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EFFICIENT VOLATILITY ESTIMATION IN A TWO-FACTOR MODEL

OLIVIER FERON, PIERRE GRUET, AND MARC HOFFMANN

ABsTrACT. We statistically analyse a multivariate HJM diffusion model with stochastic volatility. The
volatility process of the first factor is left totally unspecified while the volatility of the second factor is
the product of an unknown process and an exponential function of time to maturity. This exponential
term includes some real parameter measuring the rate of increase of the second factor as time goes to
maturity. From historical data, we efficiently estimate the time to maturity parameter in the sense of
constructing an estimator that achieves an optimal information bound in a semiparametric setting. We
also identify nonparametrically the paths of the volatility processes and achieve minimax bounds. We
address the problem of degeneracy that occurs when the dimension of the process is greater than two, and
give in particular optimal limit theorems under suitable regularity assumptions on the drift process. We
consistently analyse the numerical behaviour of our estimators on simulated and real datasets of prices of
forward contracts on electricity markets.

Mathematics Subject Classification (2010): 62M86, 60J75, 60G35, 60F05.
Keywords: HJM models, time-to-maturity factor, Financial statistics, Discrete observations, semipara-
metric efficient bounds, nonparametric estimation, Electricity market modelling.

1. INTRODUCTION

1.1. Motivation and setting. We address statistical estimation for multidimensional diffusion processes
from historical data, with a volatility structure including both a parametric and a nonparametric components.
We aim at achieving efficient estimation of a scalar parameter in the volatility, in presence of nonparametric
nuisance, while providing point estimates of nonparametric components simultaneously. The processes of
interest follow the multiple Brownian factor representation, as in the Heath-Jarrow-Morton (HJM) frame-
work for forward rates, for instance in Heath et al. [9], or for electricity forward contracts in Benth and
Koekebakker [1].

Our setting is motivated by the context of prices of specific forward contracts, which are available on the
electricity market. Interest rate models have been applied to the pricing of such contracts: see for instance
Hinz et al. [10], in which an analogy between interest rate models and forward contracts prices models
is performed, the maturity in the former framework being a date of delivery in the latter. The factorial
representation of the HIM framework has been precisely studied in Benth and Koekebakker [1] to model the
electricity forward curve, giving constraints in the volatility terms to ensure no arbitrage. Koekebakker and
Ollmar [19] perform a Principal Component Analysis to point out that two factors can explain 75% of the
electricity forward contracts in the Norwegian market, and more than 10 factors are needed to explain 95%.
They argue that, due to the non-storability of electricity, there is a weak correlation between short-term
and long-term events. In Keppo et al. [17], a one-factor model is designed for each maturity date, having
correlations between the Brownian motions for distinct dates. In Kiesel et al. [18], a two-factor model is
described, with a specification of the volatility terms allowing to reproduce the classical behaviour of prices,
especially the empirical evidence of the Samuelson effect (the volatility of prices increases as time to maturity
decreases) and to ensure non-zero volatility for long-term forward prices.

On some filtered probability space (Q,F,(F;)i>0,P), we consider a d-dimensional Itd semimartingale
X = (Xt)t>0 with components X7, for j = 1,...,d, of the form

) . t ) t t _
(1) ngxg+/ bgd5+/ e*WTfS)asdBﬁ/ 7.dB,,
0 0 0
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where Xg € R is an initial condition, B = (B¢)¢>0 and B= (Et)tzo are two independent Brownian motions,
¥ and T} are positive numbers and o = (0¢)s>0, & = (G¢)t>0, b/ = (b])1>0 are cadlag adapted processes. To
avoid trivial situations, we assume that for some T > 0, we have

T<Th<...<Ty
and that the T} are known. Moreover, we observe X at times
0,An,2A,,...,nA, =T.

Asymptotics are taken as n — oo. In this setting, it is impossible to identify the components b?, so we are
left with trying to estimate the parameter ¥ and the random components ¢ ~» o, (or rather o?) and t ~ &,
(or 77) over the time interval [0, 7] with the best possible rate of convergence. This is not always possible
and will require regularity assumptions.

The statistical estimation of the volatility of a diffusion process observed over some period [0, 7] has long
been studied for asymptotic regimes in which observation times asymptotically recover the whole observation
period. This carries over to the setting, considered here, where the unknown volatility — as a parameter —
is random w.r.t. the filtration generated by the observation itself, see for instance [6, 7, 11, 12, 13] and the
references therein for a comprehensive study in both parametric and nonparametric settings. Concerning
estimating a functional of the trajectory of the diffusion process the chapters of Mykland and Zhang [20]
and Jacod [14] present the most advanced problems related to the estimation of diffusion processes, together
with important estimation results, stated in a general way. As integrated volatility can be estimated with
the usual n'/2-rate of convergence, the quality of its estimators may be assessed by looking at the limit
law that one can get when writing a central limit theorem, and by looking at a minimal variance in some
sense (usually, the limiting distribution is a mixture of a centred Gaussian variable, with random variance).
Clément et al. [4] estimated some functionals of the volatility; in the diffusion model that they introduced,
they prove an extension of Hajek convolution theorem, and are able to define some notion of efficiency, which
is somehow related to our setting. The present paper is in line with these results from a methodological
point of view.

1.2. Main results and organization of the paper. In Section 2.1, we provide an estimator of ¥, based
on quadratic variation, in the above observation scheme. We will explain that while we cannot perform
estimation when the number of observed processes d is equal to 1, the case d = 2 is statistically regular, and
by approaching the quadratic variation of X', X2 and X2 — X', we derive an estimator Js, of ¥, which

is Ap 172_consistent. Using the theory of statistics for diffusion processes and relying on the tools of stable
convergence in law, which are for instance summarized in [14, 20|, we show that

A;Y2(Dy,, —9) = N(0, Vy(o,7)),

stably in law, where, conditional on F, the random variable (0, Vy(0,7)) is centred Gaussian, with condi-
tional variance Vy(o,7), and possibly defined on an extension of the original probability space. When d > 3,
the model is somehow degenerate, as it had been reported by Jeffrey et al. [16] in a similar context, because
the d marginal components of the process are driven by less than d Brownian motions. The remaining source
of randomness is the drift process, and while we shall find a A, !-consistent estimator édm for 9, we will
need that b has some integrated regularity in expectation, reminiscent of the so-called Besov regularity, as
will be made precise by Assumption 1, in order to establish a satisfying limit theorem for A7 1(1§3,n — 1),
namely that it converges in probability to some F-measurable random variable. All our results in dimension
d = 2,3 will be stated in Theorem 1. In Section 2.2, we perform a relatively classical nonparametric esti-
mation procedure to get point estimates of 02 and > when d = 2. Note however that this is not an usual
nonparametric problem, since
(1) o and @ are random themselves, so that we do not estimate them pointwise, instead we estimate the
trajectories (a? (w)) , and (E? (w)) , bointwise, as realisations of the volatility processes;
(2) an increment APX is the sum of two stochastic integrals, in which the volatility processes have
different regularities.



We have to separate, in some way, the parts of the random increments that are linked to each of the Brownian
integrals, to be able to get estimates of each process. We shall then derive estimators 72 and gi of 02 and
&2 and in Theorem 2, adding Assumption 2 stating that the volatility processes are Holder in expectation,
it will be shown that each of those point estimators is A, o/ (2a+1)—consistent, where « is the lowest of two
values of the Holder regularities of o2 and @2. In Section 2.3, referring to the theory of semiparametric
estimation, reported for instance in [21], we compute a lower bound Vy P*(5,7) for the limit variance while
estimating ¢ with d = 2 observed processes, for deterministic volatility functions, in Theorem 3. As soon as
7 is not constant, this bound is lower than Vj(c, 7). Then, we derive an estimator 152,71 such that

ASY2 (g, —9) = N(0, V5 (0,7))

stably in law, where conditional on F, the random variable N (0, Vg pt (0,7)) is centred Gaussian with con-
ditional variance V P*(7,7). This estimator is efficient in the sense that it achieves the minimal conditional
variance Vl;) pt(a, o) among all possible \/n-consistent estimators that are asymptotically centred mixed nor-
mal. In Section 3, we discuss the case d > 3 and also present a possible extension of our setting, that puts
additive model error terms in the observables in order to break the degeneration of the model. We perform
some numerical experiments in Section 4, using both simulated and real data from the electricity forward
markets in order to compare the behaviours of the estimators in various configurations. The proofs are
delayed until Section 5.

2. CONSTRUCTION OF THE ESTIMATORS AND CONVERGENCE RESULTS

2.1. Rate-optimal estimation of .

2.1.1. The case d = 1. In that setting, it is impossible to identify ¢ from data X;a,,? =1,...,n asymptot-
ically when ¢t ~ o, and t ~» &; are unknown. Indeed X has the same law under the choice of (¥,0,7) and
(W +1,e'70,7).

2.1.2. The case d = 2. This is the statistically most regular case. Set, as usual A?X = X;a, — X(i—1)a,
(componentwise). From the convergences

n

T
Z(A;’Xj)Qﬁ/ (72T 0g2 L 57)dt, j=1,2
0

i=1

and
n

T

Z(A;LXQ _ A;LXl)Q N / (e—ﬁTg _ e—ﬂTl)ZeQﬁto_?dt
i=1 0

in probability, we also obtain the convergence of the ratio

n AT_LXQ _ AnXl 2 —9Ty __ ,—9T1 2
\If%l T — 712:1:1( : . ) - (6_219T ‘ _21912 = wT1,T2 (19)7
L ((APX2)2 — (ApX1)2) e — e

in probability. The function ¥ ~ ¥, 1, (¢) maps (0, c0) onto (—1,0) and this leads to a first A, 1/2_consistent
estimation strategy by setting

-1

192,” = le,TQ (\IJ?H,Tz)

whenever U7, 1 € (—1,0) and 0 otherwise.

2.1.3. The case d = 3. Since X is driven by two Brownian motions, the underlying statistical model becomes

degenerate. Indeed, assume first that b! = b2 = b3. Then, we readily obtain

A?X2 — A?X1 e VT2 _ =911
AX3 — A X2 T e T — oI,

which is invertible as a function of 9. It is thus possible to identify ¢ exactly from the observation of a
single increment of X! When the &’ are not all equal, the situation is still somehow degenerate, as we can
3



eliminate all volatility components by taking linear combinations of the observed increments. The lowest-
order remaining term is the drift process, so that we could expect to find A, -consistent estimators instead

of A, 1/2_consistent ones. We then have

N E?:l(AZ‘LXB _ A?XQ)Z 6719T3 _ e*’ﬁTQ 2
Ty, T2, T3 — anl(Aan — AnXl)Q - (e_ﬁTQ’ — e—ﬂT1> = le,T27T3 (19))

say. The function ¥ ~ g, 1, 1, (¢) maps (0,00) onto (0, (M)Q) and is also invertible (see Lemma 3),

To—T
leading to the estimator
3 —1
193*” = ¢T1,T27T3 (m%hTz,Ta)

T\ 2 .
whenever Wi, 1 5 € (0, (%_%) ) and 0 otherwise.

2.1.4. Convergence results. We need some assumption about the regularity of the processes b, o and @. For
a random process X = (X;)o<¢<r, introduce the following modulus of continuity:

T ) 1/2
o) = sup ([ E[(Xasn — X.P]ds)
|r|<t *J0
Assumption 1. The processes o and @ are almost surely positive. Moreover, for some s > 1/2, we have
SUPcfo,7] t=*w(b); < 0o for every j =1,...,d.
To state the convergence results, we need some notation. Set
B = 2(e 7T — eI (eI — e T (0T — T 0 — 82) — (70T — e U0 — b))

and

T T
by = (e7"2 — e—ﬂTl)Z/ (b} — b7)2dt — (e7"> — e—0T2)2/ (b7 — by)?dt.
0 0
Define also
D3 — (6719T3 _ 6719T2)((67’I9T3 _ efﬁTz)(T2ef’L9T2 _ Tlef’LS\Tl) _ (ef’ﬁTQ _ e*’ﬁTl)(TSef’l?Tg _ T2€719T2)).

Theorem 1. Work under Assumption 1.
(1) Ford =2, we have
A2 (D —0) = N(0,Vy(0,7))

in distribution as n — oo, where N(O, Vs (o, E)) is a random variable which, conditionally on F, is
centred Gaussian with variance

T _
Vi(o,0) = L e eﬂTl)2m
’ (Ty —T1)? (fOT ewtofdt)2 ‘

(2) For d =3 we have
ET + fOT EtemotdBt

2(e=9T2 — ¢=9T1) Dy foT 2052t

AT (s, —9) —

in probability as n — oo.

2.2. Rate-optimal estimation of the volatility processes.

2.2.1. Construction of an estimator. We start with the observation that for any sufficiently regular test
function ¢ : [0, 7] — R, we have, for any j =1,...,d,
n T

T
. n i\ 2 ; _ g _
) ol = DAY = [ g1y, = [ glo)(e B2 - o)as
P 0 0
in probability as n — co. Therefore, picking a function g that mimics a Dirac mass at t, we can asymptotically
identify
e‘zﬂ(Tl_t)af +Et2 and e_w(TQ_t)Ut2 —|—E§
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by applying (2) for j = 1,2 for a sequence g,, that converges to §; weakly. We thus identify ¢ and &> as

well by inverting a 2 x 2 linear system, namely
2 —20(Ty—t) -2 | =2
oy e o; + 0}
(0?> = M(V); <6—2q9(T2—t)0.t2 +Ut2)

where

1 1 -1
M(9): = e—20(T1—t) _ ¢—20(Ta—t) <_e—2ﬂ(T2—t) 6—219(T1—t)> )

For a threshold w,, > 0 and a bandwidth h,, > 0, define the estimators

3) (fgu) = Mmax(Po @)Y (Eﬁé;;;) .

g
n,t t—h,<(i—1)/n<t

The bandwidth h,, is set below to balance both bias and variance, while w,, > 0 garantees the well-posedness
of the estimator.

2.2.2. Convergence result. We need an additional regularity assumption on the volatility processes ¢ and &.
Assumption 2. There exists a constant ¢ > 0 and o > 1/2 such that for every t,s € [0,T], we have
(4) E[(of — 02)?] + E[(77 —77)%] < cft — s]**.

2a41)

Theorem 2. Work under Assumptions 1 and 2. Specify h,, = A/ and let w, — 0. Then the sequences

_ ~ _ ~2 _
An o/@a+1) (O-fl,t - Ut2) and An a/(20¢+1)(0_n7t - U?)
are tight, uniformly in t over compact sets included in (0,T].

2.3. Efficient estimation of ¥ when d = 2. We look for the best attainable variance among rate-optimal
estimators of 9 that are asymptotically Gaussian. However, we do not have a statistical model in the classical
sense, with parameters (1, 0,7) since ¢ ~ o4 and t ~ &; are random processes themselves. In order to bypass
this difficulty, we first restrict our attention to the case where ¢ and & are deterministic functions, which
enables us to identify our data within a semiparametric regular statistical model. Thanks to classical bounds
on semiparametric estimation, we can explicitly compute the optimal (best achievable) variance V P (0,7).
In a second step, allowing ¢ and & to be random again, we build a one-step correction of our preliminary
estimator 1927n which has the property of being asymptotically mixed Gaussian, with (conditional) variance
equal to Vy?'(0,5), i.e. thus achieving the optimal variance along deterministic paths.

Lower bounds. Consider the statistical experiment £" generated by data (A? X!, A?X2 i=1,...,n) with

t t
(5) X;‘:X3+/ e—ﬂ<Tf—S>o—5st+/ 7.dBs, i=1,2,
0 0

with parameter (9, 0,7) € © x X(c, ¢), with © = (0, 00) and X(c, ¢) being the space of positive (deterministic)
functions (o,7) defined on [0, 7], satisfying (4) of Assumption 2 with constant ¢ and satisfying moreover
¢ < inf; o4y < sup, o < ¢ for some ¢ > 0.

Theorem 3. Let U, be an estimator of ¥ in the experiment E™ such that A;1/2(1§n — ¥) converges to
N(0,Vy(0,5)) in distribution as n — co. Then

T 29t 2

1 —1
Volo7) 2 V" (007) = = ete™ = TP [ )
t

5




Construction of an efficient procedure. This is the most delicate part of the paper. By representation (5),
we see that the (APX', A?X?) are independent for i = 1,...,n. Moreover, (A?X' A?X?) is a centred
Gaussian, with explicit covariance structure

iA, iA,

]E[(A?Xl)ﬂ :/ 6—219(T1—t)0t2dt_|_/ F2dt,
(i-1)A, (i—D)A,
iA, Ay
E[(A7X?)?] = / e W g2q; 4 / F2dt,
(i—-1)A, (i—-1)An,
[7ANS [7ANS
E[ATX'ATX?] = / eV NHTa=20 524 4 / Grdt.
(i—1)A, (G—1)A,

Let us further denote by ff;’zf its density function w.r.t. the Lebesgue measure on R2. If the nuisance pa-
rameters (o,7) were known, then an optimal (efficient) procedure could be obtained by a one-step correction
of the type
1 2
XL, (AIXARX?)
n — Y2n
S, (e _(AnXT, A”XQ))

9=03 1,0,

where

(6) 50 _(APX AT X?) = dglog fﬁJU(A?Xl,A?XQ)

¥,0,0

is the score function associated to (A? X! A" X?), see for instance Section 8.9 in [21]. However, this oracle
procedure is not achievable and we need to invoke the theory of semiparametric efficiency (see for instance
Chapter 25 of [21]). In the presence of an extra nuisance parameter (o,7), we consider instead the so-called
efficient score

_ H[L’,n

9,0,

o =0

9,0,0 9,0,0
where II is the projection operator onto the tangent space associated to a one-dimensional perturbation
around the true (unknown) value (0,7). It turns out that we indeed have a simple and explicit formula for
8297;3 which enables us to derive a one-step correction formula using o

to achieve the optimal bound.

and plug-in estimators in order

¥,0,0

For technical reason, we replace 192 n by Al/ 2 LAfl/ 2192%] and we still write 192771 for simplicity. Likewise,
we implicitly replace the estimators & cr ; defined in (3) by max(%it, %), where ¢ is the lower bound associated
to X(c, ¢) in the definition of the experlment E™. Set
(APX2 — APX 1) (APX?2 — 79T T) AR X 1)~ V(T2=TO(T, — TY)

(1 _ 67’(9(T27T1))3Anl1,

G (AT X! AT X?) =
fori=1,...,n and (¢,u) € (0,00) X [¢, c].

Theorem 4. Work under Assumptions 1 and 2 with o > 1/2. For i = 1,... n, the efficient score for
(

the parameter 9 associated to (AMX1, AT X?) is given by EgnA it gy A"Xl , A" X?). Moreover, the
n J [

i—1)An
estimator 192,n defined by
D S N S Y B0
O2n = 2n + 7 APX1 AT X2))?
ZieIn ( 1§2w,Ai G-a ( i » = ))

withZ, ={i=1,...,n,hy, < (i —1)A,, < T} satisfies
A2 (D, —9) = N(0, V5P (0,7))

in distribution as n — oo. Finally, the result is still valid if o and & are random processes such that
]P’((a, 7) € X(c, é)) = 1. In that case, the limiting distribution is, conditionally on F, centred Gaussian with
(conditional) variance Vy** (0, 7).



This result shows that the lower bound V P*(g,) can be attained, and therefore that efficient estimation
can be performed (which has a sense only for deterministic volatility functions). Using Cauchy-Schwarz
inequality, it is easy to prove that the expression of the limit variance is equal to the one we got in Theorem 1
for A,/ (0., — ¥) if and only if 7 is constant over the interval [0,7]. Otherwise, efficient estimation is
more accurate than the one in the first part of Theorem 1.

3. DISCUSSION ON POSSIBLY RICHER OBSERVATION SCHEMES

3.1. Discussion on the case d > 3. In Section 2.1, we built estimators of ¢ for d = 2,3. When d > 3,
we meet the same problem of degeneracy as when d = 3: the d processes are driven by 2 Brownian motions
only. We may therefore build an estimator similar to the one with three processes. We have

, 4 } |
ZZ 1 AnX] AnXJ—1>2 efﬂT_, _ 67197‘]_1 2
T Z L(APXZ ZATXT1)? (m) =¢ry 4 (0).

The function ¢ ~ ¥r, ,(9) maps (0,00) onto (0,2?23 (Tgﬁrzl

monotone functions (see Lemma 3). We can thus propose the estimator
_ -1
n - le..d( %1.41)

whenever U7, € (0, Zj 3 (T TJTl )2) and 0 otherwise.

)2) and is invertible as the sum of d — 2

Using the notation

d
Bf :2(6_19712 — e_ﬂTl) Z(e_ﬂTj _ e_'ﬂTj—l) I:(e—ﬂTz _ e—ﬂTl)(b_tj _ b_tj—l)

j=3
(e T 8 )],
T d d T
'5% :(6719712 o 6719T1 2/ Z bj 1 Z(efﬁTj _ efﬂTj,1)2/ (b% —b%)2dt,
0 j=3 7=3 0
d
Dy = Z(e—ﬁTj _ e—ﬂTj_l) [(e_ﬂTj _ e—ﬂTj_l)(Tze—ﬁTg _ Tle—ﬂTl)
j=3

_ (efﬁTQ _ efﬁTl)(TjefﬁTj _ Tj_lefﬁTj,l)}
it is possible to prove that under Assumption 1, we have
~ T-
b% +f0 bfemotdBt

2e=9T2 — e=9T1) Dy foT 20152t

)

A D —9) —

in probability as n — oco.

A natural question arises while defining this new estimator: are we able to determine if using d > 3
processes is better than using d = 3 processes only? As the convergence rate is the same, the criterion
should be the comparison of the limits in probability of A; (s, — ) and A;1(d4, — ). The question
of finding sufficient conditions so that one of those limits is closer to zero than the other one remains
theoretically open. In numerical experiments however, we shall compute all the estimators and compare
them.

3.2. Incorporating model errors. Since the HJM model certainly cannot fit a dataset perfectly, we may
consider including model errors that somehow fill the gap between the observables and the outputs of the
mathematical model. Indeed and as reported earlier, as soon as the dimension of the process is greater than
two, the model is degenerate: this is a common feature of HJM models, introduced in Heath et al. [9]. Jeffrey
et al. [16] calls this phenomenon stochastic singularity. In the absence of drift processes, arbitrage would
be possible as some linear combination of processes would be zero; this is not a feature of empirical data.
The classical approach to avoid it is to add another source of randomness, as is done in Jeffrey et al. [16],
Bhar and Chiarella [2] and Bhar et al. [3]. In the latter, estimation bearing on the prices of interest rates
7



products is performed (in a parametric setting) with the addition of a measurement error to face stochastic
singularity. We may introduce a shrinking noise, standing for model errors. We consider again the context
of Section 1.1, as we are modeling a multidimensional diffusion process driven by two independent Brownian
motions, with the same volatility structure. Yet, at time t; = iA,,, we have observations Yt] ,7=1,...,d,
with

Y] = Xt{ + K7

K J

where 7 > 0 are deterministic, and eg are iid centred random variables.
Asymptotics are again taken as n — oo, and in this high-frequency framework, we would like to estimate o
and the random components ¢ ~» o2 and ¢t ~» 7. Depending on the structure of the error terms x%¢!, the

3o
properties of the estimators we have derived may change, in terms of asymptotic behaviour.

The estimation of processes contaminated by noise has been paid some attention, inspired in finance
by the issues arising in microstructure noise modelling (although the context is quite different here). See
for instance Zhang et al. [23, 22]. Jacod and Protter, in Chapter 16 of [15] obtain laws of large numbers
and central limit theorems under a very general specification of error terms. In the present setting, while
considering noise around the diffusion process, we would like to extend our previous results in order to be
able to perform estimation of the parametric and nonparametric components of the volatility when data
are noisy; to do so, we need the noise not to be asymptotically bigger than the process of interest, in the
sense that we want it to be Op(n~'/2). Such a specification should allow us to give simple extensions of
the previous results, based on approximation of quadratic variation. Estimation at the rate n'/? should be
possible, while the best rate should be lower when errors are bigger and tools based on quadratic variation
are usually not suitable. See Gloter and Jacod (8| for the attainable rate in a simple model with shrinking
errors.

4. NUMERICAL IMPLEMENTATION

4.1. Electricity forward contracts. The prices of existing forward contracts in the electricity markets are
characterised by three time components: the quotation date t and the dates T and T, of respectively starting
and ending power delivery. Therefore, a forward contract F(¢,Ts,T.) will deliver to the holder 1 MWh of
electricity continuously between dates T and T,.. Such a contract may be bought during a quotation period
[to, T] with T' < T and it is no more available once ¢ > T. Typical observed contracts are of various delivery
periods: one week, one month, one quarter (three months), one season (6 months) or one year. Table 1
shows an example of available forward contracts in the French Market on May 239, 2015. For example, the
contract called “June 2015” will deliver to the holder 1 MWh of electricity, with a constant power, between
the first hour of June 1%¢ (this is 7}) and the last hour of June 30*" of 2015 (7). This table also introduces
the contracts of relative maturity (denoted by the “ahead” formulation). A “ahead” contract is a contract
with constant delivery period but with changing delivery dates. For example, the 2-month-ahead contract is
the forward contract “July 2015” when it is quoted on May 31", 2015 (2 months ahead from the quotation
date), and becomes the forward contract “August 2015” on June 15¢, 2015 (a jump of contract to stay 2
months ahead from the quotation date). In this study we only consider the 6 observable monthly contracts
(i.e. T. —Ts = 1 month) to estimate ¥ and the volatility processes o and 7. Also, for simplicity, we will drop
T, from the notation. In the context of simulated data, we will simulate prices of F'(¢,Ts) = F(¢,Ts,Te),
the forward delivering continuously 1 MWh during the period [T, T,]. In the context of real data, the price
F(t,Ts) is observable.

4.2. Results on simulated data. The objective of this section is to study the estimators’ behaviour on a
simulated data set, where the log-prices of the forward contracts are simulated according to the two-factor
model described in (1). The parameter values are chosen to be close to values estimated on real data: in
[18], the volatility processes are constant, and the estimated values are o = 0.37 y~ 12 and 7 = 0.15 y~ /2.
Here we use a CIR-like model (the Cox-Ingersoll-Ross model for interest rates has been introduced in [5], in
1985), to emphasize the fact that our model may also be used in the context of interest rates modeling (this
is indeed where it comes from, see [10]). Our parameters are

bl = 3.65- 107 (log(30) — X7), 0, = 0.37%¢ and 7, = 0.15%¢,
8



Example: May 23", 2015
Product . . .
Name of the product | Begin of delivery | End of delivery
1 Month Ahead June 2015 2015-06-01 2015-06-30
2 Month Ahead July 2015 2015-07-01 2015-07-31
3 Month Ahead August 2015 2015-08-01 2015-08-31
4 Month Ahead September 2015 2015-09-01 2015-09-30
5 Month Ahead October 2015 2015-10-01 2015-10-31
6 Month Ahead November 2015 2015-11-01 2015-11-30
1 Quarter Ahead 3'% quarter 2015 2015-07-01 2015-09-30
2 Quarter Ahead 4*h quarter 2015 2015-10-01 2015-12-31
3 Quarter Ahead 1%t quarter 2016 2016-01-01 2016-03-31
1 Year Ahead Year 2016 2016-01-01 2016-12-31

TABLE 1. Data available on a daily basis.

with ¢ =
various values of ¥ (values in y~!): 1.4, 10, 20, 40. The first value is the estimated parameter shown in
[18] and the others are chosen to cover a wide range of possible values to observe different behaviours of
our estimators. Finally, the initial value of each simulated log-price series is the logarithm of a random
variable taken uniformly over the interval [20, 40], which is an usual range for prices in the market of forward
contracts on electricity (see also the constant 30 in the drift, in the center of that interval). We consider
different simulation configurations, all related to the situations we are facing on real data.

e 2 processes (1 month-ahead and 2 month-ahead) observed on n = 100 dates, with T'= T} = 150 and
Ty = 181 days.

3 processes (1 month-ahead to 3 month-ahead) observed on n = 80 dates, with T = T} = 120,
Ty = 150 and T35 = 181 days.

4 processes (1 month-ahead to 4 month-ahead) observed on n = 60 dates, with 7' = T} = 90,
TQ = 1207 T3 = 151 and T4 =181 days.

5 processes (1 month-ahead to 5 month-ahead) observed on n = 40 dates, with T' = T} = 59, T, = 90,
T3 =120, Ty = 151 and T5 = 181 days.

6 processes (1 month-ahead to 6 month-ahead) observed on n = 20 dates, with T' = T = 31, Tp = 59,
T3 =90, Ty = 120, T5 = 151 and T = 181 days.

The decreasing number of observations corresponds to the configuration observed with real data: 2 monthly
contracts with fixed delivery dates are jointly observed on working days during 5 months (around 100 quota-
tion dates) whereas 6 monthly contracts can be jointly observed only during 1 month (around 20 quotation
dates). The number of observations is a bit low, as we are relying on asymptotic results.

MéZ?zl th , which is the square root of the average of the d quoted log-prices. We adopt

For each configuration, we perform 100,000 simulations. Recall that we denote by ﬁj,n the estimator of
from the configuration where j processes are observed, and also by 1§2m the efficient estimator as described
in Section 2.3, available in the configuration of 2 observed processes. Although we have not proved that the
estimator 152’71 is A, 1/ 2_consistent and that it reaches the lower bound for the limit variance when o = 1 /2,
we have not got any numerical evidence against that possibility. Tables 2, 3 and 4 give the estimation results
for ¥ = 1.4, 20 and 40 y~!, respectively. In each configuration, these tables give the number of converging
instances' of the estimator and their average, and the empirical confidence interval at 95% (issued from
taking the quantiles of the sample of estimated values). We observe that the estimators perform quite well:
except in three lines in Table 4, the true value of ¥ is always in the confidence interval. Finally, we empirically
observe that adding new maturities does not improve the quality of estimation in all configurations. For
instance, increasing the number of maturities may increase or decrease the length of the confidence interval,

1We must notice that some occurrences may not lead to a solution in the estimation procedure because \IITI';I T and \115‘,1 Ty, Ty
) T2,

defined in Section 2.1, can sometimes take values outside the supports of 11);11 T and w;ll Ty Ts"
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and it may shift it away from the true value of ¥}. Notice also that the one-step correction from 192,71 to 1§2}n
never led to very different values.

Processes Estimator Instances that converged Average Quantile interval

2 Dom 100,000 1.4216  [1.2697,1.6048]
2 Dam 100,000 1.4217  [1.2697,1.6048]
3 . 99,962 1.3799  [0.77864,1.9250]
4 Dam 100,000 1.3840  [1.0752,1.7646]
5 D5 100,000 1.3807  [1.1274,1.6864]
6 . 100,000 1.3849  [1.0989,1.7644]

TABLE 2. Results of the estimation on simulated data with ¢ = 1.4 y~!.

Processes Estimator Instances that converged Average Quantile interval

2 Do 85,677 21.145  [10.677,47.124]
2 Do 85,677 21.130  [10.673,47.047]
3 D, 100,000 19.672  [18.198,20.247]
4 Dan 100,000 19.567  [18.233,20.204]
5 D 100,000 19.518  [18.247,20.202]
6 Do 100,000 19.699  [18.739,20.362]

TABLE 3. Results of the estimation on simulated data with ¥ = 20 y~*.

Processes Estimator Instances that converged Average Quantile interval

2 Do 55,248 24.747  [10.215,56.650]
2 Do 55,248 24.716  [10.210,56.663]
3 D3, 100,000 33.904  [22.598,40.060]
4 Dym 100,000 32,162 [22.204,39.689)]
5 Ds.m 100,000 31.075  [22.046,38.832]
6 De.m 100,000 33.901  [26.134,39.320]

TABLE 4. Results of the estimation on simulated data with ¢ = 40 y~*.

Concerning the estimation results of the volatility processes o and &7, we use the causal kernel K (x) =
1(0,1)(x), and the bandwidth A, for the two volatility functions is selected by cross validation and visual
inspection: as the number of data is quite poor, the empirical criterion to be minimised in the cross validation
method does not always admit a minimum. We therefore retain a value of h,, close to the values that are
given by cross validation when the minimisation is well defined, and we check that it does not lead to obvious
under- or oversmoothing. The retained value is 14 days. We also set @, = 3.65- 1072 y~!. In the following

we show the estimators 72 and gi for the configuration where 2 processes are simulated on a period of 5
months (approximately 150 days), which means T'= T; = 150 and T = 181 days, with n = 100 dates and
¥ =10 y~'. First we keep the specification b = 3.65-10~" (log(30) — X7) for the drift process, but we use the
constant volatility processes of [18], that is ¢ = 0.37 y~'/2 and & = 0.15 y~ /2. A deterministic specification
allows us to compare the curve of point estimates with the deterministic function that was used to simulate
the processes. Remember that the nonparametric estimation result, Theorem 2, gives convergence uniformly
on [hy,T]. Therefore we expect that the fit is not good for values ot ¢ being less than h,. We perform
simulation and estimation 10,000 times, and then take the average and the quantiles of the 10,000 curves
(that is, at each point ¢ of the discretisation grid, we take the average and the quantiles at 2.5% and 97.5%
10



~ ~2 . . . . -
of the 10,000 occurrences of U?m and 7, ,). Figure 1 gives the square of the estimated equivalent volatility
function

—20g  (Ty—t)~2 =2
€ ( )Un,t + Un,ta

together with the true function 672‘9@1*”0? + 7. It shows a good estimation of this equivalent volatility,
the error (between the average of the 10,000 estimators and the true value) being maximal in the two ends of
the curve. The estimation of 77, given in Figure 2, also performs well. However, we can observe in Figure 3
a bad performance of estimation of o2, especially for large values of T' — t, even when ¢ > h,. This can
be explained by the fact that, due to the presence of the exponential term e~?(T—%) the short term factor
e~ 2T =852 is low when T — t is large. Also, if ¥ happens to be overestimated, the estimator of o7 has
to take a very high value so that the product atze*w(T"t) may fit the curve. Therefore, the estimation of
o¢ should reasonably be taken into account only for small times to maturity 7" — ¢, where the estimation
procedure seems to work well.

0.3
0.25 1 -
Average estimated value
Quantile 0.025
0.2 Quantile 0.975
,,,,,,, e )62 L 52
- 0.15
N’
0.1
0.05 -
0

0 10 20 30 40 50 60 70 8 90 100 110 120 130 140 150 160
Time (d)

FIGURE 1. Quantiles for the square of the equivalent volatility, with 2 processes, ¥ = 10
y~! and deterministic constant volatilities

0.06
0.055
0.05
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Average estimated value
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. 0.035 Quantile 0.975
Y % I [— =2
s 0.03 a
0.025
0.02
0.015
0.01
0.005
0

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160
Time (d)

FIGURE 2. Quantiles for the square of the long-term volatility, with 2 processes, ¥ = 10
y~! and deterministic constant volatilities

Now, we are back to the specification o; = 0.372?,@ = 0.152?. As the volatility processes depend on the
path of X, we cannot compare visually the real volatility and its point estimators. Yet, we plot the average
11
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FIGURE 3. Quantiles for the square of the short-term volatility, with 2 processes, ¥ = 10
y~! and deterministic constant volatilities

and the quantile curves of the 10,000 estimators for the two volatility processes and for the equivalent square
volatility process, in Figures 4, 5 and 6. The behaviours of the series of point estimators are very similar to
the ones we described while considering deterministic volatility functions.
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FIGURE 4. Quantiles for the square of the equivalent volatility, with 2 processes, ¢ = 10
y~! and the CIR-like specification for volatility processes

4.3. Results on real data from the French electricity market. The data used for estimation are
the 6 available month-ahead forward contracts on the French market (www.eex.com) from December 6th,
2001 to December 31st, 2013. On this history, we get 125 periods of 1 month (n ~ 20) where 6 processes
(the 6 month-ahead contracts) are jointly observed with no missing data, whereas we get 141 periods of
5 months (n ~ 100) where 2 processes (the 1 month-ahead and the 2 month-ahead contracts) are jointly
observed. These numbers of periods are given in Table 5 for all the configurations described in Section 4.2.
In the same column, Table 5 also precises the number of periods on which the estimator converges. And
the same table gives the estimation results of ) for all the possible configurations, with the average value
and the standard deviation of the estimators. The main message about these results is that, contrary to the
results on simulated data, the values of the estimators are different from one configuration to another. More
precisely, the estimators from 2 processes are higher (of a factor between 5 and 8) than the ones from 3 to 6
processes. This can be explained by two different causes. First, the estimators from 3 to 6 processes present
12


www.eex.com
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FIGURE 5. Quantiles for the square of the long-term volatility, with 2 processes, ¥ = 10

y~! and the CIR-like specification for volatility processes
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FIGURE 6. Quantiles for the square of the short-term volatility, with 2 processes, ¥ = 10
y~! and the CIR-like specification for volatility processes

Estimator Per. with convergence/ Number of per. Average Standard deviation

Do.m 49/141 26.065 11.788
Vo.m 49/141 26.081 11.779
. 100,142 4.3707 3.5329
Vam 111/143 3.1333 2.6758
Ds.m 111/139 2.0936 2.4969
D.m 105/125 3.3881 2.8221

TABLE 5. Estimators of ¢ on real data in France (unit: y).

a theoretical bias, of which value is unknown: this was stated in Theorem 1 and in Section 3.1. Second,
these differences may be due to the presence of errors linked to measurement or to the model.

5. PROOFS

5.1. Preliminaries: localisation. With no loss of generality, we may (and will) assume that the processes
b’, o0 and & are bounded, relying on a so-called localisation argument. For an integer p > 1, introduce the
13



stopping time 7, = inf{t € [0,T], min(b},0y,7;) > p}. Replacing X/ by Xinr,, we have bounded processes
b/, o and 7. Moreover since these processes are at least locally bounded, we have P(r, >T) — 1 as p — 0.
We refer to Section 3.6.3 in [14] for details.

5.2. Proof of Theorem 1.

Proof of Theorem 1 (1). Step 1. We first consider the case b’ = 0 for j = 1,2. For notational simplicity,
we set ep () = e T — e79T¢. Let us define
G = (ATX) — (A1X)?
and )
& = (ATX? — ATXY)
Clearly
A,

iAy, Ay, N2 iAp . _\2
(/ e_ﬂ(TQ_t)OtdBt +/ EtdBt) — (/ e_ﬂ(Tl_t)UtdBt +/ EtdBt)
(i—1)A, (i—1)A, (i-1)A, (i—-1)A,

[7ANS 2 1A, [7ANS o
:(67219712 — 67219T1) (/ eﬁtO'tdBt) + 22172(19) / 619t0'tdBt/ EtdBt,
(i—1)A, (i—-1)A, (i—1)A,

therefore, setting xj' = 2e1 2(¥) f(iﬁ?) A e’o.dB; [ (iﬁq) A :dB;, we obtain the following representation

n_ b ey om
(7) <i - wT17T2(7-9)€71 +X1 .

By standard convergence of the quadratic variation (see for instance Section 2.1.5 in [20]),
n T
Zfln — 61’2(19)2/ 621%0't2dt
i=1 0

in probability. Note that the limit is almost surely positive by Assumption 1. Also, since B and B are
independent, and since 07 < M and 7 < M for some constant M > 0 by localization, we have that

n [7ANS A, N2
E[(Z/ €ﬁtUtdBt / EtdBt) :|
(i—-1)A, (i—-1)A,

i=1
n iA,

=SoE((

=1 (i_l)An

A,
¢"0,dB,)*E[( / 5:dB,)%] < An?TM 5 0.
(i_l)An

Therefore Y | ¢! converges in probability as well, with the same limit as m SO &r Tt follows that

2
Yo (APXZ—ARXY)T VL&
\Iln — 7 — 1= 7 19
o S A - ke - wa vnent)

in probability. We derive the convergence

¢T1,T2 (1§2,n) - ¢T1,T2 (19)

in probability on the event {W% ,, € (—1,0)}, hence the convergence 192,,1 — ¥ in probability as well since
{¥% 1, € (=1,0)} has asymptotically probability 1 and that ¥ ~ ¢, 1, (J) is invertible with continuous
inverse.

Step 2. Using (7), we readily obtain

A;1/2( %hTQ — le,T2 (19)) = A;1/2<§:%_1?: - "/}Tl,Tz (79)) = _¢T1,T2 (?9)
i=1 >t

Consider next the sequence of 1-dimensional processes

—1/2 n n
Ay / Zi:1 X
i S

Ayt
Xo(t) = A2 " F(ATY2ATY ! ASY2ATY ),
=1
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where Y; = (Y}, Y?) = (fot e’ o.dB;, fot G,dB,). By Theorem 3.21, p. 231 in [14] applied to the martingale
Y with f(x,y) = zy which has vanishing integral under the standard 2-dimensional-Gaussian measure, we
have that the process x,(t) converges stably in law to a continuous process x(¢) defined on an extension of
the original probability space and given by

t
x(t):/ P07 dWs,
0

n

where W is a Brownian motion independent of F. Using successively A, 1/2 Yo X =2e12(0)xn(T), the
fact that the convergence x, — x holds stably in law and the convergence

n T
E Cln N (6—219T2 _ 6—219T1) / 821%0}20375,
i=1 0

in probability, we derive

fl n 2 —9Ty _ —9T: T
_A;1/2wT17T2 (ﬁ)@ - = Q/JTl,Tz (7‘9) (6 . Y)’X( )
(6—219T2 _ 6—219T1) fo 62’19t0-t2dt

Y CF
2(6719’112 _ e*’l9T1)3
(e=29T2 — ¢=20T1)2 fOT 29t o2 dt
in distribution. Conditional on F, the limiting variable is centred Gaussian, with conditional variance

(e=?T2 _=9T1)2 foT 20252 dt
(e=PT24e—VT1)4 (fOT e2Vig2t)2"

1)19(0',5) =4

Step 3. On the event {V7, . € (—1,0)}, we have

A;1/2 (1927n - 79) = Afr_Ll/2 (lIJéIL”pTz - wT1,T2 (ﬁ))aﬂw;iTz <Zn)

for some Z,, that converges to ¥, 1, (9) in probability by Step 1. The conclusion follows from

_ 2 _ _
(aﬂlel,Tz (z/JTl,Tz (79))) Uy (Uv U) =V (U’ 0)
together with the fact that {U7, 7, € (—1,0)} has asymptotically probability 1.

Step 4. It remains to relax the restriction & = 0. When ¥/ is non-zero, by localization again, we may assume
it is bounded. Then, by Girsanov theorem, we apply a change of measure which is F-measurable. Since the
convergence in distribution in Step 2 holds stably in law, we may work under this change of measure (see
Section 2.4.4 in [20] for a simple explanation)). Finally, relaxing the boundedness assumption on o, and b’
is standard, see Section 5.1 above.

Proof of Theorem 1 (2). Step 1. We have
2

Yiny (AP (X® - X?))
Yy (AF (X2 = X))

By standard convergence of the quadratic variation

n
\pT17T27T3 -

2

n

T
® S (AFX2 = X)) = 10 (9) / 2t g2qy
1=1 0

T
Z (A (x?® - X2))2 — e9.3(0)2 / e*o2dt

i=1 0

2 ~
in probability. Since ¢p, 1, 1, (V) = ZEEZ;W we derive Y1, 7, 1, (Un,3) = Y1y, 1,1, (9) in probability on the
event {\I'TMTQ,T3 € (O, (%)2)} which has asymptotically probability 1, hence the convergence l§n,3 —

in probability.
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Step 2. We further have

2

Y (AMXE - X)) ep(0)? S

\I/nl D 3—1/’1, 273(19)_ o - ’
R S (A - x )P a0 S (Ar(xE - X))

with

2 e23(0)?
€1,2 (19)2

Write A f = [, (iiAj) a, f(t)dt. One readily checks that the following decomposition holds: 7" = )+,

with

(Ar(x% - x1))%

nt = (AF(X® - X?))

2273(’[9)2
e1,2(9)2

3

() = (A7 (6° — b%))* — (A7 (6? —bY))”

and _
s 2y 23(0) o B e
(") = 200,3(0) (BT (67— 1%) — 22 (52 )))/ " oydB,.
e1,2(V) (i-1)A,
We will need the following lemma, proof of which is relatively straightforward yet technical and given in
Section 6.1.

Lemma 1. Let (Y;)i>0 and (Z)i>0 be two cadlag and progressively measurable processes. Assume that for
some s > 1/2, we have sup,cp 7t *w(Y); < co. Then

n T
A;lz(Z?Y)z%/ Y2dt
i=1 0
and
LA iAp T
AU CAT(Y) ZydB; — / Y, Z4dBy
im1 (i-1)A, 0

in probability.

We successively have
n T
A = [ o
i=1

with 19(by) = (bf — 8)° — 220355 (12 — b})? and

n T
ATS Gy 2 / Ao (b)e" o,d B,
i=1 0

in probability, by Lemma 1 applied to Y; = (b} — b?) — Efzgz; (b2 — b}) and Z; = e’ 0y, and Assumption 1,

where Ay(b;) = ez 3(9)Y;. This, together with (8), implies the convergence

S o (b)dt +2 [ Ao (b,)e” 0,d B,
2172(19)2 fOT 621%0'?(#

A;I( 711’1,T2,T3 - ¢T17T2’T3 (19)) —

in probability.

Step 3. Finally, we have

AL (D30 —9) = AN (WS 1,y — U1y 1 (9) D907 1y 1y (Zn),
for some Z,, that converges to {1, 1, 1, () by Step 1. Hence

A . o o (by)dt +2 [} Ag(b,)e ord By

Aory 1 (9)e1,2(0)2 [ e2ta?dt

and we conclude by noting that dyvr, 1, 1, (9) = 8122[(’3)3.
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5.3. Proof of Theorem 2. We may (and will) assume that b/ = 0. For ease of notation, we write Q%W for
max(Jy,,, w,) and set t; = iA, for i = 1,...,n. We also define K (t) = 1(,1(t) and Ky (t) = h™ 'K (th™')
for h > 0. We have

G 2 — S K, (t—ti1) (ATX1)? — (A7 X?)?)

— _ _ —o2=T+1II
Un’t Ut 672192'”(711 7t) _ 872192,n(T27t) Ut + ’
with
I 1 1
_(672192 n(T1—t) _ =202, (T2—t) e 2(Ti—t) 3—219(Tz—t))
x ZKh (t—ti1) ((ATX1)? — (AT X?)?)
and

iy Kn, (E—tioa) ((APXY)? — (APX?)?)

o—20(T1—t) _ g—20(T5—1) — Ot
Step 1. Since E[(A?Xjf] is of order A, by Burkholder-Davis-Gundy inequality, we have that E[|(A?X!)?—
(A7X?)?|] is of order A, as well and therefore

1l =

n
HZK;M ) ((ATX)? = (ArX?)?)|| ST K (t—ti0)AL S 1
i=1
since Kj, (t —t;_1) is of order h ! for a number of terms that are at most of order A;'h,. Therefore

S K, (8 —tioq) ((ATX1)?2 — (A7X?)?) is tight, and we conclude that I is of order AY? in probability
by applying Theorem 1 (1).

Step 2. The term I further splits into 11 = (e=29(T1=t) — ¢=2/(T2=t))=1(B, () + V,,(t)), having
ZKhn —ti-1) (AT X1)? — (AT X?)? —E[(ATX1)? = (A} X?)?|Fica])

and

— ZE[K’M (t _ ti—l) ((A?Xl)Q _ (A:’XQ)Q) ’]:i—l] _ (6—219(T1—t) _ 6—219(T2—t))0_t2
Hereafter, we abbreviate F;a, by F;.

Step 3. We first prove an upper bound for E[V,,(¢)?]. We have

o E[(ZK'I S)((APXY)? — (AZX?)? —E[(APX1Y)? — (A$X2)2|fi_1]))2]
ot hoy 2ZK ( y ) E[((A?Xl)z—(A?X2>2—E[(A?X1)2—(A;lxzfyfi_l])ﬂ

because cross-terms in the development are zero due to conditioning. By compactness of the support of K,
there are at most of order A, 'h,, nonvanishing terms in the sum and the estimate is uniform in t € [hy, T).
Finally, since

E[((ArX")? - (A1X?)? - E((A7XY)? - (A7X?)2| 7))’ 5 A2,

we obtain sup,cp,, 7 E[Va(t)?] < Anhyt.
Step 4. In order to bound the bias we use the decomposition

Bn(t) = (6—219(T1—t) _ e—Qﬁ(Tz—t))(III+ V),

where
IIT = /0 h;lK(T}f? (F“)oidu - Uf
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and

1V =

t—u
-1 —29(t—u) 2
e—20(T1—t) _ g—20(T2—1) n K( B )6 oy du.

Z;zzlE[hglK(%>((A?Xl)2—(A?X2)2)‘-7:i—1} /Th
0

For every t € [h,,T] we have [/ K(x)dr = 1 hence
o

t
hn

]E[IIIQ] :E{([,T K(z)e —20h,, o2 b zdx—gf)z}
hn

E[(/supp(mK(I)( O Jf)dzﬂ

S/ K(x)QE[( 72%’”0? oo af)z]dx
supp(K)

by Jensen inequality since supp(K) C [% 7} that integrates to 1. By convexity,

(e_Qﬂh :tO.tQ hnx _Ut) < 2( —20hn :to.tQ hnz Ut2 hnw) +2(Ut—hnx _0-1&2)2

—2V0hyx —20hnx

follows. Bounding further the remainder in the expansion of x ~» e at the point 0, we obtain |e
1| < M|29h,z| for some M > 0. By localization, we find some M, > 0 such that o, < M,. It follows that

E[I11?] < / K?(z)(2M5 (29h,2M)* + 2E((07_), o 03)2))dx
supp(K)

< / K?(z)(2M3(29h,aM)? + 2¢|hyz|**) dz
supp(K)

using Assumption 2. This estimate is uniform in ¢ € [y, T, therefore sup,c,, 1 E[I11%] < h2*. Next, we
write IV = "1 | ho16;(t), with

t—t: ti t; _
0;(t) = E(K( b 1) / eiQﬂ(tfu)aidu‘]-}_l) —/ K(tiu)efw(t*“)aidu,
h” ti—1 ti—1 h”

since the term

En:hflK(t — tifl)E[ ((A?X1)2 — (A?XZ)Q) B /ti e,zﬁ(tfu)o.Zdu’fiil}
ti—1

hn 67219(T17t) _ 67219(T27t)

. t—t; & 2 [h
= Z h;lK(T1>672ﬁtE[</ eﬁ“o’udBu) — / ezﬁuaidu’}"i_l} =0
: n ti—1 ti—1

vanishes. Therfore, writing E[IV?] = 371" E(h,2(0:(t))?) + 221 <; <<, E[h,20:(£)0;(t)], we successively
obtain -

A, bi —49(t—u —li—1 —u 2
Bt OS ) < G [ B (R - K (o)’

n
by Jensen inequality, so that " | E[h,;2(67(¢))?] < Anhy,* uniformly in ¢, since there are at most of order
A, h, nonvanishing terms in the sum. Flnaully7 conditioning on F;_1,

B[126.(05,(1)] = b B[SO | (S k(e gt 7))

j— n

and the difference K(t ti 1) - K(t}j—:) is non-zero only if ¢ € (t;—1,u] or t € (tj—1 + hyn,u + hy], which

can be the case for j in some set J;, which contains at most three indexes. Therefore,

’ 3 ﬂ«:[h;?ai(t)aj(t)]] - ‘ Z_: 3 E[hféi(t)éj(t)]‘ < 3h2 Z_:Eﬂdi(t)HMgeWTAn,

1<i<j<n i=1 jET,
which is of order A, k1. We infer SUPefn,, 7] ]E[IVQ] <ALkt

18



Step 5. From the estimates established in Steps 3. and 4. we derive

sup E[(V,(t)?] S Akt sup E[Bo(t)?] S h2* + Anhy '
t€hn,T] telhy,,T]

The choice h,, = A}/ (2a+1) implies that the two error terms h2* and A, h, ! are of the same order, namely

Aia/(2a+1), which ends the proof concerning o.

~2 ~2
Step 6. The proof is the same for @ . We split 7, , — o7 as follows

~2 2 =202 T 1 — b1 1)2
32, —ot = )Sohn(
.t ¢ 6—2192,nT1 — —2192 WTz e 2‘9T1 — e~ 0Tz . hn ( ’ )

672192’"7-‘1 7219T1 1 t 1 2\ 2
i I ho K(7_> ArX
+ <6_2792,W,T1 — e 202, T2 e—20T1 6_219T2) Z hy, ( g )

SR 1K(t ti_ 1)(6—219(T1—t)(A;zx2)2_e—Qﬂ(Tg—t)(Aanl)2)

=1
—2
— 0

672’&(T17t) _ 672”9(T27t)

and proceed analogously. The proof of Theorem 2 is complete.
5.4. Proof of Theorem 3. With no loss of generality, we may (and will) assume that b! = b? = 0

Preliminaries on efficient semiparametric estimation. We refer to Sections 25.3-25.4 of [21] for a com-
prehensive presentation of efficient semiparametric estimation, that we need to adapt to our framework.
Assuming (0,7) to be deterministic, the data (A?X' A?X?) i = 1,...,n generate a product experiment
E" = @™, P, where

{ 9 (U,0,G) € [0,00) x S(c, ¢},

where fé’zﬁ is the density on R? of the Gaussian vector (A?X?!, A?X?), see Section 2.3.
For ¢ € (0,00), let € > 0 and ¢ € R be such that ¢4 + te > 0. Pick a path

(t ~ (nguﬁg)>ogu§57 such that (ni?vﬁ(t)) = (Jtvﬁt) for every t € [OvT}v
for two regular functions ¢ ~» nj* and ¢t ~» 7} satisfying moreover

¢ < inf min(n, 7)) < sup max(n;', ;) < c.
te[0,T],ucl0,e] (i’ ) te[0,7],u€(0,e] (i)

We obtain a parametric submodel of P" around (¢t~ (07,5%)) by setting

= { 19+Lun 77“70 Su< 5}7

noting that Pé’" passes through the true distribution at w = 0. We consider only submodels that are
differentiable in quadratic mean at u = 0, with score function g; , , 7 € L?(Py »7). If we let Py" range over
all admissible submodels as (n,7) varies, we obtain a collection of score functions that define in turn the
tangent set Pg", _ of the model P*™ at the true distribution. Any score function g, > € Pg". _ admits the
representation

(9) Jina = Wos + 9
where 2'9’7;5 is the score function of the original model defined in (6) when o and & are known, and g;% is
the score function obtained from a parametric submodel at « = 0, to be interpreted as the score relative to

the nuisance parameter, while %ZE corresponds to the score relative to the parameter of interest .
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Completion of proof of Theorem 3. From (6), and the explicit representation
(Ji2)a, The) =)+ ([, 27T Ot (y*e‘“TrTl)m)Z)
2( [, 2T 00kdt) (S, Fhit) (12 m0)”

27T(f1 1)A e=20(Thi— t)U2dt)1/2(f(Z 1)A 7t2dt)1/2(1—e—79(T2—T1))

exp ( -
f119777;,5(x7 y) =

we derive
S a (M = 0)e 2T =002dt  —om-Ti)(T, _ 1))

f(liél)A 6_219(T1_t)0t2dt a 1 — e 9(T2—T1)

0Oy log fﬂ o S(APXTATX?) =

von o era e, T, < ) — (T )e T Do
+(A7X2 - ArX 12 )(f(z ta, € 2T 002dE)2(1 — e=9(T2=T))3
(Ty — T)e ¥ (T2=T)
S A, TR — e P(T2=T))3
e V(=T)(T, — Ty)

f(ZZA'i)A dt 1—e 19(T2 Tl))

+ (A:’LXQ _ e—ﬂ(Tg—Tl)Alnxl)Z

— ATXY(APX? — VT AR X

We pick a path (9, ¢ )o<u<e of the form n* = (1+uk(t))o, and 7 = (1+uk(t))7; so that (n*,7*) € X(c, ).
The submodel is differentiable in quadratic mean at u = 0, with score function having representation
95 = Yoo + 95

according to (9) and parametrised by (k, k). Formally,

6297.;0 - (du logf +LuJa) and 91" = ( logfﬂn Rk )u:O’

so that
_ iN, o
gim — Jiya, €20 k()dt  Jisha, TR
k},E_ iAp iAp
Ji-1ya, e 2T ofdt Jisha., opdt

Sy a, e 2T 0B k(t)dt

(Ji2h)a, €2 =D07dt) " (1 — =TT
(VAN
f(z A Gok(t)dt

(S a, T3dt)* (1= em0(T-Ti) )2

+(APX2 - APX1)?

=+ (A;LXQ _ e—ﬂ(Tg—Tl)A;LXl)Q

Introduce the orthogonal projection II onto (the closure of) of Span{g;;i,for all admissible (k,k)}. Then
" = 5 TIS™ _ s the efficient score for ¥ and Igz,? = Eﬁ,g’a[(ﬂz" ) ] is the best achievable

J,0,0 ¥,0,0 ¥,0,0 ¥,0,0

information bound, see Sections 25.3-25.4 of [21] for details. By orthogonality,
B0z [(055 — 105" 2)g, "] =0, for all admissible (k, k),

and anticipating further the representation Hff,!j;ﬁ = g;’:g* for some admissible (k*, E*), it suffices to solve
0=Eyoz(ljhz— g;’fﬁ*)g;’%] for all admissible (k, k).

—( ) —
Elementary computations yield k*(t) = (1= tie e_szlengTl Y and & (t) = 0. We conclude

(APX2? — APXY)(APX? — o= W= AR X Ve~ (T2=T0)(Ty — T7)

(1—e?T=T0)s [0 2t

Jinm o jim
Eﬁacr_gﬁﬁ_
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and is independent of ¢. Furthermore, the best achievable information bound becomes

iAn 29(Ty —
fin (-T2 Jaha, e t)”tzdt
9,0,0 (619(T27T1) _ 1)2 f(l A

By independence of the increments (A?X! A X?) it remains to piece together the results for each P%"
using the product structure of £*. We find the asymptotically equivalent bound

S DR Vol

i=1

as n — oo. Taking the inverse and dividing by A,, we obtain the desired bound. The proof of Theorem 3 is
complete.

5.5. Proof of Theorem 4. The first assertion was obtained in Section 5.4 in the course of the proof of
Theorem 3. With no loss of generality, we may (and will) assume that b° = 0 and that sup, max(oy,7;) < M.
We further abbreviate iA, by ¢;.

Step 1. Let ¥, be a deterministic sequence such that v/n(d,, — ) is bounded. We first prove
1/2 PR i
(10) AVEN (g —0" . ) =0
€T,

in probability, as n — co. We have

AP G0

ieT, 0 n
1 1
= A2 3T (APX? - APXT)(APX? - (BT AR X! )( _ -
i 72 fay
€L, "ft7 dt Ano‘n,ti71
—T+1I,

with

AT — [l 524
I = A;l/Q Z (A?X2 _ AZLXl)(A?XZ _ e—ﬁn(TQ—Tl)A'g/Xl) _ i—1 ‘['171 t

= T, 2 )
- ' opdt
ti—1 fti—l t

€L,
=2 _52
IT= A7V 37 (APX? = ATX)(AFX? — (B TOAPX ) Tl T,
€Ly, Uti—la"»ti71

For the term I, by Cauchy-Schwarz inequality and the fact that P((0,7) € X(c¢,é)) = 1, we have

—2 t; =2
ATy til1 fti—l a'tdtH
=2 t; =2
Oti_1 fti_l oy dt

E[|A2(A7PX? — ATX ) (A7 X? — eI (B TOATXT

t;
SAPPEAR[((ATX? — APXY)(ATX? — e T T AR X)) VPR (A, 52 | — / 72dt)’]"?.

Combining Cauchy-Schwarz and Burckholder-Davis-Gundy inequalities and the smoothness Assumption 2
we successively obtain

E[((A7X? = A7X)(AFX? — e P nBTTIATX )] S A,
t;

B[(Anc?, — [ ota)’] s Ak,
ti—a

We infer B[] <>z A ARPA AL < ASTY2 5 0 since o > 1/2 by assumption. For the term II since

the kernel K used for the nonparametric estimation has support included in [0, 00), we have that cr i, 18
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F;_1-measurable. Conditioning on F;_1, we set

22 e
X = E[A;V2(APX? - APXY)(APX? - e BT ALY e T |
Uti—lg":f’i—l

_ A;l/?(e—ﬁ(TQ—Tl) _ e—ﬂn(Tz—Tl))(e—ﬁ(Tz—Tl) _ 1) n

70

/\2

52
e—29(T1— t)o'th’]:z 1]# It follows that

Tt _1%nti

say, with £ = [ft

i—1
SRl ] < A Y 70
i=1 €

in probability by Theorem 2. Since A2 (e’ﬂ(TQ’Tl) — e’ﬁ"(TrTl)) is bounded, we use Lemma 3.4 in [14]
applied to variables £ to conclude EZLL/ 1A"J E[x}" | Fi—1] — 0 in probability, locally uniformly in ¢. Moreover,
]E[(X?)2|}—i71] S, A;I]E[((Asz N A?Xl)(AZle _ e_ﬂn(Tz_Tl)A?Xl))z}fi,ﬂ sup |§i,ti_1 _ 52 ‘

ti—1
1€Ly

which is of order A 1A2 Aa/(%‘“) so that ZlEI [(X?)2|}},1} < Ag/(ZO‘H) — 0 in probability. Applying
Lemma 3.4 in [14] to the sequence x enables us to conclude that II converges to 0 in probability and (10)
follows.

1/2

Step 2. Since ¥ ~ Z;’ri is smooth (at least twice differentiable) and o, — ¥ is of order n='/# a second-order

Taylor expansion of EZ " 5 at ¥ implies that

(11) V(" o = T3 — /(9 — 9)09l57% — 0

in probability. Since |Z,| ~ n(1 — hy,) ~ n, it is not difficult to check that

i =~ Ty —T)? T 20t
0

= (eﬂTg _ eﬂTl)Q Ut

in probability under Py , 7, that is the total Fisher information associated to the efficient scores 2297; Sum-

ming each term in (11) for i € Z,,, using (12) and the fact that A ! and n are of the same order, we further
infer

(13) AN (@ —T5n) + AL (O = D)poz) =0
i€ly,

in probability, using (10) in order to substitute & by @, in the first term. Moreover, (13) remains true if we
replace ¥,, by the discretised version U5 n of Uy, using moreover that \/n(d, — 9) is bounded in probability
thanks to Theorem 1. We refer to the proof of Theorem 5.48 in [21] for the details.

Step 3. We establish

(14) A (B ) 5 Thes

2 nggn
i€l

in probability under Py ,5 . The computations are similar to Step 1, combining Theorems 1 and 2. We
briefly give the mains steps. Observe that

A D (65) ALY () = (T =) Y (T TT + ITT),

€Ly, €L, i€Ly,
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with
L=A, (AP X2 A" X1)2 ((A?XZ_e—ﬂn(TQ—Tl)A?Xl)Ze—Qﬁn(TQ—Tl) (A?XQ_e—ﬁ(TQ—Tl)A?X1)2€—219(T2—T1))
- - 9

(A ~2 )2 (1—e=?n(T2-T1))6 (1—e=?(T2-T1))6
n ti 1
AT X2 e ?(T2=T1) An x1)2=29(T2—T1) 1 1
II; = A, (AP X2 — APX 12 LA : ( a )
i 7 1—e—9(T2—T1))6 ~2 2 _ ’
(e : (A7) (2nm2 )
e~ ?(T2a—T1) AT x1)2=20(To~T1) 1 1

— ny2 ny1\2 (A?’X27
IIT; = A, (ATX? — APXY) e ((Anogl U Efdt)Q)'
For the term I; we use a Taylor expansion of ¥, near 9 in order to obtain IE[|7; < |9, —9)A, A2 and
in turn E[| ;07 Ii|] < |9, — 9]. For the term I1; we use the convergence of 7y, , and the conditioning
argument in a similar way as in Step 1 to obtain ZiEZn 1I; — 0 in probability. For the term I71;, an analysis
of the convergence of 7,4, , using Assumption 2 shows that E[Y ;. [I1];|] S Aj. This proves
A ST (Br L =AY ()7 =0

n,O'n

€L, i€ly,

in probability and the result remains true with 1§27n in place of 9¥,. Since A, ZieIn (%%)2 ~ .719,03 in
probability under Py , 7 we obtain (14).

Step 4. By definition of 1527”, we have

~ ~ ~ A 119 0,0 ZZGI
A2 D2 = ) Do05 =2 (D20 = g0 + A, = o ~ AN T
A Z’LEI ( ;w) €L,
in probability under Py , 7z thanks to (13) and (14) established in the two previous steps. We further write
n I.h"A;IJ
DI RN S RIS Sy 3
i€T, i=1 i=1
and we claim that
Lhn ALY
(15) A2 0
i=1

in probability. We conclude the proof using the following limit theorem, proof of which is delayed until
Appendix 6.2.

Lemma 2. Work under Assumptions 1 and 2 with o > 1/2. Then

n
AN I = N(0,1y.05)
i=1
stably in law, where, conditional on F, the random variable N (0, INgJ,g) is centred Gaussian with conditional
variance Iy » 7.

In view of Lemma 2 we obtain Theorem 4.
Ty e— (T2 —Ty)
Step 5. It remains to prove (15). Write A1/2€f9 o7 = %(L +11;), with

I A1/2 AnXZ AnX )(AnXZ 719(T27T1)A;1,X1)
- A,Lat

)
—1

Il — AI/Z(AnX2 B Av_zXl)(Ar_zX2 — e N Te=Ti)pAn x1 )ftL 18t 1_U?)dt
2 n () 1 ) ) na't ft 17?(#'

We readily have

E[I7] < e ?AJE((AYX? — A7TX)Y(A7X? — e VT TOATXT)?) S A,
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so that E[(ZM" o )% = ZLh"A" YE[1?] < hpAZIA, = hy — 0. The term I7; is similar to the term [
in Step 1. We readily obtain obtain E[|I1;]] < A}/Ha. It follows that
Lhnd, ]
B[ Y IL]] S haAPAYPT = b, AZTVZ 50
i=1

since a > 1/2, and (15) follows. The proof of Theorem 4 is complete.

6. APPENDIX

6.1. Proof of Lemma 1.

The first part of the result. Since sup,coyt~*w(Y): < oo for some s > 1/2, we have that Y is continuous
in probability on [0,7T]. Write

T
AT (BT() - / Y2dt =1+ 11+111,
. 0

with

=Y [ 0, R
=AY (/ (Y — Y(F1)An)dt)27

= (i—1)A,
A’Vl

III—2ZYt /( " (Yt—m_mn)dt
1—1

First, fix e > 0. There exists some 1 > 0 such that EHY} —Y;|] < € as soon as [t — s| < n. Moreover, by
localisation we may (and will) assume that there is some M > 0 such that sup, |Y;| < M. It follows that

E[|1]] <Z/

E[Y3 1)a, — Y] dt<2MZ/ E[|Yi-1)a, — Yi|Jdt < 2TMe
(i—1)A,

(i—1)A,

as soon as A < n which is true for large enough n. Thus I — 0 in probability. The proof is similar for IT
and I11.

The second part of the result. Write

n

n 1Ay
~1 A / thBt — / Y, Z,dB, = I + 11,

with

n 1Ay
I= Z/(i_lm (Yi-na, = Yi)ZdB;

A,
II=A, 12 — AuYiona )/( Z4dB;.

i—1)Ap

Fix € > 0 and n > 0 such that E[|Y; — YSH < € as soon as |t — s| < 7. By localisation, we may assume that
Z is such that sup, max(|Z;|, |Y;|) < M. By the martingale property,

-3l

Yiona, - ¥0ZidB)* =3 [ B[(Vona, - Vi 2]t < 2%
(i— 1)A (i—1)A,
as soon as An < 7 which is true for large enough n. For I1, by Cauchy-Schwarz inequality,
n t; n t; 1/2 n t;
IIS (Z(A’;l/ (Y;t_}/tlfl)dt)2)1/2(2(/ thBt)2) S(Z(Ar—ll/ (K_Klfl)dt)2)1/2
i=1 i—1 i=1 i—1 i=1 ti—1
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in probability. Let ¢(z) = 1) 1) be the Haar function, and ¢; x(x) = 20/20(2x — k) = 29/ 2105 (k41)2-4)
for any j > 0,k € Z. We prove the result under the restriction that n = 27 and that the t; are of the form
k277, The general case of a regular mesh t; = i/\,, is slightly more intricate but follows the same ideas. We
have

27

n t; t
_ ’ 2 1 o[ 2 iy 2

St [ it = N [ 0 i) = Y (B0 Vi)

i=1 tiza k=1 th—1 k=0
where P;(f) = 2 71 ([ @jkf)ejk is the orthogonal projection on Span{y;,k = 1,...,27}. For large
enough j, there ex1sts some constant C' > 0 such that

2] k 2 - !
E[ kz (P; (YT)(2J) YﬁT) | < 0271[«:[/0 (P;(Yor)(u) — Yor)*du].
=0

It follows that
1

]E[Z(A;l/i (Y =Y, )d ) ] <027E[/ (P;(Yor)(u) — Yyr)?du]

i=1 tio1 0

1 1
< 2jE[/O (/0 V1 yjep ) (Yyr — Yar)dy) “du]

1
S2( [ wrsar(v)do)® £ 20729
0
and this term converges to 0 since s > 1/2 by assumption. The proof of Lemma 1 is complete.

6.2. Proof of Lemma 2. First we establish the result for

T2 - Tl 1/2 - 2 .
SmoT 1 1An/ lef7 with x7 =
by applying Lemma 3.7 in [14]. To do so, we check conditions (3.43)—(3.46) in [14] for x". We keep up with
the notation of [14]. First, we have E[x?|F;—1] = 0, which ensures (3.43) with A; = 0. Next,

LAPB [ e Tidp,

Ana(l—l)An

)

iA,
o2 . n
E[(xi")?|Fi-1] = An#E[(A?BVIE—ﬂE[(/ e " MTVdB)?|Fi]
ro DA (i-1)A,
0_2 iAn
_ Egi—l)An / e—219(T1—t)dt7
G=Dan J(G-1)A,
so that
Lt/An] —219(T1 Sy 2
Z E[(xM)?Fi_1] — / ds
in probability. This is Condition (3.44) in [14] with C; = [, %ds It follows that
. DAy
Bl 1Fit] = A2 Sl BATB) A Bl et taB)F
(i-1)An (i—-1)A,
Ay, 2
< 9A2 % Dan (/ e—Zﬁ(Tl—t)dt)
Tli-1an (i—-1)A,

by independence of the two Wiener integrals. Therefore > | E[(x?)*|F;—1] — 0 in probability. This is
condition (3.45) in [14]. Finally, E[X?A?B‘}'i,ﬂ = IE[X?AZ’ELE,J = 0 by independence which ensures
condition (3.46) in [14]. We subsequently apply Lemma 3.7 in [14] to conclude that

1/2
SO (T. T1) A/ ZXZ
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converges stably in law to a random variable, which, conditional on F, is Gaussian with variance :‘fq_‘)’g—’a. In
order to complete the proof, we write

n n n
~ ~ Ty — T
1/2 i Al/2 in 2 1 n 1/2
Ay Z&?,E = Ay Z (6193 O (T—T1) _ | ZXZ) + 19(T2—T1) — 1A le
i=1 i=1 i=1

and it remains to show the convergence of Ay, 1z S ( 297; — % Dy X?) — 0 in probability. This
is done using similar arguments as used in the proof of Theorem 2. We omit the details.

6.3. Further technical results.

Lemma 3. Let 0 < o < 8 < 7. The functions f(x) = 567;1 and g(x) = % are decreasing on
(0, 00).

Proof. Both f and g are smooth. For z > 0, we have f/(z) = =£¢ ailC a(zi(lyltie)z GRS SR fl(z) =
is equivalent to

ge (B-c)z = f(x).
Assume on the contrary that f is increasing on a given subinterval of (0, 00). Since lim,_,o, f'(z) = g(—ﬁ +
a) < 0, there exists 0 < x7 < 3 such that f(z1) < f(x2), and f'(x1) = f'(x2) = 0. Thus, writing the
previous equation for x = x; and = = x5 and substracting the first equation to the second one leads to

Be 0z — o= (0m00m) — f(a5) — f(a1).
e~ VT _g—aw e*(’Y*O‘)z_l

The LHS is negative and RHS is positive, a contradiction. It follows that g(x) = 1= StG—amg—
1. Using the first part of the lemma we obtain that g is decreasing too. O

e Pr_¢—az
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