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TOWARDS OPTIMAL TRANSPORT
FOR QUANTUM DENSITIES

EMANUELE CAGLIOTI, FRANCOIS GOLSE, AND THIERRY PAUL

ABSTRACT. An analogue of the quadratic Wasserstein (or Monge-Kantorovich)
distance between Borel probability measures on R¢ has been defined in [F.
Golse, C. Mouhot, T. Paul: Commun. Math. Phys. 343 (2015), 165-205]
for density operators on L2 (R”l)7 and used to estimate the convergence rate of
various asymptotic theories in the context of quantum mechanics. The present
work proves a Kantorovich type duality theorem for this quantum variant of
the Monge-Kantorovich or Wasserstein distance, and discusses the structure
of optimal quantum couplings. Specifically, we prove that optimal quantum
couplings involve a gradient type structure similar to the Brenier transport
map (which is the gradient of a convex function), or more generally, to the
subdifferential of a l.s.c. convex function as in the Knott-Smith optimality
criterion (see Theorem 2.12 in [C. Villani: “Topics in Optimal Transportation”,
Amer. Math. Soc. 2003].

1. INTRODUCTION

Let pu,v € P(RY) (the set of Borel probability measures on R%). Given a ls.c.
function C : R? x R? - [0, +c0], the Monge problem in optimal transport is to
minimize the functional

Ic[T] = fR C(a, T(x))p(dz) € [0, +00]

over the set of Borel maps T : RY — R? such that v = T#pu (the push-foward
measure of p by T'). Here C(z,y) represents the cost of transporting the point x to
the point y, so that I[T] represents the total cost of transporting the probability
u on v by the map T. An optimal transportation map 7" may fail to exist in full
generality, so that one can consider instead the following relaxed variant of the
Monge problem, known as the Kantorovich problem:

werilr(li,u) [/l:{ded O(l’, y)ﬁ(da:dy)

where TI(p,v) is the set of couplings of  and v, i.e. the set of Borel probability
measures on R x R? such that

fﬁ{ded(¢(m)+¢(9))ﬂ(dxdy)=fRd ¢(a:)u(dx)+fRd W(2)v(de)

for all ¢,1 € Cy(R?). An optimal coupling ,,; always exists, so that the inf is
always attained in the Kantorovich problem (see Theorem 1.3 in [7] or Theorem
4.1 in [8]). Of course, if an optimal map T exists for the Monge problem, the push-
forward of the measure p by the map x ~ (2,7(z)), which can be (informally)
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2 E. CAGLIOTI, F. GOLSE, AND T. PAUL

recast as

(1) m(dzdy) = p(d)or(a)(dy)

is an optimal coupling for the Kantorovich problem.
In the special case where C(z,y) = |z—y|* (the square Euclidean distance between
x and y)

: s L
Weﬁr(lﬁ)y)\//fRdXRd |z — y|?7 (dzedy) = distmi 2 (u, v)

is a distance on
Po(RY) = {M e P(RY) s.t. fRd |lz|? u(dzx) < oo} ,

referred to as the Monge-Kantorovich, or the Wasserstein distance of exponent 2
(see chapter 7 in [7], or chapter 6 in [8], or chapter 7 in [1]). In that case, there
is “almost” an optimal transport map, in the following sense: 7 € II(u,v) is an
optimal coupling for the Kantorovich problem if and only if there exists a proper?
convex ls.c. function ¢ : R? = R u {+00} such that

supp(7) c graph(9¢)

(where 0¢ denotes the subdifferential of ¢). This is the Knott-Smith optimality
criterion (Theorem 2.12 (i) in [7]). If p satisfies the condition

(2) B is Borel measurable and H* ' (B) <00 = u(B) =0,

there exists a unique optimal coupling 7 of the form (1) for the Kantorovich prob-
lem, with T' = V¢, where ¢ is a proper convex ls.c. function? on RY. This is the
Brenier optimal transport theorem (stated as Theorem 2.12 (ii) in [7]), and the a.e.
defined map V¢ is referred to as the Brenier optimal transport map.

Recently, an analogue of the Monge-Kantorovich-Wasserstein distance distak 2
has been defined in [3] on the set D($)) of density operators on the Hilbert space
= LQ(Rd). (Recall that a density operator on §) is a linear operator R on ) such
that R = R* > 0 and trace(R) = 1.) This definition is based on the following well
known analogies between classical and quantum mechanics:

(a) Bounded continuous functions f = f(g,p) on the phase space Rg X Rg should
be replaced with bounded operators on the Hilbert space $ = L2(Rg) of square-
integrable functions defined on the configuration space Rg;

(b) The (Lebesgue) integral of (integrable) functions on RZ x RZ should be replaced
with the trace of (trace-class) operators on $);

(c) The coordinates ¢; (for j = 1,...,d) on the null section of the phase space
RZ x Rg should be replaced by the (unbounded) self-adjoint operators Q; on $
defined by

Dom(Qy) = {wenst. [ alv(@Pdg<eo}. (Qu)(@)=a;0(0)

forall j=1,...,d;

Te. not identically equal to +oo.
21n particular V¢ is defined a.e. on R%.
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(d) The coordinates p; (for j =1,...,d) on the fibers of the phase space Rg x RZ
should be replaced with the (unbounded) self-adjoint operators P; on ) defined by
Dom(P) = {v esst. [ 10, 0(@)Pda<oo . (P)(@)=-ihd, v(a)

forall j=1,...,d;
(e) The first order differential operators f — {¢;, f} and f ~ {p;, f}, where {-,-} is
the Poisson bracket on RZ x RY such that

{pjvpk}:{Qj7qk’}zov {pjaqk}:(sjk forj7k:17"'7d
should be replaced with the derivations on £($)) defined by
A'—>%[Q17A] and AH%[P],A]

forj=1,...,d.

Following these principles, the quadratic transportation cost from (z,£) to (y,n)
in R* x R? should be replaced with the differential operator on R¢ x R

d
(3) C:= ;((l‘] - yj)2 - hQ(awj - auj )2)

J

Henceforth we denote by H the Hamiltonian

4) H:

d
>2@F+ P2 = of - 2A,
j=1

of the quantum harmonic oscillator. Given R, S € D2($)), the set of density opera-
tors p on $) such that trace(pl/sz1/2) < o0, the quantum analogue of the Monge-
Kantorovich-Wasserstein distance distymi 2 is defined by the quantum Kantorovich
problem (see Definition 2.2 in [3])

(5) MEy(R,S)= _inf Vtraceges (FY2CF1/2)

where C(R, S) is the set of quantum couplings of R and S, i.e.
C(R,S):={F eD(H®H) s.t. tracepgs((A®I+1® B)F) =traces (AR + BS)}.

(See Definition 2.1 in [3].) The functional MK}, is a particularly convenient tool
to obtain a convergence rate for the mean-field limit in quantum mechanics that is
uniform in the Planck constant i (see Theorem 2.4 in [3], and Theorem 3.1 in [4]
for precise statements of these results).

The striking analogy between the Wasserstein distance distyk 2 and the quantum
functional M K suggests the following question: what is the structure of optimal
quantum couplings in the definition (5) of the M K (R,S)? For instance, is there
an analogue of the notion of Brenier optimal transport map, or of the Knott-
Smith optimality criterion involving the graph of the subdifferential of a proper
convex l.s.c. function? Clearly, we are missing a quantum analogue of the original
variational problem considered by Monge, or, equivalently, of the coupling (1), so
that this last question seems far from obvious.
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2. MAIN RESULTS

The key argument in deriving the structure (1) of optimal couplings for the Kan-
torovich problem involves a min-max type result known as “Kantorovich duality”.
For each j,v € Po(R?), one has

_min [ e-yPatdedy) = [P+ [ 1ePu(dz)
-Qmin(fRd o u(d) + [ ¢*(z)y(dz))

PeB

(6)

where
¢ (y) :=sup(z -y - ¢(x))
zeR
is the Legendre dual of ¢, while
B:={¢:R?>RU{+00} proper convex ls.c. s.t. pe L*(R% ) and ¢* e L'(R% v)}.
(See Theorem 1.3, Proposition 2.1 and Theorem 2.9 in [7].)
Theorem 2.1 (Quantum duality). Let R, S € D2($). Then

min trace FY2CFY?)y= sup trace RA+SB),
pon 585 ( ) o 5( )

where
R={(A,B)e L(H) xL(H) s.t. A=A B=B* and AQI+I®B<C}.
In the definition of &, the inequality
AI+I®B<C
means that

(YlA®I+Ie Bly) < (y|Cly)
for all ¥ € Form-Dom(C'), which is given by

(7) Form-Dom(C) = {9 € H®$ s.t. (x;-y;)1 and (9z,-0y,; )¢ € H®H, 1 <j<d}.

The definition of the form domain of a self-adjoint operator can be found for instance
in section VIIIL.6, Example 2 of [5].

Notice that the inf on the right hand side of the quantum duality formula is
attained, while the sup on the right hand side is in general not attained. Finding
optimal operators A and B requires modifying the definition of K.

Gelfand triple associated to a nonnegative trace-class operator. We shall
use repeatedly the following construction. Given a separable Hilbert space ¢ and
T € LY() such that T = T* >0, let (£,)ns1 be a complete orthonormal basis of
€ of eigenvectors of T'. Set

(8) Jo[T] = span{&, s.t. (£a|T|En) > 0},
and
(9) (Dl)r = (BT ), ¢,0eT[T].

Let J[T] designate the completion of Jo[T'] for the inner product (-|)r. Obviously
(10) J[T] c Jo[T]=Ker(T) < J[T]
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(where Jo[T] is the closure of Jo[T'] in §), and T-/2, defined on Jy[T], has a
unique continuous extension which is the unitary transformation

(11)  T7Y2: J[T] > Ker(T)*  with adjoint T2 : Ker(T)* - J[T]".
In other words, one has a Gelfand triple
J[T]cKer(T) c J[T] .

(Notice that the embedding J[T] c Ker(T)* is compact since T/? is a Hilbert-
Schmidt, and therefore compact, operator on £).) With the unitary transformation
(11), one defines the isometric isomorphism

(12) L(T[T],T[T)) 33 TY?37? = Z ¢ £(Ker(T)*).

Under this isomorphism, 3* is obviously mapped to Z*.

Definition 2.2. For each R,S € Dy($), let R(R,S) be the set of (v,w) with
ve L(J[R],T[R]) and wo € L(T[S], T[S]) such that
(a) the operators V = RY?0R'? and W = S?wS'? satisfy

2RVZHRY? >V =V* e £} (Ker(R)*)
2RYVZHRY? > W=W*e £'(Ker(S)*);
b) for each ® € Jy[R] ® Jo[S], one has
( ,
(PloeI+10w|P)<(P|C|P).
Passing from 8(R, S) to R(R, S) is equivalent to seeking the optimal Kantorovich
potential ¢ in (6) in L' (R% ) as in Theorems 1.3 or Theorem 2.9 of [7], instead of

Cy(R?) — see the last sentence in Theorem 1.3 of [7], together with Remark 1.6 in
that same reference.

Theorem 2.3 (Existence of optimal a,b). For all R,S € D2(9),

min _traceges (FY2CFY?) = max  tracey(RY?aRY? + §1/2p51/2) .
FeC(R,S) (a,b)eR(R,S)

In the classical setting, let ¢ : R? +— Ru{+00} be a proper convex Ls.c. function,
and let u € P(R?) satisfying the condition (2) and

(13) fRd(|$|2 +|Vo(@)]? +o()] + |¢* (Vo () ) p(da) < oo
Then
(14) m(dzdy) = p(dz)é(y - Vo(x))

is an optimal coupling of the measures p and v := V¢#u for the Kantorovich
problem with the cost C(z,y) = |z - y|*.

There is an almost analogous property in the quantum setting.
Theorem 2.4 (Optimality criterion). Let R, S € Dy($), and let (a,b) € R(R,S).
Let ()51 be a sequence of vectors in $ ® §) satisfying
(I)j Ejo[R]@jo[S] and (q)j|(1)k):6jk7 j,kZl,

Let
F=S 88|,  with)\;>0 forallj>1,

g1
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such that
A=l and Y A(@(H+R)I+I® (S +H)®;) <.
jz1 j>1

(1) If

Ai(P;|C-a®l-1®b|®;)=0 forallj>1,
then F is an optimal coupling, i.e.
M K (traces (F), trace; (F))? = tracesgs (FY/2CFY?)
= traceg (traces (F)Y2atraces (F) Y2 + trace; (F)Y?b trace; (F)/?).
(2) Conversely, if F is an optimal element of C(R,S), and if (a,b) is an optimal
pair in € (R, S), i.e.
MKy(R,S)? = tracegesn (FY/2CFY?) = traceg (RY?aR'Y? + RV?bRY?)
then
M(®C-a@l-T@bl®;)=0  forallj>1.

In the classical setting, the structure (14) of optimal couplings is a straightfor-
ward consequence of (13). Indeed, the set of points where the Young inequality

P(x) +9"(y) 22y

becomes an equality is included in graph(d¢). This suggests the idea of looking
for a quantum analogue of the Brenier optimal transport map in the optimality
criterion in Theorem 2.4. The canonical commutation relations

(]‘5) [Qj?Qk]:[Pjv-Pk]zoa [PJ7Qk:|:_Zh5jk7 jak:]-?"‘vd

for the position @; and momentum P; operators (whose definition is recalled in
statements (c)-(d) of section 1), or equivalently statement (e) in section 1, are of
key importance in the definition of a quantum analogue of the Brenier optimal
transport map. Set

QQ].A::%[PJ-,A] and @ij::—%[Pj,A], j=1,....d,

for each unbounded operator A on §). Obviously g, A and Zp, A are themselves
unbounded operators on $), and are defined as weak derivatives in analysis (i.e. by
duality, as in the case of the derivatives of distributions)..

Theorem 2.5 (Quantum Transport). Let R, S € Dy($)) with
Ker(R) = Ker(S) = {0},
and assume that
¢ € Jo[R] = Q;¢ and P;¢ € J[R],
Y eJ[S] = Qv and Pjyp e J[S].
Let (®;);>1 be a sequence of vectors in $ ® $) such that
Qe HIRI®T[S] and (P;|Pr) =0k, J k=1,

(16)

and let
F=3 Xl®;)(@], with Y Aj=1, and ;>0 forallj>1,

j=1 j=1
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satisfying
FeC(R,S), and Y A\{(®|(H+R M) @I+I1® (S +H)[®;)<o0.

j>1
If F is an optimal coupling of R, S and (a,b) € ;@(R,S) an optimal pair, i.e.
MKr(R,S)? = tracegesn (FY/2CFY?) = traceg (RY?aR'Y? + RY?bRY?)
then
an (|20, (H-a)@ I -1 Q|Py) = (Pw|Zp,(H-a)®-1® P|®,)=0,
(P |Qr®I-1® Pg, (H-b)|,)=(P,|Pe®I-1® Pp (H-1b)|P,)=0,
forallk=1,...,d and all m,n > 1.

As mentioned above, these identities hold in the weak sense: see the proof of
Theorem 2.5 for more details. Equivalently, these identities can be recast as

FY*(9o,(H-a)® I -1®Qy)F'/?
= 3 VAdd @ Zg, (H - a) © T~ T ® Qi|®,,)|®,,){®,| = 0,

m,n>1
FY2(Pp (H-a)®I -1 P,)F'/?
= 3 VA A ®|Zp, (H - a) ® I~ I ® Py|®,)[ @) (0] = 0.
m,n>1

These identities are obviously analogous to the condition

(Vo(z) —y)m(dzdy) =0
obtained in the setting of classical optimal transport in the case where the convex
function ¢ is smooth, so that d¢(x) = {Ve(z)} (see the Brenier or the Knott-Smith
theorems, stated as Theorem 2.12 (i)-(ii) in [7]. In the case where x = (¢,p) and
y=(¢',p"), the equality above becomes
(Vqo(a,p) - ¢')n(dgdpdq'dp’) = (Vpé(q, p) = p")m(dgdpdg'dp") = 0.
In the identities obtained in the quantum case I ® @y and I ® Py are analogous of
q;, and pj. respectively, while P, (H —a) ® I and Zp, (H - a) ® I are analogous to
Vq.9(gq,p) and to V,¢(g,p) respectively.

3. PROOF OF THEOREM 2.1

Set E:=L(H®9). Define f,g: E - Ru{+oo} by the formulas

L ifT=T">-C,
HT) = + 00 otherwise.
and
traces (RA + SB) fT=T"=A®I+I®B,
9(T) = .
+ 00 otherwise.

When T =T, the constraint T > —C' is to be understood as follows:
(9|T|p) = —(¢|C|p)  for each ¢ € Form-Dom(C) .
Clearly f and g are convex; besides

f(0)=9(0)=0
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and f is continuous at 0. Indeed, the Heisenberg uncertainty inequality implies
that C > 2dhl, so that

T=T"and |T| <dh = T >-2dhI>-C.
Hence
T=T"and |T| <dh = f(T)=0
so that f is continuous at 0.
By the Fenchel-Rockafellar duality theorem (Theorem 1.12 in [2])
Jnf (f(T) +g(T)) = max(=f"(-A) - g7 (A)).-
Let us compute f* and g*. First
[ (=A) = ;HE(F/\,T) -f(T))= sup (-AT).

TeE
T=T*>-C

If A is not > 0, there exists Ty = T > 0 such that (A, Tp) = —a < 0, so that
F7(=A) 2 sup(-A,nTp) = supna = +oo.

n>1 n>1
For A € E' such that A >0, define
(A,C):= sup (A, T)e[0,+00].

TeE

0<T=T*<C
With this definition
. (A, C) ifA>0,
Fr=8) = { + 00 otherwise.

Next
g (A) = ;1:5((1&,1’) -g(T))= sup ((A,T)-trace(RA+SB)).

T=T*eE
T=AQI+I®B

If there exists A= A* € L($) and B = B* € L($) such that
(A,A® I +1® B) > trace(RA+ SB)

then
g (A) >sup (n{A,A® I +I® B)—ntraceg(RA+ SB)) = +o0

n>1
Likewise, if
(A,A® I +1® B) < traces(RA+SB)

then
g (A) 2sup ({A,-n(A®I+1®B))-tracey(—-n(RA+SB))) = +00.
n>1
Hence
. 0 if (\,A®I+I® B) =traceq(RA+SB),
9N =y, . :
otherwise.

(Notice that, if
T=A®I+I®B=A'®I+1®B',

then
A-A'=B'-B=kI forsomekcR,
so that

tracen (RA + SB) = traceq (RA" + SB')  since traceg(R) = traceg (S) = 1.
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Hence the linear functional A is well defined on the set of elements of E of the form

A®I+I®B.)
By the Fenchel-Rockefellar duality theorem recalled above,
:1Fr€1}f3(f(T) +9(T)) = e ,lgng*eﬁ(;, traces (RA+ SB)
A®I+I®B> C
= max(—f"(-A) -g" (1)) = Jnax -(A,C)

(A, A®T+I®B)=trace 5 (RA+S B)

or equivalently, after exchanging the signs,

sup traces (RA+SB) = min (A, C).
* 0<AeE
A i () (A, A®I+I®B)=trace s (RA+SB)

The constraint A® I +1® B < C is to be understood as explained above.

One can further restrict the min on the right hand side with the following ob-
servations.

Lemma 3.1. Let 0< A € E'. Then there exists Q € L' ($)) such that
Q=Q"20, and [Q[z <A,
and L € E' such that

L>0, =0, and [L]|<[A]

L’K(ﬁ@ﬁ)
satisfying
A = tracegen(Qe) + L

Proof. Since L} (H® $H) = K(H®H)’, one has

A|K(_¢)®ﬁ) = traceﬁ@ﬁ(@')

and
A>0 = Q=Q">0.
Then?
Qlles = racesen(@) =sup 3 enflen) =sup (A, 3 eabel ) £ (0,7 = AT
k=1 n
Define
L:= A - traceggq (Qe) .
so that

L|}C(f3®ﬁ) =0

by construction. Since Q = Q* > 0 belongs to £, let (e,)ns0 be a complete or-
thonormal system of eigenvectors of @), and let P, be the orthogonal projection on
span(eq, . ..,e,). Foreach T=T* >0 in E,

0< (A, (I - P)T(I - Py)) = (A,T) — (A, TP,) — (A, P, T) + (A, P,TP,)
= (A, T) - traceqes (Q(TP, + P,T - P,TP,)) = (\,T) - traceqgq (P,QP,T)
> (A, T) - tracepes (QT) = (L, T)

3If 0 < ¢ € E, then |¢]| = (¢,1). Indeed, for all T = T* ¢ E, one has —|T|I < T < |T|I, so
that one has —||T'|(¢,I) < (¢,T) < |T|{¢,I). In particular, for all T = T* € E, one has (¢{,T) € R.
For all T € E (not necessarily self-adjoint), write R(T") = %(T +T*) and 3(T) := %'L’(T’r -T).
If (¢,T) # 0, there exists a € C s.t. |a| =1 and (¢,aT) = |(¢,T)|. Hence (£,3(aT)) = 0 so that
(6, T)| = (£, %(aT)) < (¢, D|R(aD)| < 5(¢ D ([aT| + [(aT)*]) = (¢, 1)|T|. Hence [€] < (¢,1),
while it is obvious that (£, I) < |¢|.
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as n — oo, since Q € L1($), so that
P,QP, - Q in £1(53®5’J) asn — 00.
Hence L > 0. In particular (see footnote above), one has

IL]| = (L, 1) = (A, I) - traceqes (Q) < (A, I) = [A].

Lemma 3.2. Let 0 < A€ E' satisfy
(\,A® I + I ® B) =traces(RA+SB), forall A=A" and B=B" € L($).
Then A is of the form

A =tracepgn (Qe), with Q =Q" >0 and traceggn(Q) =1.
In particular, @ is a coupling of R and S.

Proof. Let (e1,ea,...) be a complete orthonormal system in $) (at variance with
the notation used in the proof of the previous lemma), and let P, be the orthogonal
projection on span(es,...,e,). Consider

T,=(I-P)®P,+P,®(I-P,), n>1.
Since P, ® P, >0, one has
0<T,<I®P,+P,®I<I®I.
Hence
(A, T,) < traceqen(Q((I-P,)®Il+1®(I-F,)))+{(L,T,)
<tracenes ((Q1+Q2)(I - Pp)) + (L, I) - (L,I) = (A, I) — tracegen (Q) ,
so that
lim (A, T),) < (A, I) - tracepen (Q) = 1 — traceses (Q) -

(Taking A =TI and B =0 shows that (A, ® I') = traceg(R) = 1.)
On the other hand, (I - P,)® (I - P,) >0, so that
T,<I®P,+P,®1-2P,Q® P, ;

hence
(A, T,) = traces ((R+ S)P,) - 2(A, P, ® P,)

=tracen ((R+5)P,) — 2traceges (Q(Pn ® Pr))

since P, ® P, is a finite-rank operator (and therefore a compact operator). Hence

lim (A, T,,) = tracen (R + .5) — 2traceses (Q) = 2(1 - traceges (Q)) -

Hence

lim (A, T,) = 2(1 - tracegeq (Q)) < 1 - traceses (Q) = lim (A, T),)

n—o00

so that

1 =traceges(Q) and ||L| = (A, I) - tracegen (@) = 1 — traceggys (Q) = 0.
O
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Hence, the minimizing linear functional A in the duality formula above is repre-
sented by Q € £L1($H ® ). The constraints on A imply that

Q=Q"20, tracepes(Q(A®I+1® B))=traces(RA+SB),
which is equivalent to the condition @ € Q(R,.S). Hence
su traces (RA+SB)= min trace C),
D 5 ( ) L 595 (QC)

A=A%*, B=B*eL(9)
AQI+I®B<C
with the notation
traceqes (QC) = sup traceges(QT),
T=T*eE

T<C

where the constraint 7' < C' has the meaning recalled above.

4. PROOF OF THEOREM 2.3
Let (Ag, Bi) € L($) x L($)) be a maximizing sequence, i.e.
trace(RAy + SBy) — sup trace(RA+ SB) =: 7 € [0,+00),

A=A* | B=B*e¢L($)

A®I+I®Bg%c

Ak:A,:,Bk:B;EL:(fJ), A @I +1®@Bp,<(C ask—oo.

Step 1: normalizing the maximizing sequence.
Set
ak::QH—Ak, kaQH—Bk,
where H has been defined in (4). Thus
ap®@l+1b,>2(HeI+I®H)-C

d

(Pj@I+I1®@P;)*+(Q;®I+1®Q;)*) ==X >0.
1

j
The operator X satisfies the same uncertainty inequality as C"

Y= Zd:((Qj RI+I®Q;)+i(P;@I+I®P;))((Q; ® [+1®Q;)-i(P; ® I+1 ® P;))
j=1

+ Zd:l([Pj,Qj] I+I® [Pj’QjD >2dhI® 1.
j=1

Since R, S € Dy($), there exist two complete orthonormal systems (e;);»0 and
(fj) 20 of eigenvectors of R and S respectively, such that

R=73 Xlej)ejl, S= Z%Mﬂfj)(fﬂ
72

330
with
Ajs i 20, ZAJ':ZNFL
720 320
and
;}(Aj<ej|H|6j> + pi(filH|f;)) < oo
iz
Let

ay :=sup{a e R s.t. ap >al} e [—|Ax|,2{(eo|Hl|eg)] c (—00,+00).
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(Since ay, = 2H — Ay, and H = H* > 0, one has aj, > —A; > —||Ax|I. On the other
hand
(eolaxleo) = 2(eo|Hleo) - (eolAkleo) < 2(eo|Hleo)
since Ay = A} >0, so that ay > ol implies that o < 2(eg|Hleg). Therefore, one has
ay, < 2(eo|Hleo).)
By definition of oy, there exists ¢,, € Dom(H) such that
[6nlls =1 and (pn|ak|dn) > ax as n — oo for each k> 1.
Hence
(dnlag|dn ) + b >2dhI  for each n>1,

so that
apl + b, > 2dhl .

On the other hand, again by definition of oy, one has

ap — ol >0.

Setting .
ap =ap —apl +dhl, by :=by+apl-dhl,
one has R R
ar I +I®br=a, @1 +1®b >3,
agr=ag>dhl, by =0b}>dhl,
and

0 < traceg (Ray, + Sby,) = traces (Ray, + Sby)
= 2traces ((R+ S)H) — traces (RAg + SBy)
- 2traceg ((R+S)H) -7

as k — oo.
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Step 2: defining the unbounded operators a and b

Hence
0 < trace(RY?a, RY/?) < sup trace(Ray) < o,
k
0 < trace(S'/%b,S*?) < sup trace(Sby,) < oo,
k
so that R
R'ZapRY? 5V and SY%0,8' 25 W in £1(9)
as k — oo.
Since o
ar =ayp>dhl and by =bj, >dhl,
one has

V=V"2dhR and W=W*2>dhS.
In particular
Ker(V)cKer(R) and Ker(W) cKer(S5).
On the other hand
Im(V) c Im(RY?) =Im(R) and  Im(W) c Im(SY/?) = Im(S).

Since

Ker(V)* =Im(V) c Im(R) = Ker(R)*,
Ker(W)* = Im(W) c Im(S) = Ker(S)*,
(see Corollary 2.18 (iv) in [2]) one has
Ker(V) =Ker(R) and Im(V)=Ker(R)"*,

Ker(W) =Ker(S) and Im(W)=Ker(S)".

In particular
Ve L' (Ker(R)*) and W eL!'(Ker(S)').
Let ve L(J[R],J[R]") and tv € L(T[S],T[S]’) be the operators associated to V/
and W by (12); since V =V* and W = W™, one has
p'=v and w'=w.
Denote by (e’);s0 and (f;);s0 orthonormal subsequences of (e;);x0 and (f;);s0
which are complete in Ker(R)* and Ker(S)* respectively. For each n >0, let
V,, = span(eg, ..., en), W,, :==span(fl, ..., f1)
and let II,, be the $ ® $-orthogonal projection on V,, ® W,,. Since
trace((R+ S)H) < oo,
one has
(e, ® f/|Z]er, ® f/) < oo for each k,1,>0,
while
(emlarler,) <oo and  (fy,[bklfy,) < oo
for all k,m > 0. For each k,
ar®l+I1®b,>X,
and therefore

(Blag@ T+ T1®b, - X|®) >0 forall®e |JV, ®W, = Jo[R]® Jo[S].

n>0
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Passing to the limit as & — oo in this inequality, we conclude that
(Plo@T+I®@w-X|®)>0 forall ®eJpH[R]® TH[S].
Let a=a* e L(J[R],J[R]) and b =b* € L(T[S],T[S]’) be the operators asso-
ciated to 2RY?HRY?-V ¢ £'((Ker(R)*)) and to 251/2H51/2—W~e L1 ((Ker(S)4))
respectively. The last inequality on v and to implies that (a,b) € R(R,5).

Step 3: relaxing the constraint o
In this step we prove the following: for each (@,b) € (R, S) and each F € C(R, S),
one has

traceges (F/2CFY?) > traces (RY2aRY? + §'/2p51/?)

We shall argue instead in terms of the operators
v=0" e L(J[R],T[R]) and w=w"eL(J[S],T[S])

associated by (12) to the operators 2RY2HRY? — RY2aR'? ¢ £} (Ker(R)*) and
281282 — §12pSH2 ¢ £1(Ker(S)') respectively. These operators satisfy the
inequality*

0,(7® I + @), > I,51, > I1,Y1I,

for each n > 0 and each ¥’ € L($ ® §) such that X' < ¥. Since F e L}(H ® $), one
has

tracege: (F11,X'TL,) — tracegez (FX') asn— oo.
according to Example 3 in chapter 2 of [6], since
I,x10, - X' strongly in L(H®H) as n — oo.
Indeed, for each V¥ € $) ® ), one has
ILLY ¥ inHR®H asn — oco.

Hence

|SW - I, ST, U g < (1 - 110) X"V ges + [T E(1 - 1) ¥ ses

< (I -10) 2"V 505 + [2/( - 11,) ¥ ge5 — 0

as n — oo. Therefore

lim tracege: (FIL,(0® I + I ® w)Il,) > tracegez (FY'),

n— 0o

and since this holds for each 0 < ¥/ = ¥ < ¥, one has

lim tracege: (FI1, (7 ® I + I ® @)IL,,) > traceqe: (F/2SFY?).

n— oo

(Take X' of the form
N
S i= Y 0n| U ) (0,

n=1

4With the defining equalities
(38 DIy, == (RY/2 @ NIL,(V e I)(R™Y? & NI,
I, (I ® @), == (I ® SV, (I e W)(I® S~Y?)II, .
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where (U, )0 is a complete orthonormal system of eigenvectors of ¥ in H® §, and
¥, =0,¥, for each n >0, and observe that

N
tracegez (FXy) = Y 00 (Ua|F|¥,) = 3 0, (W, |F|¥,,) = tracege: (F /2D FY?)

n=1 nxl
as N —» o0.)
Call p,, and gq,, respectively the orthogonal projections on V,, and W, in $.
Then®
(0@ I+IQ®wW)II, <p,0p, ® [ +1®qrw0qy .
Indeed, one has separately
I, (0@ DIL, <p,op,®1, and II,(IQw)II, <I® q,0q,.

This is seen easily, for instance by the following argument. Let ® be any element
of Ker(R)* ® Ker(S)*, which we decompose on the complete orthonormal system

(€% ® f])k,i20:
d = Z Priey, ® f] Z |Dp|* = H‘I’H%m <oo.

E,1>0 k,1>0
Then
(O, (v0 DI |®) = > B;8u(ve]lef )y
0<7,k,l<n
< ) Zk: D1 P (ve)les vy = (Plpntpy, ® I|D),

120

since the matrix ((vefle} )y v)osjksn is Hermitian nonnegative. The analogous
inequality for w is proved similarly.

Hence
lim tracegez (FIL, (0@ I +1 ® w)Il,)
< lim tracege: (F(pr0pn ® I+ 1 ® q,1004y))
= lim traceg (Rp,0py + SqnWqy, )
= traceq (RY?0RY? + §12@542) .
(Indeed

traceqs (Rp,0pn) = ) (€5|Rle))(ve], ef) = D" (e}| Rlef ) (ve], ) = traces (RY20RY?)
§=0 20
as n — oo. The term traceg (Sq,wq,) is treated similarly.)
Putting these inequalities together shows that
traces (RY?(2H — a)RY? + SY/2(2H - b)S/?) = traces (R0 RY? + SY2p51/?)
> tracege: (FY/2NFY?) = tracege: (FY/2(2(H @ I + I ® H) - C)F/?)

and substracting 2 traces ((R+.5)H) from both sides of this inequality leads to the
announced result.

SWith pn0pn := R™Y2p,, VR™/2p,, and qn@gn = S~ Y24, WS~ 1/2q,,.
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Step 4: the squeezing argument

Pick an optimal coupling F,,; € C(R,S). (We recall that the existence of such
a coupling is one of the conclusions of Theorem 2.1, and follows from the Fenchel-
Rockafellar duality theorem.) One has the following chain of inequalities:

sup traceq (RA+SB) < sup traces(RY%a + S'/%p)SY/?

(18) (A,B)eR(R,S) (a@,b)eR(R,S)
< tracege: (FSZ{?CF(};?) .
The second inequality has been proved in Step 3.
As for the first inequality, observe first that
(19) sup  traceg(RA+ SB) = sup  traceg(RA+SB),
(A,B)eA(R,S) (A,B)eR(R,S)

with the notation
RA(R,S) = {(A,B) € R(R,S) s.t. A<2H —dhl, B<2H -dhl}.
This is proved by the normalization argument in Step 1: pick
pi=sup{aeRst. 2H-A>al}.
Then p € [—||All,2(eo|H|ep)] and one has
A+(p-dh)I<2H-dhI and B-(p-dh)I<2H -dhl

by the same argument as in Step 1. (Indeed, by definition of p, there exists a
sequence ¢, € Dom(H) such that |¢,|s =1 and (¢,|2H — Alg,) - p as n > oo.
With the inequality A® I + I ® B < C, this implies that

pI +(¢n|2H = Blgn) > (¢n|2(H® I + I ® H) - C|by,) > 2dhT
since 2(H®I+I® H) - C > 2dhI ® I.) Observing that
(A,B) € R(R,S) = (A+ (p-dh)I,B-(p-dh)I) e R(R,S),
and that
traces (RA + SB) = traces (R(A + (p—dh)I) + S(B - (p-dh)I))

leads to (19).
Let B and 9 be the $-orthogonal projections on Ker(R) and Ker(S) respectively.
We claim that

(A,B) € R&(R,S) = ((I-P)AUI -R),I-Q)B(I-9Q)) < R(R,S).
Indeed
(I-PB)AUI -P) = (I -PB)AUI -P))" € LKex(T)") c L(T[R], T[R])
(I-9)B(I-9)=((I-Q)B(I-9))" e L(Ker(S)") c L(T[S],T[S]).
because of the double continuous embedding (10). Then
2H > A = 2RY?HR'? > RY? ARY? = RV2(1 - B)A(I - B)R/?
2H > B —> 2821 SY? > §12BSY2 = §Y2(1 - Q)B(I - Q)S'/?
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and
traceq (2RY?HRY? - RM?(I - p)A(I - P)R'?)
< 2traces (RY2HRY?) + | A| < 0o
traceg (252 HSY? - SY2(1 - Q)B(I - Q)5'/?)
< 2traces (SY2HSY?) + | B| < 00
so that

ORVZHRY? - RM?(I - B)A(I - B)RY? € L' (Ker(R)*),
282 H G2 _ Y2 (1 - Q)B(I - Q)SY? e £ (Ker(5)Y).
Finally, the inequality
(PIA® I +1® B|P) < (D|C|P)

holds for all ® € Form-Dom(C). In particular, it holds for all ® € JH[R] ® Jp[S],
which is included in Form-Dom(C') because R, S € D2($)). Observing that

de J[R]® Jo[S] = (Bed=ITeQ)d=0

leads to the desired implication.
In view of the obvious identity

traces (RA + SB) = traceg (RY?(I - B)A(I - B)RY? + SY2(I - Q)B(I - Q)5'?)
we conclude that

(20) sup  trace(RA+SB)<  sup  trace(RY?aRY? + 512BSY?) .
(A,B)eR(R,S) (@,b)eR(R,S)

Both inequalities (19) and (20) implies the chain of inequalities (18). By the
quantum duality theorem (Theorem 2.1), all the inequalities in (18) are equalities:

sup  traces(RA+SB)= sup traces(RY?a+ SY?bSY?)
(21) (ABIERES) (a,b)eR(R,S)
= tracege2 (Folp{tQCFjﬁ) .

Step 5: the pair (a,b) € (R, S) is optimal
For each finite rank P = P* = P2 € £($)), one has

traces (PRY?0RY?P) = traces (PRY/?0R'/?)
= lim traceg (PRY?a,RY?) = Lim traces (PRY?a, RV P),
traces (PSY?wSY2P) = traceq (PSY %0 51/?)
= lim traces, (PRY?a, R'?) = Jim traces, (PRY?a, R/*P)
since
RY?4, RY? v = RV20RY? and $Y%b,8Y 2 2 W = 512w 512

in £1($) by construction.
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Since ay, = aj; > 0 and by, = B,‘; >0 for each k >0, one has
traceg (PR'?a,R/?P) = |PRY?a,R?P|;
< |RY?a, RM?|; = traces (RY?a, RY?),
traces (PS'/20,SY2P) = | PSY?b,512 P
< |5Y20, 52|, = traceg (SY2b,SY?).
Thus, for each finite rank P = P* = P% € £(§)), one has
traces (P(RY?0RY? + §Y2np SY2) P) < khlgo traces (RY2a, RY? + §1/2p, 5%/?)
= 2traceq (RV2HRY? + SY2HSY?) — 7.
Indeed R
G =2H — Ay — ol +dhl and by, =2H — By, + agl — dhl
so that
traces (RY2a, RY? + /2, S%/?)
= 2traces (RV2HRY? + SY2HSY?) — traces (RY? A, RY? + SY/2 B, 51/%)
- 2traceg (RY2HRY? + SY2HSY?) - 7

by definition of the sequence (Ag, Bi).
Since RY?0R'Y? € £1($) and §?0S"/? € £L1($), one has
traceg (RY?0RY? + §12wSY2) = sup  traces (P(RY*0RY? + §1?wSY2) P)

P2-p=p*
rank(P)<oco

< 2traces (RY2HRY? + S'PHSY?) - 1
Equivalently, in terms of a and b, one has
traceq(R'2aRY? + §1%65'7%) > 7
and we deduce from the first equality in (21) that

traces (RY2aRY? + S12p5Y2) > sup  traceg (RY2aRY? + S§Y/2pSY?).
(a,b)eR(R,S)

Since (a,b) € R(R,S), the inequality above is an equality and the pair (a,b) is
optimal.
5. PROOF OF THEOREM 2.4
Since R, S € D($)), one has

Jo[R] U Jo[S] € Form-Dom(H) := {1p e H'(R?) s.t. |z|tp € H},
so that

Jo[R] ® Jo[S] c Form-Dom(H ® I + I ® H) c Form-Dom(C) .
Hence the expressions

(;|H®I|Q;), (P|I®H|D;), and (D;|C|P;)

are well defined, and the condition

Z)\j(q)j|H®I+I®H|(I)j)<OO

j=1
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implies that
0 < tracenes (FY/2CFY?) < 2traceqen (FY*(H® I +1® H)FY?) < .
Step 1: defining the operators F'/2CF'/?2, F12q@ IF'/? and F'* I ® bF'/2.
The condition

S AH{®|RT @ I|®;) = traceses (R2 @ I)F(R?®1)) < 0o

j=1
implies that
FYRV2eI)=F =Y V@R 0 ;| e L2(Ker(R)* ® 9),

j>1
while

(R DFY? =57 := Y NIRRT @ 1)0;)(D;] € L2 (Ker(R) © $) .

i1
In particular
F'2 =5 (R"? @ 1) € L2(J[R] ® H;Ker(R)* ® 9),
F'2 =(R'? © 1)} € L((Kex(R)* @ 5: T[R] @ 9).
Therefore
F'2(a@ I)FY? = 5 (R?aR? & I)F; € L' (Ker(R)* ® 5) .
By the same token
F2(I1@b6)FY? = F5(1 © SY2685Y2) g5 e £1(fH @ Ker(S)*),
with
FY2(I@87%) =Fy = S /N80T ® S72)®)| € £2(H @ Ker(S)*).
S|
Step 2: defining trace(F'?a® IF'/?) and trace(F'/?I ® bF/?).
One has
traceges (F/2a® IFY?) = traceker(Rr) a5 (Fae IFY?)
=traceker(r) 09 (5151 (Rl/zaRl/2 ®I))
= traceger(r): (tracez (F181 YRY2aR'?) .
Observe that
8181 = X MR e DR e D)),

g1
and that
traces (R © IN®;)((R™? @ I)®,]) = tracea (R @ I)|®;)(®;|(R? ® 1))
=RY/? traceq (|®,)(®,|) R~/
for all j > 1. Hence

traces (F1F1) = > Aj traces (|(R™2 @ @) (R @ 1)®;))

g1

= R/? \; traces (|0 )(®;]) | R7Y? = R™Y% traceo (FYR™/? € £' (Ker(R)*) ,
J AT

g1
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so that

traceker(Rr) o5 (FY?a@ IFY?) = traceker(r): ((R™ 2 traces(F)R™Y?)(RY2aR'?)).
Likewise

tracenerer(s): (F/21 ® bF'?) = traceg e (sy: (S~ trace; (F)S™/2)(S205/2)) .

Step 3: computing traceg (\/traces(F)ay/traces (F)+y/trace; (F)by/trace; (F)).
Since RY?aR'/? = (RY?aR'?)* e £'(Ker(R)"), one has

RYPZaRY? = 3 asl0;)(05]

j=1
where (¢;);>1 is an orthonormal system in Ker(R)* while (a;);»1 € ¢*(N*). On
the other hand, since R™Y/? traces(F)R™Y/? e £!(Ker(R)"'), one has

f1 := traces (F)Y2R™Y? and i = R™Y/? tracey (F)Y? € £2(Ker(R)*)
by the same argument used to prove that §; € £L2(Ker(R)* ® §). In particular
traces(F)Y? =y RY? € £2(J[R], Ker(R)"),
tracea (F)Y? = RV?§: € £2(Ker(R)*, J[R]) .

Hence
traceger(r): ( (R trace,(F)R™Y?)(RY2aR"?))

= Z aj(¢j|R’1/2 traceg(F)R71/2|¢)j)

j>1

= > ay((traces (F) /2R g5 (traces (F)) /2R ¢;)

j=1
= traces (traces (F) Y2 atracey (F)'/?).
By the same token

traceger(sy: ((S™2 trace; (F)S™?)(S/?65%/%))
= traceg, (trace; (F')Y/?b trace, (F)'/?)

€ R(tracey (F), trace; (F)).

Step 4: proving that (a|J[

traces (F)]’ b J [tracer (F)])

Since

F =% X\|®;)(®;]  with @ € Jo[R] ® Jo[S] for all j > 1,

21
one has the following chain of implications:
Y eKer(R) = Y ®eeKer(F) for each e € § = Ker(R) c Ker(traces(F)).
Moreover
R Y2 traces (F)R™Y? € L(Ker(R)*) —> J[traces(F)] c J[R].
Since a € L(J[R],J[R]'), one has a|j[traceQ(F)] € L(J[tracea(F)], J[tracea(F)]")
and, by the same token, b‘J[tracel(F)] € L(T[tracer (F)], J[trace; (F)]’). The pair

(a,b) obviously satisfies condition (b) is the definition of &(tracey(F),trace;(F))
since Jp[traces(F)] ¢ Jo[R] and Jo[trace; (F)] c Jo[S]. It also satisfies condition
(a): indeed

traces (F)Y2(2H - a) tracey (F)'/? = 11 (RY?*(2H - a) RY?)f} 2 0
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since RY?(2H - a)R'? > 0, and
trace(f1 (RY2(2H — a) RY?)§}) < |f1]? trace(RY?(2H — a) RY?) < oo
so that tracey(F)"?atraces(F)'? e £!(Ker(traceo(F))*). Arguing likewise, we

conclude that (a|3[trace2(F)], b|J[tracel(F)]) € R(traces(F), trace; (F)).

Step 5: conclusion.
We deduce from Steps 1-4 the identity

traceKcr(R)L@,Kcr(S)i (F1/2(C —a®l-1I® b)Fl/Q) = traceKcr(R)L@,Kcr(S)l (F1/2CF1/2)

— traceg, (\/traces (F)ay/traces (F) + /trace; (F)by/trace; (F))
= Z/\j((I)j|C—CL®I—I®[J|CDj>.

g1

In Step 3 of the proof of Theorem 2.3, we have seen that, for each coupling
Q € C[tracea(F),trace; (F')] and each (a,b) € K(traces(F),trace; (F)), one has

trace(QY2CQY?) > trace(tracey (F) Y2 a traces (F) /2 +trace, (F)Y?btrace; (F)/?).
The identity above shows that, if (®;|C —a® I -1 ® b|®;) =0 for each j > 1, then
traceker(R):@Ker(S)* (F1/2CF1/2)
= traceg, (\/traces (F)av/traces (F) + \/trace; (F)by/trace; (F)) .

Hence

trace( FY2CFY?) = trace(QY2CQY?)

inf
QeC(traces (F),trace; (F))
and
trace(traces (F)Y2atraces (F)Y? + trace; (F)Y2b trace, (F)/?)

= sup trace(traces (F)Y?a traces (F)Y? + trace; (F)/?b trace; (F)Y/?).
(a@,b)eR(traces (F),traces (F))

Conversely, assume that

F =3 )\j|®;{®;| e C(R,S),

j=1
with ®; € JH[R] ® Jo[S] for all j > 1 satisfying
SN(QRT @I +10S5 7)) < o0,

j>1
is an optimal coupling, i.e. satisfies

trace( FY2CFY?) = o ci?lfz’ys)trace(Ql/QCQl/Q) = MKx(R,S)?.

Let (a,b) € R(R, S) be an optimal couple such that
trace(FY2CFY?) = trace(R/?aRY? + 51/%p5%/%) |
whose existence is guaranteed by Theorem 2.3. Then

Z)\j(<1>j|0—a®l—l®b|<1>j) =0
i1
and since
(<I>j|C—a®I—I®b|<I>j) >0
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for all j > 1 since ®; € Jo[R] ® Jo[S] and (a,b) € R(R, S), we conclude that
>‘j >0 = <(I)j|C—O®I—I®b|(I>]‘)=O,

which completes the proof.

6. PROOF OF THEOREM 2.5
Since (a,b) € R(R, S), one has
(P|IC-a®@I-10b|T)20 foral ¥epH[R]® T[S],
while
(Pp|C-a®@I-I®6|P,)>0 foralln>1.
Thus, for each ¥ e Jo[R] ® Jo[S] and each t € R, one has
(t, +VY|C-a@I-I®b|tD,+¥)>0 foralln>1,
ie
2UR(VIC-a®@I-10b|D,)>—(V|C-ael-1®b|T)
for all t € R. Therefore,
R(V|IC -a®I-1®0b|P,)=0 for all ¥e JH[R]® To[S].
Changing V¥ into ¢¥ shows that
(U|C—a®I-I®b/d,) =0 for all ¥ e Jo[R]® Jo[S].
In other words, we have proved that
(C-a@l-1®b)®,=0in J[R]'® J[S] foralln>0.
In particular
(P;®I)®,|C-a®@I-1I®D0|®,)=0, forallmmn>landj=1,...,d,
((Q;eI)®,|C-a®l-1®b[®,)=0, forallmmn>landj=1,...,d.
since (P; ® I)®,,, (Q; ® I)®,, € Jo[R] ® Jp[S] by assumption (16). By the same
token
(Pp|C —a®@I-1®b|(P;®1)P,)
(Pp|C-a®@I-1®b|(Q;®1)P,)
Hence
—~((Pj®I)®,|C-a®I-1®b|D,)+(P,|/C-a®]-1®b|(P;®I)®,)=0,
—((Q;® )P, |C —a®I-1®b|D,)+(P,|C a0 -I®b|(Q,;®)P,)=0,
forall m,n>1land j=1,...,d

forallm,n>1and j=1,...,d,

=0 forallm,n>1and j=1,...,d.

)

These equalities are the weak formulations of the identities
(Prn|Zg, ® I(C-a®I-18®b)|D,)=(P,|Zp, ® [(C-a®I-1®0)|®,)=0
forall m,n>1and j=1,...,d.

Similarly (I ® P;)®,, and (I ® Q;)®., € Jo[R]® Jo[S] by (16), and, proceeding
as above, one concludes that

(Pl ® D, (C-a®@I-1®b)|D,) = (0|l ® Dp,(C-a®-1®Db)|P,)=0
forall m,n>1and j=1,...,d.
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It remains to compute
D, ®I1(C-a®l-1®b)=(2Q; - Dg,a)® 1 -21® Q)
=9q,(H-a)®I-1®%q,H,
Pp; ® [(C-a®-1®b)=(2P; - Zp,a)®1-21® P;
=9p;,(H-a)®I-1® Yp,H.
Similarly
I®%,(C-a®l-1®b)=1®(2Q;-%9,b)-2Q;®1
=I®Pq,(H-b)-%¢,H®1I,
I®%p,(C-a®l-1®b)=I®(2P; - Zp,b) -2P;®1
=I® Pp,(H-b)-ZpHI.
Hence the identities above are recast as
(Prn|Zq,(H-a)® 1 -1 Pq,H|®,)
=(Pn|Zp,(H-a)®1-1® Pp,H|P,) =0
forallm,n>1land j=1,...,d,

and
(P|Zg,H®I-1® Dq,(H -b)|®,)

= ((I’m|.@ij®I—I® @pj (H— b)|‘bn) =0
forallm,n>1and j=1,...,d,
which are precisely the identities (17).

REFERENCES

[1] L. Ambrosio, N. Gigli, G. Savaré: “Gradient Flows in Metric Spaces and in the Space of
Probability Measures”, 2nd edition, Lectures in Mathematics ETH Ziirich, Birkh&user Verlag,
Basel, 2008.

[2] H. Brezis: “Functional Analysis, Sobolev Spaces and Partial Differential Equations”, Springer
Science + Business Media 2011.

[3] F. Golse, C. Mouhot, T. Paul: On the Mean Field and Classical Limits of Quantum Mechan-
ics, Commun. Math. Phys. 343 (2016), 165-205.

[4] F. Golse, T. Paul, M. Pulvirenti: On the derivation of the Hartree equation in the mean-field
limit: uniformity in the Planck constant, J. Functional Anal. 275 (2018), 1603-1649.

[5] M. Reed, B. Simon: “Methods of Modern Mathematical Physics I: Functional Analysis”,
Academic Press, Inc. , 1980.

[6] B. Simon: “Trace Ideals and their Applications”, 2nd ed. Amer. Math. Soc. 2005

[7] C. Villani: “Topics in Optimal Transportation”, American Mathematical Society, Providence,
2003.

[8] C. Villani: “Optimal Transport. Old and New”, Springer, Berlin, 2009.

(E.C.) DIPARTIMENTO DI MATEMATICA, SAPIENZA UNIVERSITA DI RomA, P.LE A. MORO 5,
00185 RoMA, ITALY
E-mail address: caglioti@mat.uniromal.it

(F.G.) CMLS, ECOLE POLYTECHNIQUE, 91128 PALAISEAU CEDEX, FRANCE
E-mail address: francois.golse@polytechnique.edu

(T.P.) CMLS, ECOLE POLYTECHNIQUE & CNRS, 91128 PALAISEAU CEDEX, FRANCE
E-mail address: thierry.paul@polytechnique.edu



