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Abstract

In this paper we study the convergence properties of the Nesterov inertial scheme which is a
specific case of inertial Gradient Descent algorithm in the context of a smooth convex minimization
problem, under some additional hypothesis on the local geometry of the minimizing function F', such
as the growth (or Lojasiewicz) condition. In particular we study the different convergence rates for
the objective function and the local variation, depending on these geometric conditions. In this
setting we can give optimal convergence rates for Nesterov scheme. Our analysis shows that there
are some situations when Nesterov inertial scheme is asymptotically less efficient than the gradient
descent (e.g. in the case when the objective function is quadratic).

Keywords: Smooth optimization, convex optimization, inertial gradient descent algorithm, Nes-
terov acceleration, growth condition, Y.ojasiewicz condition, rate of convergence



1 Introduction

Let N € N*. We are interested in the following minimization problem:

zrgﬂlgjlvF(x) (1.1)
where F : RN — R, is a convex function in ¢! (RY) with L-Lipschitz gradient such that arg min F #
(). In this setting various algorithms have been proposed in order to solve numerically the minimization
problem such as the classical gradient descent algorithm and its variants.

Starting from a point zo € RY, the classical Gradient Descent algorithm with a fixed step-size
v > 0 reads:
Tpt1 = Tp, — YV F(x,,) (1.2)

Algorithm is a descent scheme (i.e. F(zn41) < F(z,)) provided that 0 < v < £ ,and without
any further hypothesis made on the function F, it provides a sequence that convergences weakly to
a minimizer, as also convergence rates for the objective function F(z,) — F(z*) of order o(n™!). In
addition this order has been proved to be optimal (see for example [29] and [20]).

In order to "accelerate" this convergence rate, in the seminal work of Nesterov [3I], the author
proposed an inertial version of Gradient descent algorithm with a suitable momentum term, i.e.

1+ /4602 +-1
9n+1 = % with 90 =1
0, —1 1.
Yn = Tn + - (xn - mn—l) ( 3)

n+1
Tn4l = Yn — 'YVF(yn)

Algorithm (1.3)) accelerates the convergence rate of the objective function F(z,) — F(x*), in the
sense that it is of order O(nfz) asymptotically. Several extensions have been made also in the non-
differentiable setting (proximal-splitting-methods), see for example [21] and [I1], as also with different

. . 0,—1 -
choices for the momentum parameter (i.e. the term 7, n (11.3)).

In this paper, we consider a special choice of the momentum parameter/over-relaxation term of the
Inertial Gradient Descent (|1.5)). This inertial scheme is described hereafter and depends of a sequence
(@n)nz1: forany 0 <y < 4, we set z9 = 21 € RY and for all n > 1:

Yn = Tp + an(xn - :L'nfl)

(1.4)
Tpi1 = Yn — YVF (yn).

ay, € 10,1] may be a constant parameter or it may depends on the iteration number. In this paper we
focus on the Nesterov scheme, that is the specific choice o, = 15, with b > 0. Note that this term is
the same as the one chosen in [17] in the non-smooth setting (see also [36],[1], [7] and [6]). We therefore
rewrite explicitly here what we call Nesterov (inertial) scheme in the rest of the paper:

g o) (15)

Tpi1 = Yn — YV E(yn).

Yn = Tpn +

Notice that in , we have 1 — %’;—: ~ % Without any further hypothesis on the function F', it
was proven that if the parameter b satisfies b > 3, then the convergence rate of the objective function is
of order of O(n=?2) (see for example , [6], [36] and [I7]). Another interesting issue of this choice is that
if b > 3 it can be proven that the iterates of converge to a minimizer (see for example [I7] and [6],
and it can also be shown that the order of convergence rate of the objective function is actually o(n_Q)

(see [8]). Other recent studies of algorithm (|1.5) include results for the case b € (0, 3) (see for example
[1] and [7]) which provide an order of O(n_%b)

In this work we are interested in studying the convergence properties of the Nesterov scheme that is
inertial gradient descent scheme for solving the minimization problem , under some additional
assumptions on the local geometry of the function F' in a neighbourhood of its minimizer x* that we
recall in Section 2.

As it was shown by Attouch and Cabot in [B], if F is a strongly convex function the sequence

(Tn)new satisfies F(x,) — F* = O(n_%) for any b > 0. In this work we give bounds depending on



more general geometries than strongly convex functions, that is functions behaving like ||z —z* ||B around
the minimizer for any 8 > 1. In particular we prove that if F is strongly convex and VF' is Lipschitz

continuous, the decay is always better than F(x,) — F* = O(n_%) We also prove that the actual

decay for quadratic functions is F'(z,) — F* = O(n*b). These results rely on two geometrical conditions,
one ensuring that the function is sufficiently flat around the minimizer, one ensuring it is sufficiently
sharp. We recover exactly rates given in [I0] for the associated ODE for any inertial parameter b and
these rates are proved to be optimal in the continuous setting. Notice that in [20], the authors prove that
the convergence rate of the gradient descent for quadratic functions is geometric. As a consequence, the
actual decay O(n*b) for Nesterov scheme is asymptotically slower than the one of the classical gradient
method.

The current work consists in a discrete counterpart of the works [9] and [I0]. Indeed, there has been
a large body of literature in the 5 past years regarding the connections between dynamical systems and
their discrete schemes (algorithms). In our framework it is worth mentioning the pioneering works [36]
and [6] where it was shown that algorithm is related to the following differential equation:

(1) + %@(t) +VF(z(t) = 0. (1.6)

In particular, algorithm can be seen as a time-discretization scheme of the differential equation
with a time step /7 (where v < % corresponds to the step-size in )

Various works have been devoted to the study of and in particular to the convergence properties
of the trajectory of solutions of , which correspond naturally to the same properties of a sequence
generated by the algorithm . In particular it was shown that the convergence rate for the objective
function F(z(t)) — F(z*) is of order O(¢t72) if b > 3 (see [36] and [6]), while for b > 3 this order is
actually o(t™2) (see [28]) and the trajectory {z(t)};~0 weakly converges to a minimizer of F (J6]). As

2

for the case b € (0, 3) this order reduces to O(t_?b> (see [7], [9] and [2]), and this rate is optimal [9].

Recently in [9] and [10] the authors studied the behavior of the trajectory of the solutions {x(¢)}:~0
of , for a function F satisfying geometric assumptions in a neighbourhood of its minimizers (flatness
and/or sharpness). The present work is thus the discrete counterpart of those papers.

The present paper is organized as follows. First we introduce in Section [2] the conditions on the
local geometry of the function F'. In section [3] we present the main results of this work concerning the
order of convergence rate for Algorithm and we compare them with related works. In section
we present the asymptotic analysis made for (i.e. the proofs and the schema of the proofs of the
main results). Appendix[A] and Appendix [B| contain some Lemmas (and their proofs) necessary for our
analysis.

2 Geometry of convex functions around their minimizers

In this paragraph we present two conditions on a convex function describing its (local) geometry around
the set of its minimizers. Roughly speaking, these two conditions characterize functions behaving like
| - ||” around its set of minimizers: one ensures that the function is sufficiently flat, while the other
ensures that it is sufficiently sharp in the neighborhood of its minimizers.

Definition 2.1. Let F : RN — R be a convez differentiable function with X* = argmin F # ().

1. Let 8 > 1. The function F satisfies the condition H(f) if, for any critical point z* € X*, there
exists 1 > 0 such that:

Vo € B(z*,n), F(z) — F(z*) < %<VF(CL'),$ —z").

2. Letp > 1. The function F satisfies the condition L(p) if, for any minimizer x* € X*, there exists
a constant K, > 0 and € > 0 such that:

Vz € B(z*,¢), Kyllx —z"||° < F(z) — F(z").

The hypothesis H(3) already used in [15] [36], [9, 10], generalizes the notion of convexity of a differ-
entiable function in a neighborhood of its minimizers. Observe that any convex function automatically



satisfies H(1), and that any differentiable function F' ensuring that (F — F(x*))% is convex, satisfies
H(B) with 8 > 1, which is slightly more demanding than the convexity of F'. To have a better insight
on the local geometry of convex functions satisfying the hypothesis H(3), we need the following result:

Lemma 2.1 ([I0, Lemma 2.4]). Let F : RN — R be a conver differentiable function with X* =
argmin F # (). If F satisfies H(B) for some § > 1, then:

1. The function F satisfies H(3'), for all1 < ' < B.

2. For any minimizer z* € X*, there exist M > 0 and n > 0 such that:

Yz € B(z*,n), F(z) — F(z*) < M|z — z*|)°. (2.1)

In other words, the hypothesis H(S) with 8 > 1, can be interpreted as a flatness condition: it
ensures that the function F is sufficiently flat (at least as flat as 2 + ||z||®) in the neighborhood of its
minimizers.

The hypothesis £(p) with p > 1, is a growth condition on the function F' around its set of minimizers
X*. Note that, when X* is a connected compact set, it can be replaced by a more general growth
condition on F' in the neighborhood of its minimizers [10]:

Lemma 2.2. Let F : R™ — R be a convex differentiable function satisfying the growth condition L(p)
for some r > 1. Assume that the set X* = argmin F' is compact. Then there exist K > 0 and ¢ > 0
such that, for all x € R™:

dz,X*) < e = Kd(z, X*)" < F(x) — F*.

Historically, the growth condition £(p) is also called r-conditioning [20] or Holderian error bounds
[14], and is closely related to the Lojasiewicz inequality [26], 27], a key tool in the mathematical analysis
of continuous and discrete dynamical systems [12, [I3]:

Definition 2.2. A differentiable function F : RN — R is said to have the Lojasiewicz property with
exponent 6 € [0,1) if, for any critical point x*, there exist ¢ > 0 and € > 0 such that:

Vo € B(z*,¢), |[VF(z)|| > c|F(z) — F*|°. (2.2)
where: 09 = 0 when 6 = 0 by convention.

In the convex setting, the growth condition L£(p), p > 1, is indeed equivalent to the Lojasiewicz

1
inequality, with exponent 6 = 1 — % € (0,1] and ¢ = K7 [4, 20]. Typical examples of functions having
the Lojasiewicz property are real-analytic functions and C! subanalytic functions [26], or semialgebraic

functions [3]. Strongly convex functions satisfy a global Lojasiewicz property with exponent 6 = 1 [3],
or equivalently a global version of the growth condition, namely:

Vz € R, F(z) — F* > %d(m,X*)Q,

where > 0 denotes the parameter of strong convexity. Likewise, convex functions having a strong
minimizer in the sense of [5, Section 3.3|, also satisfy a global version of £(2). By extension, uniformly
convex functions of order p > 2 satisfy the global version of the hypothesis £(p) [20].

The geometrical interpretation of the condition £(p) is straightforward: it ensures that the function
F is sufficiently sharp (at least as sharp as x — || — 2*||?) in the neighborhood of its set of minimizers.
Consistently, observe that any convex function satisfying £(p), satisfies L(p’) for all p’ > p.

Consider now any convex differentiable function F' satisfying both hypothesis H(5) and £(p). Com-
bining the related inequalities, namely and the growth condition £(p), F has to be at least as flat
as ||z — 2*||? and as sharp as ||z — 2*||” in the neighborhood of its minimizers.

For the simple example of the function F' : x € R — |z|” with v > 1, a straightforward computation
shows that F satisfies H(3) and L(p) if and only if 1 < 8 < v < p. More generally:

Lemma 2.3. If a convex differentiable function F satisfies both H(B) and L(p), with B,p > 1, then
necessarily: p > 3.



In our framework, the objective function F' is assumed to be convex and differentiable with a Lipschitz
continuous gradient. For such functions, the Lipschitz continuity of the gradient provides some additional
information on the local geometry of F' in the neighborhood of its minimizers. Indeed, for convex
functions, the Lipschitz continuity of the gradient is equivalent to a quadratic upper bound on F

L
Via,y) € RN x RV, F(z) — Fly) < (VE(y), —9) + 5 o — ol (23)
Applying (2.3) at y = 2*, we then deduce:

L
Ve e RN, F(z) — F* < Sl = |7, (2.4)

which indicates that F is at least as flat as ||z — 2*||> around X*. More precisely:

Lemma 2.4. Let F : RY — R be a convez differentiable function with a L-Lipschitz continuous gradient
for some L > 0.

1. If F satisfies the growth condition L(p), then necessarily p > 2.

2. If F satisfies L(2), then F automatically satisfies H(3) with 8 =1+ % and Ky < £.

Proof. Assume that F satisfies the condition £(p). Combining the inequality (2.4) and the growth
condition, we get: for any x* € X*,

* * L %12
Kplle —a™||P < F(z) = F(2") < 5l — 27|, (2.5)

for all z in some neighborhood of z*, which necessarily implies: p > 2. In the particular case p = 2, we
also deduce that: 2K5 < L. The second point of Lemma has already been shown in [10].
O

3 Main results and contributions

The main results of the paper are summarized in the two theorems presented in this section. They
mostly give some convergence rates of F(x,) — F(x*) where (z,)nen is the sequence built by the
Nesterov scheme for various choices of friction parameter b and geometrical conditions H(7y) and
L(2).

Numerous decay rates have been proposed for the Nesterov scheme [32], for gradient descent [20],
or more general inertial schemes such as inertial gradient descent [5] or Heavy Ball methods [24]. Some
results are available for any convex functions and others assume strong convexity or condition £(2).
Moreover, this inertial scheme can be seen as a discretization scheme of the specific ODE (1.6 and the
given results are closely related to associated problem. We also will provide a comparison between the
continuous setting and this discrete counterpart. But to be precise in all the comparisons that should
be done with the state of the art we first give our results and discuss in a second time.

3.1 Main results
We now present the two main Theorems of this paper.

Theorem 3.1. Let F : RN — R be a convex differentiable function with a L-Lipschitz continuous
gradient for some L > 0. Let 0 < v < % and {x, }nen be the sequence generated by Algorithm (1.5)).
Assume that F satisfies H() with 8 > 1. Then we have the following:

1. Ifb< 1+ %, the following convergence rates hold true asymptotically:
F(zn) — F(z*) = o(n*%) (3.1)

If in addition § < 2 then:
b
20 — T = o(n—ﬂ%) (3.2)



2. (i) Ifb>1+ % then the following convergence rate holds true asymptotically:
F(z,) — F(z*) = 0(n?) (3.3)

If in addition B < 2 then {zp}n>1 is bounded and:

|20 — znoa] = O(n71) (3.4)
(i) Ifb>1+ 2 then:
400 oo
> n(F(zn) — F(z*)) <400 and Y nllzn, — 1] < +oo (3.5)
n=0 n=0

In addition the sequence {xy }nen converges to a minimizer x*.

(i) If b > 1+ % and if F satisfies £(2) and admits a unique minimizer, then the following
convergence rate holds true asymptotically:

ﬂ%%%WU:O@%%) md|mrwmm=0@%%) (3.6)

Corollary 3.1. In view of point 2(ii) of Theorem in the case b > 1+ %, for n € N, we actually
have:
F(z,)— F(z*)=o0(n"?) and |z, — 41| =o0(n") (3.7

as also the sequence x, converges to a minimizer x*.

This corollary is an extension of Theorem 1 in [8]. The proof of this corollary is a direct consequence
of the summability (3.5 and of Lemma in Appendix [B] (these two results are key elements of the
convergence proof in [I7]).

We define U,, = F(x,,) — F(z*) + W From (3.5) we deduce that

Z nU, < 400 (3.8)

n>1

It follows that for any € > 0, it exists a rank ng such that for any n > ng,

M=

kU, < e. (3.9)
k=[3]
Hence, the sequence U, = min Uy, satisfies
keizln]
Upx Y k< Y kU <e. (3.10)
k=[%] k=[%]

» nZ
Uy, = U,, which concludes the proof of (3.7).
The proof of the convergence of the sequence x,, to a minimizer z* is also based on the estimates
(3.5) and it is identical to the one made in [I7] (see Theorem 3) and is omitted here.

Remark 1 (The Least Square problem). From Theorem the point 2 is applicable under the
hypothesis on the uniqueness of the minimizer of F', z*. In fact, in a context such as the Least Square
problem, the hypothesis on the uniqueness of z* can be omitted since the whole trajectory (z,)nen
belongs to an affine space where the solution of the minimization problem is unique.

Let us consider the Least square inverse problem. Given y € RY and a positive-definite bounded
linear operator (matrix) A : RY — RY  we consider the function F' : RY — R such that F(z) =
31l Az — y||2 for all # € RY and the minimization problem (L.I), i.e.:

and thus Un = 0( L ) Moreover (U,)n>1 is non-increasing (see Lemma in Appendix and thus

1 2
Z || Az — L
nin oAz —y| (LS)



For the problem , the algorithm (|1.5)) reads:

Yn = Ty + an(xn - xnfl)

) (3.11)
Tnt+l = Yn — vA (Ayn - y)
with zg = 21 € RY. We then deduce that for all n € N, z,, € {zo} + ImA*.
Since this problem has a unique solution on the space {xo} + ImA*, the second point of Theorem
is applicable.

The second Theorem considers the case of a function F with a "flat" geometry near the minimizer
of F. In our framework this is the case of a function F', verifying Hypotheses H () and L(p) with
p=p>2.

Theorem 3.2. Let F : RN — R be a convex differentiable function with a L-Lipschitz continuous
gradient for some L > 0. Let 0 < v < % and {xp tnen be the sequence generated by Algorithm (1.5)).
Assume that F satisfies H(B) and L(p) with p > B > 2, and that F has a unique minimizer. If

b> /B3+2 then the following estimate hold true asymptotzcally

F(x,) — F(z") = O(nfp%) (3.12)

3.2 Comments and Relation with prior works

State of the art for Nesterov scheme: It is known since [31I] in 1983 that for b = 3 the Nesterov
scheme ensures that F(z,) — F(z*) = O (3), if F is convex. Actually, the proof of Nesterov was
also available for b > 3 but the value b = 3 ensures the lowest constant hidden in the big O. That is
why this choice was used for the generalization to non smooth functions FISTA [II] or for restarting
methods [33]. In [17], Chambolle and the 3rd author of the present paper reminded that any b > 3 may
provide the same decay, and they showed that if b > 3, we can moreover ensure the weak convergence
of iterates in a Hilbert space and the convergence of » _yn(F(r,) — F(z*)). In [§], Attouch and
Peypouquet deduced from this summability that F(z,) — F(z*) = o(-%) when b > 3. More recently,
following similar results from the continuous setting, Attouch et al. [7] and Apidopoulos et al. [I]

proved that F(z,) — F(z*) = O (%) when b < 3. In Theorem H point 1 and point 2 (i) and (ii) we
show that if F satisfies H(B) for 8 > 1, the decay rate is actually better than O ( ) for all b <

and that the limit value for parameter b ensuring the convergence of iterates and the convergence of
> men M F(zy) — F(2*)) is actually 1+ % < 3. As a consequence for such functions, the sequence of
iterates converges for b = 3.

In [36] Su et al. proved that for b < 9, if F' is strongly convex, F'(z,) — F(z*) = O (%), this result
n 3

was extended to any b > 0 by Attouch et al. [§] for functions having a strong minimizer. The point 2

(iii) of Theorem 3.1 gives a more accurate bound when F satisfies condition H () since the power gﬁ

is always higher than 2 ? when 8 > 1. We can notice that the strong convexity or the strong minimizer
condition ensure that the local condition £(2) is in force. Moreover we have observed in Lemma

that if the gradient of F' is L Lipschitz and F satisfies £(2) then F' satisfies H () for a § > 1, which
implies that for such functions the decay is always faster than O

This Theorem enlightens the role of the flatness hypothesis H to gne‘s a better decay rate. For classical
gradient descent, the condition £(2) is the key to get the best decay rate, since the function F(x) = |z|P
satisfies £(p) by definition and this function achieves the best decay rate for function satisfying L(p)
[29]. If we consider inertial algorithm, the sharpness is not the only key. In [I0], Aujol et al. show
for the associated continuous problem, that this flatness hypothesis H may ensure a better decay rate,
avoiding too large oscillations around the minimizer. They show that the actual decay rate for quadratic

function is O( ) which is better than O ( ) that can be obtained using only strong convexity or

tb
L(2) condition. It is a general comment, also valid for the second theorem: for inertial algorithms,
sharpness is not always the critical assumption; to get optimal rates for Nesterov scheme, one needs to
control sharpness and flatness of the function. The last point of Theorem [3.1] illustrates this remark,
showing for example that the decay rate is O ( ) for quadratic functions. Since this rate is proved to

be optimal, see [I0], for the continuous setting, we conjecture that this decay is optimal in the discrete



setting as well. One can notice that, in a continuous setting, under the sole assumption £(2) , we cannot
get a better rate than %b. To get the power b, a flatness hypothesis is needed.

Theorem [3.2 deals with the case when F satisfies £(p) with p > 2 but not necessarily £(2). As far as
we know, there are no references with such hypotheses for the Nesterov scheme. This theorem ensures
that if b is large enough, the decay of F(z,) — F(z*) is faster than the rate o (-%;) that can be obtained
only with a convexity assumption.

Comparison with gradient descent and other inertial algorithms: Many inertial schemes of
gradient descend have been proposed such as the Inertial Gradient Descent (1.5

Tpy1 = Tn + (T — Tpo1) = YVF (2n + an (T — 1)) (3.13)
or the Heavy Ball Algorithm
Tn+l = Tn + Oén(xn - -rn—l) - ’YVF(xn) (314)

The case a,, = 0 of corresponds to the classical gradient descent, the case «, = nLH) is the case
studied in this article. If b = 3 we recover the original choice of Nesterov, but other choices of parameters
have been studied, see for example [5].

Under the hypothesis £(2), the gradient descent ensures a geometrical decay.

This decay is also geometrical for the Heavy Ball method and the inertial gradient descent with

fixed inertial parameter for strongly convex functions [32] (see also [33], [30]). More precisely Nesterov

VL—y/a
VL—ya
the gradient of F' and « is the parameter of strong convexity of F', to optimize this geometrical decay.
Estimating numerically Q = g can be a a very challenging task. There exists a vast body of literature
on adapting restarting versions of inertial algorithms in order to estimate the conditional number @ (to
cite but a few of these works, we address the reader to [33], [I8], [19], [25], [30] [16] and [34]). We can
notice that for inertial methods the uniqueness of the minimizer is needed, which if not the case for
gradient descent.

In the recent work [23] the authors propose a different application of alternated inertia to (i.e.
applying the inertial term every two iterations), in a non smooth setting. Surprisingly this turns Algo-
rithm with alternated inertia, into a descent scheme and it permits to have the same convergence
properties as the Forward-Backward algorithm under the hypothesis £(p) with p > 1.

In a recent work, Attouch et al. [5] proved that the decay is faster than polynomial for a large class
of inertial parameters o, such that 1 — a,, ~ & with r € [0, 1).

Hence, even if Theorem improves the bound for Nesterov scheme on F(z,,) — F(z*) that can be
obtained with assumption £(2) by adding the condition H(7), these decays are still polynomials and
they are thus worse than the ones of the classical gradient decent, the inertial gradient descent with
fixed parameter, or the Heavy Ball algorithm.

Nevertheless, the first points of Theorem do not assume the hypothesis £(2) or any strong
convexity. Theorem [3.2| ensures that if b > 1+ = the decay of F(z*) — F(zy,) is faster than O(%) which
seems to be the best bound we can achieve with such hypotheses for Gradient descent or any inertial
methods.

Moreover, the last point of Theorem ensures that under the assumption £(p) with p > 2, if b is

large enough, the decay of F(x,) — F(z*) is O(np%) which is better than o(-%) and better than what
can be obtained with the sole hypothesis £(p) for gradient descent. Indeed under the assumption L£(p),
Garrigos et al. [20] proved that the gradient descent ensures a decay which is O(nﬁ) and this decay

is optimal under this assumption [29].

in 1983 [31I] proposed to choose a fixed sequence «,, = where L is the Lipschitz constant of

Comparison with the continuous setting: Both theorems of this paper can be seen as extension
of previous results [9, [I0] on the solution of the ODE associated to the Nesterov Scheme. In [36], Su
et al. were the first to propose results for both continuous and discrete setting. After this article most
recent results on Inertial Gradient Descent have been developed first in a continuous setting, that is
studying solutions of ODEs such that

#(t) +()a(t) + VF(z(t) = 0. (3.15)

The main reason is the higher complexity of the discrete setting where some discretization terms must be
bounded. The choice of the discretization may be crucial. One can notice that the Heavy Ball Method



and the Inertial Gradient Descent with constant parameter «,, = « are associated to the same ODE
with a constant friction term ~(t) = . Nevertheless, both algorithms do not share exactly the
same properties and the same optimal tuning for parameters see [24]. The hypothesis of both theorems
are similar to the ones in the continuous setting, with the Lipschitz hypothesis on the gradient of F.
We also need uniqueness of the minimizer for Theorem [3.:2} We think this hypothesis could be removed
but the technical price to pay was too high and we prefer to assume this uniqueness to keep a readable
proof.

4 Asymptotic analysis

In this section we give the proofs of Theorems [3.1] and Before passing to the complete proofs, we
provide the necessary tools, as also a basic sketch in order to have a better insight.

4.1 Schema of proofs

The basic tools that we use are a Lyapunov-type analysis and the asymptotic equivalences. The choice
of the Lyapunov energy-sequence, as also the asymptotic analysis are highly-inspired by the work made
in the continuous-time counterpart for a solution of in the work [10].
In this context, Lyapunov techniques consist in finding a suitable positive energy-sequence F,, of the
form:
E, = on(F(zn) — F(z*)) + R, (4.1)

with ¢, and R,, some positive sequences. Then by showing that F,, is non-increasing, it follows directly
that the convergence rate for the objective F(z,,) — F(2*) is of order of O(¢,!).

In this work, we set ¢, ~ n? and the term R, is not necessarily non-negative. In fact the exact
construction of FE, (see ), depends on the geometric properties of F' and on the order of the
convergence rate of the objective function, i.e. the value of § such that:

F(z,) — F(z*) =0 (%) (4.2)

as stated in Theorems [3.1] and
In order to get the estimation (4.2)), a two-step procedure is used:

1. First of all, since ¢,, ~ n?, we show the control over the growth or the decay of E,, of the following

form (see for example relation (4.18) for Theorem and (4.38]) for Theorem [3.2)):
E, < Kn=°t? (4.3)

2. Since R, is not necessarily non-negative we cannot deduce (4.2)) directly from (4.3]). For this issue,
we infer the geometric properties of F' (in particular hypothesis £(p)) in order to deduce (4.2))
from (4.3).

To get the appropriate control on E,, we follow a classical strategy for bounding functions
using a differential inequality, which is motivated by the continuous-time setting (see [I0]).

In fact for a differentiable function £: [0 + c0) — R, a constant ¢ € R and positive function r:
[0 4+ c0) — R, such that the following relation holds true:

cE(t)
t

g'(t) < +r(t) (4.4)

with t=¢r(t) € L'[0,+00), one can deduce that the function H(t) = t=¢£(t) is bounded from above.
Thus it exists a constant K € R such that £(t) < Kt°.

More precisely, in the framework of the current work (discrete setting), we provide an energy-sequence
{E)}n>1, such that the following relation holds true asymptotically:

C
E7L+1 - E, < ﬁEn +7n (45)

with ¢ = —¢ + 2 and a suitable sequence {r,},>1 that involves the geometric properties of F. In
particular, in the context of Theorem we have that r, = % E, (see relation (4.17) of Lemma

, while 7, = 25 E, + 3 ||x,_1 — 2*[|” (see relation (4.29)) of Lemma , for some suitable positive



constants a, a; and as. This allows to deduce the existence of a constant K such that for n € IN large

enough, we have:
E, < Kn° (4.6)

Finally, in order to deduce (4.2)) from (4.3) we use different strategies depending on the hypotheses
on the geometry of F' and on the over-relaxation parameter b.

1. For the first point of Theorem the sequence {R,} in (4.1) is positive and (4.2)) holds directly.

2. For the second point of Theorem and for the bound of Theorem we have R, = R, +
¢||#* — x,||%, where R/, is non negative and & non positive. Thus, from ([@.3), for n large enough,
it follows that:

ou(F(@n) = F(z*)) = [€]l|lz — 27||* < Kn™°*? (4.7)

and we conclude, using the growth condition L(p) to bound ||z* — z,||* and get inequalities such
that
on(F(20) = F(a*)) + Ay (F(2,) — F(a*))? < Kn =+ (4.8)

which, by recalling that ¢,, = n? and using an appropriate strategy when p > 2 (see Lemma [B.5]),

leads to (4.2).

The value of 6 and the use of conditions L(p) are different in the two theorems, which leads to different
results, but the strategies in both cases are similar.

4.2 The Lyapunov energy

We now give the proper definition of the energy-sequence {E, },>1, in order to proceed to the analysis
described before. Let us introduce some notations that will be useful in the coming analysis:

wy = Fx,) — F(2*), 0p=||tp —xp1||*> and h, = ||z, — 2" (4.9)

For some A > 0 and £ € R, we also define:

Un = [[MN@p1 — %) + ta(@n — z01)|?, > 1, (4.10)
with n
th,=n+b—1 and «, = (4.11)
tn—i—l
and:
1 . Aty .
E, = (£ +Mty)w, + 5\|A(zn_1 — ")+t (@ — 20 1)|* + WHxn Y %Hzn_l —z*|?
1 A,
= (t2 + ABtn)w, + oy Un + 27%5” + %hn_l (4.12)
Observe that the energy can also be expressed as:
1
E, = (t2 + A\Btn)wy, + 5 (ti(sn + My (hy — hp1) + (A + §)hn1) (4.13)
Y
Remark 2. By definition of E,, and using the convex inequality:
Jul® < 2|lu+ ol + 2|jv]> ,Vu,v € RN (4.14)

with u = ¢, (2, — Tp—1) and v = XN(xp,—1 — z*), we find:

2 .
29En 2 2y(tn 4+ ABtn)wn + (G 4+ M)l = 2nall” + (€ = N llzn-1 — 2| (
4.15)

2
= 22w, + %m (6= ANy

In what follows we frequently make use of the inequality (4.15).

We also give the following basic Lemma which gives some bound estimates for the energy F,, and
will be useful for both of the proofs of Theorem [3.I] and Theorem [3.2]
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Lemma 4.1. Assume that the condition H(B) is in force with 8 > 1 and let 0 < v < + and {Z, }nen
the sequence generated by Algorithm (1.5). Then for all A 2 0 and £ = A(A+ b — 1) in the definition of
E,,, the following recursive formula holds for alln > 1:

21(Bia=Bn) < 2y LB, 420 N+ -2AOL0) )0, AW = [+ 22 )
(4.16)
where:
cA)=2A+1-0), A(N)=20—(B+2)A, Ax(A\)=2AX+1-b)(1—-0)
As(\) = —2AA+1—b)(2A+ 1 —b)
4.3 Proofs

Here we present the complete proofs of Theorems [3.1] and [3:2] as also the different Lemmas that form
the guideline described before. For ease of reading, all the proofs of these Lemmas are postponed in the

Appendix [A]

4.3.1 Proof of Theorem [3.1]

Before proving Theorem we present a Lemma which first gives the control estimates over the local
variation of the energy {F,},>1 depending on the parameters 8 and b, and then a control estimate of
E,.

Lemma 4.2. Let F : RN — R be a convex differentiable function with a L-Lipschitz continuous gradient
for some L > 0. Let 0 < v < % and {x, }nen be the sequence generated by Algorithm (1.5). Assume
that F satisfies H(B) with 8 > 1, and that one of the following hypotheses is in force:

i b<1+3
. b>1+ % and F' admits a unique minimizer ©* and satisfies L£(2).
Taking A = ﬁ and E=AXA+1-0) = (52:5)2 (1 + B b) in the definition of the energy E,,, we have:

1. There exists some ng € N, such that for all n > ng, the following recursive formula holds true:

a C
Epi1— E, < E, 4.1
Al T B <m+b—1y+(n+b—n> (4.17)

for some constant a > 0 and c =2 — %.

2. The following estimate holds true asymptotically:
f@1::C)(n2—§%%) (4.18)

We are now ready to give the complete proof of Theorem [3.1]

Proof of Theorem[3.1. We start this demonstration by proving the points 1 and 2(ii¢) of Theorem
For that, we choose:

2b 2b8 2
A=——=>0, £E=AXA+1-0b)= <1+ b),

Br2 ( I CET AR
in the definition (4.12)) of the energy E,,. Using Lemma there exist ng € IN and a positive constant

C' such that, for all n > ng, we have:
2b8

<oty (4.19)

In order to deduce the expected convergence rates on w,, = F(x,)— F(x*), we use different strategies
depending on the sign of the parameter £. Firstly we consider the case b < 1 + %, ie.r € > 0. In that
case, the energy FE, is a sum of non-negative terms, hence:

1
E, = (2 + ABty)w, + > (U + Mnbp 4 Ehn_1) = 2w,.

11



Combining the very last inequality with (4.19) and noting that ¢, ~ n asymptotically, we get the
8
appropriate estimate: w,, = O(n_%) for all n > ng, as asserted by the first point of Theorem (3.1
In addition, if 8 < 2, we can get even more: combining the definition of the energy F,, as expressed

in (4.13) and the estimate (4.19), we have: for all n > ny,

263

Mo (hn = B—1) + (N2 + 1 < 29E, < Cti 772 (4.20)
Noticing that: A2 + & = \(1 + (2[3—_@)};) > X when 8 < 2 and that: ¢t,_1 = t,, — 1, we then have:
vn 2 no, )\(tnhn - tnflhnfl) = Atn(hn - hnfl) + )\hnfl < )\tn(hn - hnfl) + ()\2 + g)hnfl
< o

Summing over n > ng + 1 leads to:

268 b<1+%

- 2_/3+2 2_%
Mphn < Mghny +C >t < Apghng + Cnty,

1=ng+1
268

< Kn® 52 (4.21)

asymptotically, for some suitable positive constant K. Finally, using the inequality (4.15]), we have:

2

t
200 < 2By - 292wy, + (N2 — )y < 2vE, 4+ X2 — €|hp_y. (4.22)

208

Injecting estimations (4.19) and (4.21) into (4.22) leads to: 4, = O(tn 5“) as expected.

Consider now the case b > 1+ % i.e. £ <0. In that case, the energy FE,, is not a sum of non negative
terms anymore:

2y En = 2v(t2 4+ ABto ) wy, + vy + Anby — [€]| 201 — ¥,

and an additional growth condition £(2) will be needed to bound ||z,_; — *||*. First, applying the
inequality (4.14)), on the one hand to u = t,(z, — ,—1) and v = A(x,,—1 — *) and on the other hand
tou=2x,_1—2* and v = z* — x,,, we have for all n € N:

t2 . .
vn > 20 = Mzt — %>, |zt — a*|> < 20, + 2h,,.

Using these two inequalities successively, we deduce:

1 A
29Bp > 2985 + ABta) wn + ( ’ )tién (€= ) anr — 2

A
I A 2
> (@ + 3w+ (54 2 - L2 e, e R, - 029
n n

t2
> 2y(£2 + ABtn)wy, + Son =206~ |||z — 2

since the coefficient of t24,, converges to %7 and thus is greater than e.g. % for n large enough. Assuming
in addition that F satisfies the growth condition £(2) and admits a unique minimizer, we then obtain
for n large enough:

A8 lE = IKG !

t2 t
E, > (82 + A8ty — 2| — N|Ky Dw, + 26, = (14 Jtaw, + 25,
4 tn t2 4

Hence there exists ng € IN such that for all n > ng, we have: E, > %wn + %5,1. Using finally the
estimate (4.19) on the energy E, allows us to conclude the proof of the point 2(iii) of Theorem [3.1
Consider again the case when b > 1 + % In order to prove the points 2() and 2(é¢) of Theorem

with the only assumption that F' satisfies the condition H(3), we choose different values of the
parameters A and & in the definition of the energy F,,. Let us set:

A=b-1>0, E=XA\A+1-b)=0.

12



In that case, the energy is again a sum of non negative terms and we then have:

E, = (t2 + (b—1)Bty)w, + % (vn + (b= 1)tn6) = towy,. (4.24)

To obtain the expected convergence rate on w, as expressed in the point 2(z) of Theorem [3.1] it is
sufficient to prove that the energy E,, is bounded. For that purpose, we apply Lemmaf.I]with A = b—1.
Keeping in mind that b > 1 + %, we then have:

2 1
Vn>1, E, 1 —E, < (B1+ 5 b)ty, + 1) w, — Z(b - 1)%,

_ i(b —1)%6, < wp (4.25)

2y
Injecting (4.24) into (4.25), we then obtain for all n > 1, E,41 < (1 + t%)En, which implies by a

recurrence argument that:

Wn,

- 1
¥n>1, By < B[ (14 5)

i=1 v

By inferring Lemma with ¢ = 0 and ¢ = 1 we deduce that the sequence (E,,),>1 is bounded. By

([4.24)), the sequence (t3wy,)n>1 is also bounded. Hence: w,, = O(t,?) = O(n_z) asymptotically.
Assume in addition that: 8 < 2. According to the definition (4.13) of the energy E,,, we have:

Yn>1, 2vFE,

29(t2 + (b= 1)Bty)wn + 26, + (b — Ditp(hp — hp_1) + (b= 1)%hy 4
> (b= Dtp(hy —hp_1) + (b—1)2h,_1
= (b - 1)(tnhn - (tn —b+ l)hn—l)

Observe now that, since b > 1+ % and 8 < 2, we have: ¢, —b+1<t, —1=t,_1, hence:

2
B
V21, 2vE, = (b—1) (thhn — th—1hn-1) .
Using the fact that (E,),>1 is bounded, there exist a constant C' > 0 and ng € N such that:
Vn = no, tahn — tn1hn1 < C. (4.26)

By summing (4.26) from ng to N, we obtain that for all N > ng, tnhn < tnghn, +CN < tp hn, +Ctn.
The sequence (hy,)y, is so bounded, which implies that (z,,), is also bounded. Moreover using (4.15):

t2
Vn > 1, 5"5,1 < 2vEn + N2hy_1,

and the boundedness of h,, and E,,, we obtain the boundedness of the sequence (t25,,),, i.e. §, = O(n_Q)
asymptotically, which concludes the proof of point 2(i) of Theorem (3.1
Finally, suppose that b > 1 + % Let: n=b— (14 %) > 0. As previously done in (4.25]), we have:

1

En - En < - tn -1 n
+1 (Bn Jw 2

(b - 1)2571 < _(577tn - 1)wn (427)

Moreover using the fact that there exists ng € IN such that for all n > ng, we have: 32t, < fnt, —1
and summing (4.27) over n € {ng,--- , N}, for all N > ng, we find:

N
Bg D tawn < By, < 400 (4.28)

n=ngo
Lastly, the proof of the summability of the (nd,), is exactly the same as in [I7, Corollary 2|. In few
words, applying Lemma with v < %, Y = Ty + ap(Ty — xn—1) and © = z,, or equivalently using
the Lipschitz continuity of the gradient of F', we have:

Yn>1, dpe1 — aién < 27v(wy, — Wpy1),

13



where: a,, = -2. Summing the last inequality from n =1 to N, we obtain:
n+b g q y

N N
(b=1)> (2t —b+1)0, <27 (2t + Dwy + twy.
n=2 n=2
Observe now that for all n > 1, we have: 2t, —b+1=2n+b — 1 > 2n. Thus the summability of nd,

follows from the summability of t,wy,, which concludes the proof of point 2(ii) of Theorem
O

4.3.2 Proof of Theorem

Let us now consider the case of a function F which satisfies H(3) and L(p) with 8 > 2 and p > 2. In
order to give the compete proof of Theorem [3.2] we make use of the following Lemma.

Lemma 4.3. Let F : RN — R be a convex differentiable function with a L-Lipschitz continuous gradient
for some L > 0. Let 0 < v < + and {z,}nen be the sequence generated by Algorithm (L5)).

Assume that F satisfies H(S) and L(p) with p > 8 > 2. Let A = % and £ = A(A+1-0b) =
ﬁ % — b | in the definition of the energy E,. Ifb > , then there exist ng € N and some
constant C' > 0 such that the following recursive formula holds true for allm = ng:

4 C K, C

We are now ready to give the full proof of Theorem [3.2]

Proof of Theorem[3.3 We split the proof into three parts. In the first part we present the analysis in
order to obtain a control over the decay of the energy E,,. In the second part we deduce some estimates
for the sequence w,, by making use an a-priori estimate for h,. In the last part we infer a bootstrap
argument to improve the estimates for the sequence w,, and to get those stated in Theorem

Part 1: 1In this part, we show that choosing \ = % and { = AA+1-0b) = % (5?2 — b> in the

definition of the energy F,,, the control over the decay of the energy F,, is given by:

4 4
1+-).
51+2)

E,=0(n""), with: m = min(ﬂ

Let d = ﬁ. By Lemma there exist ng € N and a positive constant C' such that

d C C
Vn 2 no, En+1 — E rE + E + 2 t2 h —1- (430)

Denoting by H, h,_1and z, =1— 2% + i £ the previous inequality (4.30) can be rewritten as:

=2y t2
Eni1 < zaEn + Hy, (4.31)
which, by applying Lemma [B:3] implies:

Yn = ng, Ept1 < H Z (Eno + Z ) (4.32)
Zm
m no

i=ng i=ngo

By relation (B.18)) of Lemma we deduce the existence of two positive constants C and Cy such
that for all n > ng it holds:

" C
Cit, < ] 2= (1 - -+ t2> < Oyt (4.33)

1=ngo 1=ng
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Hence by (4.32)) and the definition of H; = %%hi,l, we find:

n+1 CQt (Eno + Cl_l Z tng>

i:no

< Oyt ? (Eno +Cs Z t?th—1>

’L‘=7’L0

(4.34)

for some suitable positive constant C3. So to obtain an estimate on the energy, we first need an estimate
on h,. Assuming that F' satisfies the growth condition £(p) with p > 2, and admits a unique minimizer
z*, we have:

2
hios = [z —2* 2 < K (F(aia) — P*)? = Kylwl . (4.35)
By injecting the last inequality (4.35)) into (4.34)), for n > ng we find:

n 2
Enp1 < Cztnd(Eno+Cst IZt?‘wa_1>

’L‘*TL()

4 2_
< Cgt d(EnO+C3 ~1 Z twl 1 - p(t?wifl)p 1> (436)

l’ﬂ()

Moreover, since F satisfies H(B) with 8 > 2, we can apply the results stated in Theorem Here:
b> g” >1+ B Hence from relation (3.5) of Theorem the sequence (tfwi,l)i is bounded and:

+o0
Z tiw;—1 < +00. (4.37)

i:no

By inferring relation (4.37)), from the previous inequality (4.36]), we find that for all n > n

Eni1 < Cot; (En0+04t;m{d 1_1”0})7

hence:
E,1 <Ct™ (4.38)
for m = min{d, 1 + %} and some suitable positive constants Cy and C.

Part 2:  Once obtained the control (4.38) over the decay of E,, we now want to deduce the
convergence rates on w, = F(z,) — F(z*) expected in Theorem
Firstly, observe that when § > 2 and b > ’6 +2 , we have

2 B 2 B
A=gT5 >0 and =AM 1-h) = oG5 ) <

The energy E, is not a sum of non negative terms, so that, as in Theorem we will so need some
growth condition to bound ||z,_1; — z*||?, or more precisely ||z,, — x*||? in what follows. First remark

that using (4.15)), we get:
29E, = 2y(t, + ABtn)w, + vp + M8y — €] |01 — 2|2
t2
> 29t2w, + 5”% —Ab—D)||zp_g — 2| (4.39)

By using the inequality
|z0—1 = 2"|* < 2|z — 2" + 2)lz0 — 20|
in (4.39) we find:
£2
29t2 wy, + (; —2X\(b— 1)>5n < 2vEn +2X(00 — 1Dhy,. (4.40)

Hence, there exists ng € N such that for n > ng:

Pw, < 29E, + 2\ —1)||lzn, — 2%
< O™ 42000 — 1)z, — 2|

n
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using the control estimate (4.38) on the energy E,, for some suitable positive constant C. Using the
growth condition £(p) with p > 2 combined with the uniqueness of the minimizer, gives:

20b-1) 2

2 _
2w, <Ct;™ + o

(4.41)

Deducing now the convergence rates on w, is quite technical: multiplying (4.41]) by ¢* and setting

gn = " 2w, we find:
OA(b — 1) me=2tnt2) 2
gn < C + 7(1{ ) g (4.42)

mp—2(m+2)

By applying Lemma with z, = %tn B and o = % € (0,1), we obtain:

D
INb — 1) me=20m+2)\ p—2 m——4_
gn < 2max {C, <2127()t P ) } = 2max {C, C'ty ”2}

K, " (4.43)
=0(t)
where JyS— m,i _{ m_ﬁ if p > max(3,4)
’ p—27 10 otherwise.
Substituting then g,, = t™*2w,,, we finally have:
w, = O(th—m=2). (4.44)

At this point we consider the different disjoint cases for the parameters (3, p) in order to precise the
estimate (4.44). Recalling that 5 < p, m = min{ﬁ, 1+ %} and M = max{0,m — ]7%2} we have the
following results:

o Ifm= ﬁ then (since 8 < p), we have necessarily that M = m — p;fQ. In that case by (4.44]), we
_2p
find: w, = O (tn p2>
° Ifm:l—k% then:
_2p
- IftM=m- p;iZ’ then from (4.44) we find: w, = O(tn ”_2)
—(3+2)

— If M =0, from (4.44) we find: w, =0(t, 7

The previous cases can be regrouped into two regimes By and By, for the parameters (3,p) € {(z,y) €

R?: 2 <z <y} with Bi: {p >4} and By: {p < 4}, such that:
e B1: If p > 4 then from (4.44) we obtain:

wy, =0 (tn 2) (4.45)

e By: If p < 4 then from (4.44) we obtain:

-(3+2)

W, = 0< " ) (4.46)

In the case p > 4 (i.e. condition B;) we can conclude directly the proof of Theorem (3.2

Let us now treat the case of p < 4 (i.e. condition Bs). In this case we have m =1+ 2 and M =0
and the estimate found in is sub-optimal. This point is strongly accented by the corresponding
results for the continuous-time version (see Theorem 4.3 in [I0]). This is due to the use of the a-priori
estimate in our analysis.

Nevertheless, we show that this estimate can be "improved" by inferring a bootstrap argument for a
suitable amount of times. More precisely the idea is to use as an a-priori estimate, by re-injecting
it in , as exactly did for . This idea is presented in the third part.
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Part 8: First we define the sequences {1 }iew, {mi}iew and {M;}ew, with pg = 2, such that for
all { > 1 it holds:

2
w=3+ 5#1_1 (4.47)

and for all [ € IN: m; = min{ﬁ,l + %m} and M; = max{(),ml — p%“Q} (note that my = m and
My = M). Here we point out that by definition of {1;};>0, since 2 < p < 4, the sequence y; diverges to
infinity.

For all I € IN, we also define the following condition By(1):

Ba(l) : my =1+ %,ul and M;=0. (4.48)
Since Bz (0) is in force, by relation we have that:
Wy, = O(tn(3+§)) =0(t;™) (4.49)
Hence, by using the hypothesis £(p) and the uniqueness of the minimizer, we find that:

hn = O (t;5“1> (4.50)

By following the same procedure as before and injecting the inequality into , we find:
Ep1=0(t;™) (4.51)
By proceeding exactly in the same way as before, one can deduce that:
w, = Oty =m7?) (4.52)

If we suppose that By(1) does not hold true (i.e. my = ;%2 or that m; =1+ %ul and M; =mq — p;fz),

then the result of Theorem follows directly from relation (4.52)). If in the contrary m; = 1+ % 11
and M; = 0, then from (4.52)), it follows that:

Wn = O(tn(3+5”°)> =o(t;M) (4.53)

In fact, in the same way as before, by a recurrence argument, we find that for all [ > 0 it holds:
w, = O(thh=—m=2) (4.54)

In addition, if we suppose that the condition By(l), holds true for all I € IN, then we find that for all
{ > 0 it holds:

w,, = O(tn(3+p#z1)> _ O(t;’“) (4.55)

Nevertheless, since the sequence p; diverges to infinity, we deduce the existence of an I* € IN, such
that Bo(I*) does not hold true (if not, from (4.48)), for all I > 0, we would have m; = 1+ %,ul which is

equivalent to p; < ggg:gg that contradicts the fact that y; diverges to infinity).

Therefore (since the condition B (1*) does not hold true), by (4.54) we deduce that:

wyp, = O (t;’“lg) (4.56)

which concludes the proof of Theorem O

A Proofs of Lemmas in Sections 4.2 and 4.3l

In this section we present the detailed proofs of Lemmas and [£.3] used in sections [4.2] and
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Proof of Lemvma [4.1] For this proof we will frequently make use of the following basic identity:
Ju—z|> = lv—z2* = lu—v|* + 20w —v,v—2) Vu,v,zeRN (A1)

Firstly, by applying (B.10) of Lemma (B.1)) with v < % and y = y,, £ = * we obtain:
* 1 * (12 *1(12
21 (Fnr) = F@) < 5 (1 + @nan = 200) = 21 = s = 27| (4.2)
which by multiplying by A\St,,+1 > 0, developing the term ||z, + ap (zy, — Tp—1) — 2* ||2, is equivalent to:

29ABtnr1Wnt1 < Abpyt (||xn - ar:*H2 — ||znt1 — x*||2) +22n(xy — Tp_1,Tn — )

(A.3)
+ /\thrlan”xn — Tp—1 H2
Since a,, = nLH) =3 "H, by using the definitions of w,,, 6, and h,,, we find:
“ An?
29\ Bt 1w 1 < Mg (hn = hngr) + 200 (20 = Tno1, 20 = 2%) + 0,

n+1
An? A4
" = _)\tn+15n+1 + P 571 ( )

n+1

+ 22 (Ty — Tp—1,Tn — FY — 2Mp 1 {(Tpp1 — Tpy Ty — 2F)
On the other hand, by applying of Lemma with v < % and y = y,, £ = T,, we obtain:
29(F(@nt1) = F(w2)) < 02llen = 2pi]]® = i1 — oo (A.5)
By adding and subtracting F'(z*) on the left side and multiplying by t2 11 on both sides, we find:
29t 1 (Wng1 — wy) < N6, — 516041 (A.6)

By adding relation (A.4) to relation (A.6]), we obtain:

2

An
27((ti+1 + ABtyi1)Wny1 — tfb—i-lwn) < _(ti-&-l + /\tn+1)5n+1 + (Tl2 + o )6n
n+
+ 22Xy — Tpo1, Ty — ) = 2Mp 1 {Tpg1 — Tpy Ty — )
(A7)
which -by adding and subtracting 2’y(t721 + )\Btn)wn on both sides- is equivalent to:
2 2 2 2 An?
2v((t2 11 + ABtns1)wnt1 — (to + ABta)wn) < 2vkpi1wy — (thq + Ans1)Gngr + (0% + 1 )on
n+
20Xy — Tp—1, T — &) — 2M 1 (Tpg1 — Ty T — )
9 9 An?
= 29kp 1wy, — (tn+1 + /\tn+1)5n+1 + (n + 2A\n + " )5n
n+1
+ 2 (X — Tpo1,Tp—1 — ) — 2N 1 {(Tpp1 — T, Ty — )
(A.8)
where
Fong1 =12, — A3ty —t2 = (n+0)? = AB(n+b—1) — (n+b— 1) (A.9)

=2-20)n+b—-1)+1=2-A0)t, +1
In addition, by developing the squares in the definition of v,,41 and v,,, we have:
Vnt1 — Vn = [tnt1(Tnt1 — zn) + A(@n — x*)||2 —Itn(zn — Tp-1) + AM@p-1 — x*)H2
= ti+1”xn+1 - xn”Q + 22Xt 1 (Tng1 — Ty T — 2°) + )‘2”51% - I*”Q
— 2|0 — Tpe || = 2M (@ — T, Tams — 27) — N2y — 2¥|? (A.10)
=12 16041 — 20 + A (R — hpm1) 42X (Tt — Ty Ty — )
— 22X (T — Tpe1, Tpeq — )

By definition of E,, (4.12), inequality (A.8)) and equality (A.10]), we find:
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2’7(En+1 - En) = 2’7((t721+1 + )‘ﬂthrl)wnJrl - (ti + Aﬁtn)wn) + Upy1 — Un
+&(hn = hn—1) + Atng10n41 — tadn)

AF), (AI0) < 2vkns1wn + A2+ &) (hn — hpe1) + (n® — 2 + 2Xn — Xt +
+ 2)\(n — tn) (Tn — Tpp—1, Tp—1 — =)
By using (A.1) we have h,, — hy—1 = 0, + (y, — Tp—1, Tn—1 — x*), hence by (A.11)), we find:

An2 )5n (A.11)

n+1

)\2
Y\ Lnt1 — Ln < 'yn+1wn+ n® —t, + n— tn+L+)\2+£ 677.
2v(E E 2vk 22 42—\

bt (A.12)

+ 2<)\2 + &4+ An— )\tn) (Tp — Tp—1,Tp—1 — *)

Since t, = n+ b — 1, by replacing n by ¢, +1 — b in (A.12) and performing some standard calculus, we
find:

2

Ab
29(Eny1 — En) < 2vkniqwn + (2()\ +1 =)t + (A +1—0)2+ A1 —2b) + -
n+1

e
+ 2({ +AA+1- b)> (Tn — Tp—1,Tp—1 — =)

(A.13)
(tnp1 2 b) < 29kpi1wy, + <2(>\ + 1=ty + (AN +1 -0+ A1 —0b)+ 5) Sn

+ 2(5 +AA+1- b)) (T — Tp—1,Tp—1 — =)

By definition of E,, (4.12)), we also have
2vE, = 2’y(ti + )\Btn)wn + ()\2 +&hp-1+ (ti + )\tn)én + 22X (T — Tp—1, Ty — ) (A.14)

so that
L0 ZZ—VE —29(tn + AB)w —Mh —2Xap, — Tpo1 — ")
nn tn n n n tn n—1 n n—1,+4n—1 (A15)
— Aon
By injecting the last equality into (A.13)), we find:
20+1-0
2v(Enq1 — Ey) < 27¥En + 2y (kng1 — 20 + 1 = b)(tn + AB))wn
+ ((/\+1—b)2+)\(1—b) —2X(A+1-1b)) +§>6n (A.16)
2 1—b)(\?
By choosing £ = A(A+ 1 =), in (A.16]), we obtain:
200 +1-5
2Y(Eng1 — En) < 29(kpy1 — 20+ 1= b)tn)wy, + QWQETL
2 1-0)(2 1-—
+ ((2)\—1-1 —b)(1 —b))én _ 220+ IZ)( AtL=b),
20+1-0
A9) = 27¥En + 27((2!) —(B4+ 2Nty +1—2XB(A+1— b))u)n
N <((2)\+1b)(1b))5n 2>\()\+1_?(2>\+1_b)hn—1
A
= QFyCi)\)En + 2y (Al()\)tn +1-228A+1- b))wn + A3(N\)oy, + i()\) hin—1
(A.17)
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where: ¢(\) = 2(A+1—-10), Ai(N) =2b— (B+2)\, Ax(N) = A+ 1-0b)(1 =), and A3(\) =
—2A(A+1—=0)(2X + 1 — b), which concludes the proof of the Lemma

O
Proof of Lemma 9. Firstly we suppose that b < 1+ 2
Setting A\ = [3+2 > 0, in the inequality (4.16]) of Lemmaﬂ we find:
A
29(Eps1 — Ey) < 2fyt£En + 27w, + Axdy + oha (A.18)
where ¢ =2(A+1-0) = —%and
18 b3
Al =1-2 )\>\+1b1<1>
' BN ) B+2\" B+2
=2, 26 (ﬁ 2 )
Ay =2 +1-b)(1 -0 —b"———b+1=(b—-1)| =——=b—-1
2= =0 =5l ~ gt T 1= 0D 55
2 b3 (5—2)1))
d As3=-2XA+1-b)2A+1-b) =— 1-— 1—-—
e s AF1-0A+1-5) 5+2< 5+2)< B+ 2

Here we point out that in the case where b < 1+ % the constants A; and Ay are eventually positive
or negative, while A3 < 0.
Without loss of generality we can suppose that the constants A} and Ay are positive. Denoting by

A =max{A}, A2} > 0, from (A.18]), we obtain:

A
2(Ens1 — En) < 29~ E + 2vAw,, + A6, + t3h . (A.19)

In this point, firstly we express the term §, with the aid of F, and w, and then we regroup the

different terms.
By relation (4.15)), for £ = A(A + 1 — b) we find:

t2
2B, 2 2ythw, + 500 = A = Dhns (A.20)
Hence we have that:
2A(b—1)
————h
t
By injecting inequality (A.21)) into , for all n > 1 we find:

E,
Op < dy—- 2 — dyw, + n—1 (A.21)

2A
2Y(Eng1 — Bn) < 2y(A - 24)w, + 27t£En + 27t—2En
2(b—1)A -
A A.22
+((ﬁ+2)tn * 3) . (A.22)
c 24 4b(b—1)A B 1
<UL B, + o2y, + (g
T T *((ﬂwm* ) tn

In this point we consider the two cases depending on the value of the parameter b.
Firstly we suppose that b < 1+ % In this case Az < 0, therefore, for n € IN large enough we have

that :
2b(b—1)A

B A3 <0 (A.23)

Hence by (A.22]) we obtain:

a
2y(Bny1 — En) < 2v<t +t2>E

which concludes the proof of the first case (b <1+ %) of Lemma witha =2A and c =2 — ;sz.
For the second case we suppose that b > 1 + % and F satisfies L(p) with p = 2.
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Remark that in this case (b > 1 2) by letting A = 5 +2, the constant Az is eventually non-negative.

In fact, if 5 > 2 and 1 + % <b < ngg, then Az > 0. Here without loss of generality we suppose that
As > 0 (the case A3 < 0 can be treated exactly in the same way as before in the case b < 1+ %)

In particular, by using the inequality ||u — v||*> < 2||u — 2||* + 2|lv — z||?, for u = z,_1, v = 2* and

Z = Zp, in (A.19) we find:

c 2A 2A
2v(Ep+1 — Ep) < 2vAw, + 27—En + < 3> |z — zn_1\|2 + 73”:17” —z*

’I’L tn

| 2

oA, (A.24)
27Awn—|—2'y — B+ 240, + 5 ||1:n |

By using again the inequality ||u — v||* < 2||u — z||* + 2||v — 2|, with u = z,,_1, v = 2* and z = x,,,

in (4.15) we find:
1 A 2xb-1
2By, 2 2y(t2 + ABtn)wy, + t5, (2 + - (t2>>5” —2\(b— 1) ||z, — =*|°
2 " " (A.25)
> 292w, + 200 = 2A(b = 1) |
Hence for n € IN large enough we have
E, 4NDb-1) .

on < 47? Ayw,, + T”z" —z*|]? (A.26)

By injecting the last inequality (A.26]) into (A.24) we find:

4A
2Y(Eny1 — En) < 2v(A — 4A)w,, + 27 En + 27— 2 E,
A.27
(0 >A+A)|xnx*||2 A0
B+t )t

By using Hypothesis £(p) with p = 2 and the uniqueness of the minimizer in inequality (A.27)), we
find:

1,8b(b—1)A  Aj c 2(8+2)A
29(Epns1 — Bpn) < (2K, (———55-+—) —6vA |w, + 2v—E, + 2v————EF, A.28
Therefore, for n € IN large enough we have:
1,8(b—1)A  Aj
2K, (———5%+—) —67vA <0
 (Gvog Ta) 0
which permits to conclude the proof of Lemma with a =4A and c =2 — ﬂ%ﬂz

O

Proof of the point 2 in Lemma . From Lemma [£.2] without loss of generality we can suppose
that for a suitable ng € IN, for all n > ng, we have:

Epir — En < ﬁm + m& (A.29)
with a =4A and c =2 — %. Equivalently:
B < (1 + i + é)En (A.30)
Hence by a recurrence argument, for all n > ng we find:
e c a
E, < E,, H (1 + : + tf) (A.31)
i=ng

Thus, by applying Lemma [B:4] we can conclude that there exists some ng € IN and a positive constant
C > 0, such that for all n > ng we have: F, < Cnf, as expected.
O
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Proof of Lemma [{.3 By letting A = % in (4.16) of Lemma H we find:

E, 4
29(Bnsr — Fa) < 2v(2(=2= =) ) 22 2y (Butn +1- -2 (- 1) ),
B—2 tn p—-2"p-2
5 (A.32)
+ Bollwn — zaa || + Tgllxn—l —z*||?
where: )
By = (20— (8+2)\) =2 pt2
B—2
2
BQ:@A+1—Mﬂ—b%:®—1Xh—%§§)
1 B+2 B
d Bs=-2XA+1-0)2\+1—-b) = — b— b— ———
and By = —20(A+1-b)(2A+1-0) 52( 52>< 52)
By definition of E,, (4.12)) we have:
2YE, = 2y(t2 + ABty)wn + vn + Atpbn + AN+ 1= b)hy,_y (A.33)
where \ = %
Hence by definition of B; and Bz and relation (A.33]), we find:
B B.E, n
Iy Bitnwn + —2hy 1 = 29222 90 ABByw, — AB16y — By (A.34)
tn tn tn

Un

By injecting the last inequality (A.34)) into (A.32) and omitting the non-positive term —B; 7=, we
find:

d
2y(En41 — Ep) < 72’yt—En + 2y Biw, + By5, (A.35)
where )
4 43 I} B+2
- B =1- (P B = (22 d
=52 » Biml-galo-Y-Mh (/3—2) o
B+2\2
B;:BQ—ABF(b—H

By choosing B’ = max { B{, B}}, from (A.35) we infer that:
d
27(En+1 — En) < —2’yt—En + 2yB'w, + B'5, (A.36)

By relation (4.15)) (recall that A = ﬁ and £ = A(A+1-1)), for n € IN large enough, we have that:

E, 2A(b—1)
Hence by injecting (A.37) into (A.36]) we obtain:
d 2B’ 4(b—1)B'hy—
2 (Ensr — Bn) < 20 Ey + 2028 B, —9yBrw, + 20— VBT
tn n (B—2)t2 (A.38)
d C Chn—l ’

which concludes the proof of Lemma |4.3| with C' = max{2B’, 4(175_33/} > 0.

B General Lemmas

In this section we give some additional auxiliary lemmas that we use in our analysis.
First we give a basic
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Lemma B.1. Let v > 0 and F satisfying H(B) with 8 > 1. For every (z,y) € RY we have that:

29(F(Ty(y) = F(2) < lly = 2|* = | T, (y) = 2l* + (7L = DIT, () =yl (B.1)

In addition for all y € RN and z* € X* it holds:

2v(F(Ty(y)) — F(a")) < ;(Ily — | = Ty (y) - m*IQ) + (1L + % = 2)|IT,(y) — yl? (B.2)

Proof. The first point is already settled in previous works (see for example Lemma 2.3 in [I1] or Lemma
1, in [I7] for the proximal setting). Nevertheless we recall the complete proof of it.
Using the fact that VF is L-Lipschitz, for all (z,y) € (RV)?2, one can obtain:

L
F(z) S F(y) + (VE(y),z =) + 5|z~ yll” (B.3)
Letting z = T, (y), for all (z,y) € (RY)? we have:

F(Ty(y)) — Fx) < Fy) — F(z) + (VF(y), Ty (y) —y) + é”T'v(y) —y|”

< (VF(@), T, ) — ) + 2 T, () P
1 L ) (B.4)
= ;<y =Ty, Ty(y) —2) + ST () — vl

= 5= (Iy =l = 1T, ) = al) + (5 = 5) 1T 0) = ol

where in the second inequality we used the fact that F' is a convex function, in the first equality the
definition of the operator T, ( YVF(y) =y — T;,(y)) and in the second equality Pythagoras identity:

(y—Ty(y), Ty (y) —x) = %(Ily —a|* = 1Ty (y) — =l” = |5 (y) — yl?) (B.5)

By multiplying relation (B.4]) by 2+ we obtain (B.1).
The proof of the second point is similar to the first one. In particular as before, for all y € RY and
z* € X* we have:

* * L
F(Ty(y)) - F(2") S Fly) = F(27) +(VE(@Y), Ty (y) —y) + 5115 (y) — yl® (B.6)
By using hypothesis H () we obtain:
1 . L 2
F(T,(y)) — F(z") < B< F(y),z" —y) +(VE(@), T,(y) —y) + 51T (y) — vl (B.7)
By using that YVF(y) =y — T, (y) and Pythagoras identity, we have:
1 L 1
F(T,(y) - Fa") < 5 W -Dw.2" =y + (5~ ITW) vl
12 L 1 1 2 '
= 55 (=" I =17, ) =" I) + (5 = =+ 5517 () =l
By multiplying the last inequality by 27, we conclude the second point of Lemma
O

Remark 3. By choosing v < 1 in Lemma it is direct that from relations (B.1) and (B.2)) we obtain
(respectively):

29(F(Ty(y)) = F(x) < lly = 2l® = Ty (y) = 2* V(z,y) € RY)? (B.9)

2y(F(Ty(y)) — F(27)) < ;(Iy — | = T (y) — x*||2) Wy € RY and z* € X~ (B.10)
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In particular, we have the following useful Lemma concerning the sequence generated by Algo-

rithm [
Lemma B.2. Let vy > 0 and F satisfying H(B) with 8 > 1 and x* € argmin F'. Let also {z,}n>1 be the

+ Hxn_mn—l H2

sequence generated by the (i-GD) algorithm. Then the energy-sequence U,, = F(x,,)—F(z*) R

1§ MON-increasing.

Proof. Tt suffices to apply relation (B.1)) of Lemma with v < %, Yy = yn and x = x,, in order to
find:
F(zn41) — F(zn) < O‘inzn - zn—1||2 = [ #n41 — mn”Q (B.11)

By adding and subtracting F'(z*) in the left side (B.11) and rearranging the terms we find:

2 2 2
* Tn4+1 — Tp * Tp — Tp—1 Ly — Tp—1
F(ap) — F(x )+w < Flan) — F(x )+”2”y_(1_ai)2'y|| (B.12)
Since «, = o <L for all n > 1, from (B.12), we deduce that U,11 < U,, which concludes the
proof. O

The next Lemma is a discretized version of Gronwall’s Lemma ( see for example Theorem 4 in [22]
or Lemma 1 in [35] ).

Lemma B.3. Let Cy a positive real number and {u, }nen, {tn}nen and {antnen three non-negative
sequences such that a, # 0 for alln > 1 and:

Uptl < Ay + U (B.13)

Then for all n > 1 it holds:
Up+1 < Hai <U1 -+ ,UZ) (B14)
i=1

i=1 Hin:l am

Lemma B.4. Let a, ¢ and Cy be some real numbers such that Co > 0 and a > 0 and {u,}nen be a
sequence of real numbers, and ng € N* such that 1 + = + =% > 0 for all n > ng. Suppose also that for
all n > ng, it holds:

n C a
un+1<00 H(1+;+172)

i:no

Then there exists a positive constant C, such that for all n > ng, it holds:
Upt+1 < On°

Proof. In fact for all n > ny we have:

n Zz;" log 1+%+% )
H(l+§+;):e( Jtos(1+5+:3) .

i:no

By using the basic inequality 7 < log (I1+x) < z for all z > —1 and the summation-integral
comparison test, we have from the one side:

- C a - C a - C
Zlog(1+i+i2)<2(i+i2)<A+ZiéA—&-clogn (B.16)

i='fl0 ’L‘=7’L0 i=n0

where A > 0 is a (renamed at each step) suitable positive constant.
From the other side:

~ c a - c+ 5 2 c
log(l+ -+ =) > —t ) > > A 1 > A +cl B.1
Zog( +i+i2) Z(1+f+,~%> Z<i+c) + clog(n + ¢) +clogn (B.17)

i:no i:no i:no

where A’ > 0 is a (renamed at each step) suitable positive constant.
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By (B.16]) and (B.17) we infer that there exist ng € IN and some suitable positive constants Cy and
(5 such that for all n > ng it holds:

- c a
Cinf < 14+ -+ = | <Con€ B.18
mn H ( + ; + i2) 2M ( )
1=no
From the hypothesis we have:
n c a) (B.18)
n+1 < G I+-+5) < Cn° B.19
Un+1 O,H<+z+12) n ( )
1=no

which concludes the proof of Lemma [B-4] for a suitable positive constant C' > 0.
O

Lemma B.5. Let C > 0 a positive real number, oo € (0,1) and {un tnen, {zn}nen two non-negative
sequences, such that for all n € IN* it holds

Up < C+ zpup (B.20)

Then for all n € IN* it holds:
1
un < 2max{C, (2%z,) 7>} (B.21)

Proof. Let n € IN*. We split the proof in two cases:

e Firstly we suppose that u,, > (2zn)ﬁ
Since u,, > (2zn)ﬁ, we have that 1 — z,u%~! > 1 hence by using relation (B.20), we find:

n

%un < un(l — znuafl) <C

n

so that u,, < 2C.

o Ifu, < (2zn)ﬁ the result holds trivially.
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