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2
Fundamentals of Stress and Strain at the Nanoscale Level:
Toward Nanoelasticity

Pierre Miiller

2.1
Introduction

Understanding the relationship between the structure and the shape of a piece of
matter and its mechanical properties has always been one of the primary goals of
material science. Over the past decades, the rapid progress in the development of new
materials with a size of a few nanometers has opened a new field of scientific and
technological interest. From a fundamental viewpoint, one of the key features of
nanosized material is their high surface/bulk ratio with the consequence that
materials in small dimensions behave differently from their bulk counterpart. From
a technological viewpoint, nanomaterials are promising building blocks in future
devices, but the stresses they develop can be detrimental to their reliability or can be
used to modify their physical properties. Thus, for both fundamental and techno-
logical applications, there is a growing interest in the study of the mechanics of
nanosized objects.

For instance, it has been found that the elastic modulus, which measures the
proportionality between the applied stress and the measured strain, is size dependent
for dimension smaller than roughly 200 nm. However, according to the authors,
calculated or measured elastic moduli have been reported to increase or decrease with
the size of the object. From an experimental viewpoint, this discrepancy may come
from the difficulty of manipulation and the lack of characterization of such small
objects, as well as from the uncertainty of the complex boundary conditions between a
nanosized object and the micronic-sized tool used to measure its elastic properties.

From a theoretical viewpoint, there are still some difficulties to perfectly describe
elasticity at the nanoscale. Most of the models used for describing the mechanical
properties of a body are based on the classical linear and infinitesimal theory of
elasticity of continuum mediums [1, 2]. In such models, a macroscopic object is
considered as a continuum medium, the surface of which is a simple boundary at
which external forces are applied. It means that the classical macroscopic theory
ignores surface effects since it does not attribute any specific elastic properties to the
surface. However, because of the missing bonds, there is a redistribution of
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electronic charges close to the surface that modifies the local binding properties so
that the surface layers cannot have the same elastic properties as the underlying bulk.
This means that because of the reduced coordination of surface atoms, a small piece
of matter cut in a homogeneous body is not homogeneous. The simpler way to
describe this inhomogeneity is to divide the object into a bulk core and a surface zone
with different elastic properties. We will show that when such specific surface
properties are considered, the elastic behavior of a finite-size body results from a
subtle interplay between its bulk and surface properties and thus depends on the
absolute size of the object.

Our goal in this chapter is to describe the elastic properties of nanoscale objects
from the point of view of surface physicists. In other words, our purpose is to properly
introduce surface effects on elastic classical theory.” This chapter is divided into two
parts. The first part emphasizes the theoretical background. It begins by a few results
valid for the bulk (Section 2.2.1), followed by a description of the surface elastic
properties (Section 2.2.2) in the Gibbs meaning (Section 2.2.3) and then in the two-
phase models (Section 2.2.4). The second part concerns applications. We will
describe how surface stress may induce spontaneous deformation of nanoparticles
(Section 2.3.1), may modify the effective modulus of freestanding thin films
(Section 2.3.2), and may play a role for the static bending of thin films (Section 2.3.3)
and nanowires (Section 2.3.4). A short conclusion will sum up the main effects the
surfaces induce on the elastic properties of nanoscale objects.

Again, our goal is not to review all recent results, since in particular the number of
papers devoted to the study of the mechanical properties of nanosized objects is
increasing exponentially, but essentially to underline the fundamentals of
nanoelasticity.

2.2
Theoretical Background

2.2.1
Bulk Elasticity: A Recall

The classical theory of elasticity treats solids as continuum mediums in which the
deformation is described by continuum fields such as the displacement vector i (7)
and the strain tensor &(7), while internal forces are described by the stress tensor o (7).
Within linear infinitesimal elasticity, the equilibrium deformation field is a solution
of asecond-order equation that has to be solved with boundary equations expressed in
terms of external forces applied at the free surface of the body.

In this section, we will recall some classical results valid for bulk elasticity but
necessary as a prerequisite before studying surface elasticity in Section 2.2.2.

1) The limit of the description is that it is necessary to be able to discriminate surface from bulk. Such
models thus cannot be used to describe the elastic properties of aggregates formed only by a few
atoms, for which it is no more possible to attribute to the atoms a surface or a bulk character.
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2.2.1.1 Stress and Strain Definition

If a continuum medium is strained, a point in the body is displaced from its initial
position 7 to ¥ = 7 +ii. The vector # of components u; = x—x; is called the
displacement vector. The distance d/ = /dx{ + dx3 + dx3 between two points of
infinitesimal vicinity d¥ before deformation becomes d¢ = \/dx/? + dx} + dxf
with dx] = dx; + du; after deformation. For small displacements, this distance can
be written as d¢? = d* + 237, .e;idxidx;, where the quantity

1 5‘u,- (314',
8,'1' = E (a—xj + E) (2'1)

is called the bulk strain tensor.

When the body is strained, there develop forces tending to restore its initial
configuration. These internal forces are transmitted across the surface that bounds
the volume. The forces F dS exerted on the faces of an elemental cube centered on the
considered point can be written for a face i as [1, 2]

F, = Zaijnj (2.2)
J

where 0y are the components of the so-called stress tensor and # is a unit vector
directed toward the exterior of the face i (see Figure 2.1).

Notice that in the framework of infinitesimal elasticity, the stress and strain
definitions do not make a distinction between the deformed and the nondeformed
configuration of the body. This is not the case for large deformation [1, 2].

2.2.1.2 Equilibrium State
From Eq. (2.2), the force component F; (i = 1,2, 3) on a volume V bounded by a
surface S is F; = §Zjoijnjd5. It can be transformed into a volume integral

Figure 2.1 Action of the components o of the 0. The first index i = 1,2, 3 gives the direction
bulk stress tensor applied on the three front x; where the stress acts. On the back faces of the
faces of an elementary cube cut in a piece of  cube, there are identical stresses of opposite
matter. Each face normal to x; axis bears a triplet ~ sign.
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Fi=| >;(00j/0x;)dV, and so taking into account the Newton’s second law
F; = [o(d*u;/d#?)dV (valid for a body of density o), we get

8oij B dz u;
Dy T (23)
J

which is called the elastodynamic equation.
At equilibrium, it reads
(?Oij
= 2.4

=0 (2.4)
J

Note that we have neglected all forms of body forces.?

2.2.1.3 Elastic Energy

Under the action of external forces F applied to the surface S of an elastic body of
volume V, the surface points are displaced by d1i, so the work of the external forces is
oW =¢ FoiidS. Using the expression of F; given in Eq. (2.2), we have
oW =¢ > joimowdS. This surface integral can be transformed into a
volume integral by means of the divergence theorem, so from Eqs (2.1) and (2.4),
we have

dz Ui

SW = J%:o,-jasijdwr Jgﬁéuidv (2.5)

The first part of (2.5) is the elastic contribution due to the elastic deformation and
the second part is the variation of the total kinetic energy during the time dt.
We will denote bulk elastic energy by

owbulk = JZ 008 AV (2.6)

ij

2.2.1.4 Elastic Constants

In linear elastic theory, each stress component is assumed to be proportional to each
strain component. Taking into account the tensorial nature of both strain and stress
fields, this linear dependence (Hooke’s law) can be written as

O,‘j = Z Cljklgkl (27)
k,l

where the material constants Cyy, are called elastic (or stiffness) constants.

2) Body forces are proportional to the body mass. They include gravitational forces, magnetic forces, and
inertial forces. They can be written as a volume integral over the body. In contrast, in the context of the
classical elastic theory, surface forces result only from the physical contact of the body with another
body and are thus expressed as a surface integral over the whole area of the body.
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Using (2.7), after integration with respect to strain, Eq. (2.6) becomes

1
6Wbulk = EJZ Cijklé‘ijé‘kldv (28)
ikl

Depending on the crystal symmetry, one can further reduce the number of elastic
constants. The maximum number of elastic constants is required for triclinic crystals,
where it is 21. For isotropic bodies, it is 2. In this latter case, Hooke’s law reads

E v
o =4 zk: ewOij +2ue; or o = Ty (8,']' + mzk: 6kkc3,~j> (2.9)

when using the Lame (4 and u) or Hooke (E and v) constants, respectively.
Note that the dilatation of a isotropic cube, uniformly loaded by pressure P, is

3(1-2v)
&g = ——————=P
2 ;
where K = E/3(1-2v) is the bulk elastic modulus.

222
How to Describe Surfaces or Interfaces?

In classical elastic theories of the previous section, surfaces solely serve to define
boundary conditions but have no specific properties. In Section 2.2.3, we will see that
as any extensive thermodynamic potentials (e.g., U, F, G, etc.), the elastic energy can
be seen as a contribution from two homogeneous phases plus an interfacial term that
contains all the elastic properties of the interfacial zone. The localization and the
description of this interfacial zone are discussed in this section.

Consider a slab of thickness e in which, because of the missing bonds at the
surface, any extensive quantity must continuously vary with the altitude z (see
Figure 2.2). The central problem is how to discriminate bulk from surface
contributions.

r'y
A

YYEYYX)
Y

Figure 2.2 A slab of thickness e in which an extensive quantity continuously varies with the
altitude. The extensive quantity (let us say a stress parallel to the surface) is represented by a double
array whose length varies when approaching each surface.
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Figure 2.3 At the interface between two the interface (Figure 2.3a). In the Gibbs model,
materials, A and B, extensive quantities are the whole excess quantity will be ascribed to the
modified from their bulk values by an excess dividing surface separating two bulk materials

amount g(z) (shaded) owing to the presence of  (Figure 2.3b).

A first approach uses the concept of excess quantity [3]. More generally, let us
consider two homogeneous phases A and B separated by a planar interface Sap and let
us consider an extensive quantity G whose density g(z) varies across the interface (zis
the axis perpendicular to the interface). In the bulk, far from the interface, g-profile is
homogeneous. The interface modifies g by an excess quantity that corresponds to the
shaded area in Figure 2.3a. The so-defined excess quantities is

g™ Sap = Sap Jg(z)dz_gA(Eo_ZA)_gB(ZB_éVO) (2.10)

ZA

where g; are the bulk density in each phase (i = A, B), Sap the interfacial area, and
g™ the interfacial excess quantity per unit interface area. This definition does not
depend upon the values of z5 and zg provided they are, respectively, lower and higher
than &, and &j.

Some well-known interfacial excess quantities are the number of particles in excess
at the surface, the surface entropy, or even the mass excess of the interfacial zone.
Gibbs [3] proposed, for a pure substance in contact with the vacuum, to choose the
localization of the dividing surface &, to the mathematical plane for which there is no
surface excess of mass® (Figure 2.4). In the case of a multicompound substance, the
dividing surface can be fixed to the mathematical plane for which the surface excess
mass of one species is zero. In this case, a surface excess remains for the other
components j. Once the position of the Gibbs surface is defined, the system is
modeled as a bulk material with unaltered properties up to the dividing surface at
which is added some excess quantity completely assigned to the Gibbs dividing
surface (Figure 2.3b and Figure 2.5a). In this ideal scheme, the volume of the
interfacial zone between the ideal bulk and the vacuum is zero (Figure 2.3a). Notice
that elastic deformations change the position of the Gibbs surface [4].

3) It is sometimes called the Gibbs equimolar dividing surface.
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Figure 2.4 The location of the Gibbs dividing surface is chosen at the mathematical plane &, for
which the surface excess number of a given specie vanishes (N = [ n(z)dz—Na—N3 = 0).

An alternative choice is to attach the dividing surface to a given piece of matter
(Figure 2.5b) and, for instance, to treat the surface layers as a coating thin film with
elastic properties different from those of the underlying bulk. The thickness of the
film is thus arbitrary defined by the position of the dividing surface.

The two models must not be confused, even when the surface film is one
monolayer thick. Indeed, these two idealized schemes (Figure 2.5a and b) correspond
to different definitions of associated thermodynamics quantities. For instance, when
using the ideal Gibbs dividing surface, the surface energy y and the surface stress s,
components are perfectly defined as excess quantities, which is not the case for the
two-layer models (surface film plus bulk-like phase) for which the energy and the
stress of the surface layer, respectively, are Eyer = Epuc + 7 and 7op = 04 + S48,
where E,y and 0,4, respectively, are the energy and the stress of a “bulk-like”
monolayer.

For very thin films, the two surface zones shown in Figure 2.2 may overlap, making
itimpossible to define excess quantities with respect to the (nonexistent) bulk. Thus,
the idealization of the dividing surface is valid only if the body is much larger than
several atomic layers.

Jrterteeel
WAL

i

11

i

—

Figure 2.5 Two approaches to distinguish surfaces from the bulk. (a) Gibbs model in which
surface excesses are ascribed to a mathematical plane (the dividing surface). (b) The surface can also
be modeled as a thin film of thickness e. These models represent the variation in Figure 2.2.
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2.2.3
Surfaces and Interfaces Described from Excess Quantities

Here, we will consider Gibbs’ model (Figure 2.5a). For the sake of simplicity, we will
write x = x1,y = %3,z = x3, with this last axis normal to the surface. Moreover, in
what follows, Latin indices (i,j = 1,2, 3) describe bulk properties, while Greek
indices (a, 8 = 1, 2) describe surface properties.

2.2.3.1 The Surface Elastic Energy as an Excess of the Bulk Elastic Energy

The elastic energy (Eq. (2.6)) is an extensive quantity that may be present in excess at
the interface between two homogeneous materials as defined by Eq. (2.10). This
excess quantity is defined as the difference between the elastic energy of the whole
system and the sum of the elastic energies of the two homogeneous materials (see
Figure 2.3):

ZB

ownert — J > 0i(2)0e(2)dV= ) oo VA= ajoe v (2.11)
7 7 7

ZA

where 0j(z) and &;(z) are the bulk stress and strain profiles across the interface,
while o and of; (with n = A, B) are the homogeneous stress and strain tensors in the
two homogeneous materials A and B separated by the interface (normal to the axis z).
The interfacial quantity is the shaded area in Figure 2.3.

Equation (2.11) can be simplified when considering two physical conditions.

i) The first condition is mechanical equilibrium that states that in absence of body
forces, Eq. (2.4) gives (since there is only one variable z = x3)

do i3

0, i=1,2,3V 2.12
8963 ) 1 D) X3 ( )

This means that the normal components of the stress tensor are homogeneous in the
whole material:

0(2) = 0t = o (2.13)

74 174

ii) The second condition is a nongliding condition® that states that any infinitesimal
change of the strain tensor components parallel to the interface must be the same
in the whole material:

Ogqp(2) = (Ssﬁﬂ = (38213 (a,=1,2) (2.14)

Using conditions (2.13) and (2.14), Eq. (2.11) becomes [5]

6Winterf/SAB _ Zsuﬂagaﬂ 4 Zaizéeiz (215)
afs i

4) Glissile epitaxy will be treated in Section 2.2.3.7.
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where

ZB
Jaaﬁ(z)dV—aﬁﬂvA—ogﬁVB (2.16)

A

1
Saﬂzﬁ

and

J@B (z)dV—eg VA—eiB3 VB (2.17)

A

€3 :ﬁ

These equations suggest that we define the interfacial stress tensor

s;1 sz 0
[S] = S21 S22 0 (218)
0 0 0

and the interfacial strain tensor

0 0 €13
[e] = 0 0 €23 (219)
€31 €32 €33

Notice that interfacial stress and interfacial strain are orthogonal tensors since
s,-jeij =0.

2.2.3.2 The Surface Stress and Surface Strain Concepts
Let us now consider the case where the phase B is vacuum so that o} =0 at
mechanical equilibrium. In this case, Eq. (2.15) becomes

6WSUI{ = SAB Z suﬁéeaﬁ (2.20)
aff
where
1| [ Ay
Sup = = 0up(2)dV— apV (2.21)

A

now defines the surface stress as an excess quantity that generally is nonzero even if
there is no stress in the bulk. Surface stress components may be positive (tensile) or
negative (compressive).

Note that for a Hookean solid, the total elastic energy of a semi-infinite solid is the
sum of a bulk elastic energy (Eq. (2.8)) and a surface elastic energy (Eq. (2.20)):

1
6We] _ 6Wbulk + 6Wsurf = E J Z Cljklé‘ijekldv + JZ saﬁsaﬂds (2.22)
ijk,l af

For illustrative purposes, Figure 2.6 shows the calculated bulk energy versus
normal deformation &,, (Figure 2.6a) and then versus in-plane deformation &y,
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(a) 0.003 T T T (b) 0.01 T T v . .
0.008
0.002 : 0.006 +
z & 0004}
o 0.001F 1 o
u 0.002
< < oo Relaxed
0 lslab
0.000 FUnrelaxed |
slab ™\ Relaxed _0.002 | e Unrelaxed
slab slab
—0.001 . . . . . —0.004 L 1 1 . L
-0.03 -0.02 -0.01 0 0.01 0.02 0.03 -0.03 -0.02 -0.01 0 0.01 0.02 0.03
€22 Exx

Figure 2.6 (a) Elastic energy versus strain ¢,
for a bulk material (circles), an unrelaxed slab
(squares), and a relaxed slab (diamonds).
(b) Elastic energy versus strain &, for a bulk

material (circles), an unrelaxed slab (squares),

and a relaxed slab (diamonds). Note that when
the elastic relaxation of the slab is properly taken
into account, the parabola AE (&, ) is shifted but
not the parabola AE(e,,). It means that the
components s;, = 0.

(Figure 2.6b). Three calculations have been performed: for a bulk material, for an
unrelaxed slab of n layers, and for an elastically relaxed slab (ab initio calculations by
Wien code [6], cubic material). For the slab, two calculations have been performed:
the first one is for an unrelaxed slab and the second one for a relaxed slab.

Figure 2.6 shows that (i) for such small deformations, Hooke’s law is valid
(quadratic shape of the bulk energy); (ii) for unrelaxed slab, the surface stress shifts
the parabola of the bulk energy that, according to (2.22), now contains a quadratic
term and a linear term and roughly scales Ce? + se; and (iii) for an elastically relaxed
slab, the bulk parabola is shifted for the in-plane deformation but remains centered
on zero for the normal deformation. This last point (iii) simply illustrates that at
mechanical equilibrium, surface stress components s, must be zero, so surface
stress can be considered as a degenerated two-dimensional second rank tensor of
order 2 (in the referential of the flat surface):

S11 S12
9= (3 )
21 S22

Notice that Eq. (2.20) implies that the surface stress is the isothermal work per unit
area against surface deformation at constant number of surface atoms. It must not be

(2.23)

confused with the work done per unit area against surface creation at constant strain
obtained by reversible cleavage, which is called surface energy (at least for pure
materials). Figure 2.7 shows the main differences between surface stress and surface
energy.

The surface energy y is associated with breaking bonds. It can be calculated, atleast
at 0 K, by counting the broken bonds (and thus by adding interatomic potentials). The
surface energy is a scalar quantity that scales as energy per unit area. The surface
stress, which is a tensor, is associated with the work against surface deformation, and
it is the result of forces acting at the material surface (and thus calculated as a sum of
the first derivatives of the interatomic potentials). More precisely, if the surface is
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Surface stress Surface energy

A A+3A
1A Y —

= L gy opt-]

f
a’wzrr = %sdﬂd&‘aﬁ ¥= A=A

Figure 2.7 Difference between surface stress  a cleaving process and thus from breaking
and surface energy. The surface stress originates ~ bonds. It is thus calculated as the sum of bonds
from an elastic deformation and thus frombond (A is the surface area and n; the number of ith
stretching. It is an excess of stress at the surface  neighbors whose bonding energy ¢, are
(double arrows). Surface energy originates from  sketched by the arrows).

divided into parts by a curved boundary, where 7 is the unit vector normal to the
boundary in the surface plane, the surface stress tensor gives the force fi = > ;sym;
exerted across the boundary curve.

2.2.3.3 Surface Elastic Constants

If a stress-free system is deformed in a direction parallel to the surface, a bulk stress
will appear. For small deformations, Hooke’s law is valid, so the total energy of a piece
of the deformed matter (with surface and bulk contributions) is (up to the second
order in strain)

Vo
E = Ep+ Aoy + Ao azﬁ So.qpeap + - ; Cyueijen (2.24)

where Ej is the cohesive energy, Ay, the surface energy, and the last term the elastic
energy shared in its surface and bulk contributions (see Eqs (2.8) and (2.20)). (Ao is
the area of the free undeformed surface and sy .3 the surface stress components.)

Equation (2.24) can be compared with the energy stored by an equivalent volume
but without any surface:

Vi
EPk — Fp o4 702 C};&lk&jgu (2.25)
ijkl

Comparing Eqs (2.24) and (2.25), we obtain

Aoy = [E-E™¥] _, (2.26)
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which defines the surface energy y,A, as the surface excess of the cohesion energy
measured at zero strain.
In the same way, we obtain

OF B aEbulk:|
86(4; asaﬁ =0

AOS()‘aﬂ = |: (2'27)
which defines the surface stress as the surface excess of the first derivative of the
cohesion energy versus bulk deformation.

Finally, the comparison of Eqs (2.24) and (2.25) gives

&E 62 Ebulk
anG = [ 2

_ — v [c,, _ hulk] 2.28
OeijOey 68@&1]8:0 O[T i (228)

which now defines the surface elastic constants Cij.‘,j{f as the surface excess of the
second derivative of the cohesion energy versus strain. The surface elastic constants
measure how the surface stress changes with strain.

Note that

i) From Eq. (2.28), the surface elastic constants can, in principle, be negative. It does
not violate thermodynamic stability. Indeed, a surface cannot exist on its own, but
must be supported by a bulk material. In other words, it is the total energy
(surface plus volume) that ensures solid stability.

ii) Since, at equilibrium, the components of the stress tensor perpendicular to the
surface must be zero, every bulk elastic constants has not an excess at the surface.
Table 2.1 lists the independent surface elastic constants for different plane point
groups as reported by Shenoy [7]

Sup = Sup + Z Supys€yo (2.29)
Yo

Table 2.1 Surface elastic constants.

Point group Independent constants Constraints

1,2 All the 9 S35 No

1m, 2mm S1111, S1122, S1212,5 S2211, S2222 S1112 = S1a11 = S1222 = Sp212 =0

4 S1111, S1112, S12115 S1212, S1122 S1122 = —S1211, So211 = Sz
Sa12 = —S1112, S2222 = St

4mm Si111, S1122, S1212 S1112 = S1211 = S1222 = Sp212 =0

Sao11 = S1122, S2222 = St

3,6 S1111, S1112, S1122 S1211 = —S1112, 251212 = S1111— S22
S1222 = S1112, S2211 = S
Sa11 = —S1122, S2222 = Suin

3m, 6mm S1111, S1122 Sii12 = —S1211 = S1222 = S0212 =0

281212 = S1111—S1122
Sa11 = S11225 $2222 = St

Adapted from Ref. [7].
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Table 2.2 Relations between surface quantities.

Euler Lagrange

Aocsuﬂ &2 OC surf o2

Agyt(e) = Aoy + Aosoe + “%—

( Csuxf —s0 ) Ourf &

7H(e) ~ yo + 508+

Excess energy A(e)yE(e) = Agy, + Aosoe +

Surface energy YE(e) = o + (s0—70)e +

+ (cg“rffso)g st(e) =~ % + G

Surface stress sFe) =y + (')s
e=0

Adapted from Ref. [5].

meaning

1 82 Wsurf
Suprs = o0
o =5y £qp0€ys YO

in agreement with the simplified expression s = so + (C§%f —s9) ¢, given in Table 2.2
for isotropic surface stress.

In Table 2.2 are shown the most useful relations valid for isotropic stresses and
strains written in Eulerian (the reference state is the deformed state) and Lagrangian
(the reference state is the undeformed state) coordinates.

2.2.3.4 Connecting Surface and Bulk Stresses

At mechanical equilibrium, the forces exerted by the surface to the underlying
substrate must be equal and opposite to the distributed forces exerted by the bulk on
the surface. It follows that the presence of surface stress results in nonclassical
boundary conditions valid at equilibrium.

Mechanical equilibrium is achieved on much smaller timescales than shape
equilibrium that needs mass transport. Mechanical equilibrium can thus be derived
at constant surface shape. In other words, mechanical equilibrium is achieved when
the first variation of W¢' (given by (2.22)) with respect to a variation of displacement
Ou; vanishes.

The first variation is

We] J Z C,Jkl %6uldv =+ J Z Cyklgkléu nde + JZ Saﬁé‘aﬁds

ijkl i,j,k,l
(2.30)
Note that the last integral can be written as®)

—J[divss+(s: K)A]0u dS (2.31)

5) For this purpose, it is enough to replace in (2.30) the strain components by the expressions of & in
terms of the derivative of the displacement field (see Eq. (2.1)) and then to use the divergence
theorem.
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where for the sake of readability, we avoid index notation and use the surface
divergence operator divs, the curvature tensor k, and: for tensor product. Finally, #iisa
unit vector normal to the surface.

Since at equilibrium the first variation d W¢ must vanish for any arbitrary value of
Oii, one obtains (with Eq. (2.7) and in absence of body forces) fi = },00;/0x; = 0 in
the bulk and oyjn; = divss+- (s : k)i at the surface or more precisely 9s,3/0%« = 0u3
and o;min; = s,gK.p. It is more convenient to project the last equations on the three-
axis surface ¥; to get

Oia — Isu | Osin (a)
B ox1 0%
o 0821 0sp
023 = E (b) (2.32)
_su s
033 = R, + R, (c)

where R; are the principal curvatures.

Parts (a) and (b) in Equation (2.32) mean that, at the surface, the surface stress
variation must be compensated by bulk shearing stresses. Moreover, note that the last
equation is the Gibbs-Thomson equation, giving the Laplace overpressure in a
curved crystal. Obviously, it reads 033 = 0 for a free planar surface.

For completeness, Weissmiiller and Cahn [8] have derived a general expression for
the mean stress in microstructures due to interfacial stresses.

2.2.3.5 Surface Stress and Surface Tension
Using Eq. (2.15), the excess of internal energy at the free surface of a body becomes

dUsurf — Tdssurf + Zsaﬁ(sgaﬁA+ ZﬂidNisurf (2.33)
afs i

where S is the surface entropy, N;*f the number of particles in excess at the
surface of chemical potential ;, and A the surface area [5].

Using the Euler integral of the surface excess energy [5] in the form
Ut = TS 1y A+ 570, N5, we obtain the Gibbs-Duhem equation valid for
a free surface [5]

Ssurf
dj/ = — A dT + Z (Saﬂ_yéu/ﬁ)ésaﬁ_ Z rﬂd/un (234)
af n

where I, is the surface number density of particles n of chemical potential u,,.
One of the derivatives of y stemming from Eq. (2.34) gives the so-called
Shuttleworth equation that connects surface stress and surface energy:

0
Sap = VOup + 1 (2.35)

8£aﬂ

. Tei
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Equation (2.35) is obtained using the deformed surface (Eulerian coordinates) as a
reference state. If the undeformed state is used (Lagrangian coordinates), the
Shuttleworth relation becomes

Sap = (2,36)

Bottomley et al. [9] discuss the compatibility of the Shuttleworth equation with the
Hermann formulation of thermodynamics. In response to Bottomley, subsequent
works [10-13] clarified and validated the Shuttleworth relation.

2.2.3.6 Surface Stress and Adsorption
Another derivative of y stemming from (2.34) gives the so-called Gibbs adsorption
isotherm

dy
Oty

= n
T.ej

which shows how the surface energy varies with respect to the chemical potential u,,.
Using this expression, the Shuttleworth Eq. (2.35) gives the surface stress change
with respect to the chemical potential as

ar,
afp de o

8sa B
ou,,

=-T,0
T.&j

(2.37)

For a Langmuir adsorption, the surface coverage 6 linearly depends on the
pressure P by means of

0 p
— = kT 2.
¢~ p_ P(@/kT) (2.38)
where P, is a constant and ¢ the interaction energy between the adsorbate and its
substrate.) In this case, using the Gibbs adsorption isotherm and Eq. (2.37), the
surface stress and the surface energy change with coverage become [5]

kT 0 Jo
Ay = ﬁln(l—ﬁ) and  As,g = Aydgs + ;86—(4; (2.39)

where 0 < 6 < 1.

Some examples of the so-calculated surface stress change are shown in Figure 2.8a
in case of Langmuir adsorption, where Eq. (2.39) is valid, and also in case of
Bragg—Williams adsorption, where adsorbate—adsorbate interactions play a role (see
Ref. [15]).

The surface stress change induced by an adsorbate can be measured. Consider a
sheet (or a cantilever), a face of which is exposed to foreign molecules. Owing to the

6) Notice thatI', = N, /A, where N, is the number of adsorbed atoms and A the surface area, whereas
On = N, /N, where N is the number of surface sites. At the same, the chemical potential is defined
asu = kTIn(P/P.).



42| 2 Fundamentals of Stress and Strain at the Nanoscale Level: Toward Nanoelasticity

(a) 0 % (b)—6
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Figure 2.8 Surface stress versus adsorption:
(a) Surface stress variation calculated for
Langmuir adsorption and Bragg—Williams
adsorption. Adapted from Ref. [15]. (b) Surface

0 2 4 6 8 10
Monolayers

stress variation measured for C/Ni(1000) and
Co/Pt(117). Adapted from Ref. [14]. (c) Surface
stress variation versus coverage for Fe/W(001).
Adapted from Ref. [18].

adsorption, the two sides of the sheet are no more in the same state of stress (see
Eq. (2.39)), so the sheet spontaneously bends. The radius of curvature R(0) is simply
related to the surface stress difference by means of the Stoney formula [16] valid for
thin isotropic sheets characterized by their Young modulus E and Poisson ratio v:

1 6(1-v)
R(6)  ER?

(2.40)

Since the surface stress varies with the adsorbed coverage 6, the measurement of
the coverage variation of the radius of curvature gives access to s(6) when the surface
stress of the bare sheet (before adsorption) is known. Note that for very thin films, the

Stoney formula needs to be corrected [17].

Many experimental results on surface stress change with adsorption have been
published (for a review, see Ref. [14]). For example, Figure 2.8b shows the surface
stress change induced by carbon atoms adsorbed on Ni(001) surface. Figure 2.8b
shows the surface stress change experimentally recorded for Fe/W(110) by Sander
et al. [18]. In this last case, the sudden variations of surface stress versus coverage are
associated with the appearance of successive surface phases. The case of nonho-
mogeneous adsorption has been studied by Bar et al. [19].

2.2.3.7 The Case of Glissile Interfaces

To be complete, notice that for glissile epitaxies, the description of stresses at the
interface requires two interfacial tensors. One reflects the straining at constant
deformation in both phases, while the other reflects the alteration of the interface
structure at constant average strain [20, 21].

224

Surfaces and Interfaces Described as a Foreign Material

When using two-phase models (see Section 2.2.2), the surface is considered as a
foreign thin film coating an underlying material. The basic equations consist of
classical elastic equations valid for the bulk coupled to elastic equations valid for the
film. Generally, the surface film cannot glide on the underlying bulk.
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2.2.4.1 The Surface as a Thin Bulk-Like Film

In unorthodox approaches, the system (solid + surface) may be considered as a
composite material constituted by two different materials.”) As an illustration, let us
consider the flexural rigidity (defined as the force torque required to bend a system to
a unit curvature). For a single material, the flexural rigidity depends on the elastic
modulus and the second moment of inertia of the sheet. For a multilayered
composite, the flexural rigidity can be written as a function of the flexural rigidity
of each of its layers. In a similar way, the flexural rigidity of a piece of body separated
by a bulk core surrounded by a surface zone can be calculated by attributing specific
elastic properties to the surface considered as a layer film with specific elastic
constants and a given thickness. Notice again that this layered material (body +
surface) simply is a pileup of bulk-like materials without any specific mechanical
interfacial properties in the Gibbs meaning. Such models will be discussed in detail
in Section 2.3.4.

2.2.4.2 The Surface as an Elastic Membrane
The main difference from the previous case is that now the film modeling the surface
is considered to be an elastic membrane, that is, a material of negligible thickness and
negligible flexural rigidity® bonded to a bulk substrate material. For the sake of
simplicity, both materials (core + membrane) are generally assumed to be isotropic
and described by two Lamé constants A' = E'/((1-2v)(14+)) and
u' = E'/(2(1+"), with i = surf for the membrane and i = bulk for the bulk
material.

The stress tensor (of components 7;;) characterizing the surface is defined by
constitutive equations that ensure that the tractions transmitted by the membrane to
the volume are equal and opposite to the force distribution in the bulk: [23-25]

r(:fﬁ —_ Toéaﬂ + (/'Lsurf + ‘EO) Zk ‘C"ﬁéaﬁ + (/lsurf_fo)gaﬂ _‘_.L.O(au(:f/axﬂ)
T = 70(Ous /Oxa)
(2.41)

where “+” refer to the up and down surfaces that, because of the deformation, cannot
be in the same state of stress (Figure 2.9). In our context, the Lamé coefficients of the
up and down surfaces are identical. The quantity 7°, called residual surface stress,
under unconstrained conditions [23-25] may originate from thermal or mechanical
treatment and thus is unrelated to s or y.

The previous definition (Eq. (2.41)) of T can be formally compared to the expression
of s given in Eq. (2.29), meaning the sum of a stress in absence of deformation and a
linear function of strain. Beyond the formal equivalence, let us note that the physical
meaning of the various components of Eqs (2.29) and (2.39) are not the same since

7) One can thus distinguish three-phase model for plate (a core plus two opposite surfaces) from two-
phase models valid for cylindrical or spherical objects (a core plus one surface).

8) Steigmanand Ogden [22] took into account the flexural rigidity of the surface layers. In this case, there
will be additional equilibrium equations, meaning that bending couples must vanish on the edge of
the surface.
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Figure 2.9 Sketch of the bulk stress variation (black arrows in the bulk) inside a curved sheet at
which adds the surface stress (red arrows at the surface). Inset: Expression of the variation 0, (z)
versus the second derivative of the profile.

surface stress tensor [s] is a true excess tensor (in the Gibbs meaning), but not [z]
except for some peculiar choice of the dividing surface.

23
Applications: Size Effects Due to the Surfaces

We will describe in turn how surface stress (i) induces spontaneous deformation of
nanoparticles (Section 2.3.1), (ii) modifies the effective modulus of freestanding thin
films (Section 2.3.2), and (iii) plays a role on the static bending of thin film
(Section 2.3.3). At the same, we will consider the static bending of nanowires
(Section 2.3.4).

Generally, we will use approaches expressed in terms of surface stress, butin some
cases (according the state of the art) we will also use two-phase models.

2.3.1
Lattice Contraction of Nanoparticles

Following Ref. [26], let us take a free cubic crystal A with a rectangular shape of basis
£.¢, and height /.. We will note s, and s, , respectively, the surface stresses of the basal
and lateral faces of the crystal. Let us now consider a virtual homogeneous defor-
mation described by the bulk tensor ;. The elastic energy due to this deformation is

W — Wbulk + Wsurf (242)

where, according to (2.6) and (2.20),

El10,05
whuk — 2108 pg v 2 2y g
2((1+v)(1—2v)) [( v) (e g, +es3) H2v(enen Fenes +£22833)}
(2.43)
and
WUt = 250105 (611 +20) + 25, 03[ 01 (611 +€22) + L2 (€22 + £33)] (2.44)
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2.3 Applications: Size Effects Due to the Surfaces

The equilibrium strains are obtained by minimizing Eq. (2.42) with respect to
strain. At equilibrium and for a square-shaped crystal ¢, = ¢, = ¢, {3 = h, we get

g eq 1—v (2sa 25, 1-3v eq 1—v (4, 255 2v
G- (Wt ) 9T TE

€33 = E

For a free cubic crystal, h = ¢ and sy = s, there is simply [26]

1—-2vsp
E 7

e =—4 (2.46)
A generalization of Eq. (2.46) valid for various shapes has been given in Ref. [27].
Injecting the equilibrium strain (2.46) into the total elastic energy (2.42) gives a

negative value that for a freestanding cubic crystal reads W = —6s5¢2¢%. The
negative sign means that due to its own surface stress, a small crystal is spontaneously
deformed. Thus, it has a different crystallographic parameter compared to a large
crystal (the deformation scales as ¢71). If the surface stress is positive (respectively,
negative), then the crystallographic parameter is smaller (respectively, greater) than
the crystallographic parameter of the mother phase.

The measurement of such size-induced lattice contraction has been used to
determine a mean value of the isotropic surface stress of cubic crystal [28-30]. More
recent works [31] consider crystalline spheres (diameter D) cut in cubic crystals of
compressibility K. In this case, (2.46) becomes ¢ = —4Kss/3D. In the absence of
reliable values for surface stresses, the authors use asymptotic behaviors of surface
energy combined with the Shuttleworth relation (2.35). In this way, the asymptotic
form sa = [(3y4a)/ 8K]1/ ? (where a is an atomic unit and y, the usual surface energy
of the material) is more or less justified. The so-calculated deformations
¢ = —(4K/3D)[(3y,a)/8K]"* can be compared to experimental ones measured for
various materials. The results are shown in Figure 2.10. Experiments and calculation
clearly show the size effect. The deformations are negative, so the intrinsic surface

| P .
0 I’,..& Au . _..-. -9
-0.3-] ‘e ®
£ (%) / ¢® Pt
® 8(%) :'.’
-2 - . ’v’
® -09 /
0- ’/,.600""6“0‘."" 0- .9..?4—---09-"'
e(%) | Cu & (%) P Ag
2! |
1 4 -1 /
0 10 20 0 10 20
D (nm) D (nm)

Figure 2.10 Lattice contraction (in %) of nanoparticles. Adapted from Ref. [31].
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stress of these metals is positive and leads to a crystal contraction with respect to the
mother phase. Notice that at the nanometer scale, deformations of a small percentage
can be reached. Obviously, for such values, linear elasticity may become questionable.
Let us stress again that two main assumptions have been used, isotropic surface
stress and homogeneous deformation of the nanocrystal, so that only mean values of
surface stress can be obtained by such methods.

232
Effective Modulus of Thin Freestanding Plane Films

Consider a nonsupported film (¢, = ¢, — oo, ¢3 = hy) submitted to its own surface
stress. The film is assumed not to bend. For the sake of simplicity, we will consider
cubic crystals so that, at equilibrium, from (2.45)

2
gi‘%:g;g:e:fho% and e3=——=——2¢ (2'47)

where Y, = E/(1—v) is the usual elastic modulus defined as Y, = (1/2)(d*/de?)
(WPBUk /v4) in absence of any surface stress (WPYK = Y,V,e? is the bulk elastic
energy). In other words, (2.47) implies that because of its own surface stress, the film
is, at equilibrium, deformed with respect to its bulk counterpart, so that the thickness
of the film is no more hy but hy(1+ &33) and the initial surface area Ay becomes
Ao(1+¢)2

The total elastic energy per unit of nondeformed area (see Eq. (2.22)) of the system
now becomes

W Yohoe? + 4spe (2.48)
Ao
where the quadratic term due to bulk elasticity and the linear term due to surface
stress again appear. The factor of 4 rises for the two in-plane directions and the two
surfaces.

It is now possible to define an effective elastic modulus in presence of surface
stress as Yo = (1/2)(d?/de?)(W/V), where now V = hgAg(1+ ¢)*(1 + €,.) is the
volume after spontaneous deformation and W is given by (2.48). It is found that at
mechanical equilibrium and up to the first order in 1/hy,

Yer = Yo+ 2&(2*77) (2.49)
ho
where 17 = v/(1—v) scales as 1/2 for usual values of v.

Equation (2.49) states that, due to surface stress, one can define an effective elastic
modulus, the value of which varies as the reciprocal of the film thickness. Freestanding
thin films with positive (respectively, negative) surface stress have a larger (respec-
tively, lower) effective modulus than the material from which they have been cut.

This simple model has been extended and checked by Streitz et al. [32], who take
into account higher order elastic effects by means of Yy(¢) = Yo(1—Be) and
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2.3 Applications: Size Effects Due to the Surfaces

Table 2.3 Values determined from simulations of the (001) surfaces of various metals [32].

Yo (eV/A) B 2y sa (€V/AY) s (eV/RY) 25, {B+ (47-3) + :—‘]

A
Cu  0.968 1310 125  0.056 —0.14 1.13
Ni 1.542 1470  1.08  0.047 0.07 1.44
Ag  0.623 1373 136 0.050 —-0.19 0.97
Au  0.628 1461 158  0.077 -0.38 1.51

sa(€) = sa + s1¢, so the total elastic energy now becomes

w 2 3 B
A ~ 4spe + (Yoho + 255 + 251 )€ + 3 {Yoho (3— P E) + 251} & (2.50)
0

Equation (2.49) then up to the first order in 1/hy becomes

2
Yeir & Yo+ 22 {B—i— (47-3) + S—l] (2.51)
ho SA

While in the linear approximation the elastic nature of the freestanding film (softer
or stiffer than that of its bulk counterpart) depends only on the sign of the surface
stress of the body (see Eq. (2.49)), it is no longer the case when nonlinear effects are
taken into account (see Eq. (2.51)). More generally (for more complex shapes), it can
be shown that the effective Young modulus depends on the third-order bulk and
elastic constants [27].

Streitz et al. [32] used (2.51)” to calculate the equilibrium strain and the effective
modulus for various metals for which they calculate surface stress s, the usual Young
modulus Yy, and the higher order elastic constants B and s;. The results of their
calculations are shown in Table 2.3. It appears that B is positive, scales as s; /s, and is
greater than unity. It follows that the leading term in Eq. (2.51) is not the surface stress
by its own, but itis the coupling between the higher order constants (s; and B) and the
surface stress sy by means of AY & 2s5 B/hy. The strain (calculated from the formula
given in footnote 9) and the effective modulus (calculated from Eq. (2.51)) with the
data given in Table 2.3 are shown in Figure 2.11, in which the same quantities
calculated by molecular dynamics simulations are also shown [32]. There is an
excellent agreement but notice that the sizes at which the surface effect cannot be
negligible are at the nanoscale.

As a conclusion, the elastic modulus of a freestanding thin film is actually
determined by nonlinear elastic properties of its bulk and surface (for a complete
discussion, see Ref. [33)]).

9) Note that the equilibrium strain is not given by Eq. (2.47), but by e*1 &~ —2s4 /(4ho + 251 + ho Yj).
Moreover, note that (2.49) cannot be recovered by simply putting B = 0 and s; = 0 in (2.51) because
both expressions are not at the same order in strain.
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Figure 2.11 (a) Strain versus thickness calculated for various metals. Adapted from Ref. [32].
(b) Corresponding effective modulus. Adapted from Ref. [32].

233
Bending, Buckling, and Free Vibrations of Thin Films

2.3.3.1 General Equations
We will now consider bending, buckling, and free vibrations of thin films when
incorporating surface elasticity effects. The main formulation consists of adding
surface forces and bending moments due to surface stress to the equations of the
classical description of a plate. Indeed, let us consider a thin asymmetric, isotropic
sheet of thickness e. The faces 1 and 2, respectively, bear surface stress s;ﬁ and séﬁ.
These surface stresses generate two moments, a first moment (a force) and a second
moment (a torque).

The first moment is Njj* = ff/;z [s250 (3 +€/2) + 5750(x3—€/2)]dx3, so using the
sifting properties of the Dirac function d(x), we get

NZ‘;ff = séﬁ —O—Siﬁ = Asyy (2.52)
This moment, which depends on the total surface stress As{:;f, is equivalent to a
resultant force per unit length applied on the medium plane. This results in the
strength of the medium plane.
The second moment M3y" = ff/ez/z (5250 (33 +€/2) + 550 (x3—€/2)]x3dx3 can also
be calculated:

Mt = (sis—Sip)e/2 = As,ge/2 (2.53)

which depends on the differential surface stress As_;. This moment is a torque that
bends the sheet (Figure 2.12). Let us recall that because of the bending, the stresses
are not constant in the bulk but vary with the altitude (see Figure 2.9).

The total moments in the presence of bulk stress and surface stresses are the sum
of the bulk and surface moments and can be written as
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A
S ! As~

As*

s 2 As~

Figure 2.12  Sketch of the decomposition of the differential of surface strain in the first moment
applied in the medium plane and a second moment that is a couple that tends to bend the sheet.

e/2 e/2
N;"’:Nij—kNZ‘/‘;f: J ojjdxs +As;ﬁ7 Mff’t:Mij—l—MZ‘;{f: f ojjx3dxs +As,pe/2
—e/2 —e/2
(2.54)
The equations of motion for the body (see Eq. (2.3)) of the plate are
801-]- dzui
P = 2.55
Ox; Hh=e de? (2.55)

Equation (2.55) accounts for the body forces (e.g., gravity, see footnote 2) of
components f;. Again, o is the density and u; the components of the displacement
field.

Equation (2.55) can be multiplied by dx3 or x3dx; and then integrated to get the
equations of motion governing the resultant moments [34, 35].

e/2 e/2

8N,- up down dzui

O, +o5—05"" + Jﬁdx; = J 03 dxs (2.56)
—e/2 —e/2

oM e/2 e/2 d2

iB €/ u dow: Ui
oy —Nis + E(stp*aiso ")+ J fixsdws = J Qﬁxadxs (2.57)
—e/2 —e/2

where o) and o™ are the stress at the up and down surfaces, respectively.

The mechanical equation valid for the upper and lower surfaces (respectively,
labeled (+) and (—)) reads

+
Isg; B
8x/;

+ et
Oj3 = QU

where we write d’u/dt? = ii. Obviously, at equilibrium this latter equation is
Eq. (2.32).
The previous mechanical equation can be inserted into Eqs (2.56) and (2.57) to
obtain
e/2 e/2
= (Nia +Asg ) + J fidxs = J 0.iiidxs +o(ii] +ii?) (2.58)

0%
—e/2 —e/2
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e/2 e/2
0 e, _ .. [
%<Maﬂ+ EAS“’) —Ng3 + J fixzdxs = J 0.lgx3dxs + 59(”2_”9
—e/2 —e/2

(2.59)

At equilibrium (no time dependence) and in absence of body forces, these
equations become

0
2 (N, asf) =0 (2.60)
0 e, _
5y (Maﬁ + EAsm) — Ny (2.61)

These equilibrium equations have to be solved with well-defined boundary
conditions.

2.3.3.2 Discussion

Most of the surface stress-induced modifications of the usual behavior of thin
plates [34—41] have been studied with a surface modeled as a foreign mem-
brane [23-25]. However, owing to the analogy between Eqs (2.29) and (2.39), the
results are comparable to those obtained with the true surface stress in the Gibbs
meaning.

Usually two assumptions can be found in the literature. The first, the thin film
assumption, is that o33 is zero inside the whole film.'” The second assumption is a
linear variation of 033 in the film as, for instance, 033 = (1/2)(0; +03;) +
(1/h) (053" —03;)x3. Here, we will illustrate only surface effects in the framework
of the thin film approximation and Kirchhoff theory'") [34-38]. For this purpose,
consider an isotropic material (bulk and surfaces) in which an infinitely long (in the
x, direction) sheet of finite width ¢ in direction x; and thickness e is cut. The
(dimensionless) results of Ref. [38] are shown in Figure 2.13 for the maximum
deflection, the load at which the sheet buckles, and the frequency of vibration. The
materials constants are E = 5.625 x 101 N/m?, v =0.25, o = 3 x 10> kg/m?,
Jo =7 x 10* N/m, u, = 8 x 10° N/m (the Lamé coefficients of surfaces), and the
residual surface stress 7o = 110 N/m (more details can be found in Ref. [35]). It is
easy to see in Figure 2.13 that the static as well as the dynamic response of a sheet
depends on its surface properties. Obviously, the thinner the sheet, the proportionally
greater the surface effects. Notice that the surface may help or oppose the external
stress according to the sign of the stress [z] (given by Eq. (2.41)) at the surface. For the
thinner sheets, surface stress effects can become so important that nonlinear

10) At mechanical equilibrium, o33 must vanish at the free surfaces.

11) In the classical thin plate description, two theories can be encountered: the Kirchhoff plate theory
and the Mindlin plate theory that differs only by the assumptions on the asymptotic form of the
displacement fields.
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Figure 2.13  Surface effect on bending, edges submitted to a pair of compressive forces
buckling, and free vibration of a sheetwithedges ~ of amplitude T. A strong negative surface stress
atx; =0andx; = and 7o = 1T0N/m and may the sheet buckled without any external
ho = 107® m. Adapted from Ref. [35]. stress. (c) Reduced frequency of vibration

(a) P = 100(1—v2)PyE versus H for a simply versus the reduced sag (w/ho) for a simply
supported sheet. P = Pq sin(7tx /¢) is the supported sheet submitted to vertical
transverse load and H the reduced sag (w/ho). displacement, us = U sin(7zx;/¢). Notice that
(b) N=12(1—v*)T/Eh versus log hy (ho in 7 = 0 means no surface effects (7o, Ao, 1ty = 0).

meter) for a simply supported sheet at both

elasticity effects may play a role. However, the result is that the size-dependent
behavior originates from the strain dependence of the surface stress, that is, from the
surface elastic constants. In other words, the usual results of the thin plate are
recovered for zero or constant surface stress. Itis only when surface elastic constants
are introduced that there can be a stiffening or a softening of the material, as more
recently confirmed by the analytical calculations of Refs [42, 43]. Again, the surface
effect is significant for film thinner than 10 nm.

A simple proof of this conclusion is given in Ref. [44]. The energy of vibration (per
unit length) of a rectangular beam (length L, height 2h, width ¢) prestressed by its
surface stress can be written as the sum of its bulk and surface energies[1, 44] (sis the
surface stress assumed to be isotropic):

L L
W = %J (Ely"*—Fy*)dx+ Jﬁsylzdx (2.62)
0 0

where E is the bulk Young modulus, I the moment of inertia, F a bulk compressive
force that prestress the sample and, at equilibrium, balance the forces exerted by the
surfaces, and y(x, t) the vertical deflexion (the primes denote the derivatives with
respect to x). Since the equilibrium requires F = 2s/, the total energy (2.62) is
independent of surface stress.

When taking into account surface elasticity by means of s = s, + ssurfe where Sswif
is a surface elastic constant and e ~ hy” the strain at the surfaces, a term
Jiy €5 &2 dx adds to (2.62), so

L
W = %J (EI+ zssuffehz)y”z dx (2.63)

0
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We can define an effective modulus

2 Ssurf h?

Eqg = E+ f (2.64)
which depends on the shape (via I) and the surface elasticity (via $°f). The frequency
of vibration of the cantilever w? = w3 (1 + (25" ¢h? / EI)) [44] does not depend on s,
but only on the strain dependence of the surface stress, that is, on surface elasticity.?
Notice that more recently finite element method calculations have confirmed this

result [45].

234
Static Bending of Nanowires: An Analysis of the Recent Literature

Static and dynamic bending tests have been widely reported for nanowires [46—49].
The experiments are complex. In particular, it is generally hard to control the
boundary conditions, so there is a wide scattering in the experimental data (see
Section 2.3.5). However, most of the experiments show that the elastic behavior of a
nanowire is different from the elastic behavior of its bulk counterpart (or mother
phase), affecting the size-dependent modulus that can be softer or harder than the
modulus of the bulk material. Again, this size effect essentially comes from the
surface/bulk ratio.

Notice that for rectangular wires, the presence of two pairs of free surfaces gives
additional effects due to edges and corners. In the following section, we will study
only the simpler case of cylindrical wires.

2.3.4.1 Young Modulus versus Size: Two-Phase Model
For nanowires, most previous works use a two-phase model in which the wire is
divided in a cylindrical core of radius ry surrounded by a shell of thickness e, so that
the diameter of the whole wire is D = 2(rp+e¢). The core and the shell are,
respectively, characterized by their elastic modulus E, and E;. The flexural rigidity
of the nanowire is written as EI = Eyl, + EI;, where I, and I, are the moment of
inertia of cross section of the core and the sheet.

Using the expression of the inertia momentum, the effective modulus of the wire
is [48]

E=E, {1 + 8(%71) (=3 + 4> —217")
0
where 7 = ¢/D.
A fit of the experimental data gives the surface thickness e and the ratio Es/ Eo.

However, this phenomenological ratio cannot be simply interpreted in terms of
elastic constants.

12) Some authors omit F and thus find that E.¢ depends on s, which is clearly wrong [44].
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He and Lilley [40] have extended this approach to different boundary conditions
and different geometries (rectangular or circular cross section). However, their
approach is slightly different since they introduce an additional distributed trans-
verse force due the stress jump across the surface Aojnin; = s,3Keg (n; are the
components of the unit vector normal to the surface and K4 the curvature tensor so
that s,,s K,gsimply is the Laplace overstress) written as spy” (x) for an isotropic surface
stress (y(x) is the transverse displacement). The equilibrium equation
EIY""(x) = 2Dsgy” (x) is thus solved for different boundary conditions: a cantilever
(submitted to a concentrated load force at its end), a simply supported wire, and a
clamped wire (submitted to a concentrated load force applied to the middle of the
wire). The main result is that a positive surface stress sy opposes concave curvature of
the mean plane of the wire and enhances convex curvatures. For positive surface
stress, the cantilever behaves as a softer material, while a simply supported or
clamped sheet behaves as a stiffer material (compared to its bulk counterpart). This
result could illustrate why quantifying the mechanical properties at the nanoscale is
so challenging. Indeed, the effective modulus appears to depend on the boundary
conditions! However, as shown in Section 2.3.3.2 and Ref. [44], this analysis neglects
the prestress effect the surface stress (considered as amembrane) induces, so the true
equilibrium equation should be EIy""(x) = —Fy"(x) + 2Dspy" (x), where at equilib-
rium the compressive axial force due to surface stress is F = 2D/sy. This prestress
effect thus should modify the surface stress effect in the absence of surface elasticity
(see Section 2.3.4.3).

2.3.4.2 Young Modulus versus Size: Surface Stress Model

Cuenot et al. [46] have reported effective modulus measured for ZnO nanowires: the
smaller the diameter of a nanowire, the greater its effective modulus. To interpret
these experimental results, the total bending energy due to a force F applied on the
wire inducing a deflection 9 is [46] U = —F0 + (1/2)kd* + smDAL(1—v), where the
first term is the work of the applied force F, the second term the bulk elastic energy
depending on the stiffness modulus k of the bulk material of the wire, the last term
the work against surface deformation, where s is the surface stress (assumed to be
isotropic), and AL = (12/5)(6?/L)the extension of the wire. For clamped wires, the
total energy becomes U = —Fd + (1/2)ker 0%, where ko = k+(24/5)s(wD/L) (1—v).
For the geometry of the wire, E=(L*/1921)k, where I =7 D*/64 is the moment of
inertia of the section, so Cuenot et al. [46] define an effective modulus
Eer = E+(8/5)s(1—v)(12/D?). Again, even if experimental data are well fitted by
the model, the model neglects the prestress bulk induced by the surface stress (see
footnote 12).

2.3.4.3 Prestress Bulk Due to Surface Stresses

We have seen that most of the recent works neglect the bulk stress initially induced by
the surface stresses. The effect of this prestress has been properly taken into
consideration by Wang et al. [50] in the case of pure bending of nanowires. For this
purpose, they consider an isotropic nanowire of thickness h, width b, and length £ and
isotropic surface stress s. The authors (i) calculate the bulk stress (supposed to be
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homogeneous) due to the surface stress (as in Section 2.3.1), (ii) calculate the strain
field in the bulk and at the surface, the (iii) the strain-dependent surface stress, and
(iv) the bulk and surface elastic energies. Let us underline that the authors allow the
nanowire to relax axially at its ends. They can thus define an effective Young’s
modulus that can be expressed as

6 2 A%
Eeer = E+ Egur (E + E) +2% <21/2 (E) _(ﬁ> ) (265)

where Egy,f, a surface Young’s modulus, is a combination of the surface elastic
constants.

This equation can be formally compared to Eqs (2.49) and (2.50) obtained for thin
freestanding planar films (that are not allowed to bend) or to Eq. (2.64) obtained from
vibration properties.

The main conclusion is that Young’s modulus can be considerably affected by
the surface properties. It is modified not only by the absolute size of the nanowire
but also by its aspect ratio. More precisely, for positive elastic constants and
positive surface stress, the effective Young’s modulus decreases with the decrease
in the nanowire thickness or the increase in its aspect ratio. Let us underline that
this result has been obtained for free boundary conditions. It could be different for
clamped conditions (see the discussion in Section 2.3.5). Again, Eq. (2.65) predicts
that stress effects play a role only at the nanoscale (roughly for thickness smaller
that 20 nm) [50].

235
A Short Overview of Experimental Difficulties

We cannot end this short review of surface effects on elastic properties of nanoscale
objects without any analysis of the experimental uncertainties that concern the
sample preparation, the sample characterization, the mechanical system used to
excite the nano-object, and even the simple definition of the object geometry. We list
below some of the experimental difficulties.

Most of the methods used to fabricate micro- or nanoscale objects employed
techniques that potentially affect the mechanical behavior by ions implantation,
surface amorphization, surface roughness, or even dislocation implantation [51].

The mechanical probe is generally larger than the size of the object [47-60], so the
mechanical properties of the whole system (probe + object) should be checked.
Furthermore, the boundary conditions (clamping, simply supported, free boundary)
are difficult to define accurately and to reproduce from one experiment to another. It
is all the more important that, as numerically shown by Park and Klein [61], effective
Young’s modulus depends on the boundary conditions. For instance, they [61] found
(for gold) that increasing the nanowire aspect ratio leads to an increase (respectively,
decrease) in E.g for clamped (respectively, free ended) nanowire. This can be easily
understood since the clamped condition prevents the axial relaxation due to surface
stress. The experimental difficulties due to the boundary conditions can be
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partially overpassed by using acoustic methods that simply excite the vibrational
modes [62, 63] without contact.

It is sometimes difficult to accurately characterize the geometry of a nano-object
(for instance, the diameter of a nanowire is not necessarily constant on its whole
length). An error of 5% on the nanowire scales leads to an uncertainty of 25% on the
effective Young modulus.

Since plastic properties are also size dependent [52, 53], the knowledge of the
dislocation density may be crucial. Indeed, the mechanical properties cannot be the
same if the object already contains a dislocation that can move under the external
force or if it is necessary to create the dislocation before activating it.

All these limitations may be at the origin of the large dispersion of the available
experimental results and even at the origin of several systematic errors. For instance,
most of the theoretical calculations predict size effects at the nanometer scale, while a
few experiments show size effects that already occur at some hundred of nanometers!
May be some of these experimental results have not been obtained with a well-defined
system. For instance, the Young modulus of a vibrating cantilever has been found to
decrease [56], increase [64], or to be constant [60] according to the cantilever
diameter,"® while Raman scattering of nanoparticles does not put in evidence any
size dependence of the Young modulus [62, 63]. The analysis of the mechanical
properties of cantilevers with varying width seems to be a necessary challenge [63].

2.4
Conclusion

A great deal of research has been done on the elastic properties of nanoscale
materials. Like many other properties, the mechanical properties of small objects
deviate from those of macroscopic objects of the same material. The overall elastic
behavior of nanosized objects is size dependent. This size dependence originates
from proportionally greater surface effects. Indeed, the surface has bond length and
strength different from the volume, so a nanoscale object must, at least, be divided
into a bulk core and a surface zone with different properties. The surface zone can be
described in various ways. The best one consists of using the concepts of dividing
surface and surface excess. The main advantage is that the so-defined quantities are
perfectly defined from a thermodynamic viewpoint. Other choices are possible, butin
all the cases the localization of the dividing surface should be specified before any
calculation. In some cases, it is easier to split the dividing surface into two surfaces
separated by a distance that defines the surface thickness. When specific elastic
properties are attributed to surfaces, the elastic behavior of a finite-size body results
from a subtle interplay between its bulk and surface properties and thus depends on
the absolute size of the object. Such size dependence becomes significant when at
least one dimension becomes smaller than, let us say, a few tens of nanometers.

13) But obviously the effect depends on the sign and the value of the surface stress of the material.
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Most of the mechanical characteristics of nanoscale objects can be inferred from
models coming from surface physics in which the surface is characterized by an
excess of stress in the Gibbs meaning. More precisely, it is possible to show with these
models that because of surface stress, the crystallographic parameter, the Young
modulus, the flexure rigidity, and so on of nanoscale structures differ from those of
bulk (infinite) materials. However, surface stress alone is not enough to explain all the
experimental occurrences. In particular, surface elastic constants have to be intro-
duced since the stiffening effect is essentially due to the strain dependence of the
surface stress. Moreover, at the nanoscale surface stress may induce huge bulk strain,
so the whole mechanical behavior can no more be described by linear elasticity theory.
In some cases, the surface stress effect, by its own, is less important than the
nonlinear behavior it induces in the bulk [66]!

Finally, notice that since surface effects are dominant at the nanoscale, the elastic
properties also depend on the shape of the objects. It is clearly put in evidence in
Ref. [27] in the case of Cu. For nanowires, the Young modulus increases as the wire
becomes thinner, while for a freestanding film, it decreases.

Again, let us underline that mechanical tests at the nanoscale are still a challenge.
In particular, since most of the tools used for the stress measurements are at the
macroscale, it is generally hard to control the boundary conditions. At the same, it is
difficult to simply control the initial state (surface roughness, defects density, and
even geometrical data as initial curvature or size) with a good accuracy. It results in a
wide scattering in the experimental data, so efforts have to be made to access better
data even if some statistical attempts to go round these intrinsic limitations have been
explored [66].

From a theoretical viewpoint, let us notice again that the models coming from
surface physics cannot be applied to the smallest sizes at which it is no more possible
to divide the piece of matter into a core and a surface zone. In this case, it is necessary
to resort to atomistic approaches expressed in terms of spring models, pseudopo-
tentials, or ab initio calculations [66, 68] or may be to use nonlocal elasticity [69].
Moreover, let us notice that strained nanowires may be morphologically unstable.
Such instabilities are beyond our scope of this book, but the reader can refer to
Refs [70-72).
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