Achref Mansour 
  
Giuseppe Rega 
  
Catenary-based nonlinear multimodal theory of cable free vibrations

Keeping the linear elastic material assumption and accounting for the sole axial extensibility, a new multi-modal theory of cable nonlinear free vibrations is developed analytically, by means of a Galerkin discretization of partial differential equations of motion and the Method of Multiple Scales used to investigate the dynamic behaviour of arbitrarily sagged and inclined cables oscillating around a catenary static profile.

Introduction

Accounting for their wide use in a variety of engineering applications and owing to their theoretical interest, cable vibrations have been the subject of numerous studies from the late 1970's [START_REF] Irvine | Cable Structures[END_REF] until now. Linear and nonlinear dynamics have been discussed according to different assumptions related to the cable geometrical and mechanical characteristics. Seminal works dedicated to the study of highly pre-stressed and small sagged cables have been analytically performed considering a linear expression of the dynamic deformation defined with respect to a parabolic/cubic static profile due to the linearisation of the real catenary geometry [START_REF] Triantafyllou | The dynamics of taut inclined cables[END_REF][START_REF] Zhou | The in-plane free vibrations of an inclined taut cable[END_REF]. In such situation, cable vibrations were found to be fully described by classical normal modes. However, given the weak geometrical nonlinearity of the linearised static equilibrium position, linear cable dynamics exhibit special regions where the orthogonality condition is violated due to commensurability relationships between vibration frequencies known as 1:1, 2:1 and 3:1 internal resonances. On the other hand, the aforementioned models are also based on the so-called "kinematic condensation" where longitudinal inertia and dynamic deformation are neglected leading to the reduction of the in-plane dynamics to its transverse component. These researches have been complemented by various models discussing cable nonlinear oscillations [START_REF] Srinil | Large amplitude three-dimensional free vibrations of inclined sagged elastic cables[END_REF][START_REF] Srinil | Three-dimensional non-linear coupling and dynamic tension in the large-amplitude free vibrations of arbitrarily sagged cables[END_REF] as well as analytical frameworks investigating the role as well as the activation conditions of internal resonances and coupled nonlinear normal modes [START_REF] Lacarbonara | Resonant non-linear normal modes. Part I: Analytical treatment for structural onedimensional systems[END_REF][START_REF] Lacarbonara | Resonant non-linear normal modes. Part II: Activation/orthogonality conditions for shallow structural systems[END_REF]. Yet, a detailed review of the literature found in [START_REF] Rega | Theoretical and experimental nonlinear vibrations of sagged elastic cables[END_REF] demonstrates that the previous considerations are still assumed by the majority of the existing models, even those developed for loose cables where the influence of large displacements becomes increasingly important. In fact, few efforts have been devoted to the oscillations of non-shallow cables where the catenary geometry has been adopted to define the static reference configuration [START_REF] Lacarbonara | Elastodynamics of nonshallow suspended cables: linear modal properties[END_REF][START_REF] Lacarbonara | Non-linear modal properties of non-shallow cables[END_REF]. Recently, the linear modal properties of arbitrarily sagged and inclined cables have been investigated in the light of a catenary-based model developed analytically by Mansour et al. [START_REF] Mansour | Catenary-induced geometric nonlinearity effects on cable linear vibrations[END_REF]. Taking into account the induced geometric nonlinearity effect, new modal spectrum characterized by higher ratios of internal resonances has been highlighted where non-normal modes are continuously detected. Nevertheless, the condensation assumption as well as the linearisation of cable dynamics remain the major assumptions limiting the validity range of the proposed solution. Furthermore, it is very interesting to study the activation conditions of the newly highlighted internal resonances and their effect on the coupling between non-normal modes since they exhibit a variety of extremely rich phenomena caused by the structural low rigidity and negligible damping characteristics. Accordingly, the present work is pursued in sequence with these recently obtained results. As a matter of fact, a catenary-based theory is developed analytically using the Method of Multiple Scales (MMS) [START_REF] Nayfeh | Perturbation Methods[END_REF] in order to solve the dynamic problem in its original nonlinear form. The proposed solution will take into consideration the geometric nonlinearities induced by the multimodal quadratic and cubic couplings between the dynamic displacement components as well as the influence of the condensation assumption. Once the analytical solution is formulated, the stability conditions of the obtained non-normal displacements as well as the activation conditions of the internal resonances are derived. Finally, numerical investigation of both additional dynamic displacements and cable final tension is performed. A comparison with the results obtained by existing models is also accomplished in order to highlight the main differences caused from one side by the linearisation of the initial catenary profile, and from the other side by the condensed kinematics considered in the literature [START_REF] Srinil | Large amplitude three-dimensional free vibrations of inclined sagged elastic cables[END_REF][START_REF] Srinil | Three-dimensional non-linear coupling and dynamic tension in the large-amplitude free vibrations of arbitrarily sagged cables[END_REF].

Multiple scale solution

In the present analysis, the attention is held on the dynamic properties of a homogeneous linearly elastic cable hanged between two fixed supports and characterized by a non deformable cross-section. A modal decomposition is first used to express the longitudinal, transversal and out-of plane dynamic displacements denoted respectively by u 1 , u 2 and u 3 and defined in the strained arclength coordinate s as follows:

u i (s, t) = N k=1 ϕ k,i (s) q k,i (t) ∀i ∈ {1, 2, 3} (1) 
where ϕ k,i and q k,i denote respectively the modal shape and the time coordinate of the k th mode in the i th direction.

At this stage, it should be noted that the longitudinal displacement is assumed as totally independent of the transversal one, thus developing a non-condensed model whose in-plane longitudinal/transversal modal properties are disjoint in both the spatial and the frequency domain. Accordingly, the eigenvalue problem defined with respect to the catenary curved configuration is first solved for non-condensed kinematics leading to accurate expressions of both modal shapes and vibration frequencies. Substituting the obtained eigenfunctions and eigenvalues in the nonlinear dynamic problem yields a new time-dependent differential system solved by virtue of a semi-analytical procedure based mainly on the MMS. A compact form of the analytical solution may be expressed as below:

u i (s, t) = 3 j=1 N k=1 C k,i (Λ, Γ, a) ϕ k,j (s) cos   3 j=1 N k=1 Ω k,j t + ψ k,j   (2) 
where C k,i are correction functions depending on quadratic and cubic nonlinearity coefficients Λ and Γ from one side and on the amplitudes a on the other side, Ω are the nonlinear frequencies and ψ the relative phases.

The proposed solution has the advantage to account for both catenary-induced geometric nonlinearity as well as quadratic and cubic nonlinearities associated with the modal coupling between additional dynamic displacements in its largest sense. Consequenlty, not only additional dynamic tension is reviewed in the light of the newly formulated theory but the internal resonances described by existing models are also investigated. In view of an extremely rich scenario of possible nonlinear modal interactions ensuing from the catenary-based formulation and enhanced by the non-condensation assumption, the amplitude and phase modulation equations are derived analytically in the case of M:1 internal resonance, and the associated stability features are analysed. The accuracy of the proposed results is tested with reference to analytical expressions available in the literature for some cases of 2:1 and 3:1 internal resonance [START_REF] Lacarbonara | Resonant non-linear normal modes. Part I: Analytical treatment for structural onedimensional systems[END_REF].

Conclusions

In the framework of a catenary-based formulation, features of modal interaction and cable total tension of the present model (formulated in the strained arclength coordinate and fully non-condensed) are numerically investigated against the results exhibited by either a non-condensed model or a solely spatially non-condensed finite difference model formulated in the chordwise coordinate [START_REF] Srinil | Large amplitude three-dimensional free vibrations of inclined sagged elastic cables[END_REF][START_REF] Srinil | Three-dimensional non-linear coupling and dynamic tension in the large-amplitude free vibrations of arbitrarily sagged cables[END_REF]. With respect to non-condensed models, condensation entails an underestimation of the cable maximum tension (a quantity of considerable importance from the engineering viewpoint) which is as larger as the former is formulated in the arclength coordinate and accounts for both spatial and frequency modal independence of longitudinal and transversal displacements. The new multi-modal asymptotic theory may be considered as a powerful tool to accurately determine the cable dynamic responses in terms of additional displacements and tension. In a wider perspective, it also offers a systematic framework to determine the activation conditions of M:1 internal resonances and the associated stability regions.