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Handling Contacts in an Eulerian Frame
A Finite Element Approach for Fluid-Structures with Contacts

O. Pironneau ∗

∗Paris-Sorbonne Université, LJLL-UPMC, Place Jussieu, Boite 187, F-75005

(January 2018)

Eulerian variational formulations for deformable solids, with or without fluids around them, end-up,
after implicit time discretisation, as large non-linear systems for the velocities in the moving domains.
Handling moving domains and moving boundaries requires careful meshing procedures; on the other
hand the detection of contact is particularly simple with a distance function. Then at every time step a
variational inequality can be used to update the velocities. This article gives new implementation details
and two new complex simulations: a very soft bouncing ball in an axisymmetric flow and a disk hit by a
club.
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Dedicated to Professor Mutsuto Kawahara

1. Introduction

With the sole knowledge of the boundaries, the detection of contact between two objects is not
easy and requires appropriate data structures (see for example (S. Gottschalk, M. C. Liny and
D. Manocha 1996)). For nonlinear elastic structures we are helped by the history of the shape
deformations and handling contacts amounts to add a constraint to the minimisation of the potential
energy of the problem (F. Schuricht 2002), and to solve a system of variational inequalities.
The Eulerian formulation of continuum mechanics is set in the physical moving domain and the

unknown at each time step is the velocity field. Although there is no obvious added value compared
to the Lagrangian formulation, contacts need no detection algorithm and are handled as if they
always happen by adding an inequality constraints to the variational formulation.
For Fluid-Structure Interactions (FSI) the Eulerian formulation of nonlinear elasticity has been

shown to be appropriate to fluid-structure interactions by Tomas Dune in his thesis (Th. Dunne and
R. Rannacher 2006). Since then many authors have improved the method (see for example (Th.
Richter and Th. Wick 2010)), including the present author (F. Hecht and O. Pironneau 2017).
One of the simplest contact problem is the rebound of a ball falling under its own weight in a

fluid and bouncing on a flat hard surface. The Navier-Stokes equations for the fluid and nonlinear
elasticity for the solid with matching velocities and constraints at the fluid-solid interfaces are
sufficient and the ball will bounce due to the fluid force created by the thinning layer of fluid
between the two surfaces; the phenomenon was reproduced numerically by (S. Frei 2016) but it
requires a very fine mesh and tiny time steps.
Variational inequalities is an alternative to force admissible contacts into the equations of the

problem. The method is well understood for contact with linear elasticity but still an open problem
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for fluid-structure interactions (Baffico and T. Sassi 2015); yet we shall assume that variational
inequalities describe correctly the physical problem of solid contact in a fluid.
In (F. Hecht and O. Pironneau 2017) a finite element method was shown to be energy stable

for incompressible solids. The method and the energy estimates were generalised to Saint Venant-
Kirchhoff materials in (O. Pironneau 2018); finally the 3D case was analysed in (Chen-Yu Chiang,
O. Pironneau, Tony W. H. Sheu and M. Thiriet 2017). All these were done for fluid-structure
systems. Generalisation to contacts was sketched only in (F. Hecht and O. Pironneau 2017); in
this article we present the details of an implementation using a semi-smooth Newton algorithm
and two new applications.

In paragraphs 2 and 3, the Eulerian method of (F. Hecht and O. Pironneau 2017) is re-
called. Extension to contacts is described in paragraph 4, implementation details and numerical
results in paragraph 5.

2. Eulerian Formulation of Non-Linear Elasticity

The laws of elasticity are usually written in a Lagrangian frame with x0 the spatial coordinate
of a point particle at initial time and X(x0, t) := d0(x0, t) + x0 its position at time t; d0 is the
displacement field of the structure, so the structure is in the set Ωt

s = X(Ω0, t).
We use bold letters for vectors and tensors such as

X =


X1

X2

. . .
Xd

 , ∇X =


∂1X1 ∂1X2 . . . ∂1Xd

∂2X1 ∂2X2 . . . ∂2Xd

. . .
∂dX1 . . . ∂dXd



In an Eulerian framework the partial differential equations of elasticity are written in Ωt
s

and the displacement d is seen as a function of x ∈ Ωt
s and t. Since x0 = X−1(x, t), we have that

d(x, t) = d0(X−1(x, t), t).

2.1. Incompressible Mooney-Rivlin Two Dimensional Structures

The neo-Hookean Mooney-Rivlin incompressible law of elasticity is among the simplest; in 2 di-
mensions it has only one parameter c1 and is given by the minimisation of the Kirchhoff potential
(notice our notation for the matrix-product-trace “:” and “:=” for a definition):

Ψ = c1∇X : ∇X := c1tr(∇X(∇X))T ) = c1

∑
ij

(∂iXj)
2.

Then a fluid of density ρf and viscosity µf in interaction with such an elastic solid is given by the
following system:
Find u, p,Ωt (velocity, pressure and domain), such that for all û, p̂

∫
Ωt

[ρDtu · û− p∇ · û− p̂∇ · u] +

∫
Ωt

f

µf
2

Du : Dû

+

∫
Ωt

s

c1(Dd−∇d(∇d)T ) : Dû =

∫
Ωt

f û,

Dtd := ∂td + u · ∇d = u in Ωt
s.

(1)

2
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where f is the field of volumic external forces, D is twice the symmetric gradient, ρ is the density,
i.e. with 1Ω(x) = 1 if x ∈ Ω, zero otherwise:

Du = ∇u + (∇u)T , ρ = ρs1Ωt
s

+ ρf1Ωt
f
.

This systems contains the Navier-Stokes equations in the fluid region:

ρf (∂tu + u · ∇u)− µf (∇u +∇uT ) +∇p = f , ∇ · u = 0

Slip or no-slip or free-flow boundary conditions are imposed as usual by restricting the variational
formulation. Notice that (1) contains also the equations for a fluid with a free surface.

Remark 1. To prepare for the discretisation let us introduce a parameter δt and define d̄ = d−δtu.
Then, for a given d̄, evidently (1) is a variational problem for u, p in the fluid and the solid domain:

∫
Ωt

[ρDtu · û− p∇ · û− p̂∇ · u] +

∫
Ωt

f

µf
2

Du : Dû

+

∫
Ωt

s

ρδt
[
c1(Du−∇d̄(∇u)T −∇u(∇d̄)T ) : Dû

]
+

∫
Ωt

s

c1(Dd̄−∇d̄(∇d̄)T ) : Dû =

∫
Ωt

f û,

(2)

This formulation can be extended to Saint-Venant Kircchoff materials (see Appendix).

3. Time Discretisation

One of the key ingredient for accuracy and stability for Eulerian formulations is the discretisation
of the convection operator Dt which appears twice in the variational formulation (1).

3.1. Discretisation by the Characteristic-Galerkin Method

Given a time step δt, denoting by un the value of u at t = nδt and assuming smoothness, a Taylor
expansion easily shows that if a is an incompressible velocity field,

(∂tu + a · ∇u)|x,(n+1)δt =
un+1 − unoY

δt
|x +O(δt)

where Y(x) is any order-one approximation of Xam(nδt), the solution at τ = nδt of

dX
dτ

(τ) = am(X (τ)), X ((n+ 1)δt) = x.

The simplest first order approximation is Y(x) = x− am(x)δt with m = n or m = n+ 1. (see (O.
Pironneau and M. Tabata 2010) for details).

3.2. A Fully Implicit Scheme

With standard notations for the Sobolev spaces, in the case of Dirichlet boundary conditions on
∂Ωn, applying the Characteristic-Galerkin scheme leads to:
Find un+1 ∈ H1

0(Ωn+1), pn+1 ∈ L2
0(Ωn+1), Ωn+1

r , r = s, f , such that, with Ωn+1 = Ωn+1
f ∪ Ωn+1

s ,

3
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∀û ∈ H1
0(Ωn+1), ∀p̂ ∈ L2

0(Ωn+1) := L2(Ωn+1)/R,

∫
Ωn+1

[
ρn+1u

n+1 − un ◦Yn+1

δt
· û− pn+1∇ · û− p̂∇ · un+1

]
+

∫
Ωn+1

f

µf

2
Dun+1 : Dû

+

∫
Ωn+1

s

c1

[
D(dn◦Yn+1 + δtun+1)−∇(dn◦Yn+1 + δtun+1)(∇(dn◦Yn+1 + δtun+1)T

]
: Dû (3)

=

∫
Ωn+1

f · û, (4)

Ωn+1 = (Yn+1)−1(Ωn) = {x : Yn+1(x) := x− un+1(x)δt ∈ Ωn} (5)

Then update d by dn+1 = dn◦Yn+1 + δtun+1.
Discretisation in space by the finite element method is done as usual, by choosing compatible

approximations for velocities and pressures leading to finite dimensional linear spacesV0h ⊂ H1
0(Ωt)

and Qh ⊂ L2(Ωt). Because of the relation between d and u it is natural to take for dn the same
spatial approximation as that of un. Except for interpolation errors to gris at different time times
the discrete formulation is also unconditionally stable (see Theorem 1 below).
Consequently, a large non-linear system is to be solved at each time step. It can be solved by a

fixed point algorithm on un+1, pn+1 with Ωn+1, Yn+1 ρn+1 temporarily frozen and a linearisation
of the nonlinear term. Solve for un+1, pn+1:

∫
Ω

[
ρ
un+1 − un ◦Y

δt
· û− pn+1∇ · û− p̂∇ · un+1

]
+

∫
Ωf

µf

2
Dun+1 : Dû

+

∫
Ωs

c1

[
D(d̃ + δtun+1)−∇d̃∇(d̃ + δtun+1)T −∇(δtun+1)(∇d̃)T

]
: Dû =

∫
Ω

f · û, (6)

where d̃ = d ◦ Y. Then these are updated at each fixed point iteration by their new values.
Because of the energy estimates below it can be argued that the fixed-point method converges; our
experience shows that 2 fixed point iterations are usually enough.

Remark 2. Notice that (6) is a symmetric variational equation of the type:

a([un+1, pn+1], [û, p̂]) = L(û), ∀û ∈ H1
0(Ωn+1), ∀p̂ ∈ L2

0(Ωn+1), with (7)

a([u, p], [û, p̂]) :=

∫
Ω

[
ρ
u

δt
· û− p∇ · û− p̂∇ · u

]
+

∫
Ωf

µf
2

Du : Dû

+

∫
Ωs

c1δt
[
Du−∇d̃(∇u)T −∇u(∇d̃)T

]
: Dû

L(û) :=

∫
Ω
ρ
un ◦Y

δt
· û−

∫
Ωs

c1

[
Dd̃−∇d̃∇d̃

]
: Dû +

∫
Ω
f · û, (8)

It could be solved by minimising 1
2a([u, p], [u, p])− L(u) in H1

0(Ω)× L2
0(Ω).

We recall the energy inequality obtained in (F. Hecht and O. Pironneau 2017) in terms of the
Kirchhoff potential of the material Ψ.

Theorem 1.

∫
Ωn

ρn

2
|un|2 + δt

n∑
k=1

∫
Ωk

f

µf
2
|Duk|2 +

∫
Ω0

s

Ψn ≤
∫

Ω0

ρ0

2
|u0|2 +

∫
Ω0

s

Ψ0.

4
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4. Formulation and Discretisation of Contact

4.1. Rebound on a Flat Surface

Let us begin with a simple case: the rebound of an elastic structure on a flat rigid plane of equation
x2 = 0.
At any time in the algorithm the updated structure must have: x ∈ Ωn+1

s ⇒ x2 ≥ 0. This
translates into: x2 + δtun+1,k

2 (x) ≥ 0 for all x ∈ ∂Ωn,k
s . Here n is the time step and k is the fixed

point iteration index to solve the nonlinear problem (3)-(5) by (7). Thus (7) must be replaced by

min
[u,p]∈H+

{1

2
a([u, p], [u, p])− L(u)} or min

[u,p]
max
λ≤0
{1

2
a([u, p], [u, p]) +

∫
∂Ωs

λ(u2 +
x2

δt
)− L(u)}

where H+ = {H1
0(Ω) × L2

0(Ω) : x2 + δtu2(x) ≥ 0 ∀x ∈ ∂Ω} and λ ∈ L2(∂Ω) is the Lagrange
multiplier for the constraint.
Calculus of variations gives: find u, p, λ such that

λ ≤ 0, u2 +
x2

δt
|∂Ωs
≥ 0, λ(u2 +

x2

δt
)|∂Ωs

= 0

a([u, p], [û, p̂]) +

∫
∂Ωs∩(dist<ε)

λû2 = L(û), ∀[û, p̂], (9)

where x 7→ dist(x) is the distance of x to the plane x2 = 0, i.e. x2. This term has been added to
reduce domain where contact is likely to occur, namely on the boundary and when two boundaries
are close to each others.

Remark 3. Exact contact poses a serious meshing problem; to avoid it we always use an approxi-
mate contact inequality with a tolerance (small) parameter tol, here:

x2 + δtu2(x) ≥ tol

4.2. Contact Between Two Moving Structures

The above approach to contact can be generalised to 2 (or more) moving structures. Let the 2
boundaries nearing contact be indexed by i = 1, 2 and let x be on one of them, i.e. let x ∈ ∂iΩn+1

s ,
be at a distance disti(x) of Ωj

s
n+1 ≥ 0, j = 1, 2, j 6= i.

Let x∗(x) ∈ Ωj
s
n+1

be the point which realises disti(x) = |x−x∗(x)|. An admissible displacement
must be such that (nk is the outer normal to the boundary of the kth structure ∂kΩ) :

x · nk + δtu(x) · nk ≤ x∗(x) · nk + δtu(x∗(x)) · nk, k = 1, 2

which is also [u(x∗(x))− u(x)] · nk ≥ disti(x)/δt.
So the variational equation to solve involves a Lagrange multiplier λ ∈ L2(∂1Ωs ∪ ∂2Ωs) :

a([u, p], [û, p̂])−
∫
∂Ωs∩(dist<ε)

λû(x) · n(x) = L(û)

Notice that the formulation is symmetric with respect to ∂1Ω and ∂2Ω.

5
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4.3. The semi-smooth Newton method for the Rebound on a Flat Surface

Such variational inequalities are easily solved by the semi-smooth Newton algorithm of (K. Ito and
K. Kunisch 2003). First it is shown that for any c ∈ R+, (9) is equivalent toa([u, p], [û, p̂])+ < λ, û >= L(û) ∀û, where < λ,u >:=

∫
∂Ωs∩(dist<ε)

λu2,

λ(x)−min{0, λ(x) + c (x2 + u2(x)δt)} = 0 ∀x ∈ ∂Ωs ∩ (dist(x) ≤ ε)

Note that this gives λ(x) ≤ 0 and x2 + u2(x)δt ≥ 0. The semi-smooth Newton is an iterative loop:

4.3.0.1. Algorithm. Loop with k = 0, 1...,∣∣∣∣∣∣∣∣
Set Ik := {x : λk(x) + c (x2 + uk2(x)δt) < 0}
Solve for uk+1 the PDE a([uk+1, pk+1], [û, p̂]) = L(û)

with Dirichlet condition uk+1
2 (x) = −x2/δt, ∀x ∈ Ik

Solve for λk+1 the variational form < λk+1, û >:= L(û)− a(uk+1, û), ∀û.

Convergence is shown in (K. Ito and K. Kunisch 2003).

4.4. The semi-smooth Newton method for the Bat Hitting a Disk

At instant tn, let x1 ∈ Γn1 (e.g. bat), x2 ∈ Γn2 (e.g. disk); the contact constraint is dist(xj ,Γnk) >
0, j, k = 1, 2, j 6= k. Because all points in the solid regions are moved by x + un+1(x)δt, the
constraint becomes

dist(xj + un+1(xj)δt,Γn+1
k ) > 0, j, k = 1, 2, j 6= k

To estimate Γn+1
k we must find the point which realises the distance: dist(xj ,xj∗) = dist(xj ,Γnk)

and, for the bat-disk configuration, approximate the above by

n(xj)·(xj∗+un+1(xj∗)δt−(xj+un+1(xj)δt)) = dist(xj ,Γnk)+n(xj)·
(
un+1(xj∗)− un+1(xj)

)
δt > 0;

it is further approximated by

δtn(xj) ·
(
un+1(xj + 2d(xj)n(xj))− un+1(xj)

)
+ d(xj) > 0,

where d(xj) = dist(xj ,Γnk).

For the bat-disk problem it is enough to write the above on the horizontal axis only:

u1
n+1(x) < u1

n+1(x + 2d(x)) +
d(x)

δt
, x ∈ ∂disk

Algorithm 4.3.0.1 holds but with < λ,u >:=

∫
∂disk

λu1:

6
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4.4.0.1. Algorithm. Loop with k = 0, 1...,∣∣∣∣∣∣∣∣∣∣∣
Set Ik = {x : λk(x) + c(u1

n+1(x + 2d(x)) +
d(x)

δt
− u1

n+1(x) < 0)

Solve for uk+1 the PDE a([uk+1, pk+1], [û, p̂]) = L(û)

with Dirichlet condition u1
k+1(x) = u1

n+1(x + 2d(x)) +
d(x)

δt
Solve for λk+1 the variational form < λk+1, û >:= L(û)− a(uk+1, û), ∀û.

A similar symmetric condition should be applied to the bat; but, on the ground that the bat is
much harder than the disk, we haven’t imposed any.

5. Implementation

The PDE solver FreeFem++ (F. Hecht 2012) has been used to program the method.
In the fluid, meshes are built with a Delaunay-Voronoi generator from the knowledge of boundaries

and a parameter to control the density of vertices.
In the solid, discretized by a mesh with I vertices, {qi}Ii=1, these are moved by their own velocities

u(qi), i.e. qin+1
= qi

n
+ un+1(qi

n
).

We have used linear finite elements for the pressure and quadratic element – on the same mesh–
for the velocities and displacements.
Because meshes are different at each time step we need to project the velocity fields from the

old mesh to the new mesh. This is done by a pointwise interpolation of degree 2. However, in the
solid, an easier and more precise interpolation can be used because, when a quantity is convected
by the same velocity field as the mesh motion, it has the same value at vertex qi

n at time nδt and
at qin+1 at time (n+ 1)δt .

5.1. Ball Bouncing on a Rigid plate in a Liquid

An incompressible elastic ball in a tube filled with a Newtonian liquid falls by its own weight and
rebounds on the bottom of the tube.
In order to treat this case we use an axisymmetric formulation in cylindrical coordinates. It can

be checked that the Eulerian formulation of the problem for 3D axisymmetric geometries is also (1).
To derive the equations in terms of radial and vertical coordinates r, z, we notice that the element
of volume is dx = rdrdz, the differential operators are ∇ · u = ∂rur + ∂zuz +

ur
r
, and

∇u =

∂rur 0 ∂ruz

0
ur
r

0

∂zur 0 ∂zuz

 , (∇u)T =

∂rur 0 ∂zur

0
ur
r

0

∂ruz 0 ∂zuz

 , Du =

 2∂rur 0 ∂zur + ∂ruz

0
2ur
r

0

∂zur + ∂ruz 0 2∂zuz

 .
As the tensors appear only within the trace operator “:” in the variational formulation, the end
product is no longer 3D. Finally as u = (ur, 0, uz)

T ,

u · ∇d = ur∂rd + uz∂zd = (ur∂rdr + uz∂zdr, 0, ur∂rdz + uz∂zdz)
T

The calculation rule then is to ignore the second component everywhere except in the tensors. This
is an easy way to generate the equations in cylindrical coordinates.

7
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Figure 1. Color map of the norm of the velocity field at several instants of time (t=1.51, 1.7, 1.753, 1.81, 1.88) . Color maps
are different for each snapshot; red indicates large values and yellow small ones.

5.1.1. Numerical Results

Consider a ball of radius R = 0.3, density ρs = 5, made of incompressible Mooney-Rivlin material
(i.e. Poisson ratio =0.5) with c1 = 1

2µs = 100, where the Lamé coefficients µs is related to the
Young modulus by E = 3µs.
The ball is released from rest near the surface (at height H = 7) in the center of a tube of height

L = 10 and radius Rt = 1 filled with a liquid of density ρf = 1 and viscosity µf = 0.01.
Sliding half a ball along the symmetry axis in cylindrical coordinates (r, z) poses remeshing

problems. Instead we took a 2D geometry consisting of a cut of the 3D geometry along a radial
plane and the numerical simulation is done in [−Rt, Rt]× [0, L]. It is readily checked that cylindrical
coordinates can be extended with r < 0.
When the ball is released it reaches a vertical velocity around -6 (fig 1) and then hit the bottom,

deforms into an ellipsoid with flat bottom, and rebound by elasticity into an ellipsoid with longer
vertical axis and then returns to the bottom, and so on several times.
To improve the precision near the rebound we made a simulation in a tube of height L=1.2 but

with a ball with initial vertical velocity equal to -6 released at H = 0.84. Results are shown on figure
2 and on figure 3-right. On figure 3-left the position of the center of gravity is shown versus time.
There, 8 smaller and smaller rebounds are clearly seen. One figure 3 -center the vertical diameter of
the ball at its axis is shown versus time; this shows the rebounds and the oscillations from prolate
to oblate ellipsoids between rebounds.
For all computations T = 3, c = 100, tol= 0.0166, ρs = 5, ρf = 1, µf = 0.01. No slip conditions

are applied to the fluid on the lateral and bottom surfaces of the tube. Computations are made
with a "middle" mesh of 3011 vertices and δt = 1/600.
To see if the results are mesh dependent, figure 3-left draws the position of the center of gravity

of the disk in 5 cases:

(1) a coarse mesh with 786 vertices and δt = 1/400,
(2) a middle mesh with 3011 vertices and δt = 1/500,
(3) a fine mesh with 6654 vertices and δt = 1/600,
(4) a very fine mesh with 11706 vertices and δt = 1/700.
(5) a middle mesh with 3011 vertices and δt = 1/700,

The results show a regular convergence with respect to the mesh size but the last case shows a

8
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Vec Value
0
0.0903634
0.180727
0.27109
0.361454
0.451817
0.542181
0.632544
0.722908
0.813271
0.903634
0.993998
1.08436
1.17472
1.26509
1.35545
1.44582
1.53618
1.62654
1.71691

t=0.108333
Vec Value
0
0.0347375
0.069475
0.104212
0.13895
0.173687
0.208425
0.243162
0.2779
0.312637
0.347375
0.382112
0.41685
0.451587
0.486325
0.521062
0.5558
0.590537
0.625275
0.660012

t=0.141667
Vec Value
0
0.0709241
0.141848
0.212772
0.283697
0.354621
0.425545
0.496469
0.567393
0.638317
0.709241
0.780165
0.85109
0.922014
0.992938
1.06386
1.13479
1.20571
1.27663
1.34756

t=0.175

Vec Value
0
0.0379197
0.0758393
0.113759
0.151679
0.189598
0.227518
0.265438
0.303357
0.341277
0.379197
0.417116
0.455036
0.492955
0.530875
0.568795
0.606714
0.644634
0.682554
0.720473

t=0.208333

Vec Value
0
0.0277601
0.0555203
0.0832804
0.111041
0.138801
0.166561
0.194321
0.222081
0.249841
0.277601
0.305361
0.333122
0.360882
0.388642
0.416402
0.444162
0.471922
0.499682
0.527442

t=0.241667
Vec Value
0
0.026107
0.0522139
0.0783209
0.104428
0.130535
0.156642
0.182749
0.208856
0.234963
0.26107
0.287177
0.313284
0.339391
0.365497
0.391604
0.417711
0.443818
0.469925
0.496032

t=0.275

Vec Value
0
0.026832
0.053664
0.080496
0.107328
0.13416
0.160992
0.187824
0.214656
0.241488
0.26832
0.295152
0.321984
0.348816
0.375648
0.40248
0.429312
0.456144
0.482976
0.509808

t=0.308333

Vec Value
0
0.0164877
0.0329754
0.0494631
0.0659508
0.0824385
0.0989262
0.115414
0.131902
0.148389
0.164877
0.181365
0.197852
0.21434
0.230828
0.247316
0.263803
0.280291
0.296779
0.313266

t=0.341667
Vec Value
0
0.0130802
0.0261605
0.0392407
0.0523209
0.0654012
0.0784814
0.0915616
0.104642
0.117722
0.130802
0.143883
0.156963
0.170043
0.183123
0.196203
0.209284
0.222364
0.235444
0.248524

t=0.375

Figure 2. The velocity field at several instants of time (0.1083,0.1466,..), i.e. every 20 time steps. Colors are adjusted to the
length of the velocity vectors. The computation is done in a short tube with slip velocities on the sides, no slip on the bottom
and free flow on the top. The ball is released at time 0 with velocity -6. Color maps change for each snapshots.

stronger convergence on the time step size: the same precision is achieved with the middle mesh
plus δt = 1/700 and the fine mesh plus δt = 1/600.

5.2. Club Hitting a Disk in a Fluid

A 2D club-like incompressible Mooney-Rivlin structure is at rest in a rectangular container [0, 8]×
[0, 6] which is filled with a Newtonian incompressible fluid; the club’s length is 4 and width 0.4 ;
the rounded upper tip is clamped. A volumic force of intensity 5 is applied to it in the direction 5

4π
during the whole session. An incompressible Mooney-Rivlin disk of radius 0.5 is also at rest in the
rectangular container. Newman Boundary conditions are imposed on the boundary of the container
except at the bottom where the velocity of the fluid is zero.
Due to the force, the club swings and hits the disk. The disk is pushed and acquires an horizontal

velocity and leaves the club when the latter is called back due to its elastic structure. Hence this is
a case of contact between two moving objects.
The parameters are shown on table 1. The constant c in the semi-smooth Newton algorithm is
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Figure 3. Left plot: position of the center of gravity of the ball versus time for 3 meshes, fine, middle and coarse, and two
time steps for the middle mesh: 1/500 (middle) and 1/600 (middle2); this last case overlaps the fine mesh results. Center plot:
vertical diameter of the ball versus time. Right plot: final position of the ball and middle mesh.

Table 1. The club-disk problem

club disk fluid

density 50 500 0.01
c1 or µf 105 2 · 104 0.01
tol 0.1 0.1

Vec Value
0
0.0277157
0.0554314
0.0831471
0.110863
0.138578
0.166294
0.19401
0.221726
0.249441
0.277157
0.304873
0.332588
0.360304
0.38802
0.415735
0.443451
0.471167
0.498883
0.526598

t=0.025
Vec Value
0
0.04327
0.08654
0.12981
0.17308
0.21635
0.25962
0.30289
0.34616
0.38943
0.4327
0.47597
0.51924
0.56251
0.60578
0.64905
0.69232
0.73559
0.77886
0.82213

t=0.125

Vec Value
0
0.0400757
0.0801515
0.120227
0.160303
0.200379
0.240454
0.28053
0.320606
0.360682
0.400757
0.440833
0.480909
0.520985
0.56106
0.601136
0.641212
0.681287
0.721363
0.761439

t=0.175

Vec Value
0
0.0237107
0.0474214
0.0711321
0.0948428
0.118553
0.142264
0.165975
0.189686
0.213396
0.237107
0.260818
0.284528
0.308239
0.33195
0.35566
0.379371
0.403082
0.426793
0.450503

t=0.225
Vec Value
0
0.0429448
0.0858895
0.128834
0.171779
0.214724
0.257669
0.300613
0.343558
0.386503
0.429448
0.472392
0.515337
0.558282
0.601227
0.644172
0.687116
0.730061
0.773006
0.815951

t=0.275
Vec Value
0
0.0486682
0.0973363
0.146004
0.194673
0.243341
0.292009
0.340677
0.389345
0.438013
0.486682
0.53535
0.584018
0.632686
0.681354
0.730022
0.77869
0.827359
0.876027
0.924695

t=0.325

Vec Value
0
0.0412883
0.0825765
0.123865
0.165153
0.206441
0.24773
0.289018
0.330306
0.371594
0.412883
0.454171
0.495459
0.536747
0.578036
0.619324
0.660612
0.7019
0.743189
0.784477

t=0.375
Vec Value
0
0.0462256
0.0924511
0.138677
0.184902
0.231128
0.277353
0.323579
0.369805
0.41603
0.462256
0.508481
0.554707
0.600932
0.647158
0.693384
0.739609
0.785835
0.83206
0.878286

t=0.425
Vec Value
0
0.0476809
0.0953617
0.143043
0.190723
0.238404
0.286085
0.333766
0.381447
0.429128
0.476809
0.524489
0.57217
0.619851
0.667532
0.715213
0.762894
0.810574
0.858255
0.905936

t=0.475

Figure 4. Club hiting a disk: the velocity field at several instants of time. The time of the snapshots are 0.025 and then 0.125,
0.175..., i.e. every twenty time steps.
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Figure 5. Club hitting a disk: the plot shows the horizontal position of the center of gravity of the disk versus time.

200. The time step is T/2000 with T = 10.
This last case is not robust. For several values of the parameters the FSI solvers blows-up, probably

because the fixed point algorithm isn’t robust enough; it may require a better nonlinear solver. But
the contact algorithm does not appear to be the ingredient responsible for the blow-up; also the
shock on the bat seems strong enough to induce vibrations which probably require an adapted time
step or remeshing every now and then; a possible explanation for the blow-up which occurs usually
much later after the contact. Let it be said also that the conservation of energy in the presence of
contacts has not been established.
Instabilities have also been observed in the rebound of the ball due to the fact that we have chosen
a very soft material and the fluid-structure interface develops kinks in certain circumstances. Such
soft cases really need surface tension to be added.
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6. Appendix: Saint Venant-Kirchhoff Material

Similar monolithic formulations can be derived for compressible materials with a poly-convex Kirch-
hoff potential like hyper-elastic Saint-Venant-Kirchhoff materials with

Ψ =
λs
2

(trE)2 + µstrE2 with E =
1

2
(∇FT∇F− I).

The Eulerian formulation is (see O. Pironneau (2018)): find u, p,Ωt such that ∀û, p̂,



∫
Ωt

f

[
ρDtu · û− p∇ · û− p̂∇ · u +

µf
2

Du : Dû
]

+

∫
Ωt

s

ρδt
[
b(Du−∇d̄(∇u)T −∇u(∇d̄)T ) : Dû + λs∇ · u ∇ · û

]
+

∫
Ωt

s

ρ
[
Dtu · û + b(Dd̄−∇d̄(∇d̄)) : Dû + (c+ λs∇ · d̄)∇ · û

]
=

∫
Ωt

f · û

Dtd = u, d̄ = d− δtu, ρ = ρ0
sdetI−∇d1Ωt

s
+ ρf1Ωt

f
,

(10)

with

γ = (2− 2∇ · d + |∇d|2)J2, γ̃ = γJ−2

c = λs(
1

2
γ − 1)(γ̃ − 1) + µs(γ − J2 − 1)γ̃ − λs∇ · d,

b =
1

2
(
λs
2

+ µs)(γ − 1)− λs
4

Here linear elasticity is visible because b = µs

2 +O(u) and c = O(u) .
This section has been included for the reader to see that the method is not restricted to incom-

pressible materials. Yet in this paper we report only on the incompressible case.

Acknowledgement

FreeFem is an open source high level user friendly software to solve PDEs by the finite element
method. It runs on OSX, Windows, and Linux. It is downloadable from www.freefem.org. The
FreeFem++ programs written for this article are available upon request to the author by email.

12


