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Abstract

This article is concerned with the following spectral problem: to find a positive function ¢ € C*(2)
and A € R such that

4(@)¢ () + /Q J(@,y)e(w) dy + a@)p(@) + Ap() =0 for z € 9,

where Q C R is a non-empty domain (open interval), possibly unbounded, J is a positive continuous
kernel, and a and ¢ are continuous coefficients. Such a spectral problem naturally arises in the study
of nonlocal population dynamics models defined in a space-time varying environment encoding the
influence of a climate change through a spatial shift of the coefficient. In such models, working directly
in a moving frame that matches the spatial shift leads to consider a problem where the dispersal of the
population is modeled by a nonlocal operator with a drift term. Assuming that the drift ¢ is a positive
function, for rather general assumptions on J and a, we prove the existence of a principal eigenpair
(Ap, ¢p) and derive some of its main properties. In particular, we prove that A,(Q) = limpg_, 400 Ap(Qr),
where Qr = QN (—R, R) and A\,(Qg) corresponds to the principal eigenvalue of the truncation operator
defined in Q. The proofs especially rely on the derivation of a new Harnack type inequality for positive
solutions of such problems.

1 Introduction

In this paper, we are interested in following spectral problem: to find a positive function ¢ € C'(Q) and
A € R such that

q(z)¢' (z) + /Q J(z,y)p(y)dy + a(x)p(z) + Ap(x) =0 for all x € Q, (1.1)
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ing to this publication has received funding from Excellence Initiative of Aix-Marseille University - A*MIDEX, a French
“Investissements d’Avenir” programme, from the Furopean Research Council under the European Union’s Seventh Frame-
work Programme (FP/2007-2013) ERC Grant Agreement n. 321186 - ReaD1i - Reaction-Diffusion Equations, Propagation and
Modelling and from the ANR NONLOCAL project (ANR-14-CE25-0013).



where © C R is a non-empty domain (namely, a non-empty open interval), J is a positive continuous kernel
in 2 x 2, and a and ¢ are continuous bounded coefficients in 2. The precise assumptions on J, ¢ and a
will be given later on.

The existence of such an eigenvalue A, called the principal eigenvalue since the eigenfunction ¢ is
positive, is an important tool in modern analysis and it is at the origin of many profound results, especially
in the study of elliptic and parabolic linear and semilinear problems. For instance, such an eigenpair has
been used to characterize the stability of some equilibria of reaction-diffusion equations in connection with
persistence criteria, see e.g. [0, [1T], [12), 13| 211 [34], 38]. It is also an important tool in the characterization
of maximum principle properties satisfied by elliptic operators [7, 9] and in the description of continuous
semi-groups that preserve an order [I], 20 28]. Before going into further details, let us first explain what
is meant by a principal eigenvalue for such nonlocal, as well as for local, operators.

1.1 Some notions of principal eigenvalues of local and nonlocal operators

For most positive operators defined on a set of functions over a domain Q C RY, the notion of principal
eigenvalue is related to the existence of a particular eigenpair, namely an eigenvalue associated with a

positive eigenfunction. For the operator £, ; + a defined on C(f2) by

Q,J

Lo el +ap = /Q J(y)ey) dy + ap, (1.2)
the definition of the principal eigenvalue based on the existence of such an eigenpair does not necessarily
hold anymore. Indeed, as noticed in [15], 18] 27, 36], when the function a is not constant, for any real
number A, neither £, ; + a + A nor its inverse are compact operators and the operator L, ; + a may not
have any eigenvalues in the spaces LP(2) or C(Q). However, a notion of generalised principal eigenvalue
still persists and can be defined for such operators [2 [15] [I7, [18] 19, 27) [36]. Namely, for such an operator

L, ; + a, the generalised principal eigenvalue is then defined by the quantity
M(Lo, +a)=sup{AeR|TpeCQ),p>0and L, ,[p] +ap+ Ap <0 in Q}, (1.3)

which can be expressed equivalently by the sup-inf formula:

(~ Eaclele) + aolote)),

(L, , +a)= sup inf
p( Q,J ) s0(1:)

0eC(@), >0 in 0 7€

This quantity was originally introduced in the Perron-Frobenius theory to characterize the principal
eigenvalue of a positive irreducible positive matrix [14, 40]. Namely, for a positive irreducible matrix A,
the eigenvalue Aj(A) associated with a positive eigenvector can be characterized as follows:

(Ax)z) _ (Aw)z) ,

Z; T

)\1 (A) = sup inf <_

inf sup (—
z€RN | >0 {1, ,N}

z€RN, >0 ie{l,,N}

also known as the Collatz-Wieldandt characterization (for x = (x1,--- ,zx) € RY, we say that x > 0 if
x; >0forallie{l,--- ,N}).

As in the Perron-Frobenius theory, similar inf-sup formulas have been developed to characterize the
spectral properties of elliptic second-order local operators satisfying a maximum principle, see the fun-
damental works of Donsker and Varadhan [20], Nussbaum and Pinchover [31], Berestycki, Nirenberg and



Varadhan [7] and Pinsky [32, [33]. In particular, for an elliptic operator &€ : ¢ — E[p] = a;;0;p +bi0ip+cyp
with bounded continuous coefficients defined in a bounded domain © C RY, several notions of princi-
pal eigenvalue with Dirichlet boundary conditions have been introduced. On the one hand, Donsker and
Varadhan [20] have introduced a quantity Ay (&), called principal eigenvalue of &€, given by

M(€):=inf{AeR|Tp e dom(E), ¢ >0 and E[p]+Ap > 0in Q} = inf sup <—8[SO]($)>,
pedom(E), >0 IN Q zeQ o()

where dom(€) C C?(2) N Cy(2) denotes the domain of definition of £ and Cp(9) is the set of continuous

functions in © which vanish on 9. On the other hand, Berestycki, Nirenberg and Varadhan [7] have
introduced A1 (&) defined by
M(E):=sup{AeR|Jpc VVZ%CN(Q) NC(Q), ¢ >0in Q and E[p] + Ap <0 a.e. in N},

Elpl(x)
p(z) )

= sup essinf (—
eeW 2N (Q)NC @), ¢>0 in Q z€Q

as another possible definition for the principal eigenvalue of £&. When  is a smooth bounded domain
and & has smooth coefficients, both notions coincide (that is, Ay (€) = A1(€)). The equivalence of these
two notions has been recently extended to more general elliptic operators. In particular the equivalence
holds true in any bounded domain €2, and in any domain when £ is an elliptic self-adjoint operator with
bounded coefficients [9]. For the interested reader, we refer to [9] for a review and comparison of the different
notions of principal eigenvalues for an elliptic operator defined in a bounded or unbounded domain.

Similarly, several notions of principal eigenvalues have been defined for the nonlocal operator L, ;, + a.
In particular \y(L,, ; + a) given in has been compared to the following definitions [3], [15] [17, 19} 20,
93, 26, 27, 36], 37]:

ALy, +a):=inf{XeR[ITpeC(Q)NL®)\ {0}, ¢>0and L, ,[¢] +ap+ Ap >0in Q}
MLy, +a):=inf {XeR|TpeC(N)\ {0}, ¢>0and Ly, [¢] +ap+ Ap >0in Q},

where C,(€2) denotes the space of continuous functions with compact support included in €2, or when
L, , + a is a self-adjoint operator (with symmetric kernel .J):

M(Ly, , +a):= inf —(Lq ,lp] +ap, ¢
( Q,J ) ¢€L2(9)7||99HL2(Q>=1 < Q,J[ ] >

= m)fﬁfum:l; //Q T y)le(a) o)) dedy - /Q [a(x)Jr /Q J(z,y) dy} 2 (x) d,

where (,) denotes the usual scalar product in L?(Q2). As for elliptic operators, the equivalence of the
different notions have been obtained [3| [I7, 19] when © is a bounded domain, and, under quite general
assumptions on the kernel, there holds

)‘p(ﬁn,J +a)= )\;)(‘CQ,J +a) = )‘Z(‘CQ,J +a)

and these quantities are equal to A, (L, , +a) in the symmetric case. These equivalences still persist when
is unbounded provided the kernel J satisfies some symmetry properties, see 3], [19].



In this article, we investigate whether similar quantities can be defined for the first-order nonlocal
operator M, ; + a defined by

Mg el +ap = qp' + L, ;o] + ap (1.4)

for o € C1(Q) N C(Q), when © C R is a non-empty bounded or unbounded open interval. We will also
wonder whether such quantities can be used as surrogates of the existence of a principal eigenvalue. In the
spirit of the definition of the generalised principal eigenvalue of the operator L, ; + a, and following the
ideas originally introduced by Berestycki, Nirenberg and Varadhan [7] and developed in a series of papers
[6, [8, @, 130, B5], we introduce the following quantity

MM, +a):=sup{AeR|Jpe CHQ)NC(Q), ¢ >0 and Mg, el +ap+Arp <0in Q}  (1.5)

and we study its main properties. We shall also prove some Harnack type inequalities of independent
interest for this type of operators.

1.2 A motivation provided by some nonlocal reaction diffusion models

Our interest in studying the properties of \,(M,, ; + a) stems from the recent studies of populations
having a long range dispersal strategy [3, [15] 17, 27, [36]. For such populations, a commonly used model that
integrates such long range dispersal is the following nonlocal reaction diffusion equation ([22] 24] 25| 29, [39] ):

Owu(t,z) = /Q J(x —y)u(t,y)dy — u(t, x) /Q J(y—x)dy + f(t,z,u(t,x)) for (t,x) € [0,+00) x . (1.6)

In this context, u(t, x) is the density of the considered population, J is a dispersal kernel and f(t,z,s) is a
nonlinear function describing the demography of the population evolving in a heterogeneous environment
possibly varying in time. In the context of modeling the effect of the climate change on the survival of
a population, it is natural to set the problem in 2 = R. In order to reflect the impact of the climate
shift on the demography of the population, the nonlinearity f is assumed to take the following form

f(t,z,s) = f(z —ct,s) (J4, [41]), where ¢ is a positive constant modelling the speed of the shift. Within
this context, the equation (1.6]) reads

Opu(t,z) = /RJ(ZE —y)u(t,y) dy — u(t,x) /R J(z)dz + f(z — ct,u(t,x)) for (t,z) € [0,400) x R. (1.7)

For this model , the main goal is then to find conditions on J, ¢ and f that characterize the
persistence of the species. In this task, the existence of a particular positive solution of , ie. a
positive solution that is stationary in the moving frame of speed ¢ (that is, u(t,xz) = v(z — ct)) is expected
to provide a clear characterization of the dynamics of the population. This analysis leads to look for the
existence of a non-trivial solution to

—cv'(z) = Jxv(z) —v(x) + f(z,v(z)) inR. (1.8)

When ¢ = 0 and f is of KPP type with a bounded niche (that is, f(:,0) = 0 in R, fla,s) < 0sf(x,0)s
for all (z,s) € R x Ry, f(z,s) <0 for all s > A, and 9;f(x,0) < 0 for all |z| > A, for some A > 0),
the existence of a non-trivial solution to is strongly related to the characterization of the stability of
the trivial solution v = 0. More precisely, setting M the operator defined by M[p] = J x ¢ — ¢ (that is,

4



M = Ly 7— 1 with J(x,y) = J(z —y)), the existence of a non-trivial solution to (1.8 is governed by the

sign of the principal eigenvalue Ap,(M + 05 f(-,0)) [3]. In particular, there exists a positive solution to ([1.8))

if and only if A\,(M + 9sf(2,0)) < 0. When ¢ > 0, it is expected that a similar criterium can be derived

with the suited notion of principal eigenvalue for the operator )\p(MR - o—14+0sf (+,0)).

s

1.3 Assumptions and main results

Let us now make more precise the assumptions on the coefficients .J, ¢ and a. All along the paper, €2 denotes
a non-empty open interval of R and we assume that J : Qx — R is a nonnegative Caratheodory function,
that is,

J(z,-) is measurable for all z € Q, J(-,y) is uniformly continuous for almost every y € €, (A1)
and we also require that J satisfies the following non-degeneracy conditions:
30 < Ko < k1, 30 <o < 61, V(2,y) € AXQ, Ko Lz—sp.0450)n0(¥) < J(@,y) < K1 Lzs, 2r5)n0(y). (A2)
We also assume that ¢ and a satisfy
g,a € C(Q)NL>X(Q) and ¢#0in O (A3)

and, in some statements,

iI(lZf lq| > 0. (Ad)

Notice immediately that under the only assumptions -, the function M, ; [¢]+ ap given in
and is well defined and continuous in Q for any ¢ € C1(Q) N C(Q). In (but not in (A4)), the
function ¢ might well vanish on 02, in case it were assumed to be a continuous in €.

For the operator M, ; + a in a non-empty bounded or unbounded open interval {2 C R, to our
knowledge almost nothing is known. The first result describing the existence of a principal eigenvalue for
M, ;. + a has been recently obtained in [19]. Namely, if Q = (r1,72) with 1 < 72 is a bounded interval

and assuming that ¢ < 0, the authors prove that the following quantity

m(Mg ,, +a):= sup{)\ ER|TpeCH)NC(Q), ¢>0inQ, ¢(r1) =0,

. (1.9)
MQ,J,q (o] +ap+ Ap <0in Q}

is a well defined real number and moreover that the supremum is achieved, i.e. there exists ¢; € C*(Q) N

C(€2) such that

Mg [1] +apr + (MQ,J,q +a)pr = 0 in Q= (r1,r2),
w1 > 0 in Q= (r1,72), (1.10)
p1(r1) = 0,

see Theorem below. Note that the sets of test functions considered to define u3(M, , +a) in
and \p(Mg, ,, +a) in are slightly different and from the respective definitions we can always infer
that

Mg, +a) < MM, ,, +a).



Our first result is to define properly the notion of principal eigenvalue and principal eigenfunction when
q > 0. To this end, still when = (r1,72) is a non-empty bounded interval, let us introduce the following
quantity

(Mg, +a)=sup{AeR |TpeCH)NC(Q), ¢>0inQ, ¢(r2) =0,

. (1.11)
MQ,J,q (o] +ap+ Ap <0 in Q}

Proposition 1.1. Assume that Q = (r1,72) C R (with r1 < r2) is a bounded domain and let J, q and a
satisfy assumptions (Al)-(A3) and ¢ > 0 in Q. Then (M, +a) is a real number associated with a

function o1 € CH(Q) N C(Q) such that

MQ,J,q [‘Pl] +ap1 + 1 (MQ,J,q +a)pr = 0 in Q= (ry,re),
1 > 0 inQ=(r,mr),
Y1 (Tg) = 0.

As already observed in the situation ¢ < 0, the sets of test functions considered to define ji; (M, ; +a)
in and /\p(/\/lﬂ, 7T a) in are slightly different and, owing on the respective definitions, we can
also always infer that

ﬁl(MQ,J,q +a) < )\P(MQ,J,q + a).

Our next result is to prove that both quantities u1 (M, ; +a) and fi1 (M, ,  +a) are characterizations of
the quantity \,(M,, , +a), according to the sign of ¢, and that a Collatz-Wielandt type of characterization
holds as well. Namely, we prove the following result.

Theorem 1.2. Assume that Q = (r1,r2) C R (with m1 < r2) is a bounded domain and let J, q and a

satisfy assumptions (A1)-(A4)). Then
Ap(‘/\/lQ,J,q + a) = )\;(MQ,J,LI + a)7
where
)\;(MQJ,q—i—a) = inf {)\ ER | JpecCl)NCK), o(r) =0,
¢ >0 and M, [p] +ap+Xp>0inQ} if ¢ <0,
MM, +a):=inf{AeR | TpeCHQ)NCQ), ¢(rz) =0,
¢ >0 and M, , [p] +ap+Ap>0inQ} if ¢ <0.

(1.12)

In addition, we have

Ml(MQ,J,q +a) = )\p(MQ,J,q +a) = /\;J(MQ,J,q +a) if ¢ <0,
/’A‘Zl(MQ,J,q + a) = AP(MQ,J,q + a) = )\;)(MQ,J,(I + a) if ¢ > 0.

Notice that the test functions involved in are Lipschitz continuous in Q = (r1,72) and therefore
can be extended continuously at r1 and 9.

An immediate consequence of Theorem is that, if Q = (r1,72) C R with 1 < rg, then there exists a
positive eigenfunction ¢ = 1 for (L.1)) with the eigenvalue A = A\,(M,, ; +a) assoon as ¢ € C(2)NL>(Q)
does not vanish in 2.

Another consequence of the previous result is that, if  C R is a non-empty bounded domains, then
(Mg, +a), in(M,,,, +a) and X, (M, ; +a) inherit the monotonicity properties that follow immedi-
ately from the definition of \,(M,, ; +a)in (L.F). These properties, which hold in bounded or unbounded
domains, are listed in the following statement.



Proposition 1.3. Let ) C R be a non-empty bounded or unbounded domain and let J, q and a satisfy
assumptions (A1)-(A3). Then the following holds.

(i) If ' is a non-empty domain such that Q' C Q, then \y(M,, , +a) > \p(M, , +a).

Jia
(ii) If a1 > ag satisfy (A3)), then A\py(M,, ; +a1) < Ap(Mg, ;, +a2).

(ii) The map a — A\py(M,, , +a) is Lipschitz continuous and |\p(M,, ; 4a) = (Mg ; +b)| < [la=Db| r ()
if a and b satisfy (A3]).

(iv) The quantity A\py(My, ; +a) is a real number and

Mp(Mg, ,, +a) > —sup (a(x) + /Q J(x,y) dy> > —00.

e

(v) If J1 > Jo satisfy (Al]) and (A2), then AP(MQ;JLQ +a) < )‘P(MQ,Jg,q +a).

For the interested reader, we refer to [2, [I5], [17] for the proofs of (i)-(iv) in the case ¢ = 0.

While property (i) in Proposition is concerned with the monotonicity of the quantity \,(M,, , +a)
with respect to the domain €2, the last main result deals with a continuity property of \,(M, , +a) with
respect to the domain 2.

Theorem 1.4. Assume that 2 C R is a non-empty bounded or unbounded domain and let J, q and a
satisfy assumptions (Al))-(A4). Then, for any sequence (Qp)nen of non-empty bounded domains such that

QN CQand Q, C Qi1 for alln €N, and U Q, =Q, (1.13)
neN

one has
)\p(j\/lﬂvjﬁq +a)= lim )\p(MQn,M +a).

n—+o0o

Moreover the principal eigenvalue \p,(M,, ;. + a) is always achieved, that is, there is a function ¢ €
CH Q) NC(Q) such that (LI)) holds with X = \p(M,, , +a) and ¢ >0 in Q.

As an immediate corollary, the following inequality holds.

Corollary 1.5. Assume that @ C R is a non-empty bounded or unbounded domain and let J, q and a

satisfy assumptions (Al])-(A4). Then

)\p(MQ,J,q +a) > XP(MQ,J,q + a),

where

MM, +a):=inf{AeR|3pe CH ) NC(Q), ¢ >0 and Mg, el +ap+rp >0 in Q}.

These main results are proved in Section [2| (Proposition [1.1)) and Section [4| (Theorems and
Proposition [1.3). One of the main tools for the proof of Theorem is a new Harnack inequality for
operators of the type M, ;, + a. This result of independent interest is stated and proved in Section



2 Some preliminaries: proof of Proposition (1.1

In this section, we first recall from [19] the properties of the quantity j1(M,, ; + a) defined in and
then look for the properties of i1 (M, ;, +a) defined in (L.11)). From [19], we know that if Q = (r1,72) C R
is a non-empty bounded domain and if ¢ < 0 in €, then pu1(M,, , + a) is truly an eigenvalue associated
to a positive eigenfunction ¢;:

Theorem 2.1. [19, Theorem 4.1] Assume that Q = (ri,r2) C R (with r1 < r9) is a bounded domain
and let J, q and a satisfy assumptions (Al)-(A3). Assume further that ¢ < 0. Then pu1(M,, ,, + a)
defined in (L.9) is a real number and it is an eigenvalue of M, ,  +a associated to a positive eigenfunction

01 € CHQ) N C(Q) solving (1.10). Moreover, the following variational characterization holds:

(Mol o) _ e (Mnsldle) el

(Mg, +a) = sup inf

uey TEN ueY Le

withY = {ue C* Q) NCQ) | u>0inQ and u(r;) = 0}.
With Theorem [2.1] in hand, let us show Proposition [I.1

Proof of Proposition[L.1]. Let Q = (r1,r2) C R (with 1 < r2) be a bounded domain and let J, ¢ and a
satisfy assumptions (A1])-(A3)), together with ¢ > 0 in 2. We have to show that the spectral problem (|L.1J),

namely

q(z)¢'(x) + /Q J(2,y)e(y) dy + a(z)p(z) + Ap(z) =0 for z € €, (2.1)

has a solution ¢ € C*(Q) N C(Q) such that ¢ > 0 in Q, with A = i1 (M, , +a).
To do so, let us first consider the following functions:

g(z):=—q(ri+r2—2x), a(z):=a(ri+re—2x) and J(z,y):=J(ri+ro—z,ri+re2—y)

defined for x,y € Q. Note that by construction, J, ¢ and a are well defined and still satisfy (A1))-(A3]).
Let now any A € R and ¢ € C*(Q2) N C(Q) be such that ¢ > 01in Q, (r;) = 0 and

M, el +ap+2rp <0 in Q.

A straightforward computation then shows that the function ¢ € C1(2) N C(Q) defined by (z) :=
o(r1 + ro — x) satisfies

Mg 5, [0](@) + a(2)y(x) = M 5 [p](r1 +r2 —x) +alri + g —2)p(r1 + 2 — 2) < =M(z)

for all x € Q. Since ¢ > 0 in Q and (r2) = ¢(r1) = 0, the definition of fi1 (M, ;  + a) immediately yields
A < (M, ,+a), hence py (M j§+5) < (Mg, ,+a) by taking the supremum over A in the definition
of Ml(MQj@""a)'

A similar argument yields the opposite inequality, hence

H1 (Mﬂ,j,q—i_a) =1 (MQ,J,q +a)-



Moreover, since ¢ < 0 in €2, Theorem implies that (M 7.1 a) is a real number and it yields the
existence of a solution ¢ € C1(Q) N C(Q) to

M, gl +aer + M, 5 +a)er = 0 in Q= (r,r),
1 > 0 in Q= (ry,r),
ei1(r1) = 0.

As above, the function 1, € C*(Q2) N C(Q2) defined by 1 (z) := p1(r1 + ro — 1) satisfies

Mg 1](@) +alz)u(z) = M 5 [e](r +ra — ) +a(r +r2 — 2)pr(r1 + 72 — )

.
= —mM, ; Fa)i(z)
for all z € Q. Thus (1 (M ja+a), 1) is an eigenpair for problem (2.1]). Furthermore, since 1; > 0 in
and 1(r2) = ¢(r1) = 0, and since pi1 (M, jq~+a) = j11(My, ,,+a), the proof of Proposition is thereby
complete. o ]

3 A Harnack type a priori estimate

In this section we prove some useful Harnack type a priori inequalities on positive solutions of the linear
problem:
q(x)u'(x) + Lo, [u](z) + a(x)u(z) =0 for z € Q, (3.1)

where
Lo lul(@) = [ TGg)ulo)dy
is as in (|1.2]).

Lemma 3.1. Let Q C R be a non-empty domain of R, let J satisfy - with some positive constants
0< ko <k and0 < dg <61, and let ¢ and a satisfy . Assume that q is positive and there are r1 < ro
in ) such that

[7'1 — 01,19 + (51] c Q.

Then there exists a positive constant C depending only on |r1 —ra|, dist([ri, 2], 8Q)E| J, q and a such that,
for every nonnegative C*(Q) solution of (3.1)), we have

max u < C' min u. (3.2)
[r1,m2] [r1,72]
Proof. Let us first fix € > 0 so that
[7’1—51—6,T2+51+8]CQ (3.3)

and denote
d = min (1,dist([r1 —01—¢&,10+ 01 + 6],69)) > 0,
do d (3-4)
0 = mi (—,—,s) > 0.
min 279
f Q = (a,b) with —co < a < b < +o0, then dist([r1,r2],09Q) := min(r1 — a,b — r2) denotes the distance between [r1, 2]
and 092.




Notice that § depends only on J, d and ¢, and therefore only on J and dist([rq, r2], 09).

Let then u be any nonnegative C*(Q) solution of (3.1). One can assume without loss of generality that
u is not identically equal to 0 in 2. Thanks to and the equation , the closed set of zeroes of u is
also open. Hence, u > 0 in .

Denote w, w, K and K the functions defined by

w(x) = elri (@()/a(s)+1) ds u(z), w(x) = el (a(s)/q(s))dsu(m) = e "tw(z), forz € Q,
( ) f (a(s)/q(s)+1)ds > J(:an) [Z(a(s)/q(s)) ds
K(z,y) = , K(x,y) = ——elv , for (z,y) € Q x Q.

From (3.1)) and (A3]), the functions w and w are positive in €2, of class C!(Q), and satisfy
/ K(z,y)w(y) dy — w(x) =0, (3.5)
+ [ Ra)aty) dy =o (36)

for all z € Q2. Notice also that from (A2] . the kernels K and K are nonnegative in {2 x Q and satisfy
a local non-degeneracy condition of the type More precisely, for K, there exists a positive real
number g (only depending on dist([r1, ra], 99), J, q and a) such that

ze[r1—51—1;152+51+e+5} (yE(ac—lggx-i—éo) K(I’y)> > Fo >0, (37)
where€>0and5>0areasmand.

Observe now that if we can prove a Harnack type estimate for the positive solution w of , we
then get a Harnack type estimate for the function u. Indeed, assume that the conclusion of Lemma
holds true for the function w, that is, there exists a positive constant Cy depending only on |r; — raf,
dist([r1, r2],09), J, ¢ and a, but not on w, such that

max w < Cp min w. (3.8)
[r1,m2] [r1,m2]

Then, owing to the definition of w, we get
u(z) =€ f:ll s)/a(s)+1)ds w(z1) < Co 6—./}031(@(5)/“5)4’1)‘15 (29) = C[)CI 2(a(s)/q(s)+1) ds w(za) < Cu(s)

for all 1, 29 € [r1,79], with C := Cp ez Fle/allLeowr.r2) > 0 depending only on [r1—ry|, dist([ry, ro], 99),
J, ¢ and a.

So let us prove the Harnack inequality for the positive C'(Q) solution w of . Let x¢ be a point
where w achieves its maximum in [r1,79]. Then either xg = ry, or z¢ € [r1,7r2) and w'(zp) < 0. We shall
deal with these two cases separately.

Case 1: x¢g = r9. Observe from and the non-negativity of K that the function  is non-increasing
in Q, hence w(xy) = w(ry) < w(x) for all x € [r,rs]. Therefore, by using the definition of w, we get that,
for all = € [r1, 9],

w(zg) = w(ry) = w(re) e ™ <w(zx)e™ ™ =w(x)e™ "

We then derive the following desired Harnack type inequality:

Vay,xg € [r1,7m2], w(z1) < w(zo) =w(ry) < e 2w(xz) < e w(xs).
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Case 2: xg < ry. Firstly, it follows from (A2]) and (3.5) that

ro+41
w'(z) + / K(z,y)w(y)dy = w(x) for all x € [r1,79).

1—01

Therefore, at xg € [r1,72], since w'(zg) < 0, one infers that

ro+01 ro+01
w(zo) < / K (20, y)w(y) dy < Cy / w(y)dy, (3.9)
r1—01 r1—01
with C1 1= [|K]| oo ((ry rayx (ra—81raton)) < F111/al Lo (ry oy T 9NE 1002000 (note that C1 > 0 de-

pends only on J, ¢ and a).

Secondly, for any point x1 € [r1 — 01 — €,r2 + 01 + €], by integrating (3.6)) over [x1,z1 + 0] C Q and
using the positivity of w, the definition ([3.4)) and the non-degeneracy condition (3.7)), it follows that

@(z1) = @1 + 6) + / TIH /Q R (z,y)i(y) dydz > /Q @(y) ( / T Ry dx) dy

1

x1+6 T1+0
> / w(y) </ K(z,y) dl’) dy
z1—0 1
z1+0
>R0d [ @)y
z1—0
Using the definition of w, we therefore get
x1+0
w(z1) > Ko 56_6/ w(y)dy for every x1 € [r1 — 91 —e, 72 + 61 + €] (3.10)

x1—0

Working now as in [16, Lemmas 3.1 and 3.2], we are going to show the existence of a positive constant
(s depending only on |r; — rol, dist([r1,72],092), J, ¢ and a, such that

ro+681
w(z) > Cg/ w(y)dy for all z € [ry, ). (3.11)

r1—01

To do so, pick any point x; € [r1 — 01,72 + 61| and integrate (3.10) over [z — §/4,21 + 6/4] (C Q).

Thus,
z1+6/4 x1+0/4 s+46
/ w(s)ds > %0(565/ (/ w(y) dy> ds
x1—6/4 r1—6/4 s5—0
x1—0/8 s+6 x146/4 s+0
> Rode° / </ w(y) dy) ds —I—/ (/ w(y) dy) ds
r1—6/4 s—0 x1+0/8 s—0
1‘1—6/8 1 CC1+5/4 x1+5/2
> Rode° / / w(y)dy | ds —I—/ / w(y)dy | ds
r1—6/4 x1—60/2 x1+0/8 T

1
= 626—6 T x1+0/2
> = (/ 6/2w(y)dy+/ w(y)dy | -
Tr1— 1
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As a consequence,

z1+6/4 Ko 526 z1+6/2
/ w(s)ds > / w(y)dy for every x1 € [r1 — 01,79 + 01]. (3.12)
z1—6/4 8 x1—6/2

We now claim that there exists a positive constant C3 depending only on |r1 — ro|, dist([r1,r2],9), J,
q and a such that

z1+6/4 z2+6/4
/ w(s)ds > 6’3/ w(s)ds for all z1,x9 € [r1 — 91,72 + 51]. (3.13)
x1—6/4 x2—0/4

The claim (3.13)) is proved at the end of the present section.
Let us then show that the inequalities (3.11]), and then the desired conclusions (3.8]) and (3.2)), follow
from the claim (3.13]). Indeed, letting

(3.14)

4(rg — 20
N::min{n€N|n2 (r2 i;+ 1)},

one has

N—-1
ko . k+1)d
[r1 — 01,70 + 2] = kL_JO |:7“1 —(51+Z,mln (7’1—51—%(4),7“24-(51)] .

Using the claim (3.13)) with the points o = r1 — §; + kd/4, we deduce that, for every z1 € [r1 — 1,72 + d2],

x1+6/4 Cs N1 p =814 (k+1)8/4 7”2—1—(51
/a: w(s)d8>NZ/r wsds>/

1—6/4 N o Jr1—01+(k—1)5/4

Together with (3.10]), we then get that
Cafnde=d [r2td
wln) = SR [ sy s,
N r1—01
which proves ([3.11]) with Cy := C3&%g6e°/N > 0, depending only on |r1 — 3|, dist([ry, re], Q), J, ¢ and a.
Furthermore, by combining (3.9 and (3.11]), we obtain that

w(zs) < w(xg) < %w(ﬂcl) for all x1,x9 € [r1,1r2].
2

Conclusion. Finally, by putting together cases 1 and 2 and by letting Cy := max (01/02, e”*”) >0
(Cp depends only on |r; —ra|, dist([r1, 2], 00), J, ¢ and a), we then get the desired Harnack inequality
for w and, as already emphasized, this leads to the desired conclusion and completes the proof of
Lemma [311 O

Proof of the claim (3.13)). Let x1 € [r1 — 61,72+ 01]. From (3.12)) we see that for all z € [z1 —3/4, 21+ /4],

one has +5/4 2 6 zto/a
T Tnd2e— z
/ w(s)ds > W/ w(y) dy.
x1—0/4 8
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Since (3.12)) holds true for any z € [z1 — /4, x1 + /4] N [r1 — 61,72+ 01], we then get that, for any such z,

z1+6/4 ~ 2 =8N\ 2 ,z45/2
/ w(s)ds > (W> / w(y) dy.
z1—6/4 8 z—0/2

From the above inequality, we straightforwardly deduce that, for every z € [x1 — 0/2,21 + 6/2] N [r1 —

01,72 + 01,
z1+0/4 o 520 2 246/4
/ w(s)ds > () / w(y) dy.
x1—6/4 8 z—0/4

With N € N as in (3.14) and arguing by induction, we see that, for every k € {1,--- , N} and for every
A [1‘1 — ]{55/4,1‘1 + k5/4] N [rl — 01,19 + (51],

x1+6/4 ~ 2 §\F rxto/4
/ w(s)ds > <W> / w(y) dy.
z1—8/4 8 z—8/4

In particular, since [r; — 1,72+ 1] C [#1 — Nd/4, 21+ N /4], it follows that, for every z € [r1 — 01,72+ 01],

x1+6/4 ~ 2 —§\N z+6/4
/ w(s)ds > <W> / w(y) dy.
x1—0/4 8 z—0/4

Lastly, the point x; being arbitrary in [r; — 1,72 + 01], we get the claimed inequality (3.13) with C3 =
(R00%e7°/8)N > 0 depending only on %o, 6 and N, and therefore only on |ry — ro|, dist([r1,r2],99), J, ¢
and a. O

Remark 3.2. It follows from the above proof that, if J, q, a, ko, k1, dg, 01, 71 and ro are as in the
statement of Lemma if @ = (a,f) with —co < a < f < 400 and if v € (0,400) is such that
[r1—ra| <, dist([r1—01, r2+01],0Q) = min(r1 —61—a, B—r2—061) = 1/, l|all oo (ry—61—1/(27)ra+81+1/(27)) +
11/all Lo (11 =51 —1/(29),ro+6141/(27)) < 77, then the constant C' > 0 in (3.2)) can be chosen so that it depends
only on kg, K1, dg, 01 and .

Remark 3.3. The assumption g > 0 is not essential in Lemma [3.1] in the sense that a similar statement
holds as well when ¢ < 0. In this case, as in the proof of Proposition we can define an ad hoc
symmetrization u of u, namely u(z) = u(r; + ro — ), that obeys an equation of the type (3.1)) in a new
domain Q and with some new coefficients J, , ¢ and a satisfying the assumptions of Lemma but with
g > 0. The Harnack type estimates will then be true for the function % from the above proof, and thus
for w.

Remark 3.4. In the De Giorgi approach to establish the regularity of a solution of a partial differential
equation, obtaining pointwise or Harnack type estimates is an essential step to improve the regularity of
the solution. Here, our point of view is rather different and we are interested in such pointwise estimates for
smooth solutions of an integro-differential equation. In this context, the Harnack type estimates provide a
uniform control on the growth/decay of the solutions and they are a key ingredient in some approximation
processes, as we will see in the proof of Theorem in Section

Remark 3.5. The existence of Harnack type inequalities for fractional operators with a drift is also known
for a large class of operators. However, to our knowledge such results seem restricted to the stochastic
community and for particular “smooth” fractional operators, in the sense that the generator induced by
the stochastic process is comparable with a drift, i.e. when the Levy measure is of the order |z|_(N +25) with
s > 1/2 (see [10]). Our result is a strong indication that, in some particular frameworks, such Harnack
type inequalities should also hold for s < 1/2.
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4 Principal eigenvalues of nonlocal operators with drifts

This section is devoted to the proof of Theorems and Proposition We investigate the properties
of the principal eigenvalue of the nonlocal operator M, ; + a defined in (1.4)). That is, we focus on the
properties of the principal eigenvalue of the spectral problem

a9’ + Lo, lp] +ap +Ap =0 in Q, (4.1)

with ¢ € C1(Q) N C(Q) and ¢ > 0 in . Throughout this section, & C R denotes a non-empty open
bounded or unbounded interval, and J, ¢ and a satisfy —. In some statements, assumption
shall be assumed too.

Following [7], let A,(M,, ;. + a) be the quantity given in (L5). Observe immediately that A :=
—sup,eq (L, [1](z) + a(z)) is a real number from (AI)-(A3). Hence, by choosing this real number A and
the function ¢ =1 in the set defined in , it follows that

M(Mo ., + ) 2 = sup (£,[1](2) +ae)) = —sup ( /Q J(z,y) dy+a(z)) > —o0, (4.2)

which is the inequality (iv) of Proposition

The next main question is then to prove that \,(M, qu—i—a) is a real number and that it is associated to
a positive eigenfunction. Other variational formulas for \,(M, ; +a) shall also be proved. To answer these
questions and study the different variational characterizations of A\,(M,, ; +a), we first treat separately
in Section the case where 2 is a bounded domain. We then sketch the proof of Proposition [I.3] in
Section while Section |4.3]is devoted to the proof of Theorem [1.4]in the case of bounded or unbounded
domains 2.

4.1 The case of a bounded domain 2: proof of Theorem (1.2

We assume in this subsection that Q = (r;,72) with 7 < 72 € R and that J, ¢ and a satisfy (A1)-(A4).
We recall that, from Theorems [1.1|and there exists an eigenpair (u1 (Mg, ,,+a), 1) solving (4.1]) with
01 € CHQ)NC(Q) and p; > 0 in €, where

pi(Mg ,, +a)=sup{AeR|Ipe CH)NC(Q), ¢ >0o0n Q, p(r) =0, Mg, el +ap+Ap < 0in Q}
if ¢ < 0 in 2, whereas
pi(Mg ,, +a)=sup{reR|Ipe CH)NC(Q), ¢ >0 on Q, p(ry) =0, Mg, el +ap+Ap < 0in Q}
if ¢g>01in QE| Furthermore, ¢; is such that ¢1(r1) =0 if ¢ <0 and ¢1(r2) =0 if ¢ > 0.
Proof of Theorem[1.2]. We first claim that

(Mo, +a) = MM, + ) (43)

Note that this equality implies in particular that \,(M,, ; + a) is a real number and that there exists a
positive eigenfunction of (4.1)) associated to A = A,(M,, ,  + a). For the proof of (4.3)), observe first that,
as already emphasized in the introduction,

H1 (MQ,J,q + a) < AP(MQ,J,q + a)

2This latter quantity in the case ¢ > 0 is denoted i1 (Mg ;, +a) in the introduction. We use here the same notation
(Mg, ;, +a) in both cases ¢ < 0 and g > 0 for the sake of simplicity of the writing of the following proofs.
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from the definition of \,(M,, ; + a) and from the existence of a positive eigenfunction ¢; above with the
eigenvalue (M, ; + a).

For the proof of the inequality p1(M,, ; +a) > A\(M,, ; +a), assume by way of contradiction that
p1 (Mg, +a) < Ap(M,, , +a). The two cases ¢ < 0 and g > 0 can be treated similarly. We first consider
the case

q < 0.

From the existence of the eigenfunction ¢; above and from the definition of A,(M, 5 T a) in (L5), it
follows that there are two functions ¢ = @1 and ¢ in C1(Q) N C(Q) such that o, > 0 in Q and

g’ + Lg ;0] + ap + (Mg, +a)p =0 in Q= (ry,72), (4.4)
Q' + Ly [+ atp + (Mg, +a)p <0 in Q= (ri,72).

Furthermore, ¢(r1) = 0.

Let us now check that both ¢(ry) and ¥ (re) are positive. Assume first by way of contradiction that
¢(r2) = 0. From (A1)-(A2) and the continuity of ¢ in [r1, 7] and its positivity in (r1,72), it follows that
limysry, e<ry Lo ,[0](7) exists and is a positive real number, hence liminfy ., z<r, ¢'(x) > 0 from
and assumption together with the negativity of ¢ (we point out that limy,_,y, y<r, ¢’ (z) might not
exist, since ¢ is not assumed to be continuous up to the boundary of €2). Since one has assumed that
©(r2) = 0, one then gets that ¢ < 0 in a left neighborhood of rg, contradicting the positivity of ¢ in
(r1,72). Therefore,

©(ra) > 0.

The same argument shows at once that
¢(’I”2) > 0.

Similarly, we deduce from the equations (4.4)-(4.5)), from the assumptions (A2))-(A4)), from the negativity
of ¢, and from ¢(r1) = 0, that

0 < liminf ¢'(z) < limsup ¢'(x) < +oo (4.6)
T, T>T1 T—T1, T>T]
and
liminf «'(z) >0 if ¥(ry) = 0. (4.7)
T—T1,T>T1

From these considerations and since ¢ and 1 are continuous in 2 = [ry, 73] and positive in Q = (r1,r2),
the following quantity

~* = sup {’y >0|¢>vpin [7”177’2]}

is a positive real number. Let us then define
w =1 — v p e CH) NCQ).
The function w is nonnegative in [r, 2] and it satisfies
qu' + L, ;[w] + aw + p1 (Mg, ; +a)w <0 in (r,73).

Owing to the definition of v* and from the continuity of ¢ and v in the compact set [r1, 2], there is then
xo € [r1,72] such that w(zg) = 0 = miny,, ., w. We shall get a contradiction in the following three cases:
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xo € (r1,72), g = 12 and xg = r1. First of all, if xy € (r1,72), then w'(z9) = 0 and by evaluating the
inequality satisfied by w at xg we end up with the contradiction

0< /Q J (o, y)w(y) dy < 0.

One can then assume without loss of generality that xo € {r1,r2} and that w > 0in (r1,79). If 29 = 72, then
w(rz) = 0 and one gets as above from (AI)-(A3) and the negativity of ¢ that limg_r, z<r, £, , [w](x) exists
and is a positive real number, and that liminf; .., z<p, w'(z) > 0, a contradiction with the positivity
of w in (r1,r2). Therefore, g = 71, hence 1(r1) = ¢(r1) = 0 and, as for ¢ in (4.7)), it follows that
liminf, s, z>p w'(x) > 0. Together with and the positivity of w in (r1,72] and the boundedness of
@ in [r1, 72, one infers the existence of € > 0 such that w > ep in [r1,7r2]. Hence, ¥ > (v* +¢)p in [r1,72],
contradicting the definition of ~*.

As a consequence, the inequality pi (Mg, +a) < A\p(M, , +a) can not hold, and the proof of
is done in the case g < 0.

The case ¢ > 0 can be handled similarly, by inverting the roles of r; and rs.

In order to complete the proof of Theorem let us then show that
)\;)(MQ,J,q +a) = )\P(MQ,J,q +a),

where )\;(MQ‘ J’q—l—a) is defined in ([1.12). We again only consider the case ¢ < 0, since the case ¢ > 0 can be
handled similarly by inverting the roles of r; and ry. From (4.3), the desired equality amounts to showing
that

)\;)(MQ,J,q +a) = m (Msz,J,q +a).
To do so, remember first from Theorem [2.1| the existence of an eigenpair (u1(M,, ; +a), 1) solving (4.1)
with ¢ € CH(Q) N C(Q), 1 > 0 in Q and ¢;1(r1) = 0. One immediately infers from definition (1.12)) of
Ap(M, ; ,+a) that /

)\p(MQ,J,q +a) < (MQ,J,q +a)’
In order to show the reverse inequality, assume by way of contradiction that A},(M, ; +a) < u1 (M, , +a).
From the above considerations and the definition of /\;(MQ 5., Ta) in (1.12), it follows that there are two
functions ¢ = o1 and ¢ in C1(Q) N C(Q) such that ¢, > 0in Q, p(r1) = ¥(r;) =0, and

qcp’ + ﬁﬂ,] [¢] +ap + Nl(MQ,J,q +a)p =0 in Q= (ry,r),
Q' + Ly [ + atp + pr (Mg, +a)p >0 in Q= (r,r3).

From the first part of the present proof, one knows that ¢(r2) > 0 and liminf, ., 25, ¢'(z) > 0. Fur-
thermore, the limit limg ., 2>r, £, ,[¢](x) exists and is a positive real number from (AI)-(A2), hence
limsup, ., z~p, ¥'(2) < 400 from and the negativity of ¢, together with the above inequation satis-
fied by v in 2. Therefore, the quantity

p*i=sup{p>0|¢p>pyin[ry,mr}
is a positive real number. Let us then define

w =@ — p*p € CH Q) NC(Q).
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The function w is nonnegative in [r1, 73] and it satisfies
qw, + ‘CQ,J[U}] +aw + lu’l(MQ,J,q +a)w <0 in (ry,72).

As in the first part of the present proof, one then infers that w > 0 in (1, 72] and that w(ry) = 0, hence
liminfy s, g w'(2) > 0 and w > ¢ in [r1,79] for some & > 0. In other words, ¢ > (p* + ) in [r1,72],
a contradiction with the definition of p*.

As a conclusion, the inequality A\[,(M,, , +a) < p1 (M, +a) can not hold. Finally, \,(M,, , +a) =
p1 (M, +a) and the proof of Theorem is thereby complete. O

4.2 Proof of Proposition [1.3

In this section the non-empty open interval 2 may be bounded or unbounded. Properties (i)-(iii) and (v)
of Proposition are inherent to the definition of \,(M,, ; +a) in (L.5). Furthermore, the inequality
Ap(Mg, ., +a) > —sup,eq (alx) + [oJ(z,y)dy) > —oo in part (iv) has already been shown in (4.2) at
the beginning of Section Lastly, the fact that \,(M,, ; +a) is a real number (namely, one has the
upper inequality \,(M,, ; +a) < +00) in a direct consequence of the monotonicity property in part (i) of
Proposition together with Proposition and Theorems and (these results imply in particular
that \p(M, ,,+a) is always a real number when  is bounded). The proof of Proposition is thereby
complete. O

4.3 Growing domains: proof of Theorem

Let Q, J, ¢, a and (£,,)nen be as in the statement. It follows from part (i) of Proposition that the
sequence (A,(M, ; +a))nen is non-increasing and that \,(M,, , +a) > \p(M,, , +a) for all n € N.
Therefore, there is a real number A such that

)‘p(Mnn,J,q +a) njoo A= )\p(MQ,J,q +a). (4.8)
Let us now show that there is a solution ¢ € C1(Q) N C(Q) of (1.1]) with this value A and such that ¢ > 0
in .
For each n € N, since (2, is a non-empty bounded domain, it follows from Propositions an and
Theorems [1.2| and [2.1] that A,(M,, , +a) € R and that there exists a function ¢, € C*(€2,) N C(Qy,) such
that ¢, > 0 in €, and

qey, + /Q T y)on(y) dy + apn + X\p(Mg, 5 Fa)pn = Mg, | [on] + apn + Xp(Mg, ; +a)p, =0 in Q,

(one can further say that either ¢, (ay,) = 0 or ¢,(8,) = 0 according to the sign of ¢ in €2, by setting
Q,, = (an, Brn)). One shall then consider four cases for the limiting domain Q: Q = (¢, 8), 2 = (o, +0),
Q= (—o00,p), and Q = R (where «, 8 € R). The proof in both situations ¢ > 0 and ¢ < 0 being similar,
we shall treat only exhaustively the case ¢ > 0.

Case 1: Q is a bounded domain, say 2 = (a, B) with a < € R. Up to normalization, one can assume
without loss of generality that
max ¢n = 1

n
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(hence, 0 < ¢, < 1in £,,). It then follows from (A1)-(A4)) and the equations satisfied by the functions ¢,
that the sequence (||}, ||z (q,))nen is bounded. One then infers from Arzela-Ascoli theorem that there is
a function ¢ € C'(£2) such that, up to extraction of a subsequence,

©n — @ as n — 400, locally uniformly in €.

Furthermore, the function ¢ is Lipschitz-continuous in © and can then be extended continuously in €.
Lastly, 0 < ¢ <1 in Q and maxg ¢ = 1.
On the other hand, it easily follows from (A1))-(A4]) that

VY, = - (/ JCy)en(y)dy + apn + Ap(MQn,J,qua)@n) — -1 (/Q J(y)e(y)dy + ap + >\90> =1

q n n—+oo ¢

locally uniformly in Q (in particular, for the convergence of the integral terms, one uses the boundedness
of J and ¢, together with the uniform boundedness of the functions ¢, ). For any n < £ € Q, one has, for
all n large enough, [n,£] C 2, and

£
on(€) — on(n) = / bn(2)d,

hence

Since the function 1 is itself continuous in €2, one gets that ¢ € C'(Q) and

qg0/+/QJ(-,y)g0(y)dy+ag0+)\cp:MQ’M[QO]+a80+)\80=0 in €. (4.9)

In other words, ¢ solves in 2 with the eigenvalue A. Furthermore, from and the above equation
satisfied by the nonnegative function ¢, the closed set of zeroes of ¢ in € is also open. Hence, if ¢ vanishes
somewhere in (), then ¢ vanishes everywhere in () and then in € by continuity, a contradiction with the
property maxg ¢ = 1.

As a consequence, the function ¢ is a solution of in  with the eigenvalue A, such that ¢ €
CH(Q)NC () and ¢ > 0 in Q. From the definition of A,(M,, ; +a) in (L5), one infers that A < X\,(M,, , +a),
and finally A = A\,(M,, , +a) thanks to (4.8).

Case 2: Q = (o, +00) for some a € R. This time, one normalizes the functions ¢,, so that

max _ pn =1,
(a,+461]1N2n

for all n large enough such that («, a + 461] N €, is a non-empty closed segment. We recall that §; > 0 is
given in assumption

On the one hand, it follows from — and the equations satisfied by the functions ¢,, together
with the above normalization, that the sequence (||¢},]|Lo((a,a+351)n0n))nen is bounded. Hence, up to
extraction of a subsequence, the functions ¢, converge locally uniformly in (o, a + 301] to a Lipschitz-
continuous function. Notice that this function can then be extended continuously at the point «.
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On the other hand, for any 5 > a+ 361, there is ng € N such that [a+ 01, 8+ 201] C ,, for all n > ng.
Since the sequences (A\p(M,, ;. +a))nen and (pn(a + 361))n>n, are bounded, and since the sets (2, are
growing with respect to n, it then follows from Lemma [3.1] and Remark [3.2] that

sup max  n < +00.
n>ng [a+281,8+461]

Futhermore, from (A1])-(A3) and the equations satisfied by the functions ,, one then gets that

sup max |l | < +oo.
TL>7IB [a+3 17ﬁ}

In other words, the sequence of nonnegative functions (¢n)n>n, is bounded in C([a + 361, B]), for every
B > a+3d1. From the previous paragraph together with Arzela-Ascoli theorem and the diagonal extraction
process, one infers that there is a function ¢ € C(2) such that, up to extraction of a subsequence, ¢, — ¢
as n — +oo locally uniformly in Q. As above, it then follows from . ) that

1 1

VY = —— (/ J(,y)en(y)dy + apy + Ap(MQn,J,qua)wn) — == (/ J(,y)e(y)dy + ap + Np) =: 1
q \Ja, n—=+oo g \Jo

locally uniformly in €, hence ¢(&) — f ¢ x)dx for any v < m < €. Since the function 9 is itself

continuous in €2, one gets that ¢ € C*( 1 and holcﬁ
Lastly, since max ,, ., 45,15 #n = 1, since ©n Z 0 in §,, and since the sequence (|[¢7,] Lo ((a,a+36,)n020) JneN
is bounded, one infers that max(, 444519 = 1. As above, one concludes that the nonnegative function ¢

is actually positive in (2. In other words, the function ¢ is a C1(£2) N C(2) solution of (1.1 in Q with the
value A, such that ¢ >0 in Q. As in case 1, this yields A = A\,(M, , +a).

Case 3: Q = (—o0, 8) for some 8 € R. This case can be handled similarly to case 2.

Case 4: €2 = R. Pick any point zg in €2y. One has xy € §2, for each n € N and up to normalization,
one assumes here without loss of generality that

on(z9) =1 for each n € N.

For any ¢ < d in R such that g € [¢, d], there is n.q € N such that [c — 251, d + 201] C Q,, for all n > n 4.
Since the sequence (A,(M, ;. +a))nen is bounded, and since the sets €2, are growing with respect to n,
it then follows from Lemma [3.1] and Remark [3.2] that

0 < inf min < su max < +o0. 4.10
nznc,d [0—617d+51] Son nZ?’LIC),d [C—§1,d+61} son ( )

From (A1))-(A3) and the equations satisfied by the functions ¢,, one then gets that

/
sup max ¢, | < +oo.
n>negq &

In other words, the sequence (¢n)n>n, , is bounded in C*([e,d]), for every ¢ < d € R such that z € [c, d].
From Arzela-Ascoli theorem and the diagonal extraction process, one then infers that there is a function
¢ € C(R) such that, up to extraction of a subsequence, ¢, — ¢ as n — oo locally uniformly in R.
Furthermore, ¢ > 0 in R from . It then easily follows from — that

1
Py = —— (/ J(5 ) en(y)dy + apn, + )\p(MQmJ,qua)gon) (/ J(- y)dy + ap + /\90> X
q Q. n—>+oo q
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locally uniformly in R, and, as above, ¢(&) — ¢(n) = fng Y(x)dz for every n < & € R. Since the function ¢

is itself continuous in R, one gets that ¢ € C'(R) and satisfies (4.9) in R. Since ¢ is positive in R, this
implies as in case 1 that A = A\,(M,, ; +a). The proof of Theorem is thereby complete. O
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