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Abstract: We consider truncated SVD (or spectral cut-off, projection) es-
timators for a prototypical statistical inverse problem in dimension D. Since
calculating the singular value decomposition (SVD) only for the largest sin-
gular values is much less costly than the full SVD, our aim is to select a
data-driven truncation level m € {1,..., D} only based on the knowledge
of the first m singular values and vectors.

We analyse in detail whether sequential early stopping rules of this type
can preserve statistical optimality. Information-constrained lower bounds
and matching upper bounds for a residual based stopping rule are provided,
which give a clear picture in which situation optimal sequential adaptation
is feasible. Finally, a hybrid two-step approach is proposed which allows
for classical oracle inequalities while considerably reducing numerical com-
plexity.
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1. Introduction and overview of results
1.1. Model

A classical model for statistical inverse problems is the observation of

Y = Ap+ oW (1.1)
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where A : Hi — H> is a linear, bounded operator between real Hilbert spaces
Hy,Hy, n € Hp is the signal of interest, 6 > 0 is the noise level and W is a
Gaussian white noise in Hy, see e.g. Bissantz et al. [1], Cavalier [5] and the ref-
erences therein. In any concrete situation the problem is discretised, for instance
by using a Galerkin scheme projecting on finite element or other approximation
spaces. Therefore we can assume Hy = RP, H, = RF with possibly very large
D and P. Since the discretisation of p is at our choice, we assume D < P,
and that A : R” — R is one-to-one. We transform (1.1) by the singular value
decomposition (SVD) of A into the Gaussian vector observation model

where Ay > A2 > --- > Ap > 0 are the nonzero singular values of A, (11;)1<i<D
the coefficients of p in the orthonormal basis of singular vectors and (&;)1<i<p
are independent standard Gaussian random variables. The results will easily
extend to subgaussian errors as discussed below.

Working in the SVD representation (1.2), the objective is to recover the signal
i = (pi)1<i<p with best possible accuracy from the data (Y;)1<;<p. A classical
method is to use the truncated SVD estimators (also called projection or spectral
cut-off estimators) ﬁ(m)7 0 <m < D, given by

A =1 <m)A7'Y;,  i=1,...,D, (1.3)
which are ordered with decreasing bias and increasing variance (w.r.t. m).
Choosing a suitable truncation index m = m(Y) from the observed data is
the genuine problem of adaptive model selection. Typical methods use (gener-
alized) cross validation, see e.g. Wahba [19], unbiased risk estimation, see e.g.
Cavalier et al. [6], penalized empirical risk minimisation, see e.g. Cavalier and
Golubev [7], or Lepski’s balancing principle for inverse problems, see e.g. Mathé
and Pereverzev [15]. They all share the drawback that the estimators fi(™ have
first to be computed for all values of 0 < m < D, and then be compared to each
other in some way.

In this work, we are motivated by constraints due to the possible obstructive
computational complexity of calculating the full SVD in high dimensions. We
stress that the initial discretisation of the observation is generally based on a
fixed scheme which does not deliver a representation of the observation vector
Y in an SVD basis; nor is the full SVD basis of the discretized operator A a
priori available in general, so that it has to be computed on the fly. Since the
calculation of the largest singular value and its corresponding subspace is much
less costly, efficient numerical algorithms rely on deflation or locking methods,
which achieve the desired accuracy for the larger singular values first and then
iteratively achieve the accuracy also for the next smaller singular values. As
a basic example the popular power method can be considered, which usually
finds after a few vector-matrix multiplications the top eigenvalue-eigenvector
pair (with exponentially small error in the iteration number), so that by iterative
application the largest m singular values and vectors are computed with roughly
O(mD?) multiplications compared to O(D?) multiplications for a full SVD in a
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worst case scenario. We refer to the monograph by Saad [17] for a comprehensive
exposition of the numerical methods.

We investigate the possibility of an approach which is both statistically effi-
cient and sequential along the SVD in the following sense: we aim at early stop-
ping methods, in which the truncated SVD estimators (™ for m = 0,1,...,
are computed iteratively, a stopping rule decides to stop at some step m and
then 7i(™) is used as the estimator.

More generally, we envision our setting as a simple and prototypical model
to study the scope of statistical adaptivity using iterative methods, which are
widely used in computational statistics and learning. A notable feature of these
methods is that not only the numerical, but also the statistical complexity (e.g.,
measured by the variance) increases with the number of iterations, so that early
stopping is essential from both points of view. It is common to use stopping
rules based on monitoring the residuals because the user has access without
substantial additional cost to the residual norm. Observe that the computation
of the residual norm [|[Y — Aa(™ |2 = ||[Y||2 = 327, ¥;? does not require the full
SVD, but only the knowledge of the m first coefficient and of the full norm ||Y||2,
which is readily available. The properties of such rules have been well studied
for deterministic inverse problems (e.g. the discrepancy principle, see Engl et
al. [10]). In a statistical setting, minimax optimal solutions along the iteration
path have been identified in different settings, see e.g. Yao et al. [20] for gradient
descent learning, Blanchard and Mathé [3] for conjugate gradients, Raskutti,
Wainwright and Yu [16] for (reproducing) kernel learning and Biihlmann and
Hothorn [4] for the application to L2-boosting. All these methods stop at a
fixed iteration step!, depending on the prior knowledge of the smoothness of
the unknown solution.

By contrast, our goal is to analyse an a posteriori early stopping rule based
on monitoring the residual, which corresponds to proposals by practitioners in
the absence of prior smoothness information. An analysis of such a stopping rule
for quite general spectral estimators like Landweber iteration is provided in the
companion paper [2]. Although the general results can also be adapted to the
truncated SVD method, we exhibit a more transparent analysis for this proto-
typical method which gives more satisfactory results: we establish coherent lower
bounds and we obtain adaptivity in strong norm via the oracle property, while
for more general spectral estimators only rate results over Sobolev-type classes
can be achieved. Moreover, a hybrid two-step procedure enjoys full adaptivity
for the truncated SVD-method.

1.2. Non-asymptotic oracle approach

Our approach is a priori non-asymptotic and concentrates on oracle optimality
analysis for individual signals. The oracle approach compares the error of ("™

1The stopping rule in [16] for a random design setting is data-dependent because the
distribution of the design is unknown. The stopping iteration becomes fixed when the design
distribution is known, the target function belonging to the unit ball of the kernel space.
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to the minimal error among (7i"™)),,, for any signal y individually, which entails
optimal adaptation in minimax settings, see e.g. Cavalier [5].

The risk (mean integrated squared error) for a fixed truncated SVD estimator
™) obeys a standard squared bias-variance decomposition

E [[I2"™ — ul*] = B2, (1) + Vin ,

where ||s| denotes the Euclidean norm in R”, and

B2 (u) :=E [ E[™)] - ul?] = X2, 01 12, (1.4)
Vi i= E [[|Z0 — E[™)]|2] = 62 20, A2 (1.5)

In distinction with the weak norm quantities defined below, we call B, (1) strong
bias of p and V,,, strong variance.
If we have access to the residual squared norm
Ry, = Y = AR |2 = V]2 = | Ap0 P = T2, (Y- ™) = 2, Y
(1.6)
then R%Z — (D — m)d? gives some bias information due to

E[R?n — (D - m)62] = Bgn,)\(lj‘)ﬂ with B?n,/\(ﬂ’) = Zi’;erl )‘?M%

We call Bfn)\(u) the weak bias and similarly V,, » = mé? the weak variance.
They correspond to measuring the error in the weak norm (or prediction norm)
[0]2 == [|Av||> = 32, A202, which usually (always if A\; < 1) is smaller than
the strong Euclidean norm ||e||. The squared bias-variance decomposition for
the weak risk then reads E [[|2(™ — p|3] = Bf,w(u) + Vi,a. Our setting is thus
a particular instance of the question raised by Lepski [13] whether adaptation
in one loss (here: weak norm) leads to adaptation in another loss (here: strong
norm). Our positive answer for truncated SVD or spectral cut-off estimation
will also extend the results by Chernousova et al. [8].

Intrinsic to the sequential analysis is the fact that at truncation index m we
cannot say anything about the way the bias decreases for larger indices: it may
drop to zero at m + 1 or even stay constant until D — 1. Even if we knew the
exact value of the bias until index m, we could not minimise the sum of squared
bias and variance sequentially. Instead, we should wait until the squared bias is
sufficiently small to equal (approximately) the variance. This leads to the notion
of the strongly balanced oracle

ms = mg(p) := min{m € {0,..., D} | V,, > B2 (1)}, (1.7)
whose risk is always upper bounded by twice the classical oracle risk, see (3.5)

below.

1.3. Setting for asymptotic considerations

Risk estimates over classes of signals and asymptotics for vanishing noise level
0 — 0 often help to reveal main features. This way, we can also provide lower



3208 G. Blanchard et al.

bounds for sequential estimation procedures and compare them directly to clas-
sical minimax convergence rates. In our setting, the magnitude of the discreti-
sation dimension D plays a central role, so that it is sensible to assume in an
asymptotic view that D = Ds — oo as § — 0. As classes of signals, we will
consider the Sobolev-type ellipsoids

HP(R,D) = {ueRP | "2 i%u2 < R?}, 8>0,R>0, (1.8)
and we shall use the following polynomial spectral decay assumption
CyliTP <\ < Cai?, 1<i<D, (PSD(p,Ca))

for p > 0, C4 > 1. The spectrum is allowed to change with D and 4, but p, C'4 are
considered as fixed constants. Under these assumptions, standard computations
yield for 4 € H?(R, D), 1 <m < D:

B2 (n) < R*m™2P; Vin < C120°m2PHt

Balance between these squared bias and variance bounds is obtained for m of
the order of the minimax truncation “time”

topR(0) = (R™15)2/CoFartl), (1.9)
provided the condition D > tg,, r(§) holds. This gives rise to the risk rate
Ry p(8) :i= R(R™16)2/CA+20+1),

which agrees with the optimal minimax rate in the standard Gaussian sequence
model (i.e. D = 00). On the other hand, for D < t3, r(d) the choice m = D
is optimal on H?(R, D) and the rate degenerates to O(D?P*1§2). This situa-
tion is indicative of an insufficient discretisation and will be excluded from the
asymptotic considerations.

1.4. Owverview of results

Our results consist of lower and upper bounds for sequentially adaptive stopping
rules. The stopping rules permitted are most conveniently described in terms of
stopping times with respect to an appropriate filtration. Introduce the frequency
filtration

Fm =000, 0M™) =o(Y1,...,Yn), (1.10)

Fo being the trivial sigma-field. Stopping rules with respect to the filtration
F = (Fm)o<m<p must decide whether to halt and output 7™ based only on
the information of the first m estimators. Statistical adaptation will turn out
to be essentially impossible for such stopping rules (Section 2.1). If the residual
(1.6) is available at no substantial computational cost, taking this information
into account, we define the residual filtration

gm =Fm \/U(Rga' . 7R72n) =Fm VU(HYH2)7 (111)

which is the filtration F,,, enlarged by the residuals up to index m.
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Pushing some technical details aside, the main message conveyed by our
lower bounds is that oracle statistical adaptation with respect to the residual
filtration is impossible for signals u such that the strongly balanced oracle m(u)
is 0o(v/D). (Section 2.2). On the other hand, we establish in Section 3 that this
statement is sharp, in the sense that the simple residual-based stopping rule

7 =min {m > mg | R2, <k}, (1.12)

with a proper choice of k and my is statistically adaptive for signals p such that
me(p) 2 V/D. Let us stress that by minimax adaptive we always mean that the
procedure attains the optimal rate even among all methods with access to the
entire data, that is without information constraints.

Finally, in Section 4 we introduce a hybrid two-step approach consisting of
the above stopping rule with mo ~ v/Dlog D, followed by a traditional (non-
sequential) model selection procedure over m < myg, in the case where 7 = mq
(immediate stop hinting at an optimal index smaller than mg). This procedure
enjoys full oracle adaptivity at a computational cost of calculating on average
the first O(max(v/Dlog D, m(u))) singular values, to be compared to the full
SVD with D singular values in non-sequential adaptation. Some numerical sim-
ulations illustrate the theoretical analysis. Technical proofs are gathered in an
appendix.

2. Lower bounds
2.1. The frequency filtration

Let 7 be an F-stopping time, where F is the frequency filtration defined in
(1.10) and let?

R(p,7)* = Eufa™ — ul?].

By Wald’s identity, we obtain the simple formula
R(Mﬂ')2 =E, [Zi’ir+1 /%2 + 22:1 )‘;252512] =E, [Bf(u) + VT]7 (2.1)

with B2, (1) and V;, from (1.4), (1.5). This implies in particular that an oracle
stopping time, i.e., an optimal F-stopping time constructed using the knowl-
edge of i, coincides with the deterministic oracle argmin,, (B2, (p) + Vi) al-
most surely. The next proposition encapsulates the main argument for the lower
bound and merely relies on a two-point analysis. It clarifies that if the stopping
time 7 yields a squared risk comparable to the optimally balanced risk for a
given signal p, then this signal can be changed arbitrarily to f after the index
|3Cms ()], while the risk for the rule 7 always stays larger than the squared
bias of that part — which can be made arbitrarily large by “hiding” signal in
large-index coefficients.

2We emphasise in the notation the dependence on p in the distribution of 7 and the Y; by
adding the subscript 4 when writing the expectation E = [E,, or probability P = P,.
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2.1 Proposition. Let u, i € RP with p; = ju; for alli < i and iy € {1,...,D—
1}. Then any F-stopping rule T satisfies

_ _ Ry, 7)?
R(p, )% > Bfo (M)(l - m)

Suppose R(u,7)? < CR(p, ms)? for the balanced oracle ms in (1.7) and some
C > 1. Then for any i € RY with fi; = p; for i < 3Cms we obtain

R(i,7)% > §Blscm,  (B)-

Proof. We use the fact that (Y;)1<i<;, has the same law under P, and P; and
so has 1(7 < ip) by the stopping time property of 7. Moreover, thanks to the
monotonicity of m ~ V,, and m — B2 (1), Markov’s inequality and identity
(2.1):

R(ja,7)* > Eg[B()1(r < io)]
= E,[B()1(1 <'io)]
> Bj () Pu(T < io)
> B2 (i)(1 — Pu(Vy > Vig41))
> B (1) (1 - I%}‘“ﬁ)
= 50 (1 B

The second assertion follows by inserting ig = [3Cms] and R(u,7)? < 2CV,,,
together with V., /Vij+1 < ms/(io + 1) since the singular values A; are non-
increasing. O

In Appendix 5.1 we use this proposition to provide a result suitable for asymp-
totic interpretation (we use the notation from Section 1.3):

2.2 Corollary. Assume (PSD(p,Ca4)) and let T be any F-stopping rule. If
there exists p € HP(R, D) with R(u,7) < CuRj , r(0), then for any o € [0, 5],
R > 2R, there exists i € H*(R, D) such that

R(fi, 7) > ci R(R™18)%/ (2F+2H1)

provided D > cotg p r(0). The constants c1,c2 > 0 only depend on C,, and Ca4.

The conclusion for impossible rate-optimal adaptation is a direct consequence
of Corollary 2.2: since for any a < /3 the rate §2¢/(28+2p+1) i5 suboptimal, no F-
stopping rule can adapt over Sobolev classes with different regularities. Finally,
the rate R(R™1)2*/(26+2p+1) ig attained by a deterministic stopping rule that
stops at the oracle frequency for H?(R, D), so that the lower bound is in fact a
sharp no adaptation result.
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2.2. Residual filtration

We start with a key lemma, similar in spirit to the first step in the proof of
Proposition 2.1, but valid for an arbitrary random 7. Here and in the sequel
the numerical values are not optimised, but give rise to more transparent proofs
and convey some intuition for the worst case order of magnitude. The proof is
delayed until Appendix 5.2.

2.3 Lemma. Let 7 = T((Yi)lgigp) € {0,...,D} be an arbitrary (measurable)
data-dependent index. Then for any m € {1,..., D} the following implication
holds true:

Vi > 200 R (11, 7)% = P,(7 > m) < 0.9.

For G-stopping rules, where G is the residual filtration defined in (1.11), we
deduce the following lower bound, again based on a two-point argument:

2.4 Proposition. Let 7 be an arbitrary G-stopping rule. Consider y € R? and
io € {1,..., D} such that V; 41 > 200R (i1, 7)2. Then

R(j1,7)* > 0.05B;, (1)
holds for any i € RP that satisfies
(a) w; = p; for alli < i,
(b) the weak bias bound | B} (i) — B, \(u)] < 0.05¥2=§2 and
(C) Bio,k(:u) + Bio»\(ﬁ) > 5.256.
Suppose that R(u,7)? < C,R(u, ms)? holds with some C,, > 1. Then any ip >
400C,;ms will satisfy the initial requirement.

Proof. First, we lower bound the risk of & by its bias on {7 < ip} and then
transfer to the law of 7 under P,, using the total variation distance on G;:

R(i,7)* > Ba[BZ(m)1(r <'io)]
> B} (1) Pa(r < i)
> B} (i) (Pu(r < i0) = |1 Pu = Pallrvig,))-

By Lemma 2.3 we infer P, (7 <o) > 0.1. Denote W;, = (Y1,...,Y;,). Since the
law of W, is identical under P, and Py, and Wj, is independent of R, for both
measures, the total variation distance between P, and Py on G;, equals the total
variation distance between the respective laws of the scaled residual 62 R? . For
¥ € RP, let PY be the non-central x*law of Xy = 2521(19;@ + Zy)? with Zj
independent and standard Gaussian. With K = D — ig, ¥, = 6~ Niykfbio+ k>
Iy = 8 Y Niy+kiy+k, the total variation distance between the respective laws of
the scaled residual 6 2R?  exactly equals || PY — P ||7v. By Lemma 5.1 in the
Appendix, taking account of ||| = §~1B;, A(1) and similarly for |9, we infer
from (c) the simplified bound

2|B} \(i) — B, (1)
P *P* . < 20, 20, .
H iz AL”TV(QzO) = 52\/m
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Under our assumption on g, this is at most 0.05, and the inequality follows.
From R(u,7)* < 2C,Vp, and Vi 11/Vim, > (io + 1)/ms, the last statement
follows. O

In comparison with the frequency filtration, the main new hypothesis is that
at ip the weak bias of i is sufficiently close to that of u, while the lower bound
is still expressed in terms of the strong bias. This is natural since the bias
only appears in weak form in the residuals, while the risk involves the strong
bias. Condition (c) is just assumed to simplify the bound. To obtain valuable
counterexamples, fi is usually chosen at maximal weak bias distance of y allowed
by (b), so that (c) is always satisfied in the interesting cases where /D — iq is
not small.

Considering the behaviour over Sobolev-type ellipsoids, we obtain in Ap-
pendix 5.4 a lower bound result comparable to Corollary 2.2 for the frequency
filtration.

2.5 Corollary. Assume (PSD(p,C4)) and let T be any G-stopping time. If
there exists p € HP(R, D) with R(p,7) < CuRj , r(9), then for any a € [0, 5]
and R > 2R, there exists i € H*(R, D) such that

R(fi,7) > ¢y Rmin ((R—15D1/4)2a/(2a+2p)’ (R*15)2a/(2ﬂ+2p+1))’

provided R=1§ < ¢y and D > csto_1, 1(0). The constants c1,c5 > 0, and
¢o € (0,1] depend only on C,,Ca,a,p.

The form of the lower bound is transparent: as in the case of the frequency
filtration, the sub-obtimal rate R(R~16)2*/(28+2p*1) is the one attained by a
deterministic rule that stops at the oracle frequency for H”(R, D), whereas

R(R_16D1/4)2a/(2a+2p) is the size of a signal that may be hidden in the noise of
the residual, i.e., is not detected with positive probability by any test, thus also
leading to erroneous early stopping. Note that for the direct problem (p = 0),
the latter quantity is just D/*, which is exactly the critical signal strength in
nonparametric testing, see Ingster and Suslina [11], while for p > 0, it reflects
the interplay between the weak bias part in the residual and the strong bias
part in the risk within the Sobolev ellipsoid.

Corollary 2.5 implies in turn explicit constraints for the maximal Sobolev
regularity to which a G-stopping rule can possibly adapt. Here, we argue asymp-
totically and let explicitly D = Ds tend to infinity as the noise level § tends
to zero. In this setting, a stopping rule 7 is to be understood as a family of
stopping rules that depend on the knowledge of D and 4.

2.6 Corollary. Assume (PSD(p,C4)). Let B4 > p— >0, Ry,R_ > 0. Sup-
pose that there exists a G-stopping rule T such that R(p, ) < CRZ7P7R(6) holds
for some C > 0, all § > 0 small enough, and for every p € H?(R, Ds), simul-
taneously for (B, R) € {(f—,R-),(B+,R+)}. Then the rate-optimal truncation
time for HP-(R_, Ds) must satisfy /Ds = O(ts_p.r_(0)) as § — 0 (all other
parameters being fized).



Early stopping for statistical inverse problems via truncated SVD estimation 3213

In particular, if a G-stopping rule T is rate-optimal over H®(R, Ds) for 3 €
[Bmins Bmaz]s Bmaz > Bmin > 0, and some R > 0, then we necessarily must have

. log § 2
/Bmax < lim 1nf5—)0 I(Z)gg—’% -—P— 1/2

Proof. In this proof we denote by ’<’, 2’ inequalities holding up to factors
depending on Ca,p, B+, 5—,R_,Ry. We apply Corollary 2.5 with g = S,
o =p_and R = R_, R = min(R,, R/2). Because of §2/(26-+2p+1/2) <
64/ (@B-+2p+1) — o(Dy), the conditions are fulfilled for sufficiently small § > 0

and we conclude (R4, R_ are fixed)
3 e H~(R_,D): R(fi,7) > min ((5D§/4)25_/(25_+2p), 625_/(2,3++2p+1)>.

By assumption, that rate must be O(§2-/(2f-+2p+1)  Since the second
term in the above minimum is of larger order than this, this must imply
(5D§/4)26-/(2/3-+2p) < §28-/(2B-+2p+1) and further /Dy < §~2/(28-+2p+1) <
ts_ pr_(0). The first statement is proved.

For the second assertion, we proceed by contradiction and assume (3,4, >
Biim = liminfs_,o lloogg—zSD; —Db— 1/2- Choose ﬁ-{- = Bmaz and B_ € (ﬁlima /Bmax)~
Then 8_ > Bim implies tg_ p r (0k) = 0(\/D—5k) for some sequence &, — 0,
contradicting the first part of the corollary. O

For statistical inverse problems with singular values satisfying the polynomial
decay (PSD(p,C4)) we may choose the maximal dimension D5 ~ §—2/(2P+1)
without losing in the convergence rate for a Sobolev ellipsoid of any regularity
B >0, see e.g. Cohen el al. [9]. In fact, we then have the variance

Ds
Vp, =0 A7~ 87D~ (2.2)
=1

and the estimator with truncation at the order of Ds will not be consistent
anyway; the oracle index is always of order o(Dj) whatever the signal regularity.
For this choice of Dy, optimal adaptation is only possible if the squared minimax
rate is within the interval [6, 1], faster adaptive rates up to §2 cannot be attained.

Usually, Ds will be chosen much smaller, assuming some minimal a priori
regularity Bpin. The choice Dg ~ §2/(2Pmin+20+1) engures that rate optimality
is possible for all (sequence space) Sobolev regularities 8 > B, When us-
ing either oracle (non-adaptive) rules, or adaptive rules that are not stopping
times. In contrast, any G-stopping rule can at best adapt over the regularity
interval [Bmin, Bmaz] With Bmaz = 28min + p + 1/2 (keeping the radius R of
the Sobolev ball fixed). These adaptation intervals, however, are fundamentally
understood only when inspecting the corresponding rate-optimal truncation in-
dices tg , p(d), which must at least be of order /Dj ~ §~ 1/ (28min+t20+1) i order
to distinguish a signal in the residual from the pure noise case.



3214 G. Blanchard et al.
3. Upper bounds

Consider the residual-based stopping rule 7 = min {m > mo| R2, < H} from
(1.12). Since R2, is decreasing with R% = 0, the minimum is attained and we
have R? < k.

In order to have clearer oracle inequalities, we work with continuous oracle-
type truncation indices in [0, D]. Interpolating such that V; x = t§2 continues to
hold for real ¢ € [0, D], we set

A = (1(@ < [t]) + Vit — [t1( = [t] + 1))/\;11@ i=1,...,D,
and define further

1—t— LtJ)2YL2tH1+Z?:LtJ+2Y¢27
I—t— LtJ)zﬂftHl + Zz’zww T

(= [£)02 A0, + 02 A2

(t = [£)02 AT ey + 02 oI A%,

(
(

~

R}
B (1)
Vi
St

- [t]
— [t

1=

We thus obtain the following decompositions in a bias and a stochastic error
term:

IAD — ull? = B2(u) + S0 +26(t — [t] = Vi EDAG b reiegen, (31)
E[I2® —ulP] = B(w) + Vi, E[JA7 —ul?] =E[B2(w) + S,].  (32)

noting that the last term in (3.1) has expectation zero for deterministic ¢ and
vanishes for the integer-valued random time 7. Analogously, the linear interpo-
lations for bias and variance in weak norm are defined. Thus, the continuously
interpolated residual has expectation

EIRZ] = BEa(w) + (1= VE= )" + (D = [1] - 1)) ?
= B A(n) = Vin+ D&* =2(\/t—[t] = (¢t = [t]))5*.  (3.3)

Integrating the last interpolation error term into the definition, we define the
oracle-prozy index t* € [mg, D] as

= inf{t > mo‘ E,[R2) <k —2(\/t— ] — (t— Ltj))éQ}.

Then by continuity E[RZ] = k — 2(\/t. — [t.] — (t« — [t.]))0% € [k — 162, K]
holds in the case t* > my, implying

k=D& + B (1) — Vi - (3.4)

For t* = mg we still have D§? + Bf*)\(,u) —Virx < kK.
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Let us finally define the weakly and strongly balanced oracles ty and ts in a
continuous manner:

b =t (1) = inf{t > mo | B2, (1) < Vin} € [mo, DI,
by = ta(p) = inf{t > mo | BX() < Vi} € [mo, DI.
While the balanced oracles are the natural oracle quantities we try to mimic by

early stopping, they should be compared to the classical oracles. Since t + BZ (1)
is decreasing and t — V; is increasing, we derive

inf E[I70 - pl?] 2 _inf max(B20, %) 2 Vi, = YE[Ja%) ],
7D] tE[mo,D]

tE[mo
(3.5)
noting B (1) < V4, .

3.1. Upper bounds in weak norm

The following is an analogue of Proposition 2.1 in [2], but includes a discretisa-
tion error for the discrete time stopping rule 7.

3.1 Proposition. The balanced oracle inequality in weak norm
E |27 — 2% 3] < V2D6* + 20Bp A (1) + Ar(p)? (3.6)
holds with the discretisation error

Arlp) = max gl + 15((108(v2D))""* +1).

Proof. The main argument is completely deterministic. For 7 > t* > mg we
obtain by R2 +Y? = R2_, > rk > E[RL]:
1) —aONR = (1= V= [ ])* Y g + i 42 Yi
=R.L - R?2 <R’ —E[RL]+ Y2

For t* > 7 > mgy we use t* — [t*] < 1— (1 — /t*—[t*])? and R2 < K <
E[RZ%] + %(52:

~(t* ~(1 * * t*

1A = BOIR = (" = [ DY + T 17

< R? — R}. <E[R}.] - R}. + 36°.
Consequently, we find
E [ - 2™ 3]
D

<E H Z Vi (52(5§ -1+ 2)‘1',“1'551')
i=|t* |+1

] —|—E[ max Yf} + %52,
i>[t*]+1
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with v, =1 for ¢ > [t*] + 1 and v, = (1 — /t* — Lt*j)z for i = [t*] 4+ 1. The
maximal inequality in Corollary 1.3 of [18] implies

2 . _ * 1/2 2
B[ max 7] < (max [Nl + 49 (log (VA(D — [171))) %)

which is smaller than A, ()% — %52. By bounding the main term via Jensen’s
inequality, using Var(e?) = 2, Cov(e?,¢;) = 0, this gives

) ol . 1/2
B, (I = 7I3] < (20D — #)8" +40°BE () + Ar(w)?,

and thus by vVA+ B < VA + VB, A, B> 0, the asserted inequality. O

Remark that the proof only relies on the moments of (g;) up to fourth order
and a maximal deviation inequality, so that an extension to sub-Gaussian dis-
tributions is straightforward. More heavy-tailed distributions can be treated at
the cost of a looser bound on A (u).

So far, the choice of k has not been addressed. The identity (3.4) shows that
the choice x = Dé§? balances weak squared bias and variance exactly such that
t* = t». In practice, however, we might have to estimate the noise level 2, or we
prefer a larger threshold x to reduce numerical complexity. Therefore, precise
bounds for general x between the oracle-proxy and the weakly balanced errors
in weak norm are useful.

3.2 Lemma. We have
(BE A1) = Bi A1)+ < (6= D8%) g, (Viex = Vig )4 < (D8 — k)4,

so that
E[a%) — pl3] < E[IA") — pl3] + s — D&?|.

Proof. Suppose ty > t* > mg. Then Vi- \ < V;,  and from x > Bf*)\(u) +
D&? — Vi y (see (3.4) and afterwards), Vi, .\ = Bfm/\(,u) we deduce

B \(4) < Vies + 5 = D6* < Vi s+ 51— D& = B}, (1) + 5 — D&*.

Conversely, for t* > ty > mo we have Bj. \(u) < B7_ (1) as well as (3.4) and
Viwx = BE \(1), so that

Vien = B (1) = i+ D8% < BE \(n) — K+ D&% < Vi, x — & + D4,
This gives the result. 0

Remark that the weak variance control of Lemma 3.2 implies directly (t* —
tw)sr < (D — k6~ 2),. From the inequalities BZ(u) > ABTBEJ\(N) and V; <

/\BTV} » we infer further t, < ts, and thus it always holds
t* — (D — k624 <t < ts. (3.7)

As a consequence of the preceding two results, we obtain directly a weakly
balanced oracle inequality with error terms of order v/ Dé?, provided |k — D§|?
is at most of that order:
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3.3 Theorem. We have
E I3 — ] < C(E [ — pl3] + VDs® + |s — D)

< c(z min (1D = pl3] + VD62 + | — D52\)

te|mo,

with a numerical constant C > 0.

Proof. For the first bound use
E [l = pl3] < 2B [IIa%) = ul3] +2E |2 - at=)|3]

and apply Proposition 3.1 and Lemma 3.2 with the estimates 20 By »(p) <
8% + BE (1), Ar(w)? S BE () + VD&%, B () < B}, () + & — D&|
(’S’ denotes an inequality up to a numerical factor). The second bound follows
exactly as (3.5). O

In weak norm, we have thus obtained a completely general oracle inequality
for our early stopping rule. In view of the lower bounds, the “residual term”
of order v/Dé?, which is much larger than the usual parametric order 62, is
unavoidable. This will be developed further in the strong norm error analysis.

3.2. Upper bounds in strong norm

In Appendix 5.5 we derive exponential bounds for P(R2, < k), m < t*, in
terms of the weak bias and deduce by partial summation the following weak
bias deviation inequality:

3.4 Proposition. We have
E [(B? (1) = B s(W)+] < (17VD +64)6% + B} \(n) D™/,

This is the probabilistic basis for the main bias oracle inequality.

3.5 Proposition. We have the balanced oracle inequality for the strong bias
E[(BX(n) — B, (1))+] < 81A;2 | ,6° (ts +VD+ (k677 - D)+)-
Proof. On the event {7 > t,} we have BZ(u) < Bf (p). On {r < t,} we have

B2() — B, (1) < A2 11 (B2 (1) — B2 \(1),

using the fact that only coefficients up to index |ts] + 1 enter into the bias
differences. From the weak bias control given by Proposition 3.4 it follows that

E[(B7(n) — BE, ())+]
<A (EUB2AG) = BE A()+] + (BE A(w) = BE A(1)+)
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<A (7D + 646 4 (14 D7) BE (1)

<A (WD 2t 4 k872 - D)),

where in the last line we used x > Btz*)\(p) + D§? — Vi (see (3.4) and after-
wards) and Vi« , = t*62. By (3.7) we see t* < t; + (D — k6 2)4 and the result
follows. O

To assess the size of the bias bound, let us assume the polynomial decay
(PSD(p,C4)). Then a Riemann sum approximation yields for any ¢ € [1, D]

[t]
07V = Z)‘ + (= t)hA LtJ+1>C / a?dr = Cy*(2p + 1)1

Noting tA[7,, < C4([t] +1)*T1 < C%(2t)?P+!, we thus obtain

m+1

A pat0? < (14 2p)2°PH 1 CR VL (3.8)
Consequently, we can estimate E[(BZ(u) — Bf. (1))+] < Vi, in the case t; 2
max(\@, x0~2 — D). This means that the bias bound is upper bounded by the
balanced strong oracle risk.

Let us see by a counterexample that (B (u) — Bf (1))+ can be of the same
order as the strongly balanced risk itself, meaning that the bound of Proposition
3.5 is not too pessimistic in general. Suppose k = D&? ( so that t* = ty),
pp # 0 and 6, D such that t, = D — 3/4. This gives u7,/4 = BE (1) = V;,. In
weak norm we have BIQD—LA(/”L) =A%, Vp_1., = 6%(D — 1) and consequently
tw < D —1if Mhp3, < 6*(D — 1). In that case, B (1) > p3, = 4B ()
holds and we must indeed pay a positive factor for using the weak oracle in
strong norm. We can meet the bound \? Du 2, < 6%(D — 1) under the constraint
ph/4=Vp_g/s = 6*(A DZ/ZH—ZZ-:1 2) for instance for \; = i P with p > 3/2
and D sufficiently large.

For the stochastic error we use in Appendix 5.6 exponential inequalities for
P(R%,_, > k), m > t*, to obtain the following bound:

3.6 Proposition. We have the oracle-proxy inequality for the strong norm
stochastic error

D (m—1-1*)2
E[(S: — Si=)4] < rv,-6° with ry,; := min (2\/_ Z A le” ToDtsans- 2, D)~
=[t]+1

If the polynomial decay condition (PSD(p,C4)) is satisfied, then

1/2

rvrd? < G4 (D + 1672 /(0)2) 2 + (D + #872)/ )" Vi (3.9)

holds with a constant Cp, only depending on p.
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3.7 Corollary. We have the balanced oracle inequality for the stochastic error
E[(S7 — St,)+] < (rV,T + /\BEJH(D - H5—2)+)52-
Proof. By the monotonicity of S; and V; in ¢t we bound
E[(S7 =St )+] < E[(Sr =St )+ |+ E[(Ser — S, ) +] = E[(S7 = Se )4 ]+ (Ve = Vi, )+ -

In view of Proposition 3.6 it suffices to prove (Vi — V4, )4 < /\BEJH(D(SQ —K)4.
By definition of the variances, (Vi —V;,, )+ < /\BEJH(V“’)‘ — Viw.r)+ holds. We

apply Lemma 3.2 and note V;, < V;, by (3.7) to conclude. O
Everything is prepared to prove our main strong norm result.

3.8 Theorem. Assume |k — D6?| < Cu\/D6%. Then the following balanced
oracle inequality holds in strong norm

E[|a7 = ul?] <E[|a%) - p)?]

-2 2
+ (8102, 6, vy [t (14 CVD) 4y )02,
If in addition the polynomial decay condition (PSD(p,C4)) is satisfied, then
there is a constant C > 0, only depending on p,Ca,Cy, so that

E (|77 - ulP] < CE A" — ul?). (3.10)

3.9 Remarks.

(a) The impact of the polynomial decay condition (PSD(p,C4)) is quite trans-
parent here. If the eigenvalues decay exponentially, \; = e~ say, then a
factor ¢20CVD appears in the balanced oracle inequality, which we then
also lose compared to the optimal minimax rate in strong norm. Polyno-

mial decay ensures Aﬁ-&-c VD41 < )\;2 for ts > \/D. Intuitively, stop-

ping about /D steps later does not affect the rate under (PSD(p,C4)),
but does affect it under exponential singular value decay.

(b) Compared with the main Theorem 3.5 in [2] this is a proper oracle inequal-
ity since for the truncated SVD method t, < ts always holds. Note also
that the more direct proof here gives much simpler and tighter bounds.

Proof. By (3.2) we have

E I3 - ull? = 2% - ull?] < E [(B2w) - B (W), + (S = 1), |-
Combining Proposition 3.5 and Corollary 3.7 we thus obtain

E [[I7™ = pl*] < E [ - ull?]

+8IAZ e 110 (ts + VD + [k67% = D|) + rv,,0%.
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By (3.7) we have t* < t, + (D — k6~2) and the first inequality follows.
Under (PSD(p,C4)) we use (3.9), Vix < (£.)?PT162, k672 < D and t* <
ts + C.V/D to further bound

Tv,r 5 tip\/ﬁ + Dp+1/2’
with a factor depending on p, C'4, C,. Finally, note

B[ — ul®) < 2Vi, <2V, , 5 < 2E[IA¢YP) — ),
Viouvp ~ (ts V VD),

-2 < 2
and apply )‘Lt5+CN\/BJ+1 < (ts V \/ﬁ) P to deduce the second bound. O

Again, the proof only relies on concentration bounds for the residuals R2, and
easily extends to sub-Gaussian errors. Let us now derive from Theorem 3.8 an
asymptotic minimax upper bound over the Sobolev-type ellipsoids H”(R, D).
For mg = |v/D| + 1 the bound (3.10) gives

E[IIa"7 — pl?] < CE[|Ia%) — ul?]

because of ts > mg > vV D. Now, ts(11) < t5 r(8) holds with the optimal trun-
cation index tg, r(0) from (1.9) for u € H?(R, D) and if t5, r(6) € [mo, D];
under these conditions E[||fi(*s) — u||?] < R, r(9) is thus true and we obtain
the following adaptive upper bound:

3.10 Corollary. Assume (PSD(p,C,)), |k — D&% < CxV/D6? and choose
mo = L\/EJ + 1. Then there is a constant C > 0, depending only on p, Ca and
Cy, such that for all (8, R) with tg, r(6) € [V'D, D]

sup B, [|[77 — pl’] < CR5, R(9).
nEHB(R,D)

In summary, together with the matching lower bound of Corollary 2.6 this
shows that the stopping rule 7 is sequentially minimax adaptive.

4. An adaptive two-step procedure
4.1. Construction and results

The lower bounds show that, in general, there is no hope for an early stopping
rule attaining the order of the (unconstrained) oracle risk if the strongly bal-
anced oracle t, is of smaller order than v/D. We can therefore always start the
stopping rule T at some mg 2 V/D. If, however, immediate stopping 7 = my
occurs, we might have stopped too late in the sense that ¢; < mg. To avoid this
overfitting, we propose to run a second model selection step on {f(?), ... fi(mo)}

in the event 7 = my.
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Below, we shall formalise this procedure and prove that this combined model
selection indeed achieves adaptivity, that is, its risk is controlled by an oracle
inequality. While violating the initial stopping rule prescription, we still gain
substantially in terms of numerical complexity. At the heart of this twofold
model selection procedure is a simple observation of independence.

4.1 Lemma. The stopping rule T is independent of the estimators i9), ... i(mo)

Proof. By construction, 7 is measurable with respect to the o-algebra o(R2

mo?
...R%) = o(Y2 ,1,...,Y3) and a™ is o(Yy,...,Y;,)-measurable. By the
independence of (Y1,...,Yn,) and (Yiug+1,-.., YD) the claim follows. |
For the second step, we suppose that m € {0,...,mg} is obtained from any
model selection procedure among {fi(?), ..., (™)} that satisfies with a constant

Cy > 1, for any signal u, the oracle inequality
BB —pl?) < Co | _min  E[IA™ ~ulP]+6%). (@)

m FRRERYLLTs)

Such an oracle inequality holds for standard procedures, for instance the AIC-
criterion

We refer to Section 2.3 in Cavalier and Golubev [7] for the corresponding result
and further discussion. If we are interested in a weak norm oracle inequality,
the AIC-criterion takes the weak empirical risk and reduces to the minimisation
of =Y ", Y + 2mé?, which is classical. Based on the lemma and the tools
developed in the previous section, we prove in Appendix 5.7 the following oracle
inequality in an asymptotic setting.

4.2 Proposition. Assume D > 3, (PSD(p,Ca)), |k — D§?| < Cv/D6? and
set mg = | 1281og(D)VD| 4 1. Suppose the model selector i satisfies (4.1) with
Cy > 1. Then there is a constant C' > 0, depending only on p, C4, Cyx and Cs,
such that uniformly over all signals p the estimator

ﬁ(p) _ ﬁ(ﬁl)a ZfT = Mo,
ﬁ(T), if T > mg

satisfies

=(p) _ 112 ; a(m) _ 2 2
E(Ia —u?) <o min  E[IA™ —ulP] +6%).

In particular, i#) is minimax adaptive over all Sobolev-type balls H?(R, D)
at a usually much reduced computational complexity compared to standard
model selection procedures requiring all (™, m =0,...,D.
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SVD coefficients of 3 Signals relative efficiency: early stopping
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FiG 1. Left: SVD representation of a super-smooth (blue), a smooth (red) and a rough (olive)
signal. Right: Relative efficiency for early stopping with mgo = 0.

4.2. Numerical illustration

Let us exemplify the procedure by some Monte Carlo results. As a test bed we
take the moderately ill-posed case A\; = i~!/2 with noise level § = 0.01 and
dimension D = 10000. We consider early stopping at 7 with k = D&% = 1.

In Figure 1 (left), we see the SVD representation of three signals: a very
smooth signal p(1), a relatively smooth signal u(2) and a rough signal pu(3),
the attributes coming from the interpretation via the decay of Fourier coeffi-
cients. The corresponding weakly balanced oracle indices t,, are (34,316, 1356).
The classical oracle indices in strong norm are (43,504, 1331). Figure 1 (right)
shows box-plots of the relative efficiency of early stopping in 1000 Monte Carlo
replications defined as min,, E[[|7i™) — u||?]*/2/||i™) — |, both for strong and
weak norm. Ideally, the relative efficiency should concentrate around one. This
is well achieved for the smooth and rough signals and even better than for the
corresponding Landweber results in [2]. The super-smooth case with its very
small oracle risk suffers from the variability within the residual and attains on
average an efficiency of about 0.5, meaning that its root mean squared error
is about twice as large as the oracle error. Let us mention that in unreported
situations with higher ill-posedness the relative efficiency is similarly good or
even better.

We are lead to consider the two-step procedure. According to Proposition 4.2
we have to choose an initial index somewhat larger than v/D. The factor in the
choice there is very conservative due to non-tight concentration bounds. For the
implementation we choose m such that for a zero signal p = 0 the probability of
{r > mo} = {RZ%, >k} is about 0.01, when applying a normal approximation,
that is mo = [go.99V2D| + 1 = 329 with the 99%-percentile go.g9 of N(0,1). In
Figure 2(left) we see that with this choice for the super-smooth signal, 6 out of
1000 MC realisations lead to 7 > my, for the others we apply the second model
selection step. The truncation for the smooth signal varies around mg, and the
second step is applied to about 50% of the realisations. In the rough case, 7 > my
was always satisfied and no second model selection step was applied.
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cut—off values relative efficiency: two-step procedure
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Fic 2. Left: truncation levels for early stopping with mo = 0 and the two-step procedures with
mo = [go.99V2D]| + 1 = 329, AIC in weak and strong norm. Right: Relative efficiencies for
the two-step procedure.

As model selection procedure we apply the AIC-criterion, based on the weak
and strong empirical norm for the weak and strong norm criterion, respectively.
The results are shown in Figure 2(right). We see that the efficiency for the super-
smooth signal improves significantly (with the 6 outliers not being affected).
The variability is still considerably higher than for the other two signals. This
phenomenon is well known for unbiased risk estimation. Especially for more
strongly ill-posed problems, one should penalise stronger, see the comparison
with the risk hull approach in Cavalier and Golubev [7] and the numerical
findings in Lucka et al. [14]. Here let us rather emphasize that a pure AIC-
minimisation for the super-smooth signal gives exactly the same result, apart
from the 6 outliers, but requires to calculate the AIC-criterion for D = 10000
indices in 1000 MC iterations. The two-step procedure, even for known SVD,
is about 30 times faster.

5. Appendix
5.1. Proof of Corollary 2.2

Proof. For iy = [(202C )"/ @rH1)(R715)=2/20+2041) | we can choose ¢, (in
dependence of C,,,C4) big enough so that our assumptions imply 9 < D and

R(p,7)*

1—
Vie+1

DN | =

(R=16)~2/(28+2p+1) T
>
ig+ 1 -

>1—CﬁCA<

Put o; = p; for ¢ # io 4+ 1 and f;y+1 = %R_(io + 1) Then g € H*(R, D)
follows from € H(R, D) C H*(R, D) and R > 2R. The bias bound B} (1z)

>
$R?(io + 1) 72 inserted in Proposition 2.1 yields the result. O
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5.2. Proof of Lemma 2.3

Proof. With S, = 6237 | A\;%¢? we obtain

R(p,7)* > E[dz ZT: /\{26‘?} > E[l(r > m)Sm].

i=1

By Lemma 1 in Laurent and Massart [12], for nonnegative weights a;, we have
D

P(Zai(sf 1)< —2\\a||\/5) <e . (5.1)
i=1

Picking a = 62(\{%,...,);2) and = = log(5/4) so that 2/ < 0.95, with
probability larger than 1 — e™* = 0.2, it follows that

52 & 9 Vi
> — > — Tl = —
Sm > E[Sn] 2||a||\/5 =90 E A 20

1=

where we used ||a|| < Y%, a; = E[Sy,] = Vi, (observe that we could tighten the
latter inequality significantly under some additional assumptions on the singular
value decay). We now have

R(p,7)* > E[1(r > m)S,]
> Vi P({T = m} N{Sm >V /20})/20
> V(1= P(r <m) — P(S,, < Vi,/20))/20
> Vi (0.2 = P(1 < m))/20.

We deduce from this that V;,, > 200R (11, 7)? implies P(7 > m) < 0.9. O

5.3. A total variation bound for non-central x2-laws

5.1 Lemma. Let 9 = (¢,...,9x) € RX and PY be the non-central x2-law of
Xy = Zkl.(:l(ﬁk + Z3)? with Zy, independent and standard Gaussian. Then, for
9,9 € RE we have

5 N2 — |92 + /8/x|||9] — |0
||IPJ§’(—]1>1’;<||TV§eH| 7 = [1911°] + /8/=l|9]] — [|19]]]

v K ’
For ||9]| + |9 > 2ﬂ‘f§\%e ~ 5.248 this bound simplifies to
_ 9 2 _ ,ﬁ 2

VK
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Proof. Writing ¥ = (93), Z = (Z) € R* we see by orthogonal transformation
that Xy = [|9]|2+2(9, Z) +|| Z||? equals in law X}, = ||9]|2+2[|9||Z; 4+ Z’||? with
Ziy..., Zy ~ N(0,1) i.i.d. We can therefore first consider the conditional law
QY% (z) of PY given {Z}, = z}, which is nothing but the (K — 1)-distribution
translated by [|9]|? + 2[|9]|z + 22.

If f, denotes the x?(p)-density, then we have for any ¢ > 0 that f,(z —t) >
fo(x) holds iff x > z, = ¢ Thus, we obtain

l—e—t/(P—2)"

l[ﬂnuwn@nm
:2/0 (folz— 1) — (@), da

= 2l 7w (1- t)x)P/21et/2 — 1)xp/2_le_”’/2dx
L'(p/2) Ja,

1—p/2 Tt

QP// =D /2e0/2g,
L(p/2) Ju,
2(2—p)/2

< T 2

(P=2)/2—(p=2)/2,

knowing that z = p — 2 is the mode of f,. Stirling’s formula guarantees I'(z) >

V2m/x(x/e)* for all > 0 such that the last expression is always bounded by
t(mp)~'/%e. This yields

1Q% (2) — Q (2)lrv < e(@K) 2| [9]1> = 1911 + 2(19]| — [191])=]-
Taking expectation with respect to Z; ~ N(0,1) we conclude
IP% —Picllrv < e(@K) 2| [[0] — 191l E [[I19]| + 9] + 221]].

Using the triangle inequality and E[|Z]]] = 1/2/m, the upper bound follows. O

5.4. Proof of Corollary 2.5

Proof. Set fi; = p; for i #io+1 and i3 = pZ 1 + %RZ(Z'O +1)~2« for some
io € {1,...,D}, so that & € H*(R, D) and condition (a) of Proposition 2.4 is
satisfied. If .

(b): GAR2(ip + 1)"2@+P) < 0.02562\/D — iy

holds, then condition (b) of Proposition 2.4 is ensured, whereas
(¢): R2(ig 4+ 1)72(0FP) > 202 5.25%52
implies condition (c) of Proposition 2.4. Finally, for

(d’): 19 > |_(200(1 + 2p)c’%cl2l)l/(2p+l)(R25—2)1/(2,@+2p+1”7
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we have V; 11 > 200R(p, 7)2. Hence, by Proposition 2.4, (b’)-(c’)-(d’) imply
R(i,7)* > 0.05B7 (1) > 2B R?(ig + 1)

For ig = |Co max ((R26~2/y/D)Y/(2e+2p) (R25-2)1/(28+2p+1)) | with some suit-
ably large constant Cy > 0, depending only on C),,C4,p, and for D > 2i,
conditions (b’) and (d’) are satisfied. To check condition (¢’), a sufficient con-
dition is ip + 1 < (R%672/(56C3))"/(22+2P) The first term in the maximum
defining i( satisfies this condition (here again using D > 2iy) provided R~ is
smaller than a suitable constant ¢, depending on C4, C,,, o, p. The second term
in the maximum defining iy satisfies the sufficient condition

CO(R2572)1/(2ﬂ+2p+1) < C«O(R2572)1/(20z+2p+1) < (R2572/(5603))1/(2a+2p),

again as soon as R~'§ is smaller than a suitable constant ¢§ depending on
the same parameters as c,. Finally, putting c; = min(ch, 5, 1) and unwrap-
ping the condition D > 2ig, yields (using R§~! > 1) the sufficient condi-
tion D > cf(R?6-2)Y/(2a+2p+1/2) wwhich is equivalent to the assumption D >
03ta7%7p,1-3(5) postulated in the statement, for suitable ¢}, c3 depending on C,,
Cy, a,p. This yields the result. O

5.5. Proof of Proposition 3.

Proof. By partial summation, we deduce from BZ’A(,u) > Bf*’)\(u), which implies
T<|t*]:

1)
> (Baalw) = BE () P(r = m)

m=mqg
] L]
> D Bia) = Blipayne a (1) P(7 = m)

m=mg k=m
[t*]
> (B2al) = Blugiyne a(0)P(r < m).

m=mo

E[(B? A(1) = Bi- A(11))+]

In the case t* = my all expressions evaluate to zero because of 7 > t* and we
suppose t* > mg from now on, so that (3.4) holds. For mg < m < t* we have
{r <m}={R% <k}, E[R?2] > k and by Lemma 1 in [12] (recall (5.1) in the
proof of Lemma 2.3) together with P(Z < —x) < e=*/29%) for 7 ~ N(0,02),
x > 0 we obtain the bound

D
P(R%, < k) = P( > (0% = 1) + 2\ipmide;) < —(E[R2] - Fv))
i=m-+1
D

D E[R2] — & E[R2] — &
<P 22 —1) < Y p PN Npuide; < =i
(i—;l ) 2 ) (i—m+1 os 4 )
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(E[R,] — K)? (E[RY] — K)*
gexp(— w )—i—exp(— n )
1604(D — m) 320°B2, , (1)
< F(Bfn,x(ﬂ) - B?*,,\(M)L

where we use B[R | — k> B2, (1) — B ,(p) for m < t* (see (3.3), (3.4)), and
put

2 2

> z
» _ - _ > 0.
(2) exp( 1654D)+6Xp< 3252(Bt2m(/‘)+z))’ z2>0

We conclude by monotonicity of Bf,/\(,u) and F via a Riemann-Stieltjes sum
approximation:

E [(BE,A(M) - B?*,A(M))J
[t*]
< > (Baa) = Blyyiyne A1) F (B A (1) — BE 5\ (1)

m=mg

szno,)\(:“') 9
</ = BEG)dy
tx A

§/OOOF(z)dz

< ,/—4m;4D+/ oA e—z2/<646233*,k(u))dz+/ o/ (645%)
0 B

?*,A(N)

< VAT D + /16762 BE (1) + 646°
< (17V'D + 64)6? + BE \(n)D~*/2,

using 4/ By \ (1) < 47/ D6? + D_l/QBtQ*A(u) by the binomial identity and
vVdm + 4w < 17 in the last line. O

5.6. Proof of Proposition 3.6

Proof. By the Cauchy-Schwarz inequality and E[e% ]'/2 = /3, we have

D
E[(S; = Spryn)s =02 Y A2EELL(r = m)]
m=|t*|+2

D
<V3P > AZP(r=m)'2
m=|t*|+2

For m > t*+1 > mg+1 we have {T > m} = {R% _, > k}, E[R%,_,] < x and by
P(Zil ai(e? —1) > z) < exp (—2?/(4/|a||? + 4z max; a;)) for a; > 0 (Lemma 1
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in [12]) together with P(Z > z) < e~ /(27") for Z ~ N(0,02), z > 0, we obtain
the bound

D
P(R},_y > &) (Z (0%(e3 = 1) + 2\ipuid=:) > 5 — E[RZ, ,])
D - _ 2 D
< p( et -1z S (5 > B
( [Rm 1])2

< exp

(v — E[R},_1])°
T 1665(D —m + 1) + 86%(k — E[R?nfl])> +exp ( 32523;_17;@) )

For the numerator, we use the lower bound
k—E[R%_|] >k —E[RL]+6%*(m —1—1t*)>*(m—1—1t%).

For the denominators, we use 1664(D—m+1)+86%(k—E[R2,_,]) < 166*D+85%k
for the first term and 3252372”_17/\( ) < 3252327 (1) < 3282k for the second
term. We arrive at

D
— 1= t*)Q
G, < 2 —2 _mo1-t)” )
E|[(S, - Sy Hm} <2v35° Y exp( T R
m=|t*|+2
We add E[(S|;+ 41 — Se=)+] < 2V36%A], Lt*J+1 and note (S, — S+)4+ < Sp, which
gives the trivial bound E[Sp] = D&%, Under the polynomial eigenvalue decay
this yields the bound

rv.. < 2v3C% (1 w3 1+ k)%e-k”(lﬁm?’%é”)) AD.
k>0

In the sequel ’<’, ’>’ denote inequalities up to a factor only depending on p.
A Riemann sum approximation shows for any R > 0

St e [T < R

k>0

Similarly, we obtain

Zkae_kQ/R < /00(1 + x)zpe_rZ/Rdﬂc < RPHL/Z,
k>0 0

This yields
v, < oi((t*)% D+ro2+(D+ 55*2)“1/2).

On the other hand, we have

Lt")
Ve = 52( Z A2+ (= [N m“) > 2072 (17) 2,

m=1

implying the result with a suitable constant C,,. U
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5.7. Proof of Proposition 4.2

Proof. In this proof '<’ denotes an inequality holding up to factors depending
only on p, Ca, C,; and Cs; similarly, '’~’ denotes a two-sided inequality holding
up to factors depending on these parameters. In the case ts > mg we use the
independence of 7 from 7i(?), ... 7i(™0) by Lemma 4.1 to obtain

B[ ull1(r = mo)] = E[IZ™ — ul2| P(r = mo)
< Co(E[IE"™ - 2]+ 62) P(r = mo)

= Co (B[ — (7 = mo)] + 8*P(r = m) ).

On {7 > mg} we have p = 7 and we apply Theorem 3.8 with t, > my > v/D to
get
E[|[7" — pl*1(r > mo)] < E[lZT — ul’] S E[|a") — pl].

Because of t; > mq we have E[[|i**) — p||?] < 2min,epo, p) E[[|Z® — ]|?]. This
gives the result in this case.

Next, consider the case t; = mo where B?no (1) < Ving- Then the estimator
(") with ms € {0,1,...,mo} from (1.7) satisfies

2

)2
E 1120 — 4112] < 2 i : E [Ilam — 4112
[z pll?] < 2max N el o) (2™ = wl],

noting that the factor max; A?/A?,; comes from the discretisation mg of the
balanced oracle and is bounded by C42?’ < 1. Given the independence of T
from {f(®,...,a(™)} by Lemma 4.1 and the properties of the model selector
m, we have

BlIA® ~ plP1(r = mo)] < Co( E[IAC™) - ] + 5%

< in _ E[||a™ — u|?] + 62.
S min (|| 7]

For ms € [mo/2, mo]
E[|a) = ull*) < B}, (1) + Ving S E[Z") — u])?]

2p+1
2 m0p+

follows from Vi, ~ ¢ ~ Vin.. By Theorem 3.8 with t; = mg this gives

E[IZ% — ul*1(r > mo)] S E[[a") — ull*] S E[IA™) — ull?)

< RGN — 2.
S i 1z ull”]

For mg < mg/2 we obtain by {7 > mo} = {R2, > k}, S; < Sp, B2(n) <
B2, (u) and the Cauchy-Schwarz inequality:

E[|z — ul*1(r > mo)] < E[(B},, (1) + Sp)L(R;,, > k)]
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< B} (W P(R},, > k) +E[Sp]'/?P(R2, > k).

We have B2, (1) < B2 () < Vp and E[S3]Y/2 < E[Sp] = Vpp (by comparison
of Gaussian moments), so that

E[A%” — ulP1(r > mo)] S VoP(R2, > ©)/? ~ °DP(R2, > r)"/2.

mo

Observing my, := min{m > 0| B2, \ (1) < Vi a} < ms < mo/2 we obtain
E[R},,] = & = By A1) = Vinox < Biy | A(1) — mod® < —(mo/2)8%.

As in the proof of Proposition 3.6 we therefore find

2 252
m§ mgo

+ exp ( — 7)
64(D — mg) + 16m0) 128372710,A(:“)

P(ano > k) < exp ( —

By the choice of mg and Bglo’/\(,u) < Bfno/Q’)\(/,L) < (mo/2)02, using D > 3 =
log D > 1, we deduce

P(R?, > k) <2exp(—2logD) =2D"".

Insertion of this bound yields E[||a(?) — u||?1(7 > mg)] < 62, which accomplishes
the proof for the case ts = mg and ms < mg/2. O
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