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Let K be a fixed effective field. The most straightforward approach to compute with
an element in the algebraic closure of K is to compute modulo its minimal polynomial.
The determination of a minimal polynomial from an arbitrary annihilator requires an
algorithm for polynomial factorization over K. Unfortunately, such algorithms do not
exist over generic effective fields. They do exist over fields that are explicitly gener-
ated over their prime sub-field, but they are often expensive. The dynamic evaluation
paradigm, introduced by Duval and collaborators in the eighties, offers an alternative
algorithmic solution for computations in the algebraic closure of K. This approach
does not require an algorithm for polynomial factorization, but it still suffers from
anon-trivial overhead due to suboptimal recomputations. For the first time, we design
another paradigm, called directed evaluation, which combines the conceptual advan-
tages of dynamic evaluation with a good worst case complexity bound.

KEYWORDS: complexity, algorithm, computer algebra, algebraic extension, algebraic
tower, triangular set, dynamic evaluation, directed evaluation, accelerated tower.

1. INTRODUCTION

Let K be an effective field. Here, effective means that elements of K can be represented by
concrete data structures and that algorithms for the field operations are at our disposal,
including a zero-test. Effective rings are defined in a similar way.

1.1. Statement of the problems

The aim of the present paper is the fast computation with algebraic numbers. We start
by recalling various known strategies, including the most prominent one: dynamic eval-
uation. Our first main problem will be to develop a more efficient variant of dynamic
evaluation. We next recall how to represent algebraic numbers using towers of algebraic
extensions. Our second main problem is to develop efficient algorithms for computa-
tions in such towers.

Dynamic evaluation. Let 2 be a monic separable polynomial of degree 4 in K[x], not
necessarily irreducible, and let { represent a root of  in the algebraic closure K of K.
Given an algorithm T that runs over a generic effective field, consider the question of
running T efficiently over K[J].
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A natural first approach begins with the computation of the defining polynomial
of ¢ over K: this essentially corresponds to factoring y into irreducible polynomials.
Unfortunately this task is not feasible over a generic field [19, 20]. Of course, when K
is explicitly finitely generated over its prime sub-field, such factorizations can be com-
puted. However, no general efficient algorithms (i.e. running in softly linear time) are
currently known for this task; see [21].

Another approach consists in computing in K[a] while regarding « as a parameter
constrained by p(a) =0. So any element a2 in K[a] is represented by a polynomial A
in K[x] of degree <d, such that a=A(a). With this representation, additions, subtrac-
tions and products can easily be performed in K[x]/(y(x)), with a seen as the class of x.
On the other hand, testing whether A(a) is zero or not requires us to distinguish the
following cases:

o If A is the zero polynomial, then A({) is zero for any root ¢ of y, so the result of the
test is “true”;

e If the resultant Res(A, 1) is non-zero, then A({) is non-zero for any root ¢ of , so the
result of the test is “false”;

e Otherwise, g:=gcd (A, i) is not a constant polynomial and has degree <d. A proper
decomposition of y is thus discovered: y =g (/). We split the current computation,
into the two following ones:

o In the first branch, a is subjected to the constraint g(«) =0; in this branch, the result
of the zero-test A(x) =0 becomes “true”.

o In the second branch, « is subjected to the constraint (/) (a) =0 and the result
of the zero-test A(a) =0 becomes “false”.

If the inverse of A(«) is requested, then we first test if A(a) is zero or not. If A is identi-
cally zero (in the resulting branch), then an exception is raised; if Res(A, y) is non-zero,
then the inverse can be computed from the Bézout relation for A and u, which can itself
be computed using the extended gcd algorithm.

This manner of evaluating a program is called dynamic evaluation. It finishes after a
necessarily finite number of splittings. At the end of all the computations, we obtain a
factorization of y = 1 - s, not necessarily into irreducible polynomials, along with one
output value for each of the s cases when p;(¢) =0 for i=1,...,s. In other words, instead
of working with a specific root of y, the program is evaluated for a generic root of y. For
this reason, « is sometimes called an algebraic parameter: the program is executed as if
K[a] were a field, and cases are distinguished only when inconsistencies actually occur
during the execution. After a zero test a=A(a) =0 or an inversion a~! that gives rise to
a splitting, the element a is enforced to be identically zero or invertible in each branch.
Notice that the separability assumption on y is important, since it ensures that gand p/g
are coprime in the above decomposition y=g¢ (£/g).

Dynamic evaluation is very attractive from a conceptual point of view, but rather
tricky to implement: splittings correspond to non-deterministic control structures that
are typically implemented using continuations [41]. Dynamic evaluation is also difficult
to analyze from the complexity perspective. In particular, it is hard to determine the
amount of computation that can be shared between several branches. At any rate, the
worst case complexity of dynamic evaluation is much higher than the number of arith-
metic operations in T multiplied by the cost of operations in K [x]/ (y(x)).

The first aim of this paper is to design an alternative evaluation strategy, with the
same abstract specification, but with a better computational complexity.
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Algebraic towers. We have outlined above how to compute with a single algebraic
parameter « using the dynamic evaluation strategy. More generally, one may wish to
compute with a finite number of parameters a3, ..., a; that are introduced successively as
follows: a1 is subjected to the constraint y¢1 (a1) =0 for some monic polynomial 1 € K[x1],
then ay is subjected to p(az) =0 with gy monic in K[aq][x;], then a3 is subjected to
u3(az) =0 with y3 monic in K[a1,a2][x3], and so on. The second aim of the present paper
is the design of fast algorithms for computing dynamically in K[ay,...,a¢] as if it were
a field. The main difficulties arise when ¢ is allowed to be arbitrarily large.

The parameters a1, ..., a; naturally induce a tower of effective algebraic extensions

K=AjCAICAC---CAy

where

Ag
Al‘ :

K
A q[xi]/ (ni(xi)), fori=1,...,t.

The parameter «; corresponds to the class of x;in A; fori=1,...,t. A tower of this type
is written (A;);<; and we call t its height. Throughout this paper, we write d;:=deg y;
and d:=dj---d;. The y; are called the defining polynomials of the tower, and d its degree.
Elements in A; are naturally represented by univariate polynomials in «; over A;_; of
degree <d;.

As in the univariate case, it will be convenient to assume that the tower is explicitly
separable in the sense that ged ( i, ;) =1 and that we have explicit Bézout cofactors 6;,
&€ Ajq[x;] with 0; i+ &u;=1fori=1,...,t. In particular, each K ® A, is reduced. This
means that K ® A; contains no non-zero nilpotent elements or, equivalently, that A; is a
product of separable field extensions of K.

Towers of algebraic extensions are related to “triangular sets”. In fact, we may see
the preimage of y; over K as a multivariate polynomial T; in K[xy,...,x;] such that T;
has degree d; in x;, degrees <d]~ inx; for j=1,...,i-1, and p;(x;) = Ti(ay, ..., &;-1,%;). The
sequence (T;)i<; then forms a special regular case of a triangular set. The separability
of u; translates into the requirement that T;({y, ..., {i—1,x;) is separable for all roots ; of
Ti(C1, s Gj-1,%)) for j=1,...,i-1.

Further notations. Before we discuss complexity issues of dynamic evaluation and tower
computations in more detail, it is useful to introduce various standard notations. We
often use the soft-Oh notation: f(n) € O(g(n)) means that f(n) =g(n) logO(D(g(n) +3);
see [21, chapter 25, section 7] for technical details. The notation f =()(g) means that
there exist ¢ >0 such that f(n) >cg(n) for n sufficiently large. The least integer larger
or equal to x is written [x]; the largest one smaller or equal to x is written | x].

Given an effective ring A, we use My (d) as a notation for the cost of multiplying two
polynomials of degree <d, in terms of the number of operations in A. It is known [6] that
Ma (d) =O(dlogdloglog d). We will also denote

Alx]cs={P€Alx]:deg P <d}.

In particular, given B = A[x]/(p(x)) for some monic polynomial y € A[x] of degree d,
elements in B may be represented as classes of polynomials in A[x]«; modulo y, addi-
tions in B require d additions in A, whereas multiplications in B can be done using
O(Ma (d)) ring operations in A.
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We let w < 3 denote an exponent such that two n x n matrices over a commutative
ring A can be multiplied with O(n“) operations in A. The constant @ <2 denotes another
exponent such that a rectangular n x /i matrix over a commutative ring A can be mul-
tiplied with a square 7 x y7i matrix with O(n®) operations in A. Le Gall has shown
in [34] that one may take w < 2.373; Huang and Pan have shown in [31] that one may take
@ <1.667. Throughout this paper, in order to simplify complexity analyses, we assume
that w>2 and @ >3/.

1.2. Previous work

Recall that an element B € A, is said to be primitive if A;=K[B]. If K ® A, is a reduced
K-algebra, then it is well known that a sufficiently generic K-linear combination of
&1, ..., & is a primitive element of A;. It may thus seem odd, at first sight, to manip-
ulate towers (A;);<; of height t > 2 whenever an isomorphic algebra K[S] exists. The
problem is that both the computations of primitive elements and conversions between
representations are usually expensive.

Over a general field K, no efficient algorithm is currently known for finding a primi-
tive element together with its minimal polynomial v, and polynomials ¢; € K[x].; such
that a;=¢;(B) fori=1, ..., t. It is known that this problem can efficiently be reduced to
a multivariate version of the problem of modular composition using a randomized Las
Vegas algorithm. The corresponding conversions between tower and primitive element
representations can also be done using modular composition. All this is a consequence
of the transposition principle and Le Verrier's method; we refer to [28, 29, 33, 38, 39] for
more details. Unfortunately, no softly linear algorithm is known for modular composi-
tion over a generic field, although efficient algorithms have recently been designed for
specific cases [9, 27, 30]. If K is a finite field, then Kedlaya-Umans and followers have
established almost optimal theoretical bit complexity bounds [29, 33, 38].

Without primitive elements, using a naive induction on ¢, the multiplication in A; can
be performed in time O(d (Klog dlog log d)) for some constant K > 1. It is well known
that, for a sufficiently large constant C > 1, such products can actually be carried out in
time O(C'dlog dlog log d) using Kronecker substitution; see for instance [21, chapter 8].
If many of the individual degrees d; are small, then t can become as large as log d/log 2,
which leads to an overall complexity bound of the form d'*1°8¢/1°82+°(D) Unfortunately,
this bound is far from linear if C is much larger than 1. Lebreton has shown that one may
take C=3; see [35] and [28, Proposition 2.4].

Substantial improvements for the value of C seem difficult to achieve, and it might not
even be possible to reach values that are arbitrarily close to 1. An alternative approach for
efficient computations in a given tower is to produce an equivalent, so-called accelerated
tower of small height, such that conversions between both towers are reasonably cheap.
This approach was first proposed in [28]: when the y; are all irreducible, we have shown
how to multiply elements in A; with O(d 1+¢) operations in K, for any fixed real ¢ >0.

Dynamic evaluation has been developed by Della Dora, Dicrescenzo and Duval [10,
13, 14, 15] as a way to compute with algebraic parameters without irreducible factor-
izations. The approach is sometimes called the “D5 principle”, after the initials of the
authors of [10]. One may regard dynamic evaluation as a computer algebra counterpart
of the concept of non-deterministic evaluation from theoretical computer science. The
strategy of dynamic evaluation has been extended to transcendental parameters [17, 22],
real algebraic numbers in [16], and more general algebraic structures [25, chapter 8].
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Several implementations have been proposed for parameters that are constrained by
triangular sets. Early implementations simply handled splittings by redoing the entire
computation under stricter constraints [13]. Unnecessary recomputations can be avoided
through the use of high-level control structures such as continuations [4]. Unfortunately,
efficient implementations of such control structures are rarely available for common pro-
gramming languages. In this paper, we mostly leave implementation issues aside and
focus on the complexity of computations with parameters.

In his PhD thesis, Delliere has investigated the relationship between dynamic eval-
uation and decompositions of constructible sets into triangular sets [11, 12]: the central
operation is the computation of gcds with coefficients in products of fields, such as A;. Let
us further mention that dynamic evaluation has influenced several polynomial system
solvers relying on triangular sets [3], and is now involved in other various algorithms
in computer algebra; see for instance [7, 26, 36].

Dedicated algorithms over dynamic fields such as A; have been proposed by Dahan
et al. [8]. Without appealing to the general dynamic evaluation paradigm, they designed
efficient algorithms for quasi-inversion in A;, as well as gcd computations and coprime
factorization in A;[x]. Recomputations induced by splittings are handled using fast
ad hoc techniques.

In the worst case, it is known that dynamic evaluation over A; suffers from an over-
head of the order d:=dimyg A see Examples 4.4 and 4.6. To our knowledge, this paper
is first to propose a general strategy for removing this overhead.

1.3. Our contributions

The main contribution of the present paper is a new evaluation paradigm to compute
with algebraic parameters in an asymptotically fast manner. In section 2, we recall the
concept of computation trees as a formalization for the cost of algebraic algorithms. In
section 3, we introduce the concepts of unpermissive, panoramic, and directed evalua-
tion. This provides us with precise terminology for analyzing subtle differences between
the complexities of various evaluation strategies.

Informally speaking, the unpermissive evaluation of a computation tree simply
aborts the usual evaluation whenever a zero-divisor needs to be inverted or tested to
zero. If a zero-divisor is discovered in this way, then a proper factorization p; = ji; ji;
of one of the defining polynomials can be deduced. This leads to a decomposition of A;
into the direct sum of two proper subalgebras, defined by the towers AgC - CA; 1 C
Aialxi]/ (i(x) -+ and AgC - C A1 CA1[x;]/ (1i(x;)) Cooe

A panoramic evaluation of a computation tree returns all possible results when con-
sidering a7y, ..., a; as algebraic parameters, and thereby constitutes our main objective. The
unpermissive evaluation model gives rise to the following naive panoramic evaluation
strategy: whenever the unpermissive evaluation produces a proper splitting of A;, we
restart the evaluation over each of the two subalgebras of A;. The problem with this rather
naive approach is that the evaluation may need to be restarted as many as d =dimg A;
times, which turns out to be suboptimal from a complexity point of view: see Example 4.4.

The directed evaluation is meant to remedy this situation by ensuring a sharp decrease
of d every time that we need to restart the evaluation. More precisely, we will show
that the reevaluation depth remains bounded by O(log d).
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Section 4.2 contains our main complexity result in the case of a single parameter, i.e.
t=1. We prove a softly linear complexity bound for panoramic evaluation and provide
a detailed comparison with various implementations of dynamic evaluation.

In section 5, we turn to the case of fixed number of parameters ¢ >2 (this means in par-
ticular that ¢ is not allowed to grow with d). With respect to the univariate case, the main
difference is that A;_; is not necessarily a field, although we still conduct our computa-
tion as if it were (e.g. during gcds computations in A;_1[x]). Consequently, zero-tests and
inversions of elements in A;\ A;_; may lead to additional case distinctions according to
the possible values of ay, ...,a;_1. Despite these technical complications, we again prove
a quasi-linear complexity bound for the cost of panoramic evaluation (still under the
assumption that ¢ is fixed).

For arbitrary, not necessarily bounded heights ¢, the complexity analysis becomes
tedious. We need to revisit the construction of accelerated towers of fields, introduced
in [28], in the context of directed evaluation. The key idea is as follows: before the directed
evaluation of a given computation tree, we perform the directed computation of an accel-
erated version of the current tower, so the computation tree can subsequently benefit
from accelerated arithmetic. Overall, in section 7, we achieve an overhead of the form d¢
for the panoramic evaluation, where € represents any fixed positive real number.

Our techniques are more general than those of [8]: they turn out to be applicable in
all contexts that involve dynamic evaluation with algebraic numbers. In addition, thanks
to our accelerated tower arithmetic, we improve the complexity bounds for the specific
tasks studied in [8], whenever ¢ is allowed to be arbitrarily large.

Section 7.4 contains two important additional examples. We first show that products
in a separable tower can be done in time O(d'*°My which extends [28]. We next present
a less straightforward application of fast panoramic evaluation to matrix multiplication
with entries in A;.

2. PREREQUISITES

This section gathers known definitions and results about elementary operations in com-
puter algebra, to be used in this paper.

2.1. Computation trees

Let us recall the notion of a computation tree; we essentially follow the presentation
from [5, chapter 4, section 4]. In the present paper, all computation trees manipulate data
in K-algebras over an effective field K, and only the following operations are allowed:

The binary arithmetic operations +,—, x in the algebra.

e The unary operation invert of inversion, which is partially defined in the algebra.

The unary zero-test, written zero?.

For each constant c € K, the nullary constant function () — ¢ and the unary function
x — cx of scalar multiplication by c. We denote the corresponding sets of constant
functions and scalar multiplications by K and K;.

We write A:=KoUKj1U{+,—, x,invert} for the set of all arithmetic operations.
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Definition. Consider a binary tree whose set of nodes is a disjoint union JIICILIB IO
of the sets J, C, B3, and O of input nodes, computation nodes, branching nodes and output
nodes. We assume that the input nodes form an initial segment of unary nodes starting
at the root, that the output nodes are leafs (of arity zero), that computation nodes admit
arity one, and that branching nodes admit arity two. A computation tree T over K is such
a binary tree, together with an instruction function that

e assigns an instruction of the form
(Op; U1, --e thm)

to every computation node v, where op € A has arity m, and uj, ..., u,, are nodes
in JUC that are predecessors of v (i.e. nodes in the path ascending from v to the root
of the tree);

e assigns an instruction of form

(zero?;u),

to every branching node v, where u is a predecessor of v in JUC;

e assigns a return value (uq,...,Uy,) to every output node v, where uy, ..., u,, are predeces-
sors of v in JUC, and m =m(v) may depend on v.

Evaluation. Let T be a computation tree as above with |J| input nodes. Let A be
a K-algebra and let us show how T gives rise to an evaluation function

E(T;.): A = {undefined) U U A,
vel
a — E(T;a).

The value undefined is a new symbol that is returned whenever an arithmetic operation
cannot be executed. In the present framework this can only happen for inversions.

Given an input value a = (ay, ...,a;3;) € Al, the evaluation of T at a proceeds by con-
structing a path P(T;a) from the root of the tree, along with the function

E:P(T;a) —» A U {false, true, undefined} U U AT

vel

that associates a value to each node of the path, as follows:

e The path P(T;a) begins with the input nodes u1, ..., 17 of J, and we set £(u;;a) :=a;
fori=1,...,|J]. The next node of the path is set to the successor of 7.

e If the current node of the path is a computation node v of the form (op;uy, ..., u,) then
we set E(v;a) :=op(E(uya), ..., E(uy;a)). If this calculation is well defined, then the
next node of the path is set to the successor of v. Otherwise, the evaluation path ends
at v, we say that the computation tree is undefined at a, and we set £(T;a) := E(v;a) :=
undefined.

e If the current node of the path is a branching node v of the form (zero?; u), then we
set E(v;a) :=zero?(E(u;a)). If E(v;a) is false then the next node of the path is set to the
left successor of v, otherwise the next node is the right successor of v.

e If the current node of the path is an output node v with return value (ujy, ..., u,,), then
we set E(v;a) = (E(uga),..., E(uy;a)). The path ends at v and we set E(T;a) := E(v;a).
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Example 2.1. This example illustrates the def-
inition of a computation tree with K =Q and
a single input node. Let p; represent the i-th
prime number, let m be a positive integer, and
let T be the computation tree that takes x as
input and performs the following computa-
tion:

Y3:=y1—Y2

for i from 1 to m do
if (xz—pl-)m:O then return i
return O

Y4=Y3Xys3

The computation tree for m =2 is shown on
the right-hand side. The input node is a circle,
computation nodes are long rectangles, output
nodes are shorter rectangles, and branching
nodes are diamond-shaped.

If m=2, then T evaluates to 1 at 2 when
a?=2, to 2 when a%>=3, and to 0 in all other
cases.

We notice that

(P-p)"=0ex’=p,
which makes the example slightly artificial.

Cost functions. One may associate cost functions to a computation tree T. Given a path
of length I with leaf v€ O in T, we define [+ m(v) to be its cost. The maximal cost of
a path is called the operational cost of T and we denote it by 7,,. We may use 7 as a bound
for the number of operations in A that are required for the evaluation of T over A.

Since additions, multiplications and inversions typically admit different costs, it is
convenient to introduce the following more detailed quantities:
e Tj, stands for the number of input nodes, i.e. Tj,:=|J].
® Tout stands for the maximal arity of a return value, i.e. Toye:=max,ec0m(v).
® T,44 stands for the maximal number of operations in KoUK U {+,-} for a pathin T.
® Tyl stands for the maximal number of multiplications for a path in T.

® Tgiy stands for the maximal number of inversions or zero-tests for a path in T.

We will call (Tin, Tout, Tadd, Tmul, Tdiv) the detailed cost of T and notice that 7o, < Tin +
Tout + Tadd + Tmul + Tdiv- Taking m =2 in Example 2.1, we have Tin=1, Tout=1, Tadd =5,
Timul = 3, Tdiv =2

Usually, we are really interested in the maximal number 74 of scalar operations in K
that are needed to evaluate T over A. If K and A are clear from the context, this is simply
called the cost of T or the time needed to evaluate T. It will be useful to introduce the
following additional quantities:

e s, stands for the maximal number of elements in K that are needed to represent an
element in A. Throughout this paper, we assume that operations in KoUK U {+,-}
can all be computed using O(ss) operations in K.
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e my stands for the number of operations in K that are needed to multiply two ele-
ments in A.

e da stands for the maximal number of operations in K that are needed to perform
a zero-test or inversion in A.

We clearly have

TA < O((Tin + Tout + Tadd) sa) + Tmul MA + Tdiv dA'

Remark 2.2. In a natural programming language, negations, divisions and equality tests
are allowed, but for the sake of the presentation, we assume that

e negations —a are implemented as 0—a;
e divisions a/b are implemented as a x invert(b);
e equality tests a="b are implemented as zero?(a—b).

These restrictions are harmless, in the sense that they only affect the constants hidden in
the “O” of complexity estimates.

Remark 2.3. For actual implementations of zero-tests that we will encounter in this
paper, it is usually possible to compute the actual inverses of non-zero elements with
little extra cost. We will allow ourselves to store such inverses “for future use”. In gcd
computations, this helps us to keep the number of zero tests and inversions sufficiently
low. An alternative, more rigorous, but less pedagogic approach would be to system-
atically work with a hybrid instruction that both performs a zero-test and an inversion
in the case when the zero-test fails.

Remark 2.4. The “BSS model” [2, 18] provides an alternative approach for computa-
tions over an abstract field K. Roughly speaking, it is a natural extension of the Turing
machine model for which the tapes are allowed to contain elements in K. The BSS model
is more powerful than the computation tree model in the sense that it allows for loops,
subroutines, lookup tables, etc. Nevertheless, an arbitrary program in the BSS model
that admits a finite number of execution flows may be emulated by a computation tree.
This amounts to “unrolling” all possible executions as in Example 2.1 above.

Remark 2.5. We will also use the notion of a straight-line program. In the present context it
is convenient to define a straight-line program as a computation tree without branching
nodes or inversions, so it encodes a polynomial expression. This definition is a bit dif-
ferent but equivalent to the standard one [5, chapter 4, section 1].

2.2. Univariate polynomials

A polynomial in A[x] of degree <d is represented by the vector of its d coefficients from
degree 0 to d—1. Polynomial additions (resp. subtractions) in A[x].; take at most d
additions (resp. subtractions) in A. Determining the degree of a polynomial in A[x]y
requires at most d zero-tests.

Product. Let A be an effective commutative ring with unity. We denote by M (d) a cost
function for multiplying two polynomials f,g& A[x]4 by a straight-line program over A.
We make the following assumptions:

e Ma(d)/d is a nondecreasing function in d—this assumption is customary;
o My is sufficiently close to linear, in the sense that

MA(md)_O Ma (d)
md d

2.1)
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holds whenever m <d. This assumption is less common, but it is only used within
Propositions 2.6 and 7.7. Notice that (2.1) is equivalent to Mg (md) = O(m Mg (d)).

For general A, it has been shown in [6] that one may take
Ma(d) =O(dlog dloglog d) = o).
If A has positive characteristic, then it was shown in [23, 24] that one may even take
Ma(d) = O(dlogd4's™?),
where log* d:=min {k€ N:logo % ologd <1}.

Division. Let f € A[x] be of degree d; and let ¢ € A[x] be monic of degree d, <dy. The
quotient of the Euclidean division of f by g can be computed by a straight-line program
in time O(Ma (d1—d2+1)). Given this quotient g, the remainder r:= f —gg€ A[x] <4, can
be computed using O(Ma (d3)) additional operations. If necessary, the degree of r can be
determined using at most d further zero-tests.

Gced. It is well known that the gcd of two polynomials in K[x].4 can be computed in
time O(Mk (d) log d); see [21, chapter 11]. But we will need to be more precise in sec-
tion 5.3 in order to analyze the complexity of “directed inversions in towers”. Following
the notation of [37], let Rp and Ry be in K[x] of respective degrees np>1 and n1<np—1,
and consider the extended Euclidean sequence defined as follows:

e Co:=1,Dg:=0,Cq:=0,D;y:=1;

° Ri+l = Ri—l - EiRi, Ci+l = Ci—l - El-Cl-, Di+1 = Di—l - El'Dl', where Ei = Ri—l quo Rl‘ is the
quotient of R;_1 by R;.

Consequently we have R;;1 = R;_j rem R;, that is the remainder in the division of R;_;
by R;, and R;=C;F + D;G for all i >0. The sequence ends after w—1 division steps with
Ri#0fori=0,...,w, and Ry1=0. The last non-zero polynomial R, is gcd (F,G) and the
Bézout relation is R, =C,,F + D,,G.

The fast extended Euclidean algorithm applied to Ry and R; does not compute the
complete Euclidean sequence, but only the sequence of the quotients Ej, ..., E;, in a divide
and conquer fashion. This is enough to permit the efficient recovery of the Bézout rela-
tion R, =CyF+D,G. Fori=0,...,w+1, let n;:=deg R;. We claim that the number of zero-
tests in the fast extended Euclidean algorithm is exactly ny. This claim is a consequence
of the two following observations about the fast extended Euclidean algorithm (see for
instance [37, Algorithm 18]):

e Computing the quotients E; does not involve any zero-tests or inversions. On the
other hand the determination of n;,1 requires testing the coefficients of R;;1 from
degree n;—1 to n;;1, which involves n;—n; 1 zero-tests. This totalizes n( zero-tests.

e The degrees of the cofactors C; and D;, but also of all the entries of the “transition
matrices” are explicitly determined from the n;; see [37, Lemma 10]. So the computa-
tion of the transition matrices also does not involve any zero-tests or inversions.

In order to perform polynomial divisions, the inverses of the leading coefficients of the R;
are needed. This requires at most ng inversions.

To summarize the discussion, the extended gcd of Ry and R; takes O(Mg (n¢) log n9)
additions, subtractions and products in K, plus ng zero-tests and <nginversions. In addi-
tion, every inversion of an element is preceded by an unsuccessful zero-test for that
element.
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2.3. Towers

Elements of a tower (A;);¢; are in fine represented by vectors of coordinates in K?. So
additions, subtractions, and products by scalars in K can be done by straight-line pro-
grams with linear costs. We recall the following result, where my, represents the cost of
one product in A;.

PROPOSITION 2.6. Under the assumptions of section 2.2, there exists a constant 1 < C <3 such
that one product in A can be computed by a straight-line program in time

ma,=O(C'Mg (d)).

In addition, the product of two polynomials in A[x]<, can be computed by a straight-line pro-
gram in time

Ma,(n) = O(C' Mk (dn)).

Proof. This result is essentially due to Lebreton [35]; see also [28, Proposition 2.4]. O

3. EVALUATION MODELS

In the introduction, we have informally discussed computations with parameters and
various strategies for automating case distinctions. In this section, we formalize these
ideas in the specific situation of algebraic parameters.

3.1. Parametric frameworks

Let K be an effective field and let I be an ideal of K [x1,...,x;] such that:

o A:=K[xy,...,x:]/Iis a K-algebra of finite dimension d:=dimy A,

e [ is absolutely radical, which means radical over the algebraic closure K of K.
In the context of the present paper, it will be convenient to call A a parametric algebra
over K with t parameters, and I is said to be its defining ideal, written 1. The respec-
tive images of x1,...,x; in A are denoted by aj, ..., ay; they are regarded as parameters
over K, subject to the relations in I. Geometrically speaking, the tuple (ay,...,a;) repre-
sents a generic point in the set Za of the d zeros of I in K'. This setting is more general
than the one of the introduction, but it is intended to be applied later to ideals I generated
by triangular sets.

Let B be a second parametric algebra over K with ¢ parameters. As a shorthand, we
write B < A whenever B is a quotient algebra of A. This is the case if, and only if, Iz 24,
or, equivalently, if Zg CZ4. If B< A, then we write 714, for the canonical projection
A — B, and notice that (7ta_g(a1), ..., TaB(a})) represents a generic point in the set Zp
of the zeros of I in K. With a slight abuse of notation, 774 _, is extended in a coefficient-
wise manner to A[x] - B[x].

Two parametric algebras B; < K[xy,...,x:] and B, <K[xy,...,x;] are said to be disjoint
if Zg,NZp,= 0. In that case, we have

K[x1,...,x¢]/ (I]Bl 01132) =B o B,.
More generally, given pairwise disjoint By, ..., Bs < K[xy,...,x;], we have
A:=K[xy,...,x]/Ug,N--NIp)=B1 @ & Bs.

We will call such a decomposition a splitting of A.
Now consider the prime decomposition

I=P1n--NPs
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of the defining ideal I of A, and define E;:= K[xy,...,x;]/*B; for i=1,...,s. Then we have
E;< A and there exists a natural isomorphism

A=E @ ®E, (3.1)

It is convenient to call this relation the total splitting of A; notice that Zy =Zp,11...11Z_.
Given a zero-divisor b€ A, we have

I=11N1,, where I1:=1+ (b) and I,:=1:(b).
Indeed, we clearly have I CI;NI,. Conversely, given f =u+bvel: (b) withuel, wehave
b*>vel, whence bv €1 since I is radical, and f €1. Setting
K[x1,...,Xt]/11 = A/(b)
K[xy, ..., %]/ = A[b7],

B :
B, :

IR

we obtain a natural isomorphism
A=B @B,

Such a decomposition is called an atomic splitting of A; notice that Zy =Zg, 11 Zg,.

From an effective point of view, the computation of total splittings requires an algo-
rithm for polynomial factorization, whereas atomic splittings can be computed using
standard techniques from effective polynomial algebra, such as Grobner bases, trian-
gular sets, or geometric resolutions.

Let us now describe an abstract way to formalize computations in parametric alge-
bras modulo splittings. Consider a set of parametric algebras over K. We say that J is
a parametric framework if the following conditions are satisfied:

Each A € F is an effective K-algebra.
Givenae A € 1, we can test whether a is invertible and compute a1 if so.

Given A, B € F with B< A, we have an algorithm for the projection 74 .
Given b€ A € F, we can effectively compute A /(b) € F and A[b~'] € F.

Forany A=B;® - ® B;with A, By,..., B;€ F, we have algorithms for both directions
of this isomorphism.

Using Grobner basis techniques, the above conditions are in particular verified if F is the
set of all parametric algebras A that are explicitly given by a finite set of generators of I4.
Indeed, a Grobner basis of 14 induces a basis of A over K along with the multiplication
matrices by a4, ..., a4, so the above operations boil down to linear algebra. This observa-
tion is convenient from a conceptual point of view, but, of course, not very efficient from
the asymptotic complexity perspective. Sections 4, 5, and 7 are devoted to more specific
parametric frameworks that allow for asymptotically faster implementations.

3.2. Unpermissive evaluation

From now on, A denotes a parametric algebra. The unpermissive evaluation of a compu-
tation tree T as above ata=(ay,...,q;7) € AY'is defined as follows. We write DP(T;a) for
the unpermissive path, and € for the unpermissive evaluation function. We introduce a new
output value, written inconsistent, in order to indicate that the evaluation process detects
that the current algebra A is not a field. We define é(v;a) by induction:
o If the current node v of the path is a computation node of the form (invert;u), then we
distinguish the following cases:

o If E(u;a) is zero in A, then the path ends at v with E(T;a) := E(v;a) := undefined.
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o If é(u;a) is invertible, then é(v;a) = é(u ;:a) "' and the next node of the path becomes
the successor of v.

o Otherwise, é(u ;a) is a zero-divisor in A, and the evaluation aborts; the path ends
at v, we set é(T;a) = é(v;a) :=inconsistent, and record the zero-divisor é(u;a) for
future use.

e If the current node v in the path is a branching node (zero?; 1), then we distinguish
the following cases:

o If é(u;a) is zero in A, then é(v;a) :=true, and the next node of the path becomes
the right successor of v.

o If é(u ;a) is invertible in A, then we set é(v;a) :=false, and the next node of the path
becomes the left successor of v.

o Otherwise, é(u ;a) is a zero-divisor in A, and the evaluation aborts; the path ends
at v, we set £(T;a) := E(v;a) :=inconsistent, and record the zero-divisor &(u;a) for
future use.

e For the other types of nodes, the evaluation rules remain the same as for the standard
evaluation described in section 2.1.

LEMMA 3.1. With the above notations, let B < A. If é(Y_‘;a) #inconsistent, then the evaluation
paths P(T;a) and P(T; 7ta_g(a)) coincide and 7t _g(E(T;a)) = E(T; ta_g(a)) holds, under
the natural convention that 7ta_g(undefined) := undefined.

Proof. The proof is straightforward from the definitions. O

3.3. Panoramic values
DEFINITION 3.2. Given an input a=(ay,...,a;y) € Al for a computation tree T, we say that
A=D1o-- oDy

is a panoramic splitting of A for the pair (T,a) if E(T; ma_p,(a)) # inconsistent for i =
1,...,0. A panoramic value of T at a is a set of pairs {(D1,b1), ..., (Dy,by)} such that D1 @ --- &
Dy is a panoramic splitting of A and b;:=E(T; ta_p,(a)) fori=1,...,L

LEMMA 3.3. Let A=E & - ® E; denote the total splitting of A, and let {(ID1,b1),..., (D, by)}
be a panoramic value of T at a. Then, for each i€ {1, ...,s}, we have

E(T; ta—E,(a)) = E(T; o~ E,(2) = TTp ~E,(b)),
where j€{1,...,{} is the unique integer such that E; < D).
Proof. Since E; is a field, any non-zero element in E; is invertible. Consequently,
é(T; TTa-E,(a)) # inconsistent,
and Lemma 3.1 implies that é(T,' tasE(a)) =E(T; mag,(a)). On the other hand,
bj= é(T; 7Ta - p,;(a)) # inconsistent,

and Lemma 3.1 implies that

7t~ (b)) = E(T; ta g, (@) a
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Example 3.4. Consider the computation tree T from Example 2.1 for some m €N, and let

H(x) = (x2=py) - (x> =py),

I:=(u(x)),and A:=Q[x]/I, with 6 >m. If a represents the image of x in A, then a pos-
sible panoramic splitting of T at « is

A=D @ oDy,
where
o l:=m+1,
e D;:=Q[x]/(x>=p;) and E(T; 7ta p,(0)) =i, fori=1,...,m,
o D= QLx]/ (= pums1) - (x2—pe)) and E(T; 7ma_p, (1)) =0.

Notice that the associated primes of I are [3; = (x%— pi) fori=1,...,6, and the total splitting
of A is

J
A= Qlx]/ (x*-py.

i=1

The following naive algorithm for the computation of panoramic values was already
sketched in the introduction:

Algorithm 3.1
Input. A computation tree T and an evaluation pointa e Al

Output. A panoramic value of T at a.
1. Compute the unpermissive evaluation é(T;a).

2.If E(T;a) #inconsistent, then return {(A,E(T;a))}.

3. Otherwise a non-trivial zero-divisor b € A has been recorded, which allows us to com-
pute proper subalgebras By, ..., B;and k€ {2,...,I-1} such that A/ (b) =B ®--- & By
and A[b™ =B 1@ @By

4. Recursively apply the algorithm to 714 _g,(a) for i=1,..., and return the union the
panoramic values obtained in this way.

PROPOSITION 3.5. Algorithm 3.1 is correct.

Proof. The algorithm finishes since A is finite dimensional. As for the correctness it
suffices to verify that the output in step 2 is correct, which is straightforward from the
definitions. a

3.4. Directed operations

From now we focus on the development of a faster alternative for Algorithm 3.1. The
idea is to impose a finer control over the dimension of the components of splittings. We
start with some definitions and the underlying directed arithmetic operations.

DEFINITION 3.6. Given a computation tree T, we say that a splitting

A=DeoH; - & H,
is directed if
o dimg D>1and dimg H; >1 fori=1,...,¢,
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o 2dimy H;<dimg A fori=1,...,1L
A directed evaluation of T takes as input:
o adirected splitting of A=D o H; @ - & Hy,
e apointac D,
and returns
o a refined directed splitting of A=D e ® e H;eH; - H,

° é(T; Tp_p(a)) such that E(T; Tp_p(a)) # inconsistent.

We introduce a directed variant of the inversion in A, that takes a directed splitting
D e H; @ --- @ Hy as input, the value a in D to be inverted, and that returns a directed
splitting D@ H; @ ---® H;® H; & --- ® Hj such that
e 7T _ p(a) is either zero or invertible;
e The result of the directed inversion of a is respectively undefined or 7 _ ().
We also introduce a directed variant of the zero-test in A, that takes a directed splitting
D e H; ® - EBJHI@ and th~e value a2 in D to be tested as input, and that returns a directed
splitting D@ H; @ --- & H;® H; @ --- ® Hj such that
e T, p(a) is either zero or invertible;
e If 1y 5 (a) is invertible, then nDﬁD(a)‘l has been computed and recorded;
e The result is zero? (7t _, 5(a)).

Remark 3.7. The above specifications leave room for some flexibility for the precise imple-
mentation of zero-tests and inversions: in general, the conditions 2dimy H; <dimg A
do not imply uniqueness of the output splittings.

Remark 3.8. We could have introduced directed variants of additions, subtractions, and
products in parametric algebras, exactly in the same way as for the zero-test and the
inversion. This could actually be useful in practice. However, in order to keep our expo-
sition simple, we prefer to use straight-line programs over K for these operations, so
splittings never occur.

3.5. Directed evaluation

Let us now define the directed evaluation of a tree T. As input, we take a directed split-
tngDoH®---dHjandae D', The directed evaluation path is written P(T;a). To
each node ve P(T;a), we both associate a directed splitting

@(Z);ﬂ) =(Dy, Hv,b Y Hv,ﬂv)
of A, so
A= Dz} ® HU,] oD HU,QDI
and a value
g(v;a) € D, U {false, true, undefined} U U D",
vel
The directed evaluation of T is defined inductively as follows:
e The path I3(T;a) starts with the input nodes uy, ..., u7 of J. We set D (u;a) :=
(D,Hy,...,Hy) and E(uga):=a;, for i=1,...,|J]. The next node of the path is set to
the successor of uy,.
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e If the current node v of the path is the root of the path, and is a computation
node (op;us, ..., iy), then we necessarily have J =@ and m =0, we set ﬁ_j(v;a) =
(D, Hy,...,Hy) and é(v;a) :=op(). The next node of the path is set to the successor of v.

e If the current node v of the path is a computation node (op;uy, ..., u,) withope KouU
K1U {+,—, x}, whose direct predecessor is w, then we set ;’é(v;a) = ;ﬁ(w;a) and

E(v;0) = 0p(7p,, -, (EWUL)), ..., MDD, (E(Unia))).

The next node of the path is set to the successor of v.

e If the current node v of the path is a computation node (invert;u), whose direct pre-
decessor is w, then we apply the directed inversion to e:=7mp,_p, (E(u;a)) for the
splitting ) (w;a). This yields a new splitting A =D, & H,, @ --- ® H, ¢, that we assign
to él_)’/(v,'a).

o If mp,_p,(e) =0, then we set g(T;a) = é(v;a) := undefined, and the path ends at v.
o Otherwise & (v;a) := an_,Dv(e)‘l, and the next node of the path becomes the suc-
cessor of v.

e If the current node v of the path is a branching node (zero?;u), whose direct pre-
decessor is w, then we apply the directed zero-test to ¢:=7mp,~p, (6(u a)) for the
sphttmg £D (w;a). This yields a new splitting A=D,® H, & - & H,,,, that we assign

to l)(v a).

o If tp,~p,(e) =0, then E (v;a) :=true, and the current node of the path becomes the
right successor of v.

o Otherwise, E (v;a) :=false, and the current node of the path becomes the left suc-
cessor of v. We also record the inverse an_,Dv(e)‘l.

o If the current node v of the path is an output node (u3, ..., u,,), whose predecessor is w,
then we set @(T;a) = ﬁ_j(v;a) = ;’t_j(w;a) and
E(T;0) = £(via) = (T, D (E WD), ooy T, D (E (U 2))).

Whenever u,v e 13(T,'a) are such that v is a successor of u, the splittings of A at u and v
satisfy D, < D,. It can be checked by induction over the path ﬁ(T;a) that 2(T;a) and
£ (T;a) are well defined.

PROPOSITION 3.9. Let A = DoH;®oH,eH; & & H, represent the directed splitting
D(T;a) returned by the directed evaluation of T at a as above. Then, for all E <D, we have

5 5(E(T;0)) = E(T; a5 (@)
Proof. We verify by induction on paths that P(T a) and P(T; s (a)) coincide, and that
an_,E(é(v a)) =E; ta g (a)) holds for all v € B(T;a) that isnot a branching node. O
Example 3.10. Let us again consider the computation tree T from Example 2.1, and let
p(x) = (P =pp) - (P =py),

I:=(pu(x)), and A :=Q[x]/I, with § >m. Consider the directed evaluation of T at
a=ua, where « represents the image of x in A. The first zero-test that we encounter is
zero? (a*—p1), which yields the directed splitting

A=Qx]/((x*=pa) -+ (x*—ps)) ® Q[x]/ (x> =p1).
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After the m zero-tests zero? (a®— p1),...,2ero? (a%— Pm), we end up with the directed decom-
position

A=Qx]/ (X2 =pme1) - (x*=ps)) ® Qx]/ (X2 =pp) ® - ® Q[x]/ (x> =p1)

and the value € (T;a) =0. This is due to the requirement that directed evaluation always
privileges the “branch of highest degree”. If 6 =m + 1, then the last-zero test potentially
leads to another directed decomposition

A=Q[x]/(x*~pm) ® Q[x]/ (x*~Pums1) ® Q[x]/ (X*~Pm-1) ® - & Q[x]/ (x*~p1)

and the value £ (T;x) =m. In general, we recall that directed evaluation is a non-deter-
ministic process: the output may depend on internal splitting choices that are made
during the directed zero-tests and inversions.

3.6. Fast panoramic evaluation

We are now in a position to state a central algorithm of this paper, which performs
panoramic evaluations using directed ones. The presentation is abstract, in terms of
general parametric frameworks. In the remainder of the paper we will study various
concrete instantiations of the algorithm.

Algorithm 3.2
Input. A computation tree T and an evaluation pointa e A,
Output. A panoramic value of T at a.

1. Perform the directed evaluation of T at a for the trivial directed splitting (A) of A.
Let A=D e H; @ --- ® Hj be the directed splitting obtained in return.

2. Compute the projections s m,(a) fori=1,..., 0.
3. Recursively call the algorithm in order to evaluate T at w5 _,py,(a) fori=1,...,¢.

4. Return the union of {(DD, E (T;a))} and of the panoramic values obtained in step 3.
PROPOSITION 3.11. Algorithm 3.2 is correct.

Proof. Algorithm 3.2 finishes because the dimension of the input algebra strictly decreases
throughout the recursive calls in step 3. At the end of step 1, we have

g(T;a) = é(T; 7Tap(a)) #inconsistent,

by Proposition 3.9. Therefore the singleton {(D, g(T;u))} is a panoramic value of T at
ta-p(a). We conclude by observing that the union of the panoramic values in step 4
gives a panoramic value of T at a. O

Example 3.12. Example 3.10 illustrates step 1 of Algorithm 3.2, for which we obtain D =
Qx1/ (= pms1) = (x*=ps)), E(T;2) =0 and Hy= Q[x]/ (x*~p;) fori=1,...,m. After
the m recursive calls in step 3, we obtain the panoramic value

{((Q[x]/ (X2 =pm) = (2 =ps)),0), (Q[x]/ (x*>=p1),1), ..., (QLxX]/ (x> =p), m)}.

3.7. Delayed reductions

From the complexity point of view, there is still a problem with naive implementations
of Algorithm 3.2: the directed evaluation approach involves many potentially expensive
conversions of the form mp,p, (E(u;a)).
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Consider for instance the simplest case when A =K [x]/(y(x)), where y is monic of
degreed. Let D=K[x]/(v(x)) < A with v|y and deg v >d /2. Then one projection 74 . p
corresponds to a division by v of cost O(M (d) ), when using the standard representation
for elements in ID. This means that additions during the directed evaluation of a tree
typically admit a cost O(Mk (d)) instead of O(d), which is suboptimal.

A natural remedy to this problem is to delay reductions modulo v. This strategy
naturally fits in our setting of parametric frameworks through the use of redundant rep-
resentations. More precisely, consider some A € F within a parametric framework F.
Then we may define a new parametric framework F4 whose objects are algebras B < A
in J, with this modification that elements in B are represented by elements in A. Given
B’ < B, this means that projections 7, g’ are free of charge in 4. The arithmetic oper-
ations ope KoU KU {+,—, x} on elements in B are also performed in A. The inversion
of b€ B is done by computing the projection b’ =714 _,g(b) in F and then performing the
inversion of b’ in B; zero-tests are done similarly.

Of course, at the end of a directed evaluation that uses this kind of redundant repre-
sentations, we may wish to convert the result to the standard representation in F. This
can be done by inserting a “finalization” step at the end of step 1 in Algorithm 3.2.

4. COMPLEXITY OF UNIVARIATE PANORAMIC EVALUATION

This section is devoted to parametric algebras with one algebraic parameter, that is of the
form A =K[x]/(pua(x)) with p4 monic, separable, and of degree d. For our complexity
bounds it will be convenient to assume that d > 2.

Elements in A are represented as remainder classes 2 =A mod ps with A € K[x]4.
The univariate situation is notably simple but already useful enough to be treated sepa-
rately. We first specify the parametric framework and the directed operations, then we
analyze the cost of our fast panoramic evaluation, and finally we compare the directed
evaluation strategy with dynamic evaluation.

For efficiency reasons, we further assume that y4 is explicitly separable in the sense that
we are given the cofactors 64 and {4 in K[x] <4 in the Bézout relation

1=0apa +Ca HA. (4.1)

Computing this relation from the outset only requires O(M (d) log d) operations in K.

4.1. Univariate parametric framework
Let us first specify the required operations of the univariate parametric framework, and
explicit their complexity.

e Additions and subtractions in A can clearly be performed by straight-line programs
in linear time O(d), whereas multiplications take time O(Mg (d)).

e Anelementa=Amod s € A with A€ K[x]4isinvertible if and only if ged (A, s ) =1
and, in that case, 27! can be computed using the extended Euclidean algorithm.
Both the test and the computation of 4! can be done by a computation tree in time
O(Mk (d)logd).

e Wehave B<A if and only if ug|pa. In that case, we have

taB(Amod pp) = (Arem pug) mod up

for all A€ K[x]<4 the projection 7ts g can thus be computed in time O(Mg (d)) by
a straight-line program (below, we will rather use the technique of delayed reduc-
tions from section 3.7 in order to avoid projections altogether).
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e Given b=Bmod uy € A\ {0} with B€ K[x]<4, we have pa 1) = gecd (1a, B) and
Hap-1=Ha/ged (ua,B). This shows that we can compute A /(b) and A[b7!] in time
O(Mk (d) log d) using computation trees.

e Given univariate parametric algebras By,..., B;< A, wehave A=B & .- @ B, if, and
only if, ya = ug, -+ up, (Which in particular implies that the i, are pairwise coprime).
In this case, the isomorphism A = B & --- @ B, in both directions can be computed
in time O(Mk (d) log s) by using the usual subproduct tree of ug,, ..., ug, see [21,
chapter 10].

The directed zero-tests and inversions of an element s € A with preimage A can be com-
puted in time O(Mk (d) log d), as follows:

e The input is a directed splitting of A,

A=K[x]/(upx)®H 1@ - & Hy,
the Bézout relation 1=60p 'y + ¢p ip, and an element a € K[x]/ (i p(x)) with preimage
Ae K[x]<degmy

o If A =0, then the result of the zero-test is true and the result of the inversion is
undefined. The input directed splitting is left unchanged in return.

e We compute g:=gcd (A, up) along with the Bézout relation g=UA+ V up.

o If g=1, then the result of the zero-test is true and the result of the inversion is U. The
input directed splitting is left unchanged in return.

e We compute h:=up/g, and deduce the Bézout relations of ¢’ and ¢, and of i’ and h
by Lemma 4.1 below.

o If 2degh < deg ua then we return the directed splitting
A=K[x]/(g(x) @ K[x]/(h(x)) @ H® - & H

and the image of a is zero in K[x]/ (g(x)). The value of the zero-test is true, and the
result of the inversion is undefined.

e Otherwise, we return the splitting
A=K[x]/(h(x) @ K[x]/(gx) e H & & Hy

and the image of a in K[x]/ (h(x)) is invertible. The latter splitting is actually directed
since 2deg hh >deg u, implies
2degg=2(degup—degh) <2 (degpus—degh) <deg .

The inverse of 4 modulo & is obtained as follows:

o From the Bézout relation 1=60p yp + ép pp, we deduce 1=0p (¢'h+gh") + Cppp
and then

1=0pgh’ modh.
o From the Bézout relation g=UA+ V up, we get g=UA mod 1, and deduce
1=6ph' UAmod h.

The value of the zero-test is false, and the result of the inversion is O’ U rem h.

LEMMA 4.1. Let f € K[x] be monic and separable of degree d, and let g and h be non-con-
stant monic polynomials in K[x] such that f = gh. Given the Bézout relation 1=Af' + Bf,
the Bézout relations for ¢' and g, and h' and h can be computed by a straight-line program
in time O(Mxk (d)).
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Proof. From the given Bézout relation we have
1=Agh’+(Bg+Ag')h.

Since deg(((Ag) remh)h’) and deg(((Bg+Ag") remh') h) are strictly less than deg(h'h),
reduction of this relation modulo 1’1 yields

1=((Ag)remh)h' + ((Bg+Ag') remh')h.

This is the desired Bézout relation for i’ and h. By symmetry, the Bézout relation for ¢’
and ¢ can be computed in a similar way. a

4.2. Main complexity result with one algebraic parameter

We are now ready to present the main complexity bound of this section.

THEOREM 4.2. Let A =K[x]/(pa(x)) be an explicitly separable extension of K of degree d :=
deg ua =2, and let T be a computation tree over K-algebras of detailed cost (Tin, Tout, Tadd,
Tmul, Tdiv)- Lhen the panoramic evaluation of T over A by Algorithm 3.2 takes time

O((Taddd + (Tout + Tmu) Mk (d) + (Tin + Taiv) Mk (d) log d) log d).

Proof. We use Algorithm 3.2 in combination with the technique of delayed reductions
from section 3.7. This means that we avoid the cost of conversions, at the price of per-
forming arithmetic operations in subalgebras of A in the algebra A itself. More precisely,
the cost of one directed evaluation of T over A is the sum of:

o O(Tagqd) operations in K for the nodes of type in KoUK, U {+,-},

® O(Tmu Mk (d)) operations in K for the nodes of type x,

o O(7qiy Mk (d)logd) operations in K for the directed zero-tests and inversions,

o O(7out MKk (d)) operations in K for the reductions in the output nodes of the path (i.e.

the “finalization step” in the terminology of section 3.7).

Let A=D @ H; @ --- & Hy denote the directed splitting obtained at the end of step 1 of
Algorithm 3.2. By construction we have

dimg H;<d/2foralli=1,...,¢0 (4.2)

Fast multi-remaindering yields 74 m,(a) fori=1,...,¢ in time O(Tix Mk (d) logd).

We recursively perform the panoramic evaluation of T over H; for all i=1, ..., (.
Let C(d) be the cost of one panoramic evaluation of T over an algebra of dimension <d.
We have shown that there exists a universal constant ¢ such that

)

C(d) < c(Tagad + (Tout + Tmul) Mx (d) + (Tin + Taiv) Mk (d) log d) + Z C(dimg H).

i=1

In view of (4.2), we conclude by unrolling this inequality at most [%1 times. O

Example 4.3. Continued from Example 3.12. The first directed evaluation of T performs
O(m My (d)log(m d)) operations in K. One directed evaluation of T over Q[x]/ (xz—pl-)
takes time O(ilogm), for i=1,...,m. In this example, the resulting cost of Algorithm 3.2 is

O| mMg (6)log(md) + ) ilog m) = O(mMg (6) log(m d)),
i=1
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which is better than the bound of Theorem 4.2 because the recursive depth is constant.
If A is a field, then we notice that the evaluation of T at a takes time O(m Mg (6) log m).

4.3. Comparison with previous work

Let us now compare the complexity of directed evaluation with the complexities of
other known strategies for a single algebraic parameter. One problem with dynamic
evaluation is that it is hard to implement in common programming languages without
support for parallelism or high level control structures such as continuations [41]. Early
implementations of dynamic evaluation were therefore naive [13], the computation tree
essentially being reevaluated for every separate case: see subsection 4.3.1. In theory,
using SCHEME-style continuations or UNIX-style forking, it is possible to factor out many
common computations between the different cases; see [4]. We analyze these approaches
from a complexity point of view in section 4.3.2. Besides dynamic evaluation, various
more ad hoc approaches have also be proposed for computations with a single algebraic
parameter; we will discuss them in section 4.3.3.

4.3.1. Naive dynamic evaluation

When using common sequential programming languages, dynamic evaluation is usu-
ally implemented as in Algorithm 3.2, with the following two differences:

e Splittings are no longer required to be directed. In other words, at each evaluation
step, the splitting A=D, & H,; @ --- ® H,, at node v of T is not required to satisfy
the conditions 2dimg H,; <dimg A fori=1,...,{,. Consequently, whenever a zero-
test or an inversion triggers a basic splitting for D, the branch where we continue the
evaluation is chosen non-deterministically. Such evaluations are said to be undirected
in the sequel.

e Once the undirected evaluation is finished, the projections in step 2 of Algorithm 3.2
are done naively, without fast multi-remaindering.

Adapting the cost analysis of Algorithm 3.2 leads to the following complexity bound for
naive dynamic evaluation:

O((Tadd d + (Tmul + Tin + Tout) Mk (d) + Taiv Mk (d) log d) d).

The following example shows that the latter bound is tight in the worst case. So naive
dynamic evaluation is in general less efficient than fast panoramic evaluation.

Example 4.4. Let us again consider the family of computation trees of Example 2.1, let

H(x) = (x2=py) - (x> =py),

with 6 >m, I:= (u(x)), A:=Q[x]/I, and let a represent the image of x in A. Then a
possible undirected evaluation of T at a =« performs a basic splitting and may select the
splitting

Qlx]/(x*=p1) & Q[x]/ ((x*~p2) -+ (x*—ps)).

So a possible undirected evaluation ends with the latter splitting and output value 1.

A possible undirected evaluation of T over Q[x]/( (xz—pz) (xz—pg;)) may end with
the splitting

Qlx]1/ (x*~p2) ® Q[x]/ ((x*~p3) -+ (x>~ ps))
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and value 2. Doing so for the rest of the evaluation, we may end with the splitting

Qx1/ (2 —p1) @ - ® Q[x1/ (X2~ py) ® QX (X2~ Pis1) = (X2~ ps))

and the value of T over Q[x]/ (xz—pl-) isifori=1,...,m and is 0 over Q[x]/((x*>-
Pm+1) = (X2 =p5).
The total execution time therefore grows at least with

ZkMK(é—k) = Q(Z k(&—k)) = Q(m2(6-m)).
k=1 k=1

In comparison to Example 4.3, it turns out that dynamic evaluation may be significantly
more expensive than our fast panoramic evaluation based on directed evaluation.

4.3.2. Dynamic evaluation using continuations or forking

The naive implementation of dynamic evaluation using reevaluations of the entire com-
putation tree leads to unnecessary recomputations. High-level control structures such as
continuations can be used to avoid this kind of recomputations, by resuming the “recom-
putations” directly at the points where the splittings occurred. UNIX-style forks can be
used to the same effect. We will now illustrate the benefit of these approaches on our
running Example 2.1, after which we will present another example that remains prob-
lematic even with this type of optimizations.

Example 4.5. Let T be a computation tree of the family introduced in Example 2.1, and
let us again consider

1(x) == (X% =p1) - (x> =ps),

with 6>m, I:=(u(x)), A:=Q[x]/I, and let a represent the image of x in A. The dynamic
evaluation of T at « encounters an inconsistency when testing whether (xz— p1)™ is zero
modulo y(x). One computation continues modulo x? - py, and so returns 1. Another
computation continues modulo (x?>—p5) - (x>~ p;) and a new splitting occurs at the zero-
test of (xz—pz)m, etc. Counting common computations in branches only ones, the total
cost of the dynamic evaluation is bounded by

O(m Mg (9) log m +mMy () log 6) = O(m Mg (6)log(m d))

which is essentially the same as the cost of our fast panoramic evaluation: see Example 4.3.

Example 4.6. Let us now consider the following (still somewhat artificial) program over
Q-algebras:

for i from 1 to m do

fz (x _Pz

for i from 1 to m do
if i=0then fi:=fi+1

Evaluated over a field A of degree d over K, the total cost of this program is

Z Mk (d) logm:é(md).
i=1
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Let us now take A := Q[x]/I with I as in the previous example. The dynamic evaluation
executes the first loop sequentially with cost " ; Mg (6) log m=O(m§). Then it splits at
the zero-test of (x*— p1) modulo u(x) into two branches:

e The first branch works modulo x?— p1 and reduces f5, ..., f,, modulo x?— p1, which
amounts to O((m —1) §) operations in K. The costs of the zero-tests totalize
O((m-1) Mg (2)log2).

e The second branch works modulo (x?- p2) - (xz—pg). The zero-test of f, costs
O(Mg (6-1)log(é6—1)), and causes the present branch to split up into two:

o The first branch works modulo x? — p2 and reduces f3, ..., f, Which
amounts to O((m —2) §) operations in K. The costs of the zero-tests totalize
O((m—-2) Mg (2)log?2).

o The second branch works modulo (x?— p3) - (x2 —ps). The zero-test of f3 costs
O(Mk (6—-2)log(6—-2)), and causes the present branch to split up into two:

The total execution time when using dynamic evaluation is therefore

0 Z{MK((S)logm+Z{((m—i)5+MK(5—i)log(5—i)) =Q(m?5).

By Theorem 4.2, the execution time using fast panoramic evaluation is é(m 0), which is
significantly better.

4.3.3. Specific algorithms

The bottleneck of dynamic evaluation in Example 4.6 lies in the projections of data from
parametric algebras into smaller ones. It is important to stress that this cost cannot
be reduced by executing the branches in a judicious order or by cleverly factoring out
common computations in branches using continuations. In our fast panoramic evalu-
ation strategy, this means that fast multi-remaindering plays a crucial role for handling
these projections efficiently.

The above examples show that determining the best strategy to compute a panoramic
value for a given computation tree is not an obvious problem: in fact, computation trees
and more general programs may often be modified in order to accelerate panoramic
evaluations. Let us now consider some specific computation trees for which efficient
ad hoc strategies have been developed.

For panoramic quasi-inversions in A, gcds, and coprime factorizations in A[y], Dahan
et al. have designed fast algorithms in [8]. For instance, they showed that a panoramic
gcd in A[y]¢, could be obtained with cost

O(Mk (d) log d Mx (n) log n); (4.3)
see [8, Propositions 2.4 and 4.1]. For this problem, Theorem 4.2 leads to the cost
O((Mk (n) Mg (d) log n+n Mg (d) log d) logd),
which can be further improved to

O((Mk (dn)logn+nMg(d)logd)logd) (4.4)
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by using Kronecker substitution to multiply polynomials in (K[x]/(y(x)))[y]<, in time
O(Mg(dn)). If log2 n=o(logd), then this cost is slightly higher than (4.3). If d=0(n),
then (4.4) simplifies to O(d Mg (n) log nlog d), which is slightly better than (4.3).
Another interesting application of fast panoramic evaluation is the computation of
the determinant A of an n x n matrix M with entries in A = K[x]/(u(s)). By means
of Berkowitz' algorithm [1], such a determinant can be computed in time On«+h by
a straight-line program over A, and therefore in time O(n“*! Mg (d)) by a straight-line
program over K. This cost decreases to O %2y Mg (d) by using [32], and even to
O(n“’+1/ 2 Mk (d)) thanks to [40], whenever inverses of 2,3, ...,n are given in K. We can
do better with fast panoramic evaluation: we first compute the determinant of M over A
as if it were a field by means of a computation tree that performs O(n) ring opera-
tions and O(n?) zero-tests and inversions. By Theorem 4.2, this can be done in time

O((n“Mg (d) +n* Mg (d) log d) log d).

The resulting panoramic value corresponds to the residues of A modulo several pairwise
coprime factors of . Chinese remaindering finally allows to recover the actual determi-
nant A using O(Mx (d) log d) additional operations in K.

5. SEVERAL ALGEBRAIC PARAMETERS

From now on, we focus on the complexity of panoramic evaluation for t > 2 algebraic
parameters. Data structures will play an important role in the efficiency of operations
required by parametric frameworks. From now on, we will only manipulate parametric
algebras whose defining ideals are generated by triangular sets. In other words, all para-
metric algebras will be represented by towers (A;);<; over Ag=K, as in section 1.1. We
recall that (A;);<; is also assumed to be absolutely reduced, i.e. K®A;is a product of
fields. A tower (A;);«; is said to be explicitly separable if we are given the Bézout cofac-
tors 0; and ¢; in A;_q1[x;] such that 1=0;u; + &p; fori=1,...t.

In order to simplify complexity analyses, it is convenient to assume that d;:=deg y; >2
fori=1,...,t. In particular, d=d;---d; > 2. This restriction is harmless, since extensions
of degree d;=1 can be discarded without cost in our model of computation trees.

5.1. Tower factorizations

Consider two towers (A;);<; and (B;);<; of the same height t and over the same base
tield K. Let (y;)i<t and (v;);<; denote the respective defining polynomials of (A;);<; and
(Bj)i<t- We say that (B;);<;is a factor tower of (A;)i< if Zg, CZa,. This is the case if, and
only if, there exist natural projections 774, g, (that naturally extend to projections 74, g;:
A;[x;] — B;[x;] in a coefficient-wise manner) such that:

o v;divides s, B, ,(#i) fori=1,...,t.

o 7T, B, sends an element a € A; represented by A(x;) = Z’;&Ak xf-{ € Aj_1[xi]<q4, to
di-1
_ k
NAi,lﬁBi,l(A(xl‘)) - Z nAj,lﬁBi,l(Ak) Xi rem Vi(xi)/
k=0

fori=1,...,t.

Given such a factor tower (B;)i<; of (A;)i<t, let us now study the cost C(A; - B;) of
computing one projection 74, B,(x) € B; of an element x € A; with i <t.
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Figure 5.1. Example of a representation of a tree factorization of a tower of height t =3.

LEMMA 5.1. Let (B;)i<; be a factor tower of (A;)it. The projection rta,_g,(a) of an element
a € A can be computed by a straight-line program in time

t
C(A—»B)=0|) Mg, (d)dis1-d; [ =O(C'Mk (d)).
i=1

Proof. Let A € A;_1[x{]<4, denote the preimage of a. We recursively apply 7, ,-B, ,
to the coefficients of A. Then, the reduction of 74, ,-B, ,(A) modulo v; can be done by
a straight-line program with cost O(Mg, ,(d;)). Consequently, there exists a universal
constant ¢ such that the cost function C(A; — B;) satisfies

C(Ai—»By) < cMg, ,(dp) +C(AL1 - Bi1)ds.

Unrolling this inequality yields

C(A-»ByH=0 Mg, (d))dit1---d;|.

t
i=1

Taking Mg, ,(d;) = O(C "Mk (dy--d;)) from Proposition 2.6 concludes the proof. O

In the sequel, “()” stands for the empty tuple. Let X; be an index set of k-tuples of
integers with £¢p={()} and

Zk = {(01/ oo Ok-1, Z) 2(01, e, Ok-1) € Z“k—l/ie {1/ "'110'1,...,07(_1}}/

for integers I, .. 5, and k=1,...,t. Consider a family ((A;.)i<t)sex, of factor towers of
(A))ig+ with the property that Ay.,, ., only depends on ¢, ...,0i for all (o, ..., 03) €%y,
and write Ay, 5= Ak, 0. We say that such a family of factors forms a tree factoriza-
tion of (A)ig: if the variety Z,, is partitioned into Za, =[], ¢y Za,,- f k>0and 0 €%,
then we also write yy.; € Ak.o,... o, [Xk] for the defining polynomial of Ay, over Ay_1..

It is convenient to represent such a factorization by a labeled tree (see Figure 5.1): the
nodes are identified with the index set £oII1X111...11%;, and each node 0 € ¥ is labeled
with the algebraic extension A,,. The parent of the node o € ¥) with k>0 is simply the
node (07, ..., 0k-1) € Zk—1. Each individual factor tower (A;.,);<; corresponds to a path
from the root to a leaf.

Given k<t and c € X, let

Ypo={T:(0, T) EXy}.

Za=1] 1] Zas-

CELL TELLy

Projecting the equality
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K
~ /
A= A7 AY? AT
U= |
A= AY A .. AFR AY A"

e
: i
A=A AP LAY AP AR A AP

Figure 5.2. Illustration of a generic tower factorization involved in a directed evaluation. The prin-
cipal branch is highlighted.

on the first k coordinates, we observe that the projection of Zy,, ., for given o € ¥y, is
the same for all 7€ Xy, and equals Z,,,, whence Zy, =],y Za,,. Consequently,
((Aigy,...00i<k)oex, forms a tree factorization of the sub-tower (A;);<x. From an alge-
braic point of view, this means that we have a natural isomorphism

Ak = 69 Ak;g’.

cEY

5.2. Directed evaluation in the multivariate case

Consider an explicitly separable tower (A;);<; and assume that we wish to compute the
panoramic evaluation of a computation tree T over A;. In order to apply Algorithm 3.2
in this multivariate context, it would be natural to specify a parametric framework, as we
did in the univariate case. Since we will exclusively focus on the directed approach from
now on, it turns out to be simpler and more straightforward to describe how to perform
the directed evaluation and the projections in steps 1 and 2.

First of all, a directed splitting of A; will be represented by:

e Vectors p_t: = (Mi1,..., i1, of polynomials in A;_q[x;] fori=1,...,t, such that:

o f1:=M1,1, ..., flt:= iy are the defining polynomials of a factor tower of (A;)g,
written (A;)i<s, and called the principal branch.

o Ta LA, (M) = PA’iﬂAi,l—»Ai,l(P‘i,Z) T A (Hid) fori=1,...,t.

o 2degp;r<degy;fork=2,...,1.

e The Bézout relations 1 = éi i+ & pifori=1,...,t so (Az’)igt is explicitly separable.
Each factor TCA 1A () withj=1,...,tand k=2,...,]; gives rise to a factor tower (Aj{k) i<t
of (A;)i«t, called a residual branch, as follows:

e Fori<j, we set A]l'-’k:: Ai.

o AJ = Aalx)/ (Ta o a, (HaE):

e Fori>j, the defining polynomial of A];.'k over A]lf 1 is the projection of p;(x;) in A]lf 1lxi].
The resulting tree representation of the tower factorization is displayed in Figure 5.2. The
actual directed splitting of A; represented in this manner is

A= Ao Ao aAMe oA e 0 A e d A e 0 Al

Notice that a directed splitting ﬁ;, <., it of (A));<; naturally induces a directed splitting
}ll,...,]/_l} of (Ai)l{j for j: 1,...,t.
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Now the main idea is to perform the directed evaluation of a computation tree over
the principal branch, while postponing evaluations over residual branches. With our
representation of directed splittings, creating residual branches is essentially free of
charge; the corresponding tower representations will only be computed after comple-
tion of the entire directed evaluation, using a dedicated “finalization” procedure that
will be detailed in subsection 5.4 below. After the finalization, the projections from step 2
of Algorithm 3.2 can be carried out efficiently using fast multi-remaindering; this will
also be detailed in subsection 5.4.

As in the univariate case, it will be convenient to use the technique of delayed reduc-
tions from section 3.7. During directed evaluations, this means that we will actually
represent elements in Ai by elements in A;, for i=1,...,t. In particular, operations in
KouKqU{+,—, x} on elements in Ai are really performed in A;. We recall that the main
benefit of this representation is that projections 74 _, 5 are free of charge, whenever A,
is a quotient algebra of A; whose elements are also redundantly represented by elements
in A;. On the other hand, we will resort to reduced representations for directed zero-
tests and inversions. We will also systematically reduce all output values. Notice that
elements in A,- can be reduced in time O(C' Mg (dq - d;)), by Lemma 5.1. In the next
subsection, we detail how to perform directed zero-tests and inversions.

5.3. Directed zero-tests and inversions

In the case of a single algebraic parameter, we reduced directed inversions and zero-tests
to extended gcd computations. With several parameters the problem is more difficult.
An element 4 in A; can be tested to be invertible by means of a straight-line program
over K with polynomial cost and a single zero-test in K: it essentially suffices to compute
the determinant of the multiplication endomorphism A;>x—ax & A; using Berkowitz'
algorithm [1]. But the cost of this approach is more than quadratic in d, which is not sat-
isfactory for our purposes. We now develop a more efficient strategy based on recursive
calls of the fast extended gcd algorithm in the directed evaluation model.

Algorithm 5.1

Input. An explicitly separable tower (A,);<;, a directed splitting (}_l;),'gt of (Aj)igt, and
ae At, where (Ai)jg ¢ denotes the principal branch of (]/_l:')ig £

Output. A directed splitting (p‘Ti)igt of (A;);<t, with principal branch (Ai)igf, the b901ean
value of the zero-test of d:=7 A4, @), where 4 is either zero or invertible in A;, and
the inverse i4~' whenever i is non-zero.

1. If t =0 then return true if a=0 or false and a~! otherwise. The directed splitting is left
unchanged.

2.LetAe Af_]_[xf]<dt denote the preimage of a, and recursively compute the extended

monic gcd of A and Hyover Ay_q, using directed evaluation of a computation tree for
extended gcds, with the directed splitting (1;);<;_1 as extra input.

Let (P(l_z')igt—l denote the directed splitting obtained in return and let (Ai)jgt_l be its
principal branch. This extended gcd computation also returns a monic polynomial
g€ At_1[xt], and U,V in At_l[xf] such that the following Bézout relation holds:

g=UA+Vjl,

where A := TR, = A, ,(A) and ji;:= 7-[&_1—»/5&,_1(?‘9'
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3. Let ;:= nAt—l—’At—l(ét)’ (;i = nAtﬁAtfl(ét), so that the Bézout relation 1= étﬁﬁ + g}ﬁt
holds. Reduce A, fi4, 6, ¢, and g, and compute h:=ji;/g.

4. Deduce the Bézout relations 1= 6,8’ + ;¢ and 1= 6,1’ + {,h by means of Lemma 4.1.

5.1f ¢ =0, then return true, along with the directed splitting (i;)i<s—1, (it Ht 2, - Ht1,),
and the Bézout relation of ji; and fi;.

6.1f g =1, then return false, along with the directed splitting (‘I/(l_l‘)l‘gt_], (Bt U2 - Mt 1),
the Bézout relation of i} and ji;, and the inverse U (x;) mod ji; of 7t A A, (@)

7.1f 2deg h < deg y;, then return true, along with the directed splitting (]/(l_i)igt_l,
(g, h, pt2, .., pie1,), and the Bézout relation of ¢’ and g.

8. Otherwise return false, along with the directed splitting (j;)i<t—1, (1, , Ht2, - Ht1,),
the Bézout relation of 1’ and &, and the inverse 8; Uk’ mod & of 7t A4, @)

Until the end of the paper, M (d, ...,d;;n) represents a cost function for products in
Ai[x]<n where (Ai)jg ¢ can be any principal branch encountered in the directed evalua-
tion model over (A;);¢;. Similarly, Pk (d,...,d;) is a cost function for reduced projections
from A; onto Ai.

PROPOSITION 5.2. Algorithm 5.1 is correct and takes O(C M (d) log d) operations in K, where
d:=max (dy,...,d;).
Proof. In step 8 we have
2degg=2(degu;1—degh) <2 (deg yu;—degh) <deg y;.
Consequently, the splittings in the output are directed.

In step 8, the fact that ét Uh' taken modulo 4 is the inverse of 4 in At can be verified
as follows, in the same way as in section 4.1: the Bézout relation of A and ji; gives

0:h' UAmod h=6,h' gmodh,

which simplifies to 1 mod & thanks to the Bézout relation of ji; and ji;. The correctness of
the algorithm follows from these facts.

Let us write Dk (dy, ..., d;) for the cost of the algorithm and recall that we are using
the technique of delayed reductions. If t =0 then the cost is O(1). Otherwise, when com-
puting extended gcds using the fast algorithm from section 2.2, step 2 takes

O(Mk(dy, ..., di—1;dp) logdi + Px (dy, ..., di—1) dp) + D (dy, ..., di—1) dy
operations in K. Step 3 takes
O(Pk(dy, ..., di-1) de+ M (dy, ..., dr-1;d1))

further operations, and step 4 takes time O(Mx (dy, ...,d¢-1;d¢)), by Lemma 4.1. Steps 5to 8
require O(Mg (dy ---d¢_1;d;)) operations in K. Therefore, there exists a universal con-
stant ¢g such that

Dk (dy, ..., dp) <co(Mk (dy, ..., di-1;dp) log di + Px (dy, ..., di-1) dp) + D (dy, ..., dr-1) dr. - (5.1)
Proposition 2.6 and Lemma 5.1 lead to

Mk (dy,...,di_1;d;) = O(C Mk (dy -+ dy))
Px(dy,...,di-1) = O(C Mg (d;--di1)),
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whence

D (dy, ..., ds) <c1 C My (dy - dy) log dy + Dk (dy, ..., di-1) di,

for some universal constant c;. Using C> 1, unrolling the latter inequality leads to the
claimed bound. O

5.4. Finalizing the residual branches

As before, let (A;);<; be a separable tower with defining polynomials y; of degree d;>2,
and denote d:=dq---d;. At the end of a directed evaluation, we must recover the tower
factorization of (A;);<; induced by the directed splitting. We also need efficient routines
for projecting onto the residual branches. In this subsection (and contrary to the previous
subsection), we use the traditional, reduced representations for elements in towers. We
begin with a simple lemma for the computation of Bézout relations induced by factor-
izations.

LEMMA 5.3. Let f € K[x] be monic and separable of degree d, and let g1, ...,§s be non constant
monic polynomials in K[x] such that f =g1---gs. Given the Bézout relation 1=Af"+ Bf of f’
and f, the Bézout relations of g; and g; for i=1,...,s can be computed by a straight-line program
in time O(Mg (d) log s).

Proof. We first construct the subproduct tree of gy, ...,gs: it is defined as the set of the sub-
products defined recursively as follows:

o theset {g1}ifs=1,
e the union of {g---gs} and the subproduct trees of gy, ...,§s,21 and g5 /2141, .-, gs if s> 1.

A straightforward divide and conquer algorithm computes all these products with
O(Mk (d) log s) arithmetic operations in K. Then, we obtain the Bézout relations for

(81 &rs/21)" and §1-+-g(s/2), as well as for (gys/21+1+++gs)" and grs/21+1+gs, in time O(Mk ()
by Lemma 4.1. We conclude using a standard induction argument on s. O

LEMMA 5.4. Given a directed splitting (1:)i<: as above, the explicitly separable factor towers
(A]i’k)igtforj: 1,...,tand k=1,...,1; can be computed in time O(CtMk (d) log d) by a straight-
line program, where d :=max (dy, ...,dy). In addition, both directions of the isomorphism

. t l/‘ )
A=A o P AN (5.2)
j=1 k=2
can be computed by straight-line programs in time O(C*Mk (d) log d).

Proof. Until the end of the proof, it is convenient to keep in mind the notation for the tree
factorization in Figure 5.2, associated to the directed splitting. Let us write:

o Fx(dy, ..., dy) for the cost of the construction of the explicitly separable factor
towers (A]i’k)igt,'

o Qx(dy,...,d;) for the cost of the projections from A; onto At ® @;:1 @ﬁj:z A];’k;

e Rk(dy, ..., d;) for the cost of the Chinese remaindering from Ao @]f.:l @Il(fzz A];k to A,.
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The proof is done by induction on t. If t =0, then the costs are zero. Assume now thatt>1
and that explicitly separable factor towers (A )1<t—l have been constructed. We thus
have the following effective isomorphism:

-1

Atl_ Btl:— At 1@@@A (53)
j=1 k=2

We first pro]ect u(x;) and the Bézout relation 1= 60;(x;) pr(xs) + & (xp) s (xg) onto At 1[x¢]
and A 1[xt] forj=1,...,t-1land k= 2 ol w1th cost O(Qg (dy, ..., di-1) dy). This already
gives the defining polynomlals of A] over A]t 1forj=1,..,t-Tand k=2,...,l; along with
the corresponding Bézout relations.

We next project the polynomials of ; onto Asq[xg], namely

Heki=Tla, A, (Htk),

fork=2,...,1;, using O(Qx (d1, ...,ds-1) d;) operations in K (it is better to use Lemma 5.1 in
practice, but the present bound in terms of Qg simplifies the analysis). From the already
computed Ta, oA, (), nAt—l—’At—l(et)’ and ﬂAt—l—’At—l(gt>’ we deduce the Bézout rela-
tions of fi;  and fi; x for k=2,...,1;, by means of Lemma 5.3, in time

O(MAt,l(dt) log d;).
Overall, we have shown that there exists a universal constant c¢; such that
Fx(dy, ..., dr) <c1 (Mx(dy, ..., di—;;dp) log di + Q (dy, ..., di-1) dp) + Fx (dy, ..., di-1). (5.4)

Let us now consider both directions of the isomorphism (5.2). Given a € A, represented
by A€ A;_1[xt]<4,, we compute the projections A := nAtil_,AH(A) and nAtfl—»A’}’ﬂ(A) for
j=1,..,t=-land k=2,...,[;in time O(Qx (dy,...,di—1) dy); this already gives the images of a
into A]t’k forj=1,...,t-landk=2,..,, lj. Then we compute the remainders of A modulo Utk
fork=1,...,1l;in time O(M Ar—l(dt) logd;). So there exists a universal constant c; such that

Qk(dy, ..., dr) < oMk (dy, ..., di—1;ds) logdi+ Qu(dy, ..., di-1) dy. (5.5)

For the 1nverse Chinese remaindering problem, we are given a;; € A¥ for k=1,...,1,,
and ajx € At forj=1,...,t-1and k=2,...,/;. We have at our dlsposal Ta, oA, 1(yt), its
factors ji;  fork=1,. lt and the Bézout relat1on of A, 1= A, 1(yt) and A, 1= A, 1(yt) We
compute a;_1,1 € At 1[xt] [ (Ttq, A, (M) whose projections are a; for k=1, ..., I

LA (1)
A, 11—2 (ArkTta, L&, (60 i) remytk)%l
k=1 ,

where A;_1; (resp. A;y) is the canonical preimage of a;_11 (resp. of a;r). Computing
A¢_1,1 costs O(M Ar—l(dt) log d;); see [21, Algorithm 10.20]. The isomorphism (5.3) gives
rise to the isomorphism

Ay = Apqlx]/ (ue(xy))

Bia[xe]/ (7ta, B, (e (x1)))

IR

-1

Apalx ) (a4, ())& D P Al 1[xf]/(7r IVRCCONE
j=1 k=2

IR
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whose right-hand side contains (a;-1,1, (a;1) < t-1,2<k<I}) - We finally recover the image of
this element in A; using d; recursive calls of the Chinese remaindering procedure. Alto-
gether, this shows that there exists a universal constant c3 with

Rk (dy,...,dy) <czMk(dy, ..., di-1;d) log di + Rk (dy, ..., di—1) dy. (5.6)

By using C>1, inequality (5.5) and Proposition 2.6 give
t
O| Y C™'Mx(di-di) dis1--dilog d;
i=1
= O(C'Mk(d)logd).

QK(dll sy dt)

Similarly, the relation (5.6) yields
Rk (dy,...,dr) = O(C' My (d) log d).
Finally, using our assumption that d;>2 fori=1,...,t, the relation (5.4) implies that
Fx(dy,...,d)) = O(C' Mk (d)log d). O

5.5. Panoramic evaluation

We are now ready the state the main complexity result of this section.

THEOREM 5.5. Let (A;)i<: be an explicitly separable tower of degree d:=dimy A, let d:=
max (dy, ...,dy), and let T be a computation tree over K-algebras of detailed cost (Tin, Tout, Tadd,
Tmul, Tdiv). Lhen the panoramic evaluation of T over A using Algorithm 3.2, along with the
computation of auxiliary data, requires

O((Taddd + (Tout + Tmul) Ct Mk (d) + (Tin + Tdiv) Ct Mk (d) log 57) 10g d)

operations in K. Let A =D @ --- ® Dy denote the panoramic splitting in the output. By means
of the auxiliary data, conversions in both directions of this isomorphism can be done in time

O(C*Mk (d) log dlog d).

Proof. The proof is very similar to the one of Theorem 4.2. It is straightforward whenever
Tdiv=0, so we may freely assume 7g4;y >0 from now. Using redundant representations,
the directed evaluation of T over A; requires the following operations in K:

o O(Tagqd) operations for the nodes of type in KoUK, U {+,-};
o O(Tmu C'Mk (d)) operations for the nodes of type x by Proposition 2.6;

e O(74iy C'Mxk (d) log d) operations for the zero-tests and inversions by Lemma 5.1 and
Proposition 5.2;
o O(Tout CtMk (d)) operations to reduce the output values, by Lemma 5.1.
At the end, the directed splitting

A=DoH;® & H, (5.7)
satisfies
4
Y dimg H;<d and dimg H;<d/2 fori=1,...,L. (5.8)
i=1
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The finalization of the residual branches Hjy, ..., H; takes time O(C! Mg (d) log d) by
Lemma 5.4. In step 2 of Algorithm 3.2 we next project the 7, input values of the com-
putation tree to the residual algebras Hy, ..., Hy. Again by Lemma 5.4, this can be done
in time O(Tin C!Mk (d) log d).

Let C(d) denote the cost function of one panoramic evaluation of T over a K-algebra of
dimension <d. The above analysis shows the existence of a universal constant c such that

¢
C(d) < c(Taaad + (Tout+ Tmut) C' M (d) + (Tin + Taiv) C' M (d) log d) + ) C(dimg H).
i=1

Unrolling this inequality at most “Zid] times, thanks to (5.8), the claimed complexity

2
bound follows. ®
Let D(d) denote the cost function of the conversions between A and a panoramic
splitting. Using Lemma 5.4, we conclude that

¢
O(C'Mg (d)logd) + ) D(dimy Hj)
i=1
O(C'Mx (d)log dlog d),

D)

again thanks to (5.8). m|

6. PRIMITIVE TOWER REPRESENTATIONS

Before we turn to the more technical topic of speeding up computations in algebraic
towers, we will have a short intermezzo to study primitive tower representations. The
results in this section are essentially from [28, sections 3 and 4.1], although we slightly
generalized some of them.

6.1. Evaluating polynomials at points in algebras

Let A be an effective K-algebra and let B be an effective A-algebra with an explicit
basis by, ..., by. We start by recalling the main result from [28, sections 3] about the eval-
uation of multivariate polynomials in A[xy, ..., x;] at points in B’. This can in particular
be used in order to compute so-called multivariate modular compositions. We recall
that ma (resp. mp) stands for the number of operations in K that are required in order
to multiply two elements in A (resp. B). We assume that mp > my and that additions
and subtractions in A and B are cheaper than multiplications.

PROPOSITION 6.1. Let B be an effective A-algebra of rank r, whose basis is explicitly given. Let
A€ Alxy,...,x;Jwithdeg, A<d;fori=1,...,t,and let ay,...,a; € B. Ifd:=dy---d;=O(r), then
Alay,...,ay) can be computed by a straight-line program in time

O(mp \/H+mA rd®1y.

Proof. The case t =1 corresponds to the classical baby-step giant-step algorithm over B;
see for instance [28, section 3.1]. The extension to f > 2 has been designed in [28, sec-
tion 3.2]. In [28, Proposition 3.3], the assumption d;>2 for i=1,...,t was used for conve-
nience. But if d;=1 for some i, then x; does not actually appear in A, so discarding x;
is free of charge in the straight-line program model. a
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6.2. Primitive tower representations

The main difference with [28] is that we will consider primitive tower over arbitrary
K-algebras A instead of fields K. In the same spirit as section 3.7, it will also be conve-
nient to also integrate the idea of redundant representations in the definition.

From an abstract point of view, given two effective K-algebras A and B, we may use
elements in B as a redundant representation of elements in A if we have an effective
monomorphism ®y: A = B and an effective epimorphism ¥y: B - A such that ¥yo ®g is
the identity map of A. We say that A is an effective retract of B. We will write C(A — B)
(resp. C(A < B)) for the cost of one evaluation of ® (resp. ¥)), and we denote C(A « B):=
max (C(A - B),C(A <« B)).

From now on, assume that A is a product of separable field extensions of K. We
consider a tower of ring extensions of A of the form Ag:=A, A;:= A;_1[x;]/ (ui(x;)) for
i=1,...,t, where y; is monic and explicitly separable of degree d;, which means that there
exists a Bézout relation 1 =0; i + & pt; with 6; € A;_1[xi]<q4,and & € A;_1[Xi]<g,-1-

DEFINITION 6.2. A primitive tower representation of (A;)i<: consists of:
o A K-algebra B, a monomorphism ®g: A — B, and an epimorphism Yo: B - A such that
Yoo Dy is the identity map of A.
e Linear forms by(x1) :=x1, bij(x1,...,X;) :=x; + Aibi_1(x1,...,xi-1) with A; €K, fori=2,...,t.
e Monic polynomials v; € B[y;], fori=1,...,t.
o ¢i;€EBlyil<d,...ay fori=1,...,tand j=1,...,i.
Writing B for the class of y; in B;:=B[y;]1/ (vi(y;)), we assume that these data satisfy the fol-
lowing properties fori=1,...,t:

Wi. The following map ®; is a monomorphism that extends P
q)ii Ai = Bi
aj = ¢ii(Bi) G=1,...,9).
W,. The following map ¥; with ¥; o ®;=1d g, is an epimorphism that extends Yo:

\FZ'I Bz’ e Az’
Bi — bi(ay,...,a;).
Wi, ©;(bi(ay,...,a;)) =B

The polynomials ¢;,; are called parametrizations of the a; in terms of p;.

6.3. Complexity of conversions

In terms of the triangular set (T;);<; defined in the introduction (T; is the canonical
preimage of y; in A[xy,...,x;]), an element a € A, is represented by a polynomial
Alaq,...,u;) with Ae A[xy,...,x;] defined modulo (T4, ..., T;). So the conversion of a € A;
into an element of B; boils down to evaluating ®o(A) (¢11(Ys), ..., P1¢(yr)) modulo v¢(yy).
The backward conversion consists in evaluating the image ¥o(B) of a univariate polyno-
mial B € B[y;]<q at by(ay, ..., ;). Both conversions are instances of multivariate modular
composition problems that can be handled using Proposition 6.1. More precisely:

PROPOSITION 6.3. Assume that we are given:
o (A))igs in terms of the defining polynomials (y;)i<s, and

o (B))igtin terms of Ay, ..., A, (Vi)igr and (@i ) i<i<t
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such that (B;)i<; is a primitive tower representation of (A;)i<;. Then there exist straight-line
programs for which:

e One evaluation of ®; takes O(mpd®) +d C(A — B) operations in K.
o The images p;:=P;_1(u;) fori=1,...,t can be computed in time O(mpd®) +2d C(A - B).
e Given p1, ..., pt, one evaluation of ¥y can be done in time O(mpd®) +d C(A < B).
Proof. If d;=1 for some i, then x; does not actually appear in polynomial representations
of elements in A;. In the computation tree model, we may suppress such indices without
any cost. Without loss of generality we may therefore assume thatd; >2 fori=1,...,t.
The complexity bound for one evaluation of ®; with i<t is a direct consequence of

Proposition 6.1. Indeed, any element in A; can be represented as A(«j, ..., «;), where
A€ Alxy, ..., x;] admits partial degrees <d;in x; for j=1,...,i. Now we can compute

B = ®¢(A)(Pi1(Yi), -, Pii(yi)) mod vi(yi) € Blyil<d,...q;
in time
O(mp (dy-dp™ ) 4mp (dy - d)®) +dy - d,C(A » B)
= O(mp (d1---d)®) +dq--d;C(A - B),

since @ >3/,. We finally notice that ®;(A (a1, ..., 4;)) =B(B)).

Fori=1,...,t, the map ®;_;1 extends coefficientwise into a map A;_1[x;] <= B;_1[x;]. We
may thus convert the minimal polynomial y; € A;_1[x;] of #; over A;_; into a polynomial
0i € Bi_1[x;] in time

O(mp (dy-+-di—1)?d;) +dy--d;C(A - B).

The computation of py, ..., o; then takes time O(mpd®) +2d C(A — B), since d; >2 for all i.
In order to evaluate ¥; at an element b in B;, we write B € B[y;] <4 for the preimage
of b and observe that

Yi(b) =Yo(B) (be(ay, ..., ar)) = Yo(B) (@ + Asbp_q(aq, ..., a¢-1)).

We first evaluate B at x; +A¢Bi—1 in Bi1[x:] = B[Bi—11[x:], where x; is the class of x; in
B:_1[xt]/ (p¢(xp)). This takes time O(mpd®) by Proposition 6.1 and yields a polynomial

B(xp) :=B(x;+ A Bi-1) mod py(xy).
Since ¥;_10 ®;_1=1d4, , we next notice that
Y1 (B(xi) = Yo(B) (x+ Ay Wit (Br-1)) mod py(xy),
so the preimage in A;_1[x;] of Y,_1(B(xy)) is
Yo(B) (xt+Arbi_1(ay, ..., ar—1)) mod pe(xy),

which represents ¥;(b). Applying ¥;_1 to the <d; coefficients of Becostsd;C(A;_1«B;_q).
Altogether, this proves the existence of a universal constant ¢ such that

C(A<By <cmpd®+diC(Ai_1 « Byq).
We conclude that ¥;(b) can be computed in time

= O(mpd®(1 +d}_w+ e (dz---dt)l_w)) +dC(A «B)
= O(mpd®)+dC(A < B),

using our assumptions that @ >3/, and d;>2 for all i. a
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6.4. Constructing primitive tower representations

If A=B =K is a field, then our definition of primitive tower representations of (A;);«;
coincides with the one from [28, Definition 2.2] whenever the ®; are isomorphisms. If K
has sufficiently many elements, then primitive tower representations can for instance
be computed using linear algebra techniques. For efficiency reasons, we will rely on the
following result that will be used later with a parametric algebra in the role of K.

PROPOSITION 6.4. [28, Corollary 4.4] Assume that A is a field of cardinality card A > (g)
Then a primitive tower representation of (A;);<; can be computed using O(d?) inversions and
zero-tests in A, plus O(d Ma (d?) log d) ring operations in A.

Remark 6.5. Checking that the deterministic algorithm underlying Proposition 6.4 fits
the computation tree model is straightforward and left up to the reader.

Remark 6.6. Proposition 6.4 admits a randomized variant [28, Corollary 4.4]: if
card K >2 (Z), then a primitive tower representation of (A;);<; can be computed by a ran-
domized Las Vegas algorithm using an expected number of O(d) inversions and zero-
tests in A plus O(Mk (d%) log d) arithmetic ring operations in A.

It is more subtle to regard such randomized variants as computation trees. Although
our model does not provide us with an instruction to compute random elements of K,
nothing prevents us from adding a “pool” of randomly chosen elements to the input.
Since randomized Las Vegas algorithms may fail for certain random choices, they typ-
ically loop until suitable random numbers are drawn. As explained in Remark 2.4, we
may unroll such loops to make things fit in our computation tree model, provided that we
can provide an absolute bound on the number of times that we have to run the loop.

In our case, we claim that such an absolute bound indeed exists. Following [28, Propo-
sition 4.3], the construction is incremental in f: assuming that A5,...,A;_1 already found,
one has to pick up a suitable value of A; in a subset & of K of cardinality 2 (g) The

crucial observation is that a suitable value always exists in this finite set 5, which bounds
the number of random values that have to be tried. With 5 ordered randomly, A; can
actually be found with a bounded number of expected trials.

7. ACCELERATED TOWER ARITHMETIC

The suboptimality of the complexity bounds of Proposition 2.6 and of Theorem 5.5
appears when the height t of the tower gets as large as [log, d]. In fact, if t indeed gets
large, then many of the d; are necessarily small. This section is devoted to an efficient
solution to this issue.

Roughly speaking, as long as a product of the form d; 1 --d; is reasonably small,
it turns out to be favorable to change the given representation of A;= A;[a;;1, ..., ;]
into a more efficient primitive element representation A;= A;[;]. Repeating this oper-
ation as many times as necessary, the original tower (A;);<; is replaced by an equivalent
tower (B));<s of much smaller height and for which all defining polynomials have suf-
ficiently large degree. Such accelerated towers were first introduced in [28, section 4.2].
In this section, we will further refine the concept and show how to use such towers in
combination with directed evaluation.

Throughout this section, we carry on with the notations from section 5: the original
tower (A))ig; is explicitly defined by pj, ..., u, and we set d;:=deg y; fori=1,...,t. As
before, we will assume that t >2 and thatd; >2 fori=1,...,t. In particular, d=d;---d; > 2.
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7.1. Accelerated towers

In this subsection, we extend the notion of accelerated towers from [28, Definition 4.6]
and study accelerated tower arithmetic. Let (A;);<; be an explicitly separable tower
over K, and let § >1. By [28, Lemma 4.7], there exists a sequence of integers 0 =1iy <
i1 <. <ig=t of length

s<308d g (7.1)
log &
such that, for j=1,...,s, we have
i >ij1+1 = ¢;<, (7.2)

where ¢j:=d; i1+1°di. In this subsection, we assume that the sequence ip<--- <is has been
fixed once and for all.

DEFINITION 7.1. Let r €{1,...,s} and consider a factor tower (Ai)i@ of (Ay)igi. Then the
subsequence (ij) <, induces a family of towers (Az'j)i].il_i_lgkgjj over Az’,;l forj=1,...,r. An accel-
erated tower for (Aj)igi, and with respect to the sub-sequence (ij);<,, consists of a family of
primitive tower representations of these towers (Aj)i ,+1<k<i; for j=1,...,r. More precisely,
these representations comprise the following data:
o Atower (B));<r over K with defining polynomials v;,, ..., v;, where B;:= Bj1lyil/ (vi(yi))
and vi, € Bi-1lyil, and such that deg Vi <ej. The class of yi;in Bj is written Bj-
o Forj=1,...,r:
o Linear forms bl-/._1+1 =iy +1 br=xr+Axbr_1 0ver K for k=i;1+2,...,1,
o vk€Bjalyk] fork=i;1+1,...,5-1,
o Pr1E Bj—l[yk] <di_y 1k f01’ k= ij—l +1, ...,ij and [ = i]'_l +1,...,k
Let ®q represent the identity map of K. Forj=1,...,rand k=1;_1+1,...,i;, these data induce the
following monomorphism that extends ®;,_,:

D Ap o Bialyd/ ()
&) = Pri(Br) forl=ij1+1,...,k

Let Yo represent the identity map of K. For j=1,...,r and k=1i;_1+1,...,i;, we also have the
following epimorphism that extends ¥,

i1
Wi Bjalyel/ (vk(ye)) — Ay
,Bk = bk(&ij_1+ll-"/&k)/

and Wi o O = IdAk- Forj=1,...,rand k=i;_1+1,...,i;, we finally have
O (br(ai -1, 6)) = Pr.

In particular, for j=1,...,7, we have the following monomorphism that extends <I>i].71:

D Az’j < Bj=B1[yil/ (vi(ys))
&l g ¢i]‘,l(yij) (l: ij—l + 1/ "-/ij)
bl'j<&ij_1+1/"'/&ij> = ,Bij'

7.1.1. Accelerated arithmetic

3log C
.= ded) = |2298%
5:=d¢@D,  ed):= ,’ STog d (7.3)

When r=s, taking
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yields

S:O( %) C*=exp(O(logd)) =d 7/ Vo87), (7.4)

whence products in B, can be computed using O/ 1ogd) O(d'*°M) operations in K,
by Proposition 2.6. The worst case complexity of products in (B));<; is therefore asymp-
totically better than in (A;);<;, which explains the terminology of “accelerated towers”.
Let us now detail how to make elements in (Ai)jgir benefit from this acceleration.

LEMMA 7.2. Let (B);<, be an accelerated tower for (Az’)igz’r as in Definition 7.1. Given j<r and
ij1 <i<ij, conversions between B;_1[B;]=B;_1[y;]/ (vi(y:)) and Ai via ®; and ¥; can be done
by straight-line programs in time O(C! Mk (dq---d;) 5971,

Proof. The proof is adapted from [28, Lemma 4.8]. Let us first assume that the polyno-
mials py:= Pr_1(yx) have been precomputed for k=1, ...,i. By Proposition 2.6,

mp,_, = O(C/™" Mx(e1--¢€j-1)),
and by Proposition 6.3, we have

C(AjoBi[Bi]) = Omp,_, (d;_41-+dD) +C(A; o Bi)di_s1-+d;
= O(C/™" Mk (er-+j-1) (i 11-++d)®) + C(Ai, o Bj) di_41-+dy.

If ij=i;_1+ 1 then such conversions simply cost C(A
have ¢;< 4 by (7.2). In both cases it follows that

i1 Bi)di_1--di. Otherwise we

C(AlH B]—l[ﬁl]) < CC']._1 MK(dl dz) 560_1 + C(Ai]‘,l < Bj—l) di]',1+1 "'di/

for some universal constant c. Unrolling the latter inequality, while taking into account
that Ag=By=K and C>1, we deduce that

~

C(A;oBja[B) < cCT My (dy-+dy) 697!
+di 10 d; (cCI™* Mk (e1-++€j-1) 6 +ej4 C(Aj, < Bj-2))
c(CI 4+ O My (dq -+ dy) 6971 + C(A; o Bja)ej1di 41 4d;

(/AN

O(CI™ " Mk (dy -+ dy) 5°71).
Finally, given k€ {i;_1+1,...,i}, we notice that pj:= ®y_1(yy) can be precomputed in time

O(mg,, (di_11-+-d)®) +2C(A;, o Bj1) di 41+ dy=O(C' M (dy-dp) 6°71),

ij-1
by Proposition 6.3, again by distinguishing the cases when i;=i;_1+1 and i;>7;_1 + 1.
Consequently, the total cost of these precomputations is

i min(,ip)
OfY Y C'Mx(ddp s | =0(C' M (dy--d;) 6. O
l:1k:l'],1+1

PROPOSITION 7.3. Let (B;);<, be an accelerated tower for (Ai)l‘gl’r as in Definition 7.1. Given
j<rand i;_1 <i<ij, products in A; can be computed by a straight-line program in time

mg,=O(C/ My (dy-dy) 6°7H).
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Two polynomials of degree <n over A; can be multiplied by a straight-line program in time

Mg (1) = O(CT (M (d-++dy) 6°7 i+ Mic(dy -+ dim))).

Proof. One conversion between Ai and B;_1[B;] can be done in time
C(AioBja[Bi]) = OCT " Ma(dy+dy) 6%
by Lemma 7.2. On the other hand, Proposition 2.6 yields
MB, (81 = O(C/ My (dy++d;))

Mz, ,ig1(n) = O(C'Mx(d:-d;n)), for all n>0.

Combining the latter costs, we deduce that
Mg, (1) = O(C(A; o By [Bi])n) +Ms, _(5,(n)

O(C/ (M (d1-++d;) 6%~ n+ Mg (dy -+ din))),

and the claimed cost for m4 corresponds to setting n=1. a

7.1.2. Redundant representations

One motivation behind Definitions 6.2 and 7.1 with respect to the less general definitions
from [28] is to allow for redundant representations. More precisely, we have:

LEMMA 7.4. Let (B));<, be an accelerated tower for (Ai)i@ as in Definition 7.1. Then (B;);<,
is an accelerated tower for any factor tower of (A;)igi,

Proof. A tower factor (Ai)i@ of (Ai)isir is a tower factor of (A;);«;,. Let LR o Ay Aro Ak
denote the canonical monomorphism, then 7z _, 5, o5, _, 3, is the identity of Ay. Setting
Py := O we first verify by induction that

O Ay = B 1{yk] / (vk(yi))
&y~ Pri(Br) (I=ij.1+1,...,k)

is a monomorphism that extends CTDZ'];], fork=i; 1+1,...,ij, since dp = Pyo Ao Ay
Let ¥ represent the identity map of K. For j=1,...,7, we define the epimorphism ¥,
fork=i;1+1,...,i; that extends fFij—l:

B Bioalyel/ (k(yi) - Ay
,Bk e bk<0’2ij_1+l/"'/&k>-

Since ¥ =7 Ao i, ° T we deduce that ¥, o &y is the identity map of Ay O

Notice that the tower (B));<;, is only used for the acceleration of arithmetic opera-
tions; we do not require this tower to be separable. Writing IEBj for the image of Ai]. in
B;, our use of redundant representations also makes it unnecessary to determine the
defining polynomials of (IB%j) j<r- Although the computation of such defining polyno-
mials 7; along with Bézout relations for 7; and 7 would be convenient for speeding up
multiplications in Ay, it seems tricky to integrate these computations without deterio-
rating the overall complexity.
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When reduced, non-redundant representations are explicitly required, we will resort
to the following counterpart of Lemma 5.1:

LEMMA 7.5. Let (A )i<i, be a factor tower of (A;)i<i, and let (B;);<, be an accelerated tower
for (A )i<i, @8 in Definition 7.1. Given j<r and i;_1 <i<ij, the projection of an element a € A,

onto A can be computed by a straight-line program in time O(C!' Mk (dy---d;) 69~ 1log 0).

Proof. The proof is the same as in Lemma 5.1, except that we appeal to accelerated prod-
ucts MAi(n) =O(C' Mk (dq---d;n) 6971 of Proposition 7.3. The cost of the projection thus
becomes:

>~

C(Ai»A) =0 MAk_l(dk)dk+1"'di]

k=1

I
o
M\.

min(i,i)
> C’MK(dl---di)éw‘l)

k=i;_1+1

N
Il
—_

M\.

=0

C'Mx (dy - d;) 6971 <iz—iz_1>).

N
Il
—_

Now (7.2) yields ij—i;-1=0(log é) for =1, ...,j. Since C >1, the claimed bound follows. O
7.1.3. Directed zero-tests and inversions

PROPOSITION 7.6. Let (A )i<i, be a principal branch encountered in a directed evaluation
over (Ay)igi, and let (B;)<, be an accelerated tower of (A )i<i, as in Definition 7.1. Given
j<rand ij1<i<ij one dzrected zero-test or inversion can be done in time

O(C/' Mg (dy---d;) 69 11og? 61log d).

Proof. We adapt the proof of Proposition 5.2 so as to benefit from accelerated products.
From Proposition 7.3 we have

M (dy, .., i) = O(C/ M (d1-+din) 69°1)),
and from Lemma 7.5 we have
Pk (d1,...,d;) = O(C' Mg (dq ---d;) 5 og 6).
Consequently, the relation (5.1) implies the existence of a universal constant ¢ such that

Dk (dy,...,d;) = O(MK(dlr---/di—l;di)log di+Px(dy,...,di-1)d;) + Dx(dy, ..., di—1) d;
< ¢ Mg (dy ---d;) 69 og dlogd; + D (dy, ..., di_1) d.

Unrolling the latter inequality yields

j min(i,i)
Dk (dy,...,d;) = o[z > CZMK(dl---di)5‘”‘110g510gdk]
1=1 k=i;1+1

j
o> CZMK(dln-di)(5“"1log2510g57]
I=1

O(C'Mk (d; - d;) 6 og? slog d),

while using the facts that C>1 and i;—i;-1=0O(log 0) for [=1,...,], by (7.2). O
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7.2. Directed construction of an accelerated tower

Now that we have seen how to benefit from accelerated arithmetic, let us show how
to construct accelerated towers. We use induction on the height, in combination with
Proposition 6.4. As usual, all computations in the directed model are done using the
redundant representation.

Algorithm 7.1
Input. An explicitly separable tower (A;);<; and a sequence of integers 1 <i; < - <ig=t.
Output. A directed splitting of (A;);<; with principal branch (Ai)l‘gt and an accelerated
tower (B;);s for (Az’)igt-
1. If s=0, then return () for the directed splitting along with an empty accelerated tower.
2. Otherwise s > 1; recursively apply the algorithm to (Aj);g;, , and 1< <+ <is_1.
Let (ji:)i<i, , represent the directed splitting of (A,);<;,_, obtained in return, let (Ay)i<i,
be the principal branch, and let (B));<s-1 be the accelerated tower for (A);<;, ;-
3. LetP;,_,41,...,P; be the canonical preimages of y;_,+1,..., pi,in A [X;_,+1,...,X;.]; com-
pute Q;_ 11:= 7TA,-S_1_,A,.S_1(P1'S,1+1)/---/Qis = 7TA,-S_1_,A,.S_1(P1'S)-
4. By directed evaluation over A,;_,, starting with the directed splitting (ji;)i;, ,, com-
pute a primitive tower representation for

Ais_l[-xis_1+1] / (Qi5_1+1> c---C AZ's_l[-xl'g_1+1/ “'/xis] / (Qig_1+1/ ey Qis>/

seen as a tower over A;_,. Let (})i<i._, be the directed splitting obtained in return
and let (A )i<is, be the corresponding principal branch.

5. The latter primitive tower representation consists of
e Linear forms b; _,+1=x;_,+1, bi=xx+Axbx_1 over K for k=i;_1+2,...,i5
° 1/,? € Ais_l[yk] fork=i;1+1,...,i;
° (,bfé}l S Ais—l[yk]<di]‘,1+l"'dk fork=i; 1+1,...,jjand [=i; 1 +1,....k.
With the notation of Definition 7.1, we set vy := ®;_, (v M for k = iii1+1,..., 4 and
Pr 1= ¢i571(¢]§l) for k= i]'_1 +1,..., i]' and [= i]'_1 +1,..., k.
6. Compute nAiS_l—’Ais_l(QiS—1+1>’ ey ﬂAis—»AiS<Qis> and define, fork=is;_1+1,...,1i

® jijas i, - Aiq,1<Qi5_1+1) regarded as in Ay_1[xx];

o Api=Aralyd / (lk(xe).
Complete the tower (A )i<t with the projections of the Bézout relations of yj and py
over A;_,; return this tower, (:)i<i, 1, (i, 1 +1), -, (fli,), and (B Nis

PROPOSITION 7.7. If card K > (2>, then Algorithm 7.1 is correct and runs in time

O(C*Mg (d) 69 og(dd)),
for a sequence of integers (i;);<s that satisfies (7.2).

Proof. When entering step 5, (B)j<s-11is an accelerated tower for (A Yi<is 1, so we have

the monomorphism ®;_: =B = and the epimorphism ¥;_:B;_; > A , such that
Y o ®; ,is the 1dent1ty map of A .. We also have the followmg 1somorphisms for
k=i,_1+1,...,1s

~ ~

Ak = Aig_l[&is_l"rl/"'/&k] = Ais_l[yk]/(va(yk)>

&~ Piiyr) mod v (yi) (I=is1+1,...k).
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So the following morphisms are monomorphisms that extend ®;_: A o By, fork=

isc1+1,..., 0

Z's—l

D Ap o Booalyel/ (vi(y) = BooalBi]
& = Pri(Br) (I=is14+1,...,k)
bk(&1571+1,...,5ék) — ,Bk'
Let
Y BsoalBrl — Ax
Br = br(&i_ 41, .., ).
We observe that ¥y extends ¥;_, and that
(Pro®p) (&) = Yi(Pri(Br))
= Yi () (@i 41,..., Q%))
= Vi (Pi (D)) (k& 41, -, Ak))
Per (@i 41, 80) = &,

This completes the correctness proof.
Step 1 takes constant time. In step 3, the projections require
is
O Y C'Mi(didi_ ) di 41-dpd® ogd | =O(C M (d) 69 log o)

k=is_1+1

operations in K, by Lemma 7.5 and the assumption that d; >2 for i=1,...,t. Notice that
the same bound holds for step 6.

Step 4 is free of charge whenever i; =is_1 + 1. Otherwise e; < é holds by (7.2).
During the directed evaluation of step 4, one product in the principal branch takes

O(C* "Mk (e1++-e5-1) 5971 operations in K by Proposition 7.3, and the cost of one directed
inversion is O(C*™' Mk (e1 -+ es_1) 6% 1log? élog d) by Proposition 7.6. Consequently,
step 4 runs in time
O(C" Mg (e -+ e5.1) €26 M og? Slog d + CS" M (e1 -+ e5_1€2) €569 1 log 6)

= O(C*'Mk (e1--e5) es 09 og? 6log d + C5 Mk (e -+-e5) €2 6“1 log 0)

= O(C*'Mk (d) 6%log? slog d + C" My (d) 6+ log &)

= O(C*Mg(d) 69t1og(sd)),
by Proposition 6.4 and (2.1).

In step 5 we perform

O<di5,1+1 + Zdis,1+1dis,1+2 +et (ZS_ iS—l) d o dis) = O(es log 5)

is-141"

conversions from A;_, to B,_;, which amount to

is—1
O(C Mk (1 €5-1) 6569 Log 8) = O(C* Mk (d) §®1og 6)
operations in K by Lemma 7.2. O

Remark 7.8. If card K >2 (g), then the randomized Las Vegas version of Proposition 6.4
(see Remark 6.6) may be used in Algorithm 7.1, so that step 4 has an expected cost

O(C* Mk (d) 6%log(éd)),

which still dominates the cost of Algorithm 7.1 in this model.
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7.3. Panoramic evaluation with accelerated towers

In order to make the directed evaluation benefit from accelerated arithmetic, we first
need to compute an accelerated tower. Then, the complexity of accelerated divisions is
simply adjusted according to Proposition 7.6. At the end of a computation, we use the
following lemma in order to recover the extended tower factorization of (A;);¢ as in
section 5.4.

LEMMA 7.9. Given a directed splitting (ji;);<; as above, and an accelerated tower for its principal
branch, the explicitly separable factor towers (Ajl',k)jgt forj=1,...,tandk=1,...,1;can be computed
in time O(C° Mg (d) 6971 log 4 log d) by a straight-line program, where d:=max (dq,...,d;).
In addition, both directions of the isomorphism

. t l]' )
Az Ao PP A
j=1 k=2

can be computed by straight-line programs in time O(C*Mg (d)6° 'log dlog d).

Proof. The algorithm is the same as in the proof of Lemma 5.4. We only revisit the cost
analysis when using accelerated arithmetic. Given i;_y <i<ij;, Proposition 7.3 yields

Mk (d1, ..., d;;n) = O(C/ Mg (d1 -+-d;n) §°7h),

whence
S is

Qx(dyd) = O ) ), C'Mx(drd)6°  disy - dilog d;

j=1i=ig1+1
= O(C°Mk (d) 6% log slogd).
In a similar way, we obtain
Rx(dy,...,d;) = O(C*Mx(d) 6% log dlogd).

We deduce that

Fi(dy,...,d)) = O(C*Mg(d) 9 og dlogd). i
THEOREM 7.10. Let (A;)i<; be an explicitly separable tower of degree d:=dimyg A, let d:=
max (dy, ..., dy), and let T be a computation tree over K-algebras of detailed cost (Tin, Tout, Tadd,

Tmul, Tdiv). Assume that card K > (g) Then the panoramic evaluation of T over A using Algo-
rithm 3.2, along with the computation of auxiliary data, requires

O((Tagad + 0 C* Mk (d) 6971 log d) (7.5)
operations in K, where
0 = Tpul + Tohvlog2 dlog d+ Toutlog 6 + Tinlog dlog d+ (5210g((5c§).

Let A =D& - & Dy denote the panoramic splitting in the output. Using the auxiliary data,
conversions in both directions of this isomorphism can be done in time

O(C* Mg (d) 69 og dlog dlog d). (7.6)

Proof. The directed construction of the accelerated tower takes

O(C*Mk (d) 69+ 1og(8d))
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by Proposition 7.7. Then, we project the input values onto the principal branch, written
(Ai)igt/ in time
O(Tin C* Mk (d) 69 t1og 8),

by Lemma 7.5.
Let us summarize the number of operations in K needed for the directed evaluation
of T over A, when using redundant representations in A

o O(Tagqd) operations for the nodes of type in KoUK U {+,-};
o O(Tmu C*Mi (d) 5971 for the nodes of type x by Proposition 7.3;

o O(T4iy CSMg (d) 6@71 log2 dlog d) for the zero-tests and inversions by Lemma 7.5 and
Proposition 7.6,

o O(Tout C* Mg (d) 6971 log 6) for the reduction of the output node by Lemma 7.5.
At the end, the directed splitting A;=D & H; @ --- @ H; satisfies

4
) dimg H;<d, dimg H;<d/2 (i=1,...,0). (7.7)
i=1

Then we finalize the construction of the residual branches Hj, ..., Hy in time
O(C*Mk (d) 5w_1log dlog d),
by Proposition 7.9. We next project the Ti, input values of the tree to Hjy, ..., Hy, in time
O(1in C* Mk (d) 6 log slog d),

again by Proposition 7.9. We finally perform the recursive panoramic evaluations of T
over Hy, ..., Hy. The conclusion follows as in the proof of Theorem 5.5. O

Remark 7.11. If card K >2 (g), then the factor 62 in the definition of o can be replaced by

an expected ¢ in Theorem 7.10, by using the randomized variant from Remark 7.8 for the
directed construction of the accelerated tower.

COROLLARY 7.12. For a suitable choice of 6, the bound (7.5) simplifies into
O(Tadd @108 d) + (Tin + Tout + Tanul + Tai) d O/ V1087
and the bound (7.6) into d*+O(1/V1osd),
Proof. It suffices to take § and s as in (7.3) and (7.4). m|

7.4. Applications

The main result of [28] is an efficient algorithm to compute products in separable towers
of field extensions. We are now in a position to generalize this result to arbitrary explic-
itly separable towers.

THEOREM 7.13. Let (A;)i<; be an explicitly separable tower as in the introduction of this section.
If card K > (Z), then products in A can be computed in time

d1+O(1/\/10gd)‘
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Proof. Let a,be A;. Applying Theorem 7.10 to the straight-line program that simply
computes a product, it requires O(C* Mg (d) §“*!log(dd) log d) operations to compute
a parametric splitting A; =D & --- & Dy, auxiliary data, and the projections s _.p,(ab)
for i=1,...,0. Using the auxiliary data, the theorem also allows us to recover ab from
these projections using O(C° Mg (d) §°~!log élog dlog d) further operations in K. We
conclude by taking 6 and s as in (7.3) and (7.4). a

Another interesting application that has already been discussed in the univariate case
at the end of section 4.3.3 is the computation of determinants.

THEOREM 7.14. Let (A;)i<; be an explicitly separable tower as in the introduction of this section.
If card K > (Z), then the determinant of an n xn matrix in A" can be computed in time

nwdl+O(l/\/logd)'

Proof. The proof is similar to the one of Theorem 7.13. O

As a final application, we revisit the matrix product. We need the following general-
ization of Proposition 2.6:

PROPOSITION 7.15. With the notations of Proposition 2.6 and C > 2, assume that card K > 2td.
Then the product of two n x n matrices in A" can be computed in time

0Q2'n“d+2'n>Mg (d)logd + C'n> Mg (d)).

Proof. We proceed along the same lines as Lebreton in [35, section 3.2]; see also [28,
Proposition 2.4]. Consider two matrices M, N € AY*", we first lift the matrices to multi-
variate polynomial matrices in K[x,...,x;]"*" of partial degrees <d;in x; fori=1,...,t. We
next convert these polynomial matrices to univariate polynomial matrices in K[y]_p:-14
using Kronecker substitution. We multiply these matrices using the evaluation-interpo-
lation technique. Since K admits at least card K >2'd distinct evaluation points, this can
be done in time

0Q'n“d+n*Mg (2'd)log(2'd)).

We finally convert the result back to a polynomial matrix in K[xy, ..., x;]"", and we
reduce each of the entries with respect to yj, ..., pt; using the algorithm from [35, sec-
tion 3.2]. This reduction step requires O(n*Mg (C'd)) operations in K. Now our assump-
tion that d;>2 for i=1,...,t implies 2 <d and C'<d?% Using (2.1), we conclude that
the total running time is bounded by

0Q'n“d+n>Mg (2'd)log(2'd) + n> Mg (C'd))
= 0Q2'n“d+2'n*Mk (d) log d + C'n* Mk (d)). O

The next proposition is an example of a less straightforward use of Theorem 7.10,
where we adapt the “acceleration factor” ¢ to a specific situation, and where we wish to
decrease the overhead of the accelerated towers. Precisely, after a directed construction
of an accelerated tower, we obtain a directed splitting A;= 1D & H; @ --- @ H), that satisfies

h
Y dimg H;<d, dimg H;<d/2 (i=1,...h).
i=1
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As a byproduct, we have an accelerated tower of D of degree <d at our disposal. The
recursive calls to panoramic evaluations over H; for i=1,...,h then lead to accelerated
towers for each of the factor towers of (A;);<+. Let A(d) denote a bound for the sum of
the degrees of all these accelerated towers. Then we have

A(d) <d+A(dimg Hq) + --- + A(dimg Hy,).

Unrolling this inequality leads to A(d) = O(dlog d), which is slightly suboptimal.

We may modify the construction of accelerated towers, described in Algorithm 7.1,
in order to ensure that the degree of the accelerated tower is never more than twice the
degree of the principal branch before entering the evaluation of the given computation
tree. This is done as follows. At the end of Algorithm 7.1, we compare the degree of
the acce{erated tower (B);<s to the degree of the principal branch (Al‘)igt. If dimg Bs<
2dimg A then we are done. Otherwise, the principal branch is much smaller than A;in
the sense that 2dimg At <dimg B;<d, and we use again Algorithm 7.1 in order to com-
pute an accelerated tower for (Ai)l‘gt. We carry on computing a new accelerated tower
of the current principal branch in the directed model over (A;);<; until the condition
dimg B,<2dimy A, is met. By Proposition 7.7, the total cost of this process is roughly
only twice as much as a single run of Algorithm 7.1 since

O(C*Mg (d) 69*og(8d) + C My (d/2) 5+ log(dd) + CS Mg (d/4) 6 log(8d) + ---)
= O(C*Mxg(d) 69 1og(dd)).

With these modifications in hand, we ensure that A(d) <2d.

PROPOSITION 7.16. Let (A;)i<: be an explicitly separable tower as in the introduction of this

section. If card K > d? and d =n°D, then two n x n matrices in AP" can be multiplied in
time O(n“d).

Proof. Let « < (w—2)/(@—1) be a fixed positive constant. Take § =n" and fix a sequence
ig< --- < ig such that (7.1) and (7.2) hold. Since d =11, we observe that s=0(1).

We first compute a single product in A; with the sole purpose of retrieving a para-
metric splitting A, =D @ --- ® Dy, together with the auxiliary data for efficient conversions
in both directions, and an accelerated tower of height s for each D; of degree <2D;, where
D;:=dimg Dj; as discussed above. This precomputation takes time

O(C5d5w+1) — O(dn(w+1)ut) — é(dnw—Z(aHl—w)/(co—l)) — O(led)

One conversion between A" and D" & --- & D{*" also take time

O(C3d 69 1n?) = O@dnt* w2y = O d).

Now assume that we wish to multiply two matrices M, N € A}?*". This problem is reduced
to ¢ multiplication problems of matrices in D}*" that we further transform into matrix
multiplications within the corresponding accelerated towers, so Proposition 7.15, yields

the cost
)

O| Y 2°n“D;+2°n* Mg (Dy)logd + C*n* Mg (D)
i=1

0(2°n“d +2°n* Mk (d) log d + C*n* M (d))

= O(n“d+n>Mg(d) logd)

= O(n%“d).

using the assumptions that «w>2 and d =n°.
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Remark 7.17. In view of the above proposition, it is likely that determinants can also be
computed in time O(n“d). It is an interesting question how to adapt the setting of this
paper so that complexity bounds of this type can be derived.

8. CONCLUSION

Theorems 4.2, 5.5, and 7.10 show that the approach of directed evaluation allows us to
compute panoramic evaluations in a time that is arbitrarily close to linear. We chose the
setting of computation trees as our complexity model and it is natural to ask whether
similar results hold in the RAM and Turing models. This seems plausible, although
technical difficulties are likely to arise in the efficient implementation of data structures
on Turing machines; see [29] for a detailed analysis of a similar kind, but for another
problem.

So far, we have only addressed the sequential complexity of dynamic evaluation
and its variants. It would be interesting to conduct a similar study for parallel com-
putation models. Dynamic evaluation lends itself particularly well to parallel execution:
whenever we encounter a splitting, it is natural to continue the execution of each of the
branches in parallel. In the directed setting, we a priori have to complete the execution
of the principal branch in order to benefit from the fastest possible multi-remaindering.
Nevertheless, this is really a trade-off, and we may very well start to execute some “suf-
ficiently thick” residual branches before completion of the principal branch. It is also
important to notice that these considerations have only minor impact from the worst case
complexity perspective: the opportunities for this kind of parallelism only arise when
splittings actually occur. In the absence of splittings, we have to evaluate the computa-
tion tree T over the full original algebra A, so the parallel complexity is really a function
of the amount of parallelism that is available in T and in the algebra operations of A.

For our presentation, we restricted our towers to be explicitly separable from the
outset. In practice, towers are usually constructed by adding new parameters that satisfy
polynomial constraints one by one. These polynomials may contain multiple factors, in
which case one is usually only interested in the radical ideal generated by the constraints.
This more general setting can actually also be covered efficiently using our techniques.
Indeed, consider an explicitly separable tower (A;);<;and a new algebraic parameter a;1
that is subjected to p¢y1(as41) =0, where p¢ 1 € A¢[x41] is @ monic polynomial that is
not necessarily separable. Then we simply compute the separable factorization p;,1=
@193 @l as if A; were a field (here assuming that the characteristic is zero or suffi-
ciently large), using panoramic evaluation, together with the requested Bézout relations
for the non-trivial factors ¢; # 1. Let A;=D @ ---® Dy be the resulting splitting. Then
any pair (¢;, D;) with ¢;#1 gives rise to a new explicitly separable tower of height t +1,
which allows us to recurse.

In this paper, we only considered parameters that satisfy polynomial constraints,
but the technique of directed evaluation naturally generalizes to various other settings.
For instance, for an integer parameter r € Z, one may compute in Z/r Z as if it were
a field, so r is partially factored during directed evaluations. This situation is commonly
encountered in number theory and computer algebra, where the deterministic construc-
tion of “large” prime numbers is rather expensive. Another possible extension of our
work concerns real algebraic numbers in the continuation of [16].
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Another direction for future work concerns the particular kind of tower arithmetic
that we build on. In this paper, we essentially combined the best previously known
generic algorithms from Theorem 2.6 with the idea of accelerated towers. For specific
base fields K, such as finite fields or subfields of C, other efficient algorithms have been
proposed for tower arithmetic [9, 27, 30]. It should not be hard to combine directed eval-
uation with these algorithms in order to improve on Theorem 7.10 and Corollary 7.12
for such more specific base fields K.

Finally, the recent new theoretical ideas from [27, 28, 30] and this paper should also
allow for more efficient software implementations, although it remains a major challenge
to make this happen. In particular, this requires to implement all available approaches
with care and determine the thresholds for which they are most efficient. For particularly
long parametric evaluations, one may also wish to switch to towers of smaller height,
and to spend more time on factoring the defining polynomials.
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