)nim [1 + Ctﬂnilmq for t>1

Using this fact together with the above estimate proves (4.7).
To prove (4.8), first recall from (3.16) and (3.17) we have for any z € M,

€ ofor 0<t<l1

. T t
pe({y € M : G*(y) > t}) S{t% for 151

where C' is independent of x. Hence

. é for 0<t<1
Gi(t) <9 47 (4.9)
t

for t>1

This immediately proves (4.8) when m = 2. Now assume the result is true for m. We
claim that it will be true for m +2 it m + 2 < n.
Fix x € M, then

K™ (z,y) = /Km(:n,z)G(z,y)dug(z) = /G(y, 2)(K™)"(2)dpg(2)
M M
ie., for x € M, (K™"2)* is obtained by integrating (K™)* against the kernel G.
Thus it follows from the improved version of O’Neil’s lemma (see [11], Lemma 2)
that
[(K™F2)]7(8) < (K™ F2) ] () < G () [(K™)*]™ (1) +/G*(S)[(Km)x]*(8) ds
t

Now the estimate (4.8) on K™*? follows from the induction assumption and (4.9). O

4.3. Proof of theorem. As stated before we will prove our theorem by writing the
functions as integrals of the corresponding derivatives agaist kernel an idea initiated
in [1] and developed further by Fontana and collaborators. Let us recall the following
theorem which is essentially Theorem 3 of [12].
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Theorem 4.3. Let (M, g) be a Hadamard manifold and K : M x M — [—o0, ]

be a measurable function satisfying K(z,y) = K(y,z) for all z,y and for some

1 <g< o0,

[At] 7 [1+Ct?] for 0<t<1
1

5 (4.10)
Btd for t>1

o<

and
o0

/ (K*(1)7 dt < (4.11)

1
where ¢’ = qqu and A, B, C are fized constants. For a measurable functions f : M —
R define

Tf(r) = /K(w,y)f(y) dug(y) , v € M (4.12)

whenever the integral exists. Then T f(x) is defined for a.e. x € M when f € L1(M)
and there exists a constant C' > 0 such that

[ Ban (AIT) dig(o) <€ (14 [ T5@F dugla) (113)
M M
holds for all f € LY(M) with ||f]|, < 1.

Proof of Theorem 1.1 : First note that a repeated use of (3.1) gives
u(z) = T(Vl;u)

where 7' is defines as in (4.12) with K (z,y) = K™(z,y) when = # y and K (z,x) = 0.
Moreover from Theorem 4.2 we see that K™ satisfies the assumptions of the above

theorem with ¢ = p = * and A = fy(m,n). Thus Theorem 1.1 applies and we get
for u € C"(M) with [ [|VZul" + X ulP] dp, <1,
M

[ By (ot mla@)l”) dita) <€ (14 [ lul dug(o) | <& (1427,

When n < 2m, we have p < 2 and hence from Theorem 2.7 we see that if u €
Cr(M) with [ [Viul? duy <1, then [ |ul” dpy < Cp,p and hence the conclusion
M M

of the theorem follows if A = 0. The optimality of the constant Sy(m,n) follows
using standard test functions (see [1] for the proof in the Euclidean case and [10]
Proposition 3.6 for the Riemannian case).This completes the proof. U
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