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ON THE MALLE CONJECTURE
AND THE GRUNWALD PROBLEM

FRANCOIS MOTTE

ABSTRACT. We contribute to the Malle conjecture on the number N(K,G,y) of finite
Galois extensions E of some number field K of finite group G and of discriminant of
norm [Nk g(dg)| < y. We prove the lower bound part of the conjecture for every group
G and every number field K containing a certain number field Ky depending on G :
N(K,G,y) > y*(&) for y > 1 and some specific exponent a(G) depending on G. To achieve
this goal, we start from a regular Galois extension F//K(T') that we specialize. We prove a
strong version of the Hilbert Irreducibility Theorem which counts the number of specialized
extensions Fi, /K and not only the specialization points to, and which provides some control
of [Nk,q(dr,, )| We can also prescribe the local behaviour of the specialized extensions at
some primes. Consequently, we deduce new results on the local-global Grunwald problem,
in particular for some non-solvable groups G.

1. INTRODUCTION

1.1. The Malle conjecture. In inverse Galois theory, the Malle conjecture is about the
number, say N(K,G,y), with K a number field, G a finite group and y a positive number,
of Galois extensions F/K (in a fixed algebraic closure K of K), with Galois group G' and
with discriminant dg,/k of norm Ng(dg,/ k) bounded by y. It is well-known that this number
is finite. There is the following conjecture [Mal02] :

Conjecture 1.1. There ezists a constant a(G) > 0, depending only on G, such that for
every € > 0, we have

ay" @ < N(K, G,y) < ey D for all y > yo
for positive constants ¢y (depending on G, K) and ¢y, yo (depending on G, K, ).

This conjecture is open for most groups G over any number field K. Malle proved it over Q
for abelian groups [Mal02], [Mal04], Kliiners and Malle proved it (also over Q) for nilpotent
groups G using the Shafarevich result on the existence of at least one extension of group G
[KMO04]. Kliiners also proved the lower bound part for dihedral groups of order 2p where p
is an odd prime [K1ii06]. In this paper, we also are interested in the lower bound part which
we more specifically define as the following statement.
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Definition 1.2. We say that the lower bound part of the Malle conjecture is true if there
exists a(G) > 0, depending only on G, such that

N(K,G,y) > c;y™© for all y >y,
for some positive constants ¢y, 3y depending on K, G.

Note that the lower bound part already provides a positive answer to the inverse Galois
problem. Our contribution is the following result, valid for any finite group G.

Theorem A. Let G be a finite group. There exists a number field Ky such that the lower
bound part of the Malle conjecture is true over every number field K containing Ko. More

precisely, the field Ky can be any number field for which G is a regular Galois group over
K.

Recall that G is said to be a reqular Galois group over K| if there is a Galois extension
F/Ky(T) of group G that is Ko-regular (i.e. F N Ky = Ky). Over Q, regular Galois groups
include S,, (n > 1) and many simple groups : A, (n > 5), many PSLy(F,), the Monster
group, etc.

Theorem A generalizes a previous result of Pierre Debes [Deb17] who proved the lower
bound part in the special case K = QQ and when G is supposed to be a regular Galois group
over Q.

Malle also predicts the value of the expected exponent a(G) in his conjecture :
(|G|(1 —=1/1))~" where [ is the smallest prime divisor of |G|. Our exponent «(G) will also be
given explicitly. It is smaller than a(G). We explain why in §2.3.

There is a more general conjecture for not necessarily Galois extensions which we discuss
in §2.5. The same lower bound holds for this general form of the conjecture (theorem 2.6).

1.2. The Grunwald problem. Furthermore, our approach makes it possible to impose
some local constraints to the extensions E/K that we count. This relates to the famous
Grunwald problem.

For every prime p of K, the completion of K is denoted by K,. The completion of £ is
then the compositum EK, (with respect to any prime P above p). The Grunwald problem
asks whether the following is true :

(%) Given a finite set S of primes of K and some finite Galois extensions
(Lp/Kp)pes with Galois group embedding into G, there is a Galois exten-
sion E/K of group G whose completion EK,/K, at p is K,-isomorphic
to L¥ /K, for everyp € S.

Such an extension F/K is called a solution to the Grunwald problem (G, (Lp/Kp)pes) :
The case of abelian, and more generaly solvable groups, has been studied by Grunwald,
Wang and Neukirch [Wan48] [Neu79] : in particular, the answer is positive if G is of odd
order. But in general, some Grunwald problems exist with no solution, for example, if G
is cyclic of order 8 and if S contains a prime of K lying over 2 [Wan48]. Nowadays, it is
expected that there should be an exceptional finite set Se.. of primes such that (%) holds
if the set S of primes is disjoint from S.,.. Several works have been devoted to this weak
form [Har07], [DG12], [DLAN17]. It was recently established for hypersolvable groups (e.g.

nilpotent) over any number field [HW18]. For non solvable groups, a result due to Debes and
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Ghazi [DG12] shows that any Grunwald problem (LP/K,)yes (with SNSe,. = 0), additionally
assumed to be unramified, always has a solution if GG is a regular Galois group over K.

Our result on this topic needs the following terminology from [DG12]. If (G, (LP/K;)pes)
is a Grunwald problem over K and M/K is a finite Galois extension, denote by Sy, the
set of primes of M obtained by choosing one prime P of M over each p € S. Denote by
(G, (LPMp/Mp)pes,,) the Grunwald problem over M induced by the base changes Mp/K,,
p € S. The base changed problem does not depend on the choice of the primes P.

Note next that if M/ K is totaly split at each p € S then Mp = K, and LPMp/Mp = LP /K,
(p € S). A solution E/M of the base changed Grunwald problem (G, (L?/K,)es,,) will be
said to be a M-solution of the (original) Grunwald problem (G, (LP/K))pes).

Theorem B. Let G be a finite group and K be a number field. There exists a finite
set Seze of primes of K with the following property : if (G, (LP/Ky)pes) is any unramified
Grunwald problem over K with SN Seze = 0, then there exist a finite Galois extension MK,
totally split at each p € S and an infinite set of M-solutions E/M to the Grunwald problem
(G, (LP/Kp)pes). Furthermore, one can take M = K if G is a regular Galois group over K.

In particular, for all non solvable groups known to be regular groups over Q, any unramified
Grunwald problem has infinitely many solutions over Q.

1.3. Diophantine results. Both theorem A and theorem B are special cases of a more
general result, theorem AB, which will be stated in §2.2. We will start with a regular
Galois extension F/K(T) of group G and will use the set of extensions Fj, /K obtained
from F/K(T) by specializing T to t, € K '. From the Hilbert Irreducibility Theorem, these
specialized extensions are still Galois of group G for a large number of ¢,.

The idea is, for theorem A, to count the number of these specialized extensions and for
theorem B, to show that some local conditions can be prescribed to these extensions. We
will follow a method developed in [DG12]| and [Deb17] over Q and which has an important
diophantine part. A major tool will be an estimate of the number N (F, B) of rational points
on a curve of height bounded by a number B. This is a classical problem, for which Heath-
Brown introduced a method in 2002 [HB02], which was refined for curves by Walkowiak
[Wal05], both over Q. In this context we will prove the following result, which extends
Walkowiak’s result to any number field and may be interesting for its own sake.

Denote by O the ring of integers of K. We will use the following height for number
r € Ok, sometimes called the house of x :

H(x) = max(|z], -~ |zal)

where x1,- -+, x4 are the Q-conjugates of = (see §3 for more on heights).
Consider a polynomial F(X;, Xy) € Og[X1, X3, irreducible in K[X7, X5], monic in Xs.

For B > 0, define
N(F,B) = #{(z1,22) € Ok : F(x1,25) =0, H(x1) < B, H(w,) < B}.
Theorem C. If B is suitably large (depending on K ), we have
N(F, B) < cdeg(F)® (log B)* BU<:U/ des(l)

1. Definition of specialized extensions is recalled in §2.
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where ¢ is a constant depending on K.

Having such an estimate available for any number field is crucial for our applications.
Proof of theorem C is inspired by Walkowiak’s work over @Q but has to deal with several new
phenomena occuring on an arbitrary number field.

Theorem C has the following consequence more in the spirit of Hilbert’s Irreducibility
Theorem and which we will use for our results.

Corollary C. Let F(T,Y) € Ok[T,Y] irreducible and monic in Y. There exist some
positive constants aq, ...,as depending on K such that for all suitably large B, the number
Nr(F,B) of t € Og with H(t) < B and such that F(t,Y") has a root in K satisfies

Nr(F, B) < ay deg(F)* (log H(F))® B/ degy (F) (1o B)as
where H(F) is the height of F.*

Recall that the total number of t € O% with H(t) < B is asymptotic to B¥Y (up to
some multiplicative constant and a log B factor) [Sch79] [Barl4].

The paper is organized as follows. In §2.1, we present two key results about specializa-
tion : theorem 2.1 and theorem 2.2. They are intermediate between the pure diophantine
statements (theorem C and corollary C) and our applications (theorem A and theorem B).
How we use them to obtain the applications is done in 3 steps and explained in §2. In §2.2,
theorem AB is stated. In §2.3, theorem AB is shown to imply theorems A and theorem B.
In §2.4, theorem AB is proved assuming theorems 2.1 and 2.2. §3 is dedicated to the proof
of theorem C and corollary C. Finally, theorems 2.1 and 2.2 are proved in §4.

The following figure summarizes the structure of our approach.

MRS

2. see §3 for more details on the height H(F).




2. TWO SPECIALIZATION RESULTS AND THEIR APPLICATIONS

Both theorem 2.1 and theorem 2.2 deal with specializations of a regular Galois extension
F/K(T) of group G. The first one is a version of Hilbert’s Irreducibility Theorem : it
explicitely produces many ¢, such that the specialized extention Fj /K is of group G. The
second one shows that not so many of these specialized extensions Fy,/K can be isomorphic.

We retain the following notation. Fix for the whole §2 a number field K of degree p = [K :
Q], a finite group G and a K-regular Galois extension F//K (T) of group G. Denote by r the
number of branch points of F/K(T') (or equivalently of the associated cover f : X — P!)
and the genus of F' (or of X) by g. For a prime p of K, the prime number lying below p is
denoted by p, and we have pNZ = p,Z.

Given a point ty € K (or t = 0), the specialization of F'/K(T) at t, is the residue
extension of the integral closure of the localized ring K[T]r_sy in F at an arbitrary prime
above (T' — to). Denote it by F,,/K. If P(T,Y) € O[T, Y] is what we call an affine model
of F/K(T), i.e. the minimal polynomial of some primitive element of F//K(T') integral over
K[T], then for all ¢, € K not in the finite list of roots of the discriminant Ap(T) of P with
respect to Y, the specialization Fy, /K is also the splitting field of P(to,Y) € K[Y].

2.1. Statements of theorems 2.1 and theorem 2.2. Theorem 2.1 below gives a lower
bound for the number of “good” specialization points t; of bounded height.

Our statement also involves some local conditions that the specialized extensions should
satisfy. Given a set S of prime ideals of O, one defines a Frobenius data on S as a collection
Fs = (Fp)pes of subsets F, C G, each F, being a non-empty union of conjugacy classes of
G. The set S is said to be over the interval [a,b] if S is the set of all prime ideals over the
prime numbers p € [a, b]. Requiring that for each p € S, the Frobenius Frob,(F},/K) lies in
F, will be the form of our local prescription to our specializations Fy, /K. For example, if
Fp, = {1} for every p € S, it is that F},/K should be totally split at each prime p € S.

Choose

— a prime number p_; > r2¢? and such that every prime number p which is ramified in
K/Qis <p_; and

— a prime number pg such that the interval |p_1, po[ has at least as many prime numbers
as there are conjugacy classes in G.

The primes p_; and py depend on K,r, g and K,r, g, G respectively. For B > 0, let Sg be
the set of primes of K over the interval [p, log(B)/2].

Theorem 2.1 (Hilbert type). There exists a number ¢ > 0 (depending on F/K(T)) such
that if B is suitably large (depending on F/K(T)), if Fg = (Fp)pes, 5 any Frobenius data
on Sg, the number of ty € Ok of height H(ty) < B such that

— the specialized extension Fy, /K is of group G,

— Frob, (£, /K) € F, for every p € Sp.

p

1s at least W.

In the spirit of the Malle conjecture, we have to count not just the number of good

specialization points t, but the number of different corresponding extensions F;,/K. Here
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enters the Hilbert-Malle type theorem 2.2 below. The special case K = Q was proved in
[Deb17]. We generalize it to arbitrary number fields.

Theorem 2.2 (Hilbert-Malle type). Let B > 0 be a real number. Let H C O be a subset
consisting of to such that Gal(F,,/K) = G and H(ty) < B. Denote by N(B,H) the number
of corresponding specialized field extensions Fy,/K when ty € H. There exist E,y > 0
depending on F/K(T') such that if B is suitably large (depending on F/K(T')), we have

" - E

N(B,H) > BIK:Q/IGl(1og B)Y'

2.2. A unified version of theorem A and theorem B. Retain the notation and as-
sumptions of §2. Fix an affine model P(T,Y") € Ok[T,Y] of F/K(T); note that P is monic
in Y. If Ap(T) is the discriminant of P relative to Y, set 0p = deg(Ap(T)). Fix 6 > dp. As
in [Deb17], one can take § = 3r|G|* log(|G]).

Given a finite set S of primes of K and a Frobenius data F on S, let N(F/K(T),y,F) be
the number of distinct Galois extensions Fy, /K of group G obtained by specialization from
F/K(T) at some t; € K, with discriminant of norm |Ng/q(dr, /x)| < y and such that for
every p € S, Fy,/K is unramified in p and Frob,(F,,/K) € F,.

We say that a prime p of K is good for F'/K(T) if p does not divide |G|, the branch divisor
t = {t1,---,t.} is étale at p and there is no vertical ramification at p. We say p is bad
otherwise (we refer to [DG12] and [Legl6] for precise definitions). We will use that there
exist only finitely many bad primes.

The constant pg in theorem AB below is the one that appears in theorem 2.1.
Theorem AB. For every number y > 0, consider the set Sy of primes p of K over some

1
gi(g] that are good for F/K(T). If y is suitably large (depending on F/K(T),

d), then for every Frobenius data F, on S,, we have

N(F/K(T),y, Fy) =y,

prime p € [po,

2.3. Proof of theorem AB assuming theorems 2.1 and 2.2. Theorem 2.1 produces
many “good” specialization points ¢, with arbitrarily bounded height H(ty). We explain
below how to bound H(ty) in terms of some given number y > 0 to fullfill the required
condition ’NK/@(dFtO/K)’ < Y.

0+ op

Set 6~ = (we have 0p < 0~ < ) and B = y'/»".

Proposition 2.3. Fory suitably large, the specializations Fy, /K of F/K(T) atty € Ok such
that Ap(to) # 0, H(ty) < B and Fy,/K is Galois of group G satisfy [N q(dr,, /x)| < y.

Proof. The polynomial P(ty,Y") is in Og[Y] (as ty € Ok), is monic, irreducible in K[Y] and
of degree |G|. Hence, if yo € K is a root of P(ty,Y), then 1,q, - - ,y(‘]Gl_l is a K-basis of

Fy, /K consisting of elements in OF, . Thus

dpyxc | dise(1, g0,y ") = dise(P(to, ) = discy (P(T,Y))r—i, = Ap(to)
6



We deduce
[Nk /o(dr, k)| < |Nija(Ar(to))l-
Straightforward estimates involving norms and height show next that
[Nijo(Ap(ty))| < CBPF

for some constant C' > 0 depending on P and K; these estimates are detailed in §3.1. Hence
we obtain :

(Nija(dr,/x)] < CB”7,
The log of this last term is

log[C'B°P?] ~ e logy.
po~
As §p < 67, conclude that for y suitably large in terms of F'/K(T') and ¢, we have

[Nijo(dr, /)| < v
U

We will apply theorem 2.1 with B = y'/#" and theorem 2.2 with the following choice of
the set H : the set of t, € Ok satisfying the conclusions of theorem 2.1 with B = 4!/~ We
can now proceed to the proof of theorem AB.

1
As §~ < 0, by the choice of B, we have [py, ;i(?] C [po,log B/2]. Fix a Frobenius data F,
p

on Sy and extend it in an arbitrary way to a Frobenius data on Sg D S, of all the primes of
K over the interval [po, log B/2].
B
(clog B/loglog B
E,~ > 0 depending on F/K(T) such that for y suitably large,
|H| - FE
N(B,H) > W
Br—r/IG| E

Z (log B)7 cleg B/loglog B Br/IGI(log B)7

Denote the last lower bound by f(B). The logarithm of f(B) is asymptotic to
p(1 —1/|G|)log B. From the choice of B, we finally obtain

According to theorem 2.1, we have |H| > From theorem 2.2, there exist

log(F(B) ~ - log(y~ 90/,

Because 0 > 0, we obtain that for y suitably large log(f(B)) > log(y*~'/I€D/%) and so
N(B,H) > y1-1/16)/5.
The inequality N(F/K(T),y,F,) > N(B,H) concludes the proof of theorem AB. d

Remark 2.4. Our counted extensions are obtained by specialization of one single regular
extention F/K(T). There may be other extensions E/K (not coming from F/K(T) by
specialization) satisfying the same conditions. This explains why our constant a(G) =

1-1
5/|G| is smaller than the Malle constant a(G) (see [Deb17, lemma 4.1]).
7



2.4. Proof of theorems A and B assuming theorem AB. Concerning theorem A,
one proceeds as follows. Classically, every finite group G is known to be a regular Galois
group over some number field, say Ky. If K is a number field containing K, G is still a
regular Galois group over K. Clearly N (K, G, y) from §1.1 is bigger than N(F/K(T),y, F,)
from theorem AB. Thus theorem A (with a(G) = (1 — 1/|G])/d) follows immediately from
theorem AB.

To prove theorem B, suppose first that G is a regular Galois group over K and fix a
K-regular Galois extension F//K(T) of group G. Consider an unramified Grunwald problem
(G, (LP/Kp)pes). Foreachp € S, let F, be the conjugacy class in G of the Frobenius of L* /K,
(which generates Gal(LP/K,)). Then for a Galois extension L/K of group G, unramified at
p, we have LK, /K, = L?/K, if and only if Frob,(L/K) € F,. Theorem B (in this first case)
then follows from theorem AB.

Namely, the set S.,. can be chosen as the set of primes p of K such that either p is over
some prime number p € [2, po[® or p is bad for F//K(T). Here py is the prime number defined
in §2.1 from the group G, the branch point number r of F//K(T) and the genus g of F.
Giveln a set S of primes of K such that SN S,,. = 0, take y suitably large so that the interval
ogy
[p07 2)0 5
letting y go to oo yields infinitely many extensions L/K that are solution to any Grunwald

problem (G, (LF/Kp)pes).

Consider now the general case, i.e., G is not necessarily a regular Galois group over K.
The definition of S, relies on results from [DG12]. A constant ¢(G) is defined there, for
which the following lemma is true.

| contains all prime numbers under all primes of S. Applying theorem AB with

Lemma 2.5. Given a finite group G and a number field K, there exist non negative integers
r and g such that with

Seze = {p prime of K |p, | 6|G| or p, < max(po, c(G))}

the following holds. For every finite set S of primes of K with S N Seze = 0, there exists
a finite Galois extension M/K totally split at each prime p € S and a M-reqular Galois
extension F/M(T) of group G such that F/M(T) has r branch points, the genus of F' is g
and each prime P of M over a prime p € S is good for F/M(T).

Here pg is the prime number defined in §2.1 from K,G and the integers r, g from the
statement.

A proof of this lemma is given in §5 of [DG12].

As in theorem B, let then (G, (L?/K;)pes) be an unramified Grunwald problem over K
with SN Sepe = 0. Let M/K be the extension given by lemma 2.5 for this S. Consider next
the Grunwald Problem over the field A deduced by the base changes Mp/K,, p € S. The
first case applied with (G, (L* Mp/Mp)pes,,) produces an infinite number of M-solutions to
the Grunwald problem (G, (LP/K,)pes). More specifically, note that if P € Sy, then P is
unramified in M/Q, pp > po(r, 9,G) = po(F/M(T)) (because S N Seze = ) and P is good
for F/M(T) (from lemma 2.5): thus if P € Sy, P is not in the exceptional set of the first
case for F//M(T). This proves theorem B.

3. This interval does not depend on the Grunwald problem (G, (L?/K})pes)-
8



2.5. A generalization of theorem AB to not necessarily Galois extensions. Denote
by S, the permutation group on n letters 1,--- ,n. For an extension E/K of degree n, we
denote by E/K its Galois closure. The Galois group Gal(E/K) acts transitively on the n
embeddings F — K. Let G(1) C G be the stabilizing subgroup of the neutral element 1.
We say that the extension E/K has Galois group G C S, if G is the Galois group of E/K
and E is the fixed field of G(1) in E. Consider the number

N(K,G C Sy,y) =#{E/K | E/K of Galois group G C Sy, |Nko(de/x)| <y}
Theorem 2.6. If G is a regular Galois group over K, then there exists a > 0 such that
N(K,G C S,,y) > y* for every suitably large y

where a = (1 — 1/|G|)/d with § > §(P) and P(T,Y) an affine model of some K-reqular
Galois extension F/K(T) of group G.

Remark 2.7. The special case G(1) = {1} corresponds to the case the action G C S, is
free and transitive, equivalently the extension E /K is Galois of group G. As the proof below
shows, we will deduce the general case from this special case.

Proof. To every Galois extension N/K of group G corresponds one intermediate extension
E/K which satisfies E = N°®) and ' = N. Furthermore, this extension is of degree n.

The only point to be checked is that E = N. Let H be the biggest normal subgroup
of G that is contained in G(1). The Galois closure of N91) is N¥. But as H is a normal
subgroup, for every g € G, we have H = H9 C G(1)9 = G(i) (where ¢ = ¢g(1)). Thus, we

have H C () G(i) and H is then the trivial subgroup. Hence N¥ = N.
i=1
The proof of theorem 2.6 easily follows : the Galois extensions N/K provided by theorem
A (or by theorem AB) provide as many extensions £/K as requested in the general case.
Note that the norm Ng/q(dg/k) is less than Nk g(dy/k ). O

3. PROOF OF THE DIOPHANTINE THEOREM C AND COROLLARY C

In this section, we prove theorem C and corollary C. We work over a fixed number field
K of degree [K : Q] = p.

3.1. Basic data and generalized Heath-Brown result.

3.1.1. The height. Recall that M is the set of places of K and for v € M, denote by K,
the completion of K for v, by O, its valuation ring, and by Q, the completion of Q for v (Q,
for a finite place and R for an archimedean place). The places are normalized in such a way
they are equal to the usual absolute value on Q,. We denote by p, the degree [K, : Q,].
The height of v € Ok is H(x) = max |o(z)| = max |z|,.
KK vEMK

o:K—
v/00

Remark 3.1. If z # 0, then H(z) = max max(1,|o(x)|) = max (1, |z|,).
o K—K vf/]\gOK

Indeed, it is classical that if x € Ok, x # 0 and H(x) < 1 then x is a k-th root of 1 for some
kE>1.
9



We generalize the height to elements of K and to tuples as follows :
— forz € K, H(z) = max max(1, |x|,)
vEMK

— for a = (ay, -+ ,a,) € K™, H(a) = max H,(a), where H,(a) = max(|ai|y, -+ ,|an|o),
and H(a) = max H(a), where H (a) = max(1,|ai|y,  ,|an|o)
vEMK

Note that for x € Ok, H(z) = H(1,z) = H*(z).
The height of a polynomial P with coefficients ay,--- ,a, in K is H(P) = H(ay, -+ ,a,).

3.1.2. Preliminary lemmas. The following notation and properties are used all along this
section. For theorem C, we consider a polynomial F'(X;, X5) € Og|[X7, Xs].

For corollary C, we prefer to denote the indeterminates by 7" and Y, as they do not play
the same role.

Both polynomials are assumed to be irreducible over K. We let

— m be the degree of F'in X; (or in 7T'),

— n be the degree of F' in X, (or in Y),

— d be the total degree of F' (we may and will assume that d > 2).

The following statement collects different properties used in this paper.

Proposition 3.2. Let a = (a1, ,a,,) be a m-tuple in K™ (m € N), let P(X) € K[X]

m |l

K[Xy, ..., Xy] be a polynomial in n variables with | non-zero coefficients and (x1,--- ,n)
K" Lette K, t#0, and 0 : K — Q be a field morphism. Then we have
(1) H(a) = H(o(a)).
(2) H(ai)§H+(Q)<H(a1)~--H(am) (1=1,...,m).
(8) H(P(zy,...,x,)) < L.LH"(P HH ) deex, (P
Proof. 1. is clear.
2. Using the definition, we have
H(a;) = ggﬁ}}({ max(|a;],) < max max(1, a1y, .., |anly) < g max max(1, |a;l,).
3. We write P(X) =) poX*=> Day,an Xit-. X" and set d; = degy, (P), i =1,---n.
— for every archlmedean place v, we have
|P(z)], < L. max(|pa|v) max(1, ‘xllv)dl...max(l, |xn‘v)dn
— for every finite place v, we have
|P(2)], < max(|pal,) max(1, |21],)" ... max(1, |z,/,)"
Whence
H(P(z)) = max max(1, |P(z)|,)
UEMK
<. ) di . dn
<l max mgax(l, |Dalv) max max(1, |z1]y) X max max(1,|z,|,)
O

10



Ideals in Ok and norm. The norm of an ideal J C Ok is the cardinality of the quotient
ring Nk qg(J) = #O0k/J (see [Sam67] for more details). For a € Ok,

Nio(aOk) = [Nig(a)l =[] lo(a)] < H(a)”.
o K—0Q
We can now prove the inequality
|Nijo(Ap(to)| < CB”P if H(ty) < B
stated in the proof of proposition 2.3.

Proof. Using the inequality between norm and height, we obtain :

[Ni/o(Ap(to))] < H(Ap(t))”

Then, as Ap is a polynomial of degree dp and has at most 1 4+ dp non-zero coefficients.
Proposition 3.2 (3) yields

|Nija(Ap(to))] < [(1+0p)H (Ap)H (to)F]?
< (1+6p)"H*(Ap)*B°P?.

We will also use the following result.

Lemma 3.3. Let a € Og. The number of primes p of K which divide the ideal aOg 1is less
than or equal to plog,(H(a)).

Proof. Let py, ..., p, be the prime ideals of O dividing aOk. As Ok is a Dedekind domain,
we have aOx = pi*..po~, where ay, - -+ , o, are positive integers. Then

H(a) > | Nisola)] = 1T Njo(p)™.

i=1

As Nkjg(pi) > 2,i=1,--- ,n, we obtain H(a)” > 2", thus proving the lemma. O

3.1.3. A generalized Heath-Brown result. For every real number B > 0, set
R(F,B) = {(x1,23) € O% | F(z1,75) =0, H(x,) < B, H(xs) < B},

and
N(F,B) = #R(F,B).

Our approach for bounding the number N(F, B) follows an idea of Heath-Brown [HB02]
which Walkowiak made effective (both in the case K = Q). We generalize to the case of an
arbitrary number field K. The method consists in splitting the set R(F, B) in k subsets, each
being the zero set of some polynomial F; € Ok [X;, X,] relatively prime with F', i =1,--- k.
The Bezout theorem then yields the desired bound for N(F, B). An important point is to
have a good upper bound for the number k of polynomials F;. To this end, we prove the

following effective generalized Heath-Brown result.
11



Theorem 3.4. Let F(X,,X5) € Og[X1, Xs] be a polynomial, irreducible in K[X;, Xs] of
degree d, let D > d be an integer and let B be a suitably large real number (depending
on p, d, D). There exist a number k > 1 and some polynomials Fi, ..., F, € Og[X1, Xo]
relatively prime with F in K[X1, Xs] and of degree deg(F;) < D, such that every point
(x1,22) € R(F,B) is a zero of at least one of Fy,...,Fy. Furthermore, the integer k is
bounded from above by :

o d® 10g2(d3H+<F>Bd71) (Bd_1+6D_1)p
where ¢y 18 a constant depending only on K.

Remark 3.5. This theorem is true for all integers D > d. In the proof of theorem C, we
will use it with D = [dlog(B) + 1] (where [.] is the integral part of a real number).

3.2. Proof of theorem 3.4 Fix D > d and B > 0. The condition that B should be suitably
large appears in §3.2.3. We explain below how to construct the polynomials Fi,--- , F}, that
appear in theorem 3.4.

or
We take one of the polynomials F;, i = 1,--- |k to be 87; it is relatively prime to F' and
1
of degree < d. So we may next focus on the subset

S(F.B) = {x € RF.B) | 51(a) # 0} C RF.B),

and look for k&’ polynomials F; to cover this subset. The number & in theorem 3.4 will be
equal to 1+ &'

3.2.1. First step : constructing subsets S(F, B,p) C S(F, B). Let p be a prime ideal of O

and 5
F
S(F.B.p) = {z € S(F,B) | 5+—(x) # p}.
1
We have
S(F,B)= |J S(F,B,yp).
p prime of K

The following lemma shows that one can take finitely many primes p in the previous union
and that these primes can be chosen to be totally split in K/Q.

Lemma 3.6. Let P be an integer, h(B) = logy(d*HT(F)BYY) and r = [logy(ph(B))] + 1.
Then for P suitably large (depending on B, K ), there exist r totally split prime ideals py, ..., p,
of K such that S(F, B) = | J S(F, B, p;) and for which we furthermore have

=1

P P
P < Ngjg(pi) < Cih(B)?

1
log P og( log P

)

for a constant Cy depending on K.

F
Proof. Fix x = (x1,x9) € S(F, B); we have gX(x) # 0. The number of prime ideals p of
1

F
(x) € p is at most plogQ(H(S){l(x))) from lemma 3.3. The height of

F
Ok such that ng
12



OF

7% X, @

F

X is bounded by d(d + 1)/2 < d?, its degree by d — 1 and its height by dH*(F’), whence
1

can be estimated using proposition 3.2 : the number [ of the non-zero monomials of

OF oF
o <1 g2 gi-t <« Bt d-1
H(an(.Tl,iL'Q))_lH (an)B <d’H"(F)B

Consider the Galois closure K /Q of K/Q and its Galois group I'. For a conjugacy class C'
of I'and x > 1, denote by m¢(x) the number of prime numbers p < x, which do not ramify in

K /Q and such that Frob,(K/Q) € C. For C = {1}, mq1y () is the number of primes p < z,
totally split in O.

Fix an integer P > 0 and let z > 0 such that
() may(x) = h(B) + 1+ 7y (P).
More precisely, we take x as follows : © = 2aloga with a = 6 |I'| h(B)7r;(P). For P suitably
large, depending on K, B, it is easily checked that @ > a and so
x
2| log z

which implies that w1y (x) > h(B) + 1 + w13 (P) as from classical results on the Chebotarev
theorem, we have mgy(x) > for x suitably large.

> 30(B) m1y(P) = h(B) + 1+ mpay(P),

2|T|logx’
From (x), there exist at least [h(B)] + 1 prime numbers p €]P, z] that are totally split in
K/Q. Every such prime number p provides p primes of K of norm equal to p. Hence we
have p|h(B)] + p distinct prime ideals totally split in K and of norm < z. Furthermore, this
number p[h(B)| + p is > r as r = [ph(B)] + 1.
We choose r of these ideals which we denote by p1,...,p,. By lemma 3.3, there exists

oF
an ideal, say p; (i« € {1,...,r}), such that 87(951,352) ¢ p;, which means that (z1,25) €
1

S(F,B,p;). Thus we obtain S(F, B) = | J S(F, B, p).
i=1
2P

N P)< ——
ow mup(P) < IT|log P

for P suitably large depending on K, B. So fori =1,--- ,r,

2P 2P
——— log(6|'|h(B) —=—"—=
g P 26T B) P
We conclude that for some constant C; depending on K we have
P P
In( ).
logP  ‘log P

Nisa(ps) < & = 2aloga < 12[T| h(B) ).

Nxjo(pi) < Cih(B)?

O

3.2.2. Working on S(F,B,p) for a fixed p € {p1,---,p,}. For the next steps, we choose a
monomial X7 X5" such that the corresponding coefficient in F' is non-zero and such that
my + mg = d. We let then £ be the following set of monomials

g:{XlelXQEQ‘Ogeigmia i:1727 €1+€2§D}'
13



Fix p € {p1,---p.}. Recall from lemma 3.6 that Ng/g(p) = p > P and D > d. Let
F, = Ok/p be the residue field of p. For every point t = (t1,%2) € Fi of F' modulo p such

OF
that 87@) # 0 mod p, consider then the following subset of S(F, B,p) :
1

S(t) = {(z1,22) € S(F,B,p) : x; =t; mod p, i =1,2}.
We have S(F, B,p) US ) where t ranges over the all non-singular points of /' modulo

p. Fix such a t. We have Erel I (1) # 0 mod p. The goal now is to construct one polynomial
(one of those in theorem 3.4) that vanishes at all points of S(¢).

Denote by z; = (x;1,242), i = 1,-- -, L, the elements of S(t) (with L = card(S(t)).
Set = #& and let M be the L x E matrix
M = (z:)1<i<L, cce-
More specifically, if &€ = {X%, ..., XE}

e € €11 €12 €E1 EE2

1t e e T11 1y - T11 Tin

v TR e TpE o' woy  c-- Top a5y’
Tt e T wag o aEay

E
Flnally set B/ = Z €1 + €.

Proposition 3.7. Assume that PPF=0/2 > (EFBF)r. Then we have the following.
(1) The rank of M is < E — 1,
(2) There exists a non-zero polynomial F; of degree < D such that
— Fi(z) =0 for all x € S(t),

— F; and F' are relatively prime.

The proof uses the following lemma which is some version of Hensel’s lemma and reduces
the problem from two to one variable. We refer to [Wal05] lemma 1.2 for a proof (mod p™
there just has to be replaced by mod p™).

Lemma 3.8. Let F(Xl, Xy) € OK[Xl,Xg] be a polynomial in two variables with coefficients
in the completion O of Ok for the prime ideal p. Let u = (ug, Ug) € Ox such that F(u)=0
and 2& <. () ¢ p. For every integer m > 1, there exists [n(Y) € Ox|[Y] such that if F(z) =0

for a certain x = (x1,25) € 6;2 with x = w mod p, then x1 = f,(x2) mod p™ (for every
m>1).

Proof of proposition 3.7. First, note that 2. easily follows from 1. As the rank of M is < F—1,
there exists a non-zero matrix C' = (c,) € O, such that MC = 0. We use this matrix to
construct our polynomial £} :

Fg(le XQ) = Z CgXlelX52.
ee

This non-zero polynomial is of degree < D and Fj(x) = 0 for every x € S(t).
14



Furthermore, an argument using Newton polygons shows that for our choice of the set £
of monomials, the polynomials F' and F} are relatively prime. We refer to [Wal05, §1.3.4]
where this argument is detailed.

Proof of 1. If L < FE the result is clear. Suppose that L. > FE and consider a minor,
say A, of order E. Up to permuting the lines and columns, one may assume that A =
det[(2;%)1<i<p, ecgl, or more specifically

= 7

@ﬂ e Qei
A ="

xEﬂ erl

We will show that A = 0. To do this, we will show that the norm of A is divisible by a big
power p” of p and the height of A is bounded by a number A such that A? < p” and use the
inequality N(a) < H(a)” for every a € Ok.

For each ¢ = 1,--- , E, the pair z; = (x;1,2;2) is in S(t), in particular z; = ¢ mod p.
F
Furthermore, we have assumed that 37@) ¢ p. So we have
1
OF
S @) @ pand Fla) =0 (=1, ).

We apply Lemma 3.8 with F', u € 5;<2 taken to be a lift of ¢, and with x taken to be
z; (i = 1,---,E). Conclude that with f,,(Y") the polynomials from lemma 3.8, we have
i1 = fm(zi2) mod p™ (for every m > 1 andi=1,---  E).

Set w; = (U)ﬂ,ﬂ)m) = (fm(.fzg),xig), consider the matrix MO = (%2)1S2‘SE, eeE and set
Ao = det(My). For every m > 1, we have

A=Ay modp™.

Because of the definition of S(t), ;2 = t; mod p. Thus x;5 can be written as x;3 = to+ ;2
where t, is independent of ¢ and y;, € pforalli =1,--- | E.
For ¢ € £, we then have

wi€ = frn(ta + Yi2) (t2 + ¥i2)? = ge(Vi2)

for some polynomial g.(Y) € Ox|[Y].

Next, we study the divisibility by p of the norm of Ay. Every column of Mj corresponds
to a polynomial g.(Y). We claim that we can make some linear operations on the columns,
without changing the determinant of Mj, in such a way to organize the columns by strictly
growing degree. If a is the smallest degree of some monomial, in first column, the degree a
monomial can be removed in every other column; iterating this process proves the claim.

In the end, column [ has only elements in p'~! because it consists of polynomials in ;o
where the first term is of degree > [ —1 and y;s € p. Thus, the norm Nk q(Ao) is divisible by

pPE-D/2_ By choosing m > E(E — 1)/2, we obtain that N /g(A) is divisible by pZ(E=1/2,
Next, we estimate the height H(A). We have H(xz;;) < B,i=1,--- ,E, j =1,2. Denote

by Sg the permutation group of E elements and for o € Sg, (o) the signature of 0. We
15



have

A= > o) 1:[ T,

oESE
For v an archimedean place,
[Alo < BV max (o[ |ag2ly*) x - x max ([0 2])

< Bl Benten o .. x Besiten:
We obtain :
H(3) = mx A,
< Bl Benten i .. x pesiten:
To summarize, Ng/g(A) is divisible by pPE=1/2 but | Ny o(A)| < H(A)? < (EFBY)r.
We have then proved that under the condition p?#=1/2 > (EFBF ) we have A = 0. As

p > P and A is an arbitrary minor of M, we conclude that, under the assumption of the
statement, the rank of M is < F — 1. O

3.2.3. Technical conclusion of theorem 3.4. In order to apply proposition 3.7, P should
satisfy the condition

P> (EMBY)r.

2 2F'
where M; = E=1) and M, = BE-1) We refer to [Wal05] for the following estimates
of M1 and M2 .
2 2 1 6
My < —+4 — and My, < -+ —.
'Sgp Tpr MRSt

This leads to this condition
P> (EZ(dD)*1+2D*QBd*1+6D*1)p‘

Note that £ < 2dD and, by an elementary study of function, we have (2dD)2(@P)""+2D7* < ¢8,
We can choose

P=1+ [(eBBd_1+6D_1)p] < (213Bd_1+6D_1)p

and take B large enough so that P satisfies the required condition of proposition 3.7.
To finish the proof of theorem 3.4, it remains to estimate the number k.

Y

From lemma 3.6 and proposition 3.7, k = 14+ k' = 14 )k where k] is the number of
i=1
sets of type S(t) in S(F, B,p). Using the Lang-Weil bound [FJ86], we obtain
ky <d(p+1+(d—1)(d—2)/p) <2d%.
Conjoining this with the upper bound for p = Nk g(p) from lemma 3.6, we obtain :
P P

k < kid®h(B)?*— In(—=).
< hdh(B) 3 (i p)

where k; is a constant depending on K.
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As log P > log(P/log P), we have,
k < kid®h(B)*P
< czd?’ 10g2(d3H+<F)Bd71)(Bd—1+6D—1)p
where ¢y is a constant depending on K.

3.3. Proof of theorem C. Let F'(X;, X5) monic in x5 and B as in theorem C. We keep
the notation of §3.1.1.

3.3.1. Non absolutely irreducible case. If F' is not absolutely irreducible, the following
statement directly provides a bound for N(F, B).

Proposition 3.9. Let F(X1,Xs) € Og[X1, Xs| of degree d, irreducible in K[X;, Xs] and
not absolutely irreducible. Then N(F,B) < 4d*.

Proof. We will count the number of 1 € O such that there exists 2o € O with F'(zq,23) =
0. The same argument for zo will allow us to conclude.

Let (z1,72) be a zero of F. Consider the factorization of F in K[X1, Xy]. If F(xy,15) =0
for (z1,79) € O% then p(xy,x3) = 0 for some irreducible factor ¢ in K[X;, X5], also monic
in X, and of degree < d (as F' is not irreducible in K[X, X5]). We deduce that 1(z1,25) = 0
for a K-conjugate ¢ of ¢ over K distinct from ¢ (or else F'(X7, X5) would not be irreducible
in K[X;, X5]). Furthermore, ¢ and 1 are not associated : if they were, as they are monic in
X5, they would be equal.

Conclude that the product ¢ divide F. Thus z; is a double root of the polynomial
F(X1,29). The number of such z; is bounded by the number of roots of the polynomial
disc,, (F') which is of degree < (2d — 1)d < 2d>.

With the same argument for x5, we can say that the total number of points (1, z2) € O%
such that F(zy,x) = 0 is at most 2d*.2d* = 4d*. Hence N(F, B) < 4d*. O

3.3.2. The absolutely irreducible case. We assume F(X, X3) is irreducible in K[X, X5]
and is monic in X,. For our applications, we need a bound for N(F, B) which does not

depend on the height H(F') of F. We will use the following Siegel lemma for which we refer
to [MR14].

Lemma 3.10. [Siegel lemma/ Let K be a number field and N, M two integers such that
1 < M < N. Let Hy be a positive number and a;; € K, 1 <1 < N, 1 < j < M,

some algebraic numbers, not all zero, with height at most Hy. Then there exists a vector
z € ON\{0} such that :

N
Zaijl'i =0 5 j = 1,...,]\/[
i=1

and with max. H(x;) < C(CNH)M/WN=Y) “here C is a constant depending only on K .

The constant C' that appears below is the constant that appears in lemma 3.10.

Proposition 3.11. Let F(X;, X5) € Og[X1, Xs] be an irreducible polynomial in K[X;, Xo]
of degree d and monic in Xo. Then

N(F,B) < d*+3 or H(F) < O 28 3% gi@*
17



Proof. Assume that N(F, B) > d*+3. Set R = d*>+4, N = (d+1)(d+2)/2 and let zy, ..., zg
be R zeroes of F' such that H(z;;) < B (i=1,--- ,R, j=1,2).

The total number of monomials of degree < d in the indeterminates X;, X5 is N. Let
A = (a;;) be the R x N matrix of which the i-th line is composed of these N monomials
evaluated at ;1,20 @ = 1,---,R. The one column matrix f € O, consisting of the
coefficients of F'is a non trivial solution of the system AX = 0.

As Af =0, the rank of A, say M, is < N. Up to re-numbering the lines, we may assume
that the system AX = 0 is equivalent to its M first lines.
It follows from Lemma 3.10 that the system has a non-zero solution g € O¥ satisfying

ax H(gy) < C(CNBHM/IN=M)

note that H(a, ;) is bounded by B4, 1 <i < R, 1< j < N).
7]

Let G(X71, X3) be the polynomial whose coefficients are the elements of g. G is a non-
zero polynomial of degree < d, its coefficients are in O, and it satisfies G(x;1,z;2) = 0
(i=1,---,R).

By construction, the polynomials ' and G have at least d? + 4 zeroes in common and
are both of degree < d. By the Bezout theorem, these two polynomials are not relatively
prime in K[X1, X,]. As F is irreducible and of degree d, we have G = aF for some a € K.
Furthermore, as F' is monic in Xy, then a € Ok and H(F') < H(G). Thus we have

H(F) < H(G) < max H(g;) < C(CNBHM/WN=M) < c(CNBHY.

= 1<i<n
Note finally that N < 4d?. Hence
H(F) < CPF 98 go® pid”,
[l

We can now finish the proof of theorem C. We deduce from Theorem 3.4, combined with
the Bezout theorem that

N(F,B) < zkjdeg(F) deg(F}) < kdD < cod*Dlog*(d®H* (F)B=1) (B '+60 7 yp,
i=1
We recall that D has to be chosen > d. We take D = [dlog(B)+1]. We have BS(@la(B) ™" <
29. We obtain :
N(F,B) < kyd®log*(d*H* (F)B*)B*/?10og(B)
where ki depends on K.
The bound H(F) < C54°28¢° g8 A from proposition 3.11 gives :

N(F, B) < ¢3d®D log?(d>Co% 284" ¢3¢ BA4° Bd=1)(Br/d|og(B)).

Finally we obtain :

N(F,B) < csd®(log B)*B*/?.
18



3.4. Proof of corollary C. We work now with a polynomial F(7,Y) € Og[T,Y] monic
in Y and irreducible in K[T,Y]. We will estimate the number Nr(F, B) of t € Ok such that
H(t) < B and the specialized polynomial F'(t,Y") has a root y in K (or, equivalently, in O
as F(T,Y) is monic in Y). We recall that m,n and d are respectively the degree in T', Y’
and the total degree of F'.

The following lemma based on the Liouville inequality, shows how to bound H (y).

Lemma 3.12. For allt € Ok but at most m of them, the height of any y € Ok such that
F(t,y) =0 is bounded by 2(m + 1)H(F)H((t)™.

Proof. We will use the Liouville inequality given in this form : if P € K[X] and z € K such
that P(x) = 0, then H(z) < 2H(P).

Write F(T,Y) = ag(T)Y™ + - - - + an(T). Clearly we have
deg(a;(T

)
For t € Ok such that ag(t) # 0 (the number of such ¢ is < m), the height of every solution
y € Ok of the equation F'(¢,Y) = 0 satisfies :

H(y) <2H(F(t,Y)).
We have H(F(t,Y)) = H(ao(t),- - ,a,(t)) = max max |a;(t)|, and

1<i<nveMg

y<mand H(a;(T)) < H(F), i=1,--- ,n.

— for an archimedean place v,
as(t)], < (m + 1) ma (ag;l,) max (1, |¢,)"
< (m -+ 1)H,(F) max(1, [t|,)",

— for a finite place v, |a;(t)], < H,(F)max(1, |t],)™.
This yields

max max |a;|, < (m+ 1) max H,(F) max max(1,|t|,)™
1<i<nveMg vEME vEME
<(m+1DH(F)H(t)™
This concludes the proof. O

Lemma 3.12 gives Np(F, B) < N(F,B') with B’ = 2(m + 1)H B™. However, in order to
obtain the right conclusion, we will apply this inequality, not to F', but to some polynomial
G deduced from F' by some change of variables. More precisely, we proceed as follows.

Proof of Corollary C. We work with the ¢ € Ok such that lemma 3.12 can be applied.
Adding the number of exceptional ¢ will only change the constant that appears in the final
bound.

Let H = max(e®, H(F)), L1 := log(H) and Ly := log(log(H)). We have Ly > 1. As
F(T,Y) is monic in Y, we have d < n +m — 1. We may and will assume that m > 1 and
n > 1. In particular d < mn < mnlL;/Ls.

Consider the polynomial

G(T,Y)=F(T,T* +Y)
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where E = [mn%] + 1 < 2mnL;. This polynomial is of degree d' € [nE,nE + m| and
every zero (t,y) € O% of F corresponds to a zero (t,y') = (t,y — t¥) € O% of G. Using the
inequality
H(a+0b) < H(a)+ H(b),

for every zero (t,y') of G such that H(t) < B, we have

H(y) < (m+1)HB™ + BY <2(m + 1)HB®.
Thus, defining B” = 2(m + 1)HB¥, we have

Ny(F,B) < N(F,B') < N(G, B").
Now use theorem C with G and B”:
N(G,B") < csd®log®(B")(B")"/*

< cs(nE +m)®log®(2(m + 1)HBP)(2(m + 1)HBP)*/"E

< es(nE +m)®log®(2(m + 1)HBP)(2(m + 1)H)?/"F Br/m
We have E < 2d%log H, and as 1/nE < L,/L;, we have H/"? < log(H). Thus

N(G, B") < ¢5(3d®log H)®(4d* log H log B)*(2°d?log” H)B"/™.
Finally, we obtain
Nr(F, B) < csd®***(log H)''** B*/™ (log B)**?.

4. PROOF OF THEOREM 2.1 AND THEOREM 2.2.

4.1. Proof of theorem 2.1 Return to the situation of §2.1 : a regular Galois extension
F/K(T) of group G is given.

Fix a good prime p for F'/K(T') and an associated union F, of conjugacy classes of G.
The following result generalizes [Deb17, proposition 5.1], proved in the case K = Q.

Proposition 4.1. The set
7(Fp) :={to € Og | to ¢t modyp, Frob,(Fi,/K) € Fp}
is a union of cosets modulo p and the number v(F,) of these cosets satisfies

W(Fy) > ||JTG|| % (41— 297~ |Cl(r + 1)

F
V(Fy) s'lc§|' < (g4 1+ 29/d)

where ¢ = Ngg(p).

We omit the proof which merely consists in changing the prime number p to the prime
ideal p in the proof of [Déb17, proposition 5.1].

Consider the prime numbers py and p_; given in §2. Let z > 0 be a real number. Let
Sipo,z] De the set of all primes of K over the interval [pgy, x] and let F, ,) be a Frobenius data
on Spp, . Next, with Sj,_, p consisting of the prime ideals over the interval |p_i,po[, set
Sy = S[po,x] U S]pq,po[-
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Consider the Frobenius data F, on S, obtained by adding to the Frobenius data Fj,, 4
some local conditions over the primes of K over the interval |p_1, pp[ in this manner : to every
conjugacy class of G, we associate a prime p € S},_, ;[ in such a way that every conjugacy
class of G appears in the Frobenius data J,; for the other ideals in S},_, ,,[, we take F, = G
(Fp can be chosen arbitrary). Set I = [] p.

pPESy

Lemma 4.2. We have I = [[ (p;Ok) and INZ = (p1---pn)Z. Denote by {p1,--- ,pn}
1<i<n
the set of prime numbers in the interval |p_q, x].

Proof. The set S, is the set of all prime ideals of Ok over py,--- ,p,. Using that all primes
p € S, are unramified in K from the definition of p_;, we obtain

I=1]p-- I »p=(0Oxk)- - (pPnOk).
p/p1 p/pn

For i € {1,--- ,n}, we have p;Ox N7Z = p;Z. The next argument shows that

(P1O0k) - -+ (pnOk) NZ = (p1 - - pn) L

Inclusion D is obvious : p1...p, € (1Ok)...(pnOx) NZ. As Z is a P.I.D, the ideal
(p10k) ... (pnOk) N Z is of the form aZ for some a € Z. From (p1Ok)...(pnOx) NZ C
piOg NZ, we deduce that p; | a,i=1,--- n. As py,--- ,p, are distinct, p; ...p, | a whence

the desired inequality. 0

Denote the intersection ﬂ 7(Fy) by 7(Syz, Fz). It follows from the Chinese remainder
pESy

theorem that 7(S,, F,) contains N (S,, F,) = ][] v(F,) cosets modulo I. The following

€85
proposition is a more precise and more technical fporm of theorem 2.1. It involves the following
notation.

— for a Frobenius data Fg = (Fp)pes, as in §2.1, the density of Fg, denoted by x(Fs), is
the product of all |F,|/|G| for p € S,

— for a positive real number x, the number 7(z) is the number of primes < z and II(z) is
the product of all prime numbers p < x. Recall that 7(z) ~ z/logx and log(Il(x)) ~ x
when z — 4o00.

— for a set S of prime ideals in O, the number I1(S) is the product of all primes numbers
p such that p = p, for some prime ideal p € S*.

Proposition 4.3. 1. Ifty € Ok is any representative of one of the cosets modulo I in
7(Sg, Fz) then Gal(Fy,/K) = G and ty € 7(F,) for each p € S;.
2. If x is suitably large,

[I(z)? " 1
(H(p-1))?  "27|G]|
3.Fix a Z-basis e = (e1,- -+ ,e,) of Ox and denote by H(e) the height of e. For g}(ﬁf)y coset
pH (e
WG

N(Sz)fgj) > X(Fa:) X )mr(m)‘

modulo I in 7(Sz, F,), there exists a representative to € O of height H(ty) <

4. Recall that p, denote the prime number such that p N 7Z = pZ.
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Proof. 1. From the definition of 7(S,, F,), we have that Frob,(F},/K) € F, for every p € S,.
From the Frobenius condition on the primes of Sy, 1 C Sm, the subgroup Gal(F,,/K) C G
meets all conjugacy classes of G, so it is the whole group G by a lemma of Jordan [Jor72].

2. Using proposition 4.1, we have, for ¢ = N(p) with p € S,.
N(Sza‘/—-x) = H V(‘FP)

peESs

> 11 ||G| X (qg+1—29q—|G|(r+1))

pESy
r+1
F)x TLax [La+: -2 bl
ves.  wes. 4 V4 q
As in [Debl7], using that g < r|G|/2 — 1 (if |G| > 1; from the Riemann-Hurwitz formula)
and that ¢ > 72|G|? for each p € S, (from the choice of p_;), we have
14_}_279 (r+1)|G| - 1

¢ Va q — 2r|G|
S . (z) \"
As all primes in S, are unramified, we have [[ N(p) =II(S,)" = and
PESy H(p—l)

card(S,) < pm(z). Hence, we obtain

)P pr(z)

o
3. WehaveOK:{Zmi.ei | m;€Z i=1,---,p} and so

i=1

P
Ox/I ={).mi& |meZ/ZNT i=1,--- p}.

=1

From lemma 4.2, Z/Z NI = Z/11(S;)Z. Every coset modulo [ in 7(S,,F,) has a repre-
o

sentative t = Zmi.el- in Ok such that 1 <m; <TI(S,),i=1,---,p. Next we have
i1

o
— for each finite place v, [t|, = |>_ my.e;| < max(]el|v, e leplw)-
i=1
— for each archimedean place v, |t|, = ei| < pII(Sy) 1112‘a<><;(|61|v, o leplw)
i=1 ==p
H
Whence H(t) < pII(Sy)H(er, - ,e,) = 1{)1 ( (6))H($). O
D1

Proof of theorem 2.1. For a positive number B, we let x = pg be the biggest prime
number such that II(pg).pp < B. Denote by ¢p the next prime number. As Il(¢g) =
I(pg).qp, we have

pell(pp) < B < qpll(pp) < 4p3p1l(pp);

the last inequality uses the classical estimate qp < 2pp.
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Taking the log of these terms yields
log(Il(pg)) | logpp _log B _ log(Ml(ps)) , 2log2ps

DB DB PB DB PB

which shows that
pg ~log B when B — oo.
Take a number B which satisfies the following conditions :
— 2B < pp < 2log B,
s PO
H(p)

— 7(pp) < 2log B/ loglog B.

It suffices to take B suitably large depending on K, H(e), H(p_1).

As in theorem 2.1, let Sp be the set of primes of K over the interval [py,log B/2]. The
interval [pg,log B/2] is contained in the interval [pg, pg] of proposition 4.3. Let Fp be a
Frobenius data on Sp. Extend it to a Frobenius data F, = F,, on the set S, = S,, of
primes over the interval [p_i, pg| (by defining F, arbitrarily for every p over some prime in
[lOg B/27 pB])

Next, use proposition 4.3 with x = pp, the set S,, and the Frobenius data /. Note that
the upper bound for H(ty) in proposition 4.3 (3) is < pgll(pg) and so < B. Conclude from
proposition 4.3 (2) that the number N of ¢, € O such that Gal(F;,/K) = G, H(ty) < B
and for all p € S, Frob, (F,/K) € F, satisfies

H(pB)p 1 or(pB
N2 > gy ria) ™

Furthermore, we have

| Fol 1 1
X(Fps) =perS[pB ‘ pr > Gl 2 (G
and
- H(PB) (4PBH(pB)> > B ’
(2pp)* (2pp)*
— (2pp)* < c log B/loglog B ¢ o constant ¢ depending on F/K(T).

Finally, using that m(pg) < 2plog B/loglog B, we obtain
Br
N = clog B/loglog B
for a constant ¢ depending on F//K(T). O

Theorem 4.4. Let F/K(T) be a regular Galois extension of group G. There exists an integer
N < [Aut(G)| and some polynomials Py, Py € Og[U,T,Y], irreducible in K(U)(T)[Y],
of degree degy( ) = |G|, monic in'Y and a ﬁmte set € C K such that the following holds :
— all the affine curves P(U t,y) =0 (over K(U)) are of the same genus gr,
— for every ug € Ox\e, Pi(uo,T,Y) is irreducible in K(T)[Y] and the affine curve
R(uo,t,y) is of genus gp, i =1,--+, N,
— for every ty € Ok which is not a branch point of F/K(T),

F,/K=F, /K < Jie{l,---,N},3yo € K : P(ug, to, yo) = 0.
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This result is the special case of [Deb18, theorem 2.16] for which F/K(T) = L/K(T).
Each polynomial P; is an affine model of the K (U)-regular cover f; : X; — P}((U) that
appears there and is obtained somehow by twisting f; by itself (i = 1,--- | N). Except for
a finite number of them, the K-points on X;|,, that appear in [Déb18] correspond to the
zeroes (to,yo) of the polynomial E(uo, T7,Y),i=1,---N.

Diophantine estimates. The constants ¢; below, i = 1,2, 3 depend only on the extension
F/K(T). We have :

— deg(P(uo, T,Y)) < ( P)=c

— degy (P(uo, T, Y)) gy (P) = |G|

— H(P(up, T, Y)) < H( 0)% < ¢, B%

For real numbers g, D, H, B > 0 and dy > 2, consider all polynomials ) € O[T, Y] monic
in Y and irreducible in K (7T')[Y] such that

— degy (Q) = dy

— deg(Q) <D

— HQ) <H

— the curve Q(t,y) = 0 is of genus < g.
For each such polynomial @, the number of ¢ € O of height H(t) < B and such that
Q(t,y) = 0 for some y € Ok is finite. Denote by Z(g, D, dy, H, B) the maximal cardinality
of all these finite sets when () ranges over all polynomials satisfying the above conditions.

As in theorem 2.2, let B be a positive number and H C Ok be a subset consisting of g
such that Gal(Fy,/K) = G and H(ty) < B. From theorem 4.4, for every uy € H, the number
of ty € H such that Iy, /K = F,,/K is < N Z(gp, c1, |G|, 2B, B). Let E be the cardinality
of € of theorem 4.4, we obtain
H
N(B.H) > il

NZ(gF,Cl,|G| CQBC3 B)

From corollary C, we have
Z(gr, c1,|G|,caB%, B) < ¢5B*/1(log B)®
Finally we obtain

H|-FE
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