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SHARP SEMI-CONCAVITY IN A NON-AUTONOMOUS CONTROL
PROBLEM AND P ESTIMATES IN AN OPTIMAL-EXIT MFG

SAMER DWEIK AND GUILHERME MAZANTI

ABSTRACT. This paper studies a mean field game inspired by crowd motion in which agents
evolve in a compact domain and want to reach its boundary minimizing the sum of their
travel time and a given boundary cost. Interactions between agents occur through their
dynamic, which depends on the distribution of all agents.

We start by considering the associated optimal control problem, showing that semi-
concavity in space of the corresponding value function can be obtained by requiring as time
regularity only a lower Lipschitz bound on the dynamics. We also prove differentiability of
the value function along optimal trajectories under extra regularity assumptions.

We then provide a Lagrangian formulation for our mean field game and use classical tech-
niques to prove existence of equilibria, which are shown to satisfy a MFG system. Our main
result, which relies on the semi-concavity of the value function, states that an absolutely con-
tinuous initial distribution of agents with an L? density gives rise to an absolutely continuous
distribution of agents at all positive times with a uniform bound on its LP norm. This is
also used to prove existence of equilibria under fewer regularity assumptions on the dynamics
thanks to a limit argument.
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2 SAMER DWEIK AND GUILHERME MAZANTI
1. INTRODUCTION

Mean field games (MFGs for short) are differential games with a continuum of rational
players, assumed to be indistinguishable, individually neglectable, and influenced only by
the average behavior of other players through a mean-field type interaction. Introduced
independently around 2006 by Jean-Michel Lasry and Pierre-Louis Lions [54-56] and by Peter
E. Caines, Minyi Huang, and Roland P. Malhamé [46-48], these models have since been
studied from several perspectives, including approximation of games with a large number of
players by MFGs [21, 52], numerical methods for approximating MFG equilibria [1,2,27,41],
games with large time horizon [18, 23], variational mean field games [9, 24, 59, 61], games
on graphs or networks [13,14,37,42], or the characterization of equilibria using the master
equation [10,22,28]. We refer to [19,38,43] for more details and further references on mean
field games. The words “player” and “agent” are used interchangeably in this paper to refer
to those taking part in a game.

This paper continues the analysis of the mean field game model introduced in [58], which
considers players evolving in a compact domain Q C R?, their goal being to reach the boundary
0f). The distribution of players at time ¢ > 0 is described by a Borel probability measure
pt € P(2) and, as in [58], we assume that the interaction between players occur through their
dynamics, the trajectory 7 : [0,+00) — Q of a given player being described by the control
system /() = k(pg, v(t))u(t), where the control u : [0, +00) — RY satisfies |u(t)| < 1 for every
t > 0 and the function k : P(2) x Q — [0, +00) describes the maximal speed k(u,x) an agent
may have when their position is  and agents are distributed according to p. A player chooses
their control u in order to minimize the sum of their travel time to 092 with a boundary
cost g(z) on their arrival position z € 92, which is a generalization of the time-minimization
criterion of [58].

The above mean field game is proposed as a simple model for crowd motion, in which the
crowd, modeled macroscopically by the measures p; € P(2), evolves in © and wishes to leave
this domain through its boundary 02 while optimizing exit time and position. Crowd motion
has been extensively studied from a mathematical point of view, with a wide range of models
being used to describe crowd behavior, ranging from Maxwell-Boltzmann models [45], particle
systems [44], granular media [35], scalar conservation laws [29], time-varying measures [60],
or models based on gradient flows [57]. Several works also address the question of controlling
crowd behavior [4,31]. Mean field games have already been used to model crowd motion, for
instance in [9,12,24,53], however these models differ from ours since they consider a fixed final
time, identical for all agents, and no constraints on the control, which is instead penalized
on the cost function. As detailed in [58], the model we consider here is also closely related
to Hughes’ model for crowd motion [49,50] and our notion of equilibrium is related to the
standard notion of Wardrop equilibria in non-atomic congestion games [25,26, 30, 64].

The function k in our model is intended to represent congestion, i.e., the difficulty of moving
in high-density areas. Several mean field games with congestion have been previously consid-
ered [3,34,36,39,42,61], their common feature being to model congestion as a penalization
in the cost function of each agent when passing through crowded regions. The penalization
term is usually chosen as a negative power of the density, which introduces a singularity in the
Hamilton—Jacobi equation of the corresponding optimal control problem. Our model consid-
ers instead that, in some crowd motion situations, an agent may not be able to move faster by
simply paying some additional cost, since the congestion provoked by other agents may work
as a physical barrier for the agent to increase their speed. Hence, we model congestion as a
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constraint on the maximal speed, given by k. Singularities on the Hamilton—Jacobi equation
are avoided by assuming that k is upper bounded.

In order to properly model congestion, k£ should compute k(u,z) by evaluating p at or
around z and giving as a result some non-increasing function of this evaluation, meaning that
the maximal speed of an agent is a non-increasing function of some “average density” around
x. This is the case, for instance, when k is given by

(11) K, z) = v( [ xte =) dﬂ(y)>,

where x : R? — [0,4+00) is a convolution kernel, ¢ : RY — [0, 400) may serve as a weight
on €2 or as a cut-off function to discount some part of 2, and the non-increasing function
V :[0,400) — [0,+00) provides the maximal speed in terms of the average density computed
by the integral. Even though the results of this paper do not assume a particular form for k,
we make use of (1.1) to justify some of our assumptions in Section 4 and we also verify that
our main results apply when k is given by (1.1) and V, x, and ¢ satisfy suitable regularity
assumptions.

We are interested in describing equilibria of the above mean field game, which correspond,
roughly speaking, to evolutions ¢t — p; for which almost every agent satisfies their optimization
criterion. Contrarily to the classical approach for mean field games consisting on describing
equilibria in terms of p;, we adopt here a Lagrangian approach, which amounts to describing
the motion of agents as a measure on the set of all possible trajectories. This classical approach
in optimal transport [7,62,63] has been used in some recent works on mean field games
9,15, 20,24, 58].

In order to analyze the above mean field game, we start by considering the corresponding
optimal control problem. Assuming that k is a given function depending on time instead of
the measure p;, we start by obtaining some properties of optimal trajectories using classical
optimal control techniques, such as Pontryagin Maximum Principle. We then prove our two
main results for the value function ¢ of this optimal control problem: if the time derivative
of k is lower bounded, then ¢ is semi-concave in space (Theorem 3.23) and, if k is C*!, then
¢ is differentiable along optimal trajectories (Theorem 3.31).

After this preliminary study of the optimal control problem, we turn to the analysis of the
mean field game itself. We start by proving existence of equilibria in a Lagrangian setting
and obtaining the corresponding MFG system of PDEs on p; and the value function ¢ using
arguments similar to [58]. We then prove that an absolutely continuous initial distribution of
agents with an LP density gives rise to an absolutely continuous distribution of agents at all
positive times with a uniform bound on its LP norm (Theorem 4.13) and use this result and
a limit procedure to obtain existence of equilibria and the corresponding MFG system for a
less regular model to which the arguments of [58] do not apply (Theorem 4.17).

The paper is organized as follows. Useful notations and definitions used throughout the
paper are provided in Section 2. Section 3 considers the optimal control problem corresponding
to our mean field game, remarking first on Sections 3.1 and 3.2 that classical results for
autonomous systems can be easily extended to a time-dependent framework with very few
assumptions on the time regularity of the dynamics, before proving our main results in Sections
3.3 and 3.4. The mean field game is finally considered in Section 4, with existence of equilibria
and the MFG system being considered in Section 4.1, before the LP estimates of Section 4.2
and the ensuing results for a less regular mean field game in Section 4.3.
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2. NOTATIONS AND DEFINITIONS

Let us set the main notation used in this paper. We let RT = [0, +00) and denote the usual
Euclidean scalar product and norm in R? by z - y and ||, respectively, for z,y € R? The

closure, interior, convex hull, and diameter of a set A C R? are denoted by 4, fi, conv A, and

diam(A), respectively, with A also denoted by int A. The open and closed Euclidean balls of
center z and radius r in R? are denoted respectively by B(x,r) and B(z,7).

For A C B, the function 14 : B — {0,1} denotes the characteristic function of A, i.e.,
1a(xz) =1if and only if x € A. Given two sets A, B, the notation f : A = B indicates that f
is a set-valued map from A to B, i.e., f maps a point z € A to a subset f(x) C B. The maps
I, : Rx R -5 R and I, : R x R* — R¢ denote the canonical projections into the factors of
the product R x R

If fis a function defined on (a subset of) R x R? we use the notations Df, d;f, and
V f to denote its differential with respect to, respectively, both variables, its first variable,
and its second variable. Similar notations are used for related notions, such as super and
subdifferentials.

For a given metric space X, M(X) denotes the set of all Borel nonnegative measures on X
endowed with the topology of weak convergence of measures, and P(X) C M(X) denotes the
subset of probability measures. The support of a measure n € M(X) is denoted by spt(n).
For n € M(X) and Y C X a Borel set, we denote by 1|y € M(Y) the restriction of 7 to Y.
When X C R? is Borel and n € M(X) is absolutely continuous with respect to the Lebesgue
measure, we use the same notation 7 for its density.

Let © C R? be a compact domain. We denote by C(R*,) the space of all continuous
curves from RT to €, equipped with the topology of uniform convergence on compact sets,
with respect to which C'(R™, Q) is a Polish space (see, for instance, [11, Chapter X]). Whenever
needed, we fix a metric d on C(R™, ). Recall that, if L > 0 is fixed, the set of all L-Lipschitz
continuous curves in C(R™, Q) is compact thanks to Arzela—Ascoli Theorem.

We recall that, for B C R%, a function u : B — R is called semi-concave if it is continuous
in B and there exists C' > 0 such that, for every z, h € R? with [x — h,x 4+ h| C B, one has

u(z — h) +u(z 4+ h) — 2u(x) < C|h%

The constant C' is called a semi-concavity constant for u. When A ¢ R, B C R% and
¢ : Ax B — R, we say that ¢ is semi-concave with respect to x, uniformly in ¢, if = +— ¢(t, z)
is semi-concave for every t € A with a semi-concavity constant independent of .

We shall also need in this paper the classical notions of generalized gradients and some of
their elementary properties, which we now recall, following the presentation from [17, Chapter
3.

Definition 2.1. Let ACR, BCR? ¢: Ax B— R, and (t,z) € A x B. The sets
o(5,9) = ot 1) = (h,p) (s~ try = @) SO}’

Dt p(t,z) = {(h,p) eRxR?: limsup

(5,9) = (t,7) (s —t,y — )|
— s @(Say) _(10<t7x)_(h7p) (S—t,y—l') }
D p(t,z) =1 (h,p) e Rx R? : liminf >0,
olte) = {9 i G-ty

are called, respectively, the superdifferential and subdifferential of ¢ at (t,z). We also define
the superdifferential and subdifferential of ¢ with respect to z by

ty) — ot z)—p-(y—
Vto(t,z) = {p e R? : limsup (ty) —¢ltx) —p-(y =) < O},
Y= ly — x|
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V7ot z) = {p € R? : liminf Pty —eltz) —p-(y—2) > 0},
y=e ly — |

respectively. Finally, we say that a vector (h,p) € R x R? is a reachable gradient of ¢ at
(t,x) € A x B if there is a sequence {(t;,zr)}r in A x B such that ¢ is differentiable at
(tg, zx) for every k € N, and

k—o0
The set of all reachable gradlents of v at (t,x) is denoted by D*p(t, x).

As a simple consequence of the definitions of D+<p, D¢, VTp, and V¢, we have the
inclusions Il (D% p(t,x)) € VTp(t,z) and (D~ ¢(t,z)) C V- o(t,z). Moreover, if ¢ is
Lipschitz continuous, then D*p(t,x) is a compact set: it is closed by definition and it is
bounded since ¢ is Lipschitz. From Rademacher’s theorem it follows that D*p(t,z) # 0
for every (t,x) € int(A x B). We gather in the next proposition some classical additional
properties for semi-concave functions (see, e.g., [17, Propositions 3.3.1 and 3.3.4, Theorem
3.3.6, and Lemma 3.3.16]).

Proposition 2.2. Let A C R, B Cc RY, ¢ : A x B — R be semi-concave, and (t,z) €
int(A x B). Then

(a) D (t x) C ODTp(t, x);

(b) D (t x) # 0;

(c) if DT o(t,x) is a singleton, then ¢ is differentiable at (t,x);
(d) D ( x) = conv D*p(t, );

(e) Le(DFp(t, ) = VFo(t, x);

(f) if C > 0 is a semiconcavity constant for ¢, a vector p € R% belongs to V¥ o(t,z) if and
only if
o(t,y) —p(t,z) —p- (y—x) < Cly — =
for every y € B such that [x,y] C B.

3. EXIT-TIME OPTIMAL CONTROL PROBLEM

As a preliminary step for the study of our mean field game model, we consider in this
section the optimal control problem solved by each agent of the game. We assume that each
agent is submitted to a non-autonomous control system, the time-dependence of the dynamic
being a consequence of the interaction between agents. The optimization criterion takes into
account the time to reach a certain target set, considered as an exit, and a cost on the position
at which the agent reaches the exit. For this reason, our optimal control problem is qualified
as “exit-time”. In our setting, all agents evolve in a given compact set Q@ C R% and the exit
is assumed to be 9. Notice that the particular case where the cost on the exit position is
identically zero corresponds to the problem of reaching the target set in minimal time.

We start the section by providing a precise definition of our optimal control problem and
recalling some well-known facts, in particular concerning its value function, while also ex-
ploiting the consequences of the first order optimality conditions from Pontryagin Maximum
Principle. We then turn to the two main results of this section. The first one concerns the
semi-concavity of the value function with respect to the space variable x under weak as-
sumptions on the smoothness of the dynamic with respect to time. Our second main result
shows that the value function is differentiable along optimal trajectories, except possibly their
endpoints.
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3.1. Definition, existence and first properties. We consider control systems whose state
equation is of the form

(3.1) {7'(75) = k(1 (O))ult),  for ae. t > to,

v(to) = wo,

where y(t) € R? is the state, the continuous function k : R* x R? — R* is called the dynamic
of the system, to € R*, 29 € RY, and u : [tg, 00) — B(0,1) is a measurable function (which is
called a control).

We list some basic assumptions on the dynamic k:

(H1) 0 < kmin :=Inf k < kpay :=supk < +oo0,

» > 0 such that t,x1) — k(t,z2)| < Lp|o1 — T2 or all x1,x9 € and t € .
H2) JL 0 h that |k k L f 11 R? and R*

Notice that (H2) ensures the existence of a unique global solution to the state equation (3.1)
for any choice of tg, xg and u. We denote the solution of (3.1) by 7!%0% and we call it an
(admissible) trajectory of the system, corresponding to the initial condition v(tg) = o and to
the control w.

Let Q be a compact domain in R%: for a given trajectory v = %0 of (3.1), we set

oz _ inf{T >0 - ,yto,xo,u(to +7)€ 89},

with the convention 70204 = o0 if 020U (g + 1) ¢ O for all 7 € RT. This means that we
consider 95 as the target set. We call 7/0:%0:% the exit time of the trajectory. If 710:%0:% < 400,
we set for simplicity
,yf_g,acg,u = ’)’to’xo’u(to 4 Tto,:vo,U)

to denote the point where the trajectory reaches the target 0Q2. As knin > 0, one can see easily
that, for every (to,zo) € RT x Q, there is always some control u such that 790204 < o0,

An optimal control problem consists of choosing the control strategy « in the state equation
(3.1) in order to minimize a given functional. Let g : 92 — R™ be a given continuous function.
For every (tg, o) € RT x £, we minimize the cost

(3.2) Lot 4 g (l0T0.)

among all controls u. A control u and the corresponding trajectory v/:%0:% are called optimal
for the point z at time ¢y if v minimizes (3.2). Remark that optimal controls u : [tg, 00) —
B(0,1) are arbitrary for t > to + 70*0:% and so, as a convention and unless otherwise stated,
we choose u(t) = 0 for t > to + 7/9%“ Now, suppose that

1
(H3) e (O, k> s.t. |g(z) —g(y)| < Az —y| for all z,y € 99.

This is a standard assumption in exit-time optimal control problems with boundary costs (see,
e.g., [17, (8.6) and Remark 8.1.5] and [33]), its importance being the following property.

Lemma 3.1. Let g : 09 — R satisfy (H3) and v : RT — Q be kyax-Lipschitz. If ty,to € RT
are such that t; < ta and y(t1),7v(t2) € 052, then

t1+g(y(t1)) <t2+g(y(t2)).
Proof. We have

9(v(t1)) — g(v(t2)) < Aly(t1) = v(t2)| < Akemax(t2 — t1) < t2 — 11,
yielding the result. O
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Under assumptions (H1), (H2) and (H3), we have the following existence result.

Proposition 3.2. For every (tg,z9) € RT x §, there exists an optimal control u for the cost

(3.2).
Proof. Let (uy), be a minimizing sequence. We set for simplicity 7, := 7t0:%0:Un 5, = ~l0:Z0,Un
and z, := yig’wo’““. It is clear that, up to extracting subsequences, 7, — 7 and ~y,, — 7y, where

vy = 40?04 jg an admissible trajectory. On the other hand, we have
Zn — ’Y(to + 77_)7

which implies that v(tg + 7) € 0Q and 7 := 70204 < 7. Yet, it is not possible to have 7 < 7.
Indeed, since (uy, ), is a minimizing sequence, one has

11711117'71 +9(zn) =T+ g(y(to+ 7)) <7+ g(v({to+ 7)),

which is a contradiction thanks to Lemma 3.1. Thus, we have 7 = 7 and this completes the
proof that v is an optimal trajectory and v is the associated optimal control. O

We note that the condition (H3) is crucial for this result. Without this condition, one
should replace the cost in (3.2) by inf{t + g(y(to +t)) : y(to +1t) € 0Q}.
Another easily obtained property is that the restriction of an optimal control is still optimal.

Proposition 3.3. Let (tg, 79) € RTxQ, u be an optimal control for xq, at time to, v = ~'o:%0:u,
and g = T0%0% Then, for every t € [to,to + To), Ul [t to+70] B8 an optimal control for ~(t), at
time t.

Proof. Let u = u|[t,to+m] and notice that ,y;f_o,xo,u _ ’Yiﬁ(t)’ﬁ and 7toTou — t,y(t)a +t—ty. If

@ is not optimal for v(¢), at time ¢, one can find a control v for (), at time ¢, such that

Ttv’Y(t):ﬂ + g(fy7t_77(t)717‘) > Ttrv(t)vv + g(ry‘f_ﬂ/(t)vv).

By concatenating u|[t07t] with v, one obtains a control 4 for g, at time tg, such that

P00 4 g (A 10m0Y — ¢ g0 4 (D0 4 gD
<t =ty + 7O 4 gy D) = glotor g g(yloTon),
contradicting the optimality of wu. O
The value function ¢ : R* x Q — R of the above optimal control problem is defined by
(3.3) o(t, ) = min{r"*" + g(v-*") : u is a control}, ¢t <€ R", x € Q.

The first important fact is that the value function ¢ satisfies the so-called dynamic program-
ming principle stated in the next lemma, which can be proved by standard techniques in
optimal control (see, for instance, [17, (8.4)]):

Lemma 3.4. For any ty € RY, 29 € Q and any control u : [tg,c0) — B(0, 1), we have
o(to, x0) <t —to + @, 00%(t)), for all t € [tg,to + T70T0Y],
with equality if u is optimal.

One can also use standard techniques in optimal control, similar to those, e.g., in [17,
Theorem 8.1.8], to show that the value function ¢ is a viscosity solution of a suitable partial
differential equation.
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Proposition 3.5. The value function ¢ is a viscosity solution of the following Hamilton—
Jacobi equation

(3.4) —Oyp(t,z) + k(t,2)|Vot,z)| — 1 =0, (tz)e Rt x Q.
Moreover, one has p(t,x) = g(x) for every (t,x) € RT x 9Q.

Our next result shows that, if we consider points along optimal trajectories different from
the endpoints, we can prove that the elements of D¢ also satisfy (3.4).

Proposition 3.6. Let v : [to,to + 70] = Q be an optimal trajectory for xo, at time to, where
70 = TIOTOU and u is the associated optimal control. Then, for everyt € (to,to +70), we have

—pe + k(t,¥#)|pz| =1 =0, for all (pt, pz) € DT p(t,7(t)).
Proof. Let us take t € (to,to + 70). Since ¢ is a viscosity subsolution of (3.4), we have

—pt + k(t,v(t))|ps| — 1 <0, for all (ps,pz) € DT (t,7(t)).

So, it suffices to prove that the converse inequality also holds. First, we observe that, by the
dynamic programming principle,

o(t,v(t)) =t —h,y(t—h)) —h, 0<h<t—t.
On the other hand, if (pt, p.) € DT p(t,(t)), we have
p(t = hy(t = h)) — ot v(t)) < —pth —py - (v(t) = y(t = h)) + o(h).
Therefore, we find that
0 < —puh — pe - ((t) = (t — 1)) — h + o(h)

= —pih — /tt k(s,7(s))pe - u(s)ds — h + o(h)

—h
< h(=pe+ sup k(s,7(s))lpz| — 1) + o(h),
sE[t—h,t]
which yields the conclusion. O

We now want to provide an upper bound on the optimal exit time 7/0%0:% where u is an

optimal control for g, at time tg. To do so, we compare 7070 with the minimal time needed
to reach ) from xg at time tg. Let us introduce the minimal-time function T : RT x Q — R*
defined by

(3.5) T(t,z) = inf{7"*" : u is a control}, (t,z) € RT x Q,

which corresponds to taking ¢ = 0 in (3.2). An optimal control u for the optimization problem
of T'(t,z) is called a minimal-time control. We then have the following result.

Proposition 3.7. For every (t,z) € Rt x Q, one has T(t,z) < k1 d(z,0Q). Moreover, if u
is an optimal control for (3.2) for x at time t, then one has

Tt’x’u < 1+ )\kmax

— T .
—_ 1 _ )\kmax (t7 x)

In particular,
E—L (14 Memax)

7_t7x,u < min

1 — Aemax

d(x,00).
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Proof. Let v : [0,d(z,00)] — £ be a segment from x to the closest point from z on the
boundary 9Q with [7/| = 1. Set F(s) = Y(kmin(s — t)), for all s € [t,t + k1 d(z,0Q)]. Tt
is clear that there is a control ¥ such that 5 = v%%?. Hence, by definition of T, one has
T(t,z) < 870 = k1 d(z,00).

Now, let u be an optimal control for (3.2) and v be a minimal-time control for (¢,z). Then,
we have

THON 4 g (™) < T 4 g (™)
and so,
Tt,m,u S Tt,:v,v + >\|,yqt_,m,v . ,%t_,m,u’ S Tt,m,v + )\(‘,yi,x,v - £C| + h/};,x,u - £C|)
S Tt,a:,v + )\kmaX(Tt,m,v + Tt,a:,u)‘
Consequently, we get
t,x,u < 1 + )\kmax Tt7z77_) — 1 + )\kmax
T 1 — Aemax 1 — Memax

Now, we want to give a result about the Lipschitz continuity of the value function ¢.

T(t, ). O

Proposition 3.8. Let our system satisfy properties (H1), (H2), & (H3). Then the value
function ¢ is Lipschitz continuous in RT x €.

Proof. Following the same lines of the proof of Proposition 8.2.5 in [17], one can check that the
value function ¢ is Lipschitz w.r.t. x as soon as k is Lipschitz in x with a Lipschitz constant
¢ > 0 independent of . Now, to prove Lipschitz continuity with respect to ¢, take o € RT,
r € Q and let u be an optimal control for x, at time ¢y3. Let § € (0,7'%%). Then, using
Lemma 3.4, one has

p(to + 6,2) — p(to, z)|
< p(to + 6, x) — @(to + 6,70 (to + 8))| + | (to + 6,7 " (to + 8)) — ¢(to, )]
<clylort(tg +0) — x|+ 6
< (1 + ckmax)0- O

The last preliminary result we present in this subsection provides a lower bound on the
variation in time of .

Proposition 3.9. Assume that (H1), (H2), and (H3) hold. Then there exists ¢ > 0 depending
only on kmin, kmax, diam(Q2), X, and L, such that, for every x € Q and to,t1 € RT with tg # t1,

e(t1, z) — p(to, )
1 —to
Proof. Suppose, without loss of generality, that ¢y < t1. Let 71 be an optimal trajectory for

x, at time t1, and u; be the associated optimal control. Define ¢ : [tg, +00) — [t1,+00) as a
function satisfying

(3.6) >c— 1.

S0 - EEn@0)
k(o(t), m1(6(1)))
o(to) = t1.
Notice that, since k is only continuous with respect to its first variable, ¢ is not unique a
priori. Set yo(t) = 71(¢(t)) for all ¢ > to. By construction of ¢, it is clear that there is a
control ug such that y9 = %% (more precisely, ug(t) = u1(4(t)) for t > ty). Moreover,
we have 1g := 7I0%U%0 = ¢~1(t; + 1) — to, where 7 := 71T, So, ¢(tg + 7o) = t1 + 71 and

(3.7)
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o(to + 10) + g(yo(to + 70)) = t1 + @(t1,x). On the other hand, from (3.7), it is easy to see
that, for all t,¢ > tg, one has

&(t) t
/'k@mmwsz@mwmm&
o(t) t

Now, set
0
GO) = [ ks m(s)ds, Vo ERT,
0

where we extend v, to RT by setting v1(s) = ~1(¢1) for s € [0,¢1). Then, using that G is
bi-Lipschitz, we have

[o(t) —t] = ’Gl </ttk(s, Y1(9(5))) ds> -Gt (/t¢>® k(s,y1(s)) ds) ’

7 @(1)
SCleWW@Dw—l K(s,(s)) ds

go@dﬂ—ﬂ+juwnuma»—Maw@»mQ

i t
SCW@—H+CZW@%wMa

where C' > 0 denotes a constant depending only on kmin, kmax, and L., whose value may
change from one line to the other. Using the fact that ¢(tg) = t1 > to, we infer that ¢(t) >t
for all t > tg. Now, if t = tg + 79, we get, using Gronwall’s inequality, that

$(t) — t < CeClor(G(tg + 70) — (to + 70)).
Setting ¢ = t(, one has

c(t1 —to) < @(to +70) — (to + 70) = t1 + @(t1, ) — g(yo(to + 10)) — to — 70,

where we use Proposition 3.7 to provide an upper bound on 79 and ¢ > 0 only depends on
Emin, kmax, diam(Q2), A, and L,. Then

(c=1)(t1 —to) < p(t1,x) — g(o(to + 70)) — 10 = @(t1,2) — ¢(to, ),

as required. O

Remark 3.10. The analogue of Proposition 3.9 was already proved in [58, Proposition 4.5]
for the minimal-time function 7. Even though the proof of [58] could be easily adapted to
our setting, it would require Lipschitz continuity of k& with respect to t. Our proof refines
that of [58] and does not require such an assuption. The fact that ¢ does not depend on any
Lipschitz behavior of k with respect to ¢t will be a key property for the results in Sections 4.2
and 4.3.

Proposition 3.9 yields a lower bound on the time derivative of the value function ¢, which
can be used to obtain information on the gradient of ¢ thanks to the Hamilton—Jacobi equation
(3.4).

Corollary 3.11. There exists ¢ > 0 (which only depends on kyin, kmax, diam(2), A, and L)
such that dyp(t,z) > c—1 and |[Vo(t,z)| > ¢ for all (t,z) € RT x Q where ¢ is differentiable.
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3.2. Pontryagin Maximum Principle and its consequences. In this subsection, we
use the necessary optimality conditions of Pontryagin Maximum Principle to obtain further
properties of optimal trajectories and the value function . In addition to (H1), (H2), and
(H3), we also assume that

(H4) I8 is of class C11,
(H5) Vk e C(RT x Q),
(H6) g€ Clon).

In order to state a version of Pontryagin Maximum Principle, we start with a preliminary
result (see [17, Lemma 8.4.2]).

Lemma 3.12. Given z € 0%, let n be the outer normal to OQ at z. Then, for every t € RT,
there exists a unique p > 0 such that k(t, z)|Vg(z) — pn| —1 = 0.

We are now ready to state Pontryagin Maximum Principle for this control problem.

Proposition 3.13. Let properties (H1), (H2), (H3), (H4), (H5), and (H6) hold, let (to, o) €
R™ x Q and let u be an optimal control for xg, at time to. Set for simplicity

to,z0,u

V=, T

_ lo,xo,u t0,20,U
- T ) 9

z =7

and denote by n the outer normal to O at z. Let pu > 0 be such that k(to + 710, 2)|Vg(z) —
pn| —1 =0 (u is uniquely determined by the previous lemma). Let p : [to,to + 0] — R? be
the solution to the system

P'(t) = =Vk(t,y(t)u(t) - p(t),
(38) {p(to +70) = Vg(2) — pn.

Then, for a.e. t € [to,to + T0],

—p(t)-u(t) = max —p(t)-u.
u€B(0,1)

We refer the reader to [17, Lemma 8.4.2 and Theorem 8.4.3] for proofs of the above results.
Even though the proofs in [17] only consider the case of autonomous dynamics, their extension
to our non-autonomous setting is straightforward.

As a consequence of Proposition 3.13, we get the following.

Proposition 3.14. Let (tg,z0) € RT x Q and u, v, 79, and p be as in the statement of
Proposition 3.13. Then p is non-zero in [ty,to + 7o), u(t) = —% for every t € [to, to + T0],
@ is Ly-Lipschitz continuous on [ty, to + 70| and satisfies

u'(t) = =Vk(t,y(t) + ult) - VE(t,y(t)u(t) for a.e. t € [to,to + 7o),
and 7y is C* on [to,to + To]. Moreover, v € CL1([to, to + 10],§2) as soon as k is Lipschitz in t.

Remark 3.15. Similar results have been obtained for the minimal-time problem (3.5) in [58,
Lemma 4.13 and Corollary 4.14]. Proposition 3.14 can be obtained using analogous arguments.
Since the proof is short, we provide it here for the reader’s convenience.
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Proof. From (3.8), one obtains that, for every t € [to, to+ 70], [p'(t)] < Lz|p(t)|. Hence, we get

Ip(t)] < Ip(s)[e"=!
for every s,t € [to,to + 70]. Thus, if there exists s € [to,tp + 70| such that p(s) = 0, one
concludes that p(t) = 0 for every t € [to,to + 7o), which is a contradiction as p(to + 70) =
Vg(v(to + 1)) — pn # 0, thanks to Lemma 3.12. Since p(t) # 0 for every t € [to, to + 7o), it
follows immediately from Proposition 3.13 that u(t) = —%. Hence,
(D) () — 2B ()
a'(t) = — >

p(t)]

= —Vk(t, (1)) +a(t) - VE(t,A(1))a(t).

In particular, u is L,-Lipschitz continuous. The conclusions on v follow immediately from
(3.1). O

From now on, we suppose also that
(H7) 3L, > 0 such that |Vk(t,z0) — Vk(t,71)| < Lyz|wo — x1| for all g, 71 € Q, t € RT.

Then, under the assumptions of Proposition 3.14 and (H7), (v, @) is the unique solution on
[to,to + To] of

(3.9)

Now, let us introduce the following lemma, which shows that the uniform limit of optimal
trajectories is an optimal trajectory.

Lemma 3.16. Assume that (H1)—(H6) hold. Let (tn,xn)n be a sequence in RY x Q such
that t, — t and x, — x. For each n, let v, be an optimal trajectory for x,, at time t,, and
uy, be the associated optimal control. Then, up to extracting subsequences, there exist v and
u such that v, — v and uy, — u uniformly, where v is an optimal trajectory for x, at time t,
and u is its associated optimal control.

Proof. The fact that v, — v and u,, — u follows immediately using Proposition 3.14. Yet,
for every n, we have

Y (8) = k(s,vn(s))un(s), for a.e. s > t,.
Passing to the limit as n — +o00, we get
(3.10) 7' (s) = k(s,v(s))u(s), for a.e. s> t.
Moreover, v, (t,) = x, implies, at the limit, that (¢t) = z. Hence, v is an admissible
trajectory for z, at time ¢, and w is its associated control. Now, set 7, = 7im®nUn and
Zn = Yn(tn + ™) € 0. From Proposition 3.7, we have that, up to extracting subsequences,
7, — T for some 7 € RT. In addition, 2z, — y(t +7) € 0. Hence, 7 := 70%% < 7 and, one
has

(tn, Tn) = T + g(2n) = T+ g(y(t +7)).
Yet, by the continuity of the value function ¢, we infer that

e(t,x) =T+ g(y(t+7)) <T+g((t+7))
and then, thanks to Lemma 3.1, 7 = 7. O
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On the other hand, we have the following result about the uniqueness of optimal control at
any interior point of an optimal trajectory.

Proposition 3.17. Assume that (H1)—(HT7) hold. Let v be an optimal trajectory for xo at
time to, and set 1o = TIOTOU  where u is the associated optimal control. Then, for every
t € (to,to + 710), u is the unique optimal control for v(t), at time t.

Proof. Fix t € (tg,to + 70) and let v be an optimal control for x := 7(t), at time ¢. Set

(s) = {u(s), it s < t,

v(s), ifs>t.

Then u is an optimal control for xo, at time tg. Indeed, using the optimality of v, we have
©(to, o) < ThOTOT 4 g(fyio’zo’“) =t —to+ ¢(t,z). On the other hand, since u is optimal, one
obtains from Lemma 3.4 that (o, 7o) = t —to+@(t, z). Then p(tg, zg) = TI0:700 4 (4070
and so the control w is optimal. Hence, by Proposition 3.14, u is continuous, which proves
that u(t) = v(t) := q. The fact that u(s) = v(s), for all s > ¢, follows from the uniqueness of

solutions to the system (3.9) with initial conditions v(¢) = z and u(t) = gq. O

Given an optimal trajectory v for xgy at time o, we will say that p is a dual arc associated
with « if it satisfies the properties of Proposition 3.13, that is, if it solves (3.8). Our next
result states that the dual arc p is included in the superdifferential of the value function ¢
with respect to z, V*o.

Proposition 3.18. Under the assumptions of Proposition 3.13, the arc p solution of (3.8)
satisfies
p(t) € V¥p(t, (1), for allt € [to, to + 10).

The proof of Proposition 3.18 can be obtained by easily adapting the proof of [17, Theo-
rem 8.4.4] to our non-autonomous setting, and is omitted here for simplicity. Similarly, one
can obtain an analogous property for the subdifferential by an immediate adaptation of the
techniques from [17, Theorem 7.3.4].

Proposition 3.19. Let u be an optimal control for (to, o) € RT x Q and ~ be its associated
optimal trajectory. Let p : [to,to + o] — RY be any solution of the adjoint equation

(3.11) p'(t) = =Vk(t,y(t))u(t) - p(t), tE€ [to,to+ 0],

where 19 = T Suppose that p(ty) € V p(to,xo), then p(t) € V- (t,y(t)), for all
t e [to,to + 7’0).

As a consequence of the previous results, we can show that the existence of Vi at some
point (g, zg) is sufficient to ensure uniqueness of the optimal trajectory for xg, at time .

Proposition 3.20. Let (tp,z9) € RT x Q and assume that V(tg, zo) exists. Then there
exists a unique trajectory v which is optimal for xg, at time tq.

Proof. Assume that =1, y9 are optimal trajectories for zg, at time tg, and denote the respective
optimal controls by u1,us. For i € {1,2}, write 7; = 7/0%0:% and let p; : [to,to + 7;] — R?
be a dual arc associated with ;. By Proposition 3.14, p; is non-zero and w; is Lipschitz

continuous on [tg, to + 7;], with u;(t) = — |§ZZE3| for every t € [to,to + 75]. By Proposition 3.18,

pi(t) € VTo(t,v;(t)) for every t € [to,to + 7;). In particular, since Vip(tg, zg) exists, one has

pi(to) = pa(to) = Vep(to, 20), vielding that Ve(to, ) # 0 and us(to) = ua(to) = eqe).

This means that both (y1,u1) and (2, u2) solve (3.9) with the same initial conditions 7 (tg) =
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~v2(to) = xo and uq (to) = ua(ty) = %, yielding, by uniqueness of the solutions of (3.9),
that Y1 = V2. ]

To conclude this subsection, we prove that, when optimal trajectories are close enough to
the boundary, they always move towards the boundary, in the sense that the scalar product
between the direction of the trajectory and some normal direction is lower bounded by a
positive constant. To do so, we make use of the signed distance to 0€), which is the function
d* : R? — R defined for = € R? by

@) = {d(w,@Q), if z ¢ Q,

12
(3.12) —d(z,09), otherwise.

Recall that, thanks to (H4), d* is 1-Lipschitz on R? C! in a neighborhood of the boundary,
and, if x € 99, then Vd*(x) is the outer normal to 99 at z (see, e.g., [32]).

Proposition 3.21. There exist ¢ > 0 (depending only on kumin, kmax, and X) and § > 0
(depending only on kuyin, kmax, A, diam(Q2), and the curvature of Q) such that, for every
(to, o) € RT ><§02, if u is an optimal control for xg, at time tg, v := Y00 is the corresponding
optimal trajectory, and 1o := T10%0U  then, for everyt € [to,to+ To] such that d(y(t),00) <6,

one has

(3.13) Vd=(y(t)) - u(t) > ¢

In particular, if d(zg,0Q) < § and V(to, zo) exists, then Vp(to, zo) # 0 and

VQp(tQ,JZo)

_ (o) -
(3.14) Vd* (xo) |Vo(to, zo)| ~

Proof. Let p : [to, to+70] — R? be a dual arc associated with . By Proposition 3.14, p is non-

zero and wu is Lipschitz continuous on [tg, tg + 79], with u(t) = —% for every t € [to, to + 70
In particular, u(to+79) = %, where z, n, and p are as in the statement of Proposition

3.13.

We first prove (3.13) at the final time ¢y + 79. Recalling that k(to + 70, 2)|Vg(z) — un| = 1,
one has

v T 2 , 2
k(to + 70, 2)2 = [Vg(z) — |’ = |Vg(2)|* = 2uVg(2) -0 + 1%,
and thus
1
1 2 — . - - 2 2
(3.15) p(p—Vg(z) -n) Fo 0.2 Vg(2)|* +

On the other hand, one also has that

1
_— = — > —
P IVg(2z) — un| > p — [Vg(2)],
and thus
1
< .
S P +[Vg(2)|
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Combining this with (3.15), one gets that
it~ VICIP 412 e — VP
o 2 (e + IV9(2)1)

1 1 1/ 1
= > — .
2 <I<:(to +10,2) Wg(z)') ) (kmax A) >0

Hence, recalling that |un — Vg(z)| = m < 72—, one obtains that

pn—Vg(z) _ p—Vg(z)-n kmin< 1 _A)
lpn = Vg(2)|  |pn—Vg(2)] = 2 \k ’
which corresponds to (3.13) at the final time ¢o + 7o.

Now, let 6o > 0 be such that d* is C™! on the set {z € R? : d(z,0) < dp} and Lg > 0 be
a Lipschitz constant for Vd* on this set. By Proposition 3.14, u is L,-Lipschitz on [tg, to+70).

Take
kmin 1
‘T <kmax”>’

2 _ 2
0= min{éo, Finin (1 = Momax) }

p—Vg(z) n=

(3.16) Vd*(2) -u(to + 1) =n

max

4kmax(1 + )\kmax)(Ldkmax + Lx)

Let t € [to,to + 70) be such that d(v(t),0Q) < 6. By Proposition 3.3, | 4,47, i3 an optimal
control for v(t), at time ¢, and thus, by Proposition 3.7, one obtains that

(1 + Akmax)(S < kmin(l - Akmax)
(1 - )\kmax)kmin o 4kmax(Ldkmax + L:v) '

Hence, by the previous inequality and (3.16), one has
V= (y(t)) -u(t) = Vd=(2) - ulto + 70) + (V= (y(t)) — Vd*=(2)) - u(t)
+ Vd*(2) - (u(t) — u(to + 70))

kmin 1
> ( —)\> —th/(t)—z|—Lx|to+To—t’

to+70—t= Tt:’Y(t)vu|[t,t0+‘rO] <

kmin 1
> < — )\> — (Ldkmax + Lx)(to + 710 — t)

kmax

kmin 1
> _— pu—
=4 <kmax A) “

concluding the proof of (3.13).
Concerning the last part of the statement, notice that, as a consequence of Proposition
3.18 and the fact that V(tg,xo) exists, one deduces that p(tg) = V(to,xo), yielding that

V(to, zo) # 0 and u(ty) = —%. Hence (3.14) follows from (3.13). O

3.3. Sharp semi-concavity. In this subsection, we investigate the hypotheses under which
the value function ¢ of our exit-time optimal control problem is semi-concave with respect
to z. A semi-concavity result for autonomous exit-time optimal control problems is provided
in [17, Theorem 8.2.7] and, up to performing a classical state augmentation technique to
regard (3.1) as an autonomous system (which consists of considering z(t) = (¢,7(¢)) as the
state), one can readily obtain the semi-concavity of ¢ with respect to (¢,z) provided that
ke CHY(RT x Q).
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By looking at the proof of [17, Theorem 8.2.7], one can also notice that immediate adap-
tations of the proof allow one to obtain semi-concavity of ¢ with respect to = as soon as k is
C11 with respect to « and Lipschitz continuous in ¢. It turns out that, in our setting, we can
refine the proof of [17, Theorem 8.2.7] to show that semi-concavity of ¢ with respect to = can
be obtained under a weaker assumption on the behavior of k with respect to ¢, namely that
Ok is lower bounded. This is the main result of this subsection, proved in Theorem 3.23.

We note that semi-concavity of ¢ is related not only to the regularity of k, but also to
the smoothness of the target 9€2. We also make use of the fact that the distance function
d(-,R4\ Q) is semi-concave in 2, which is a consequence of (H4) (or more generally, a uniform
exterior ball condition on ). Notice that this distance function coincides with the value
function ¢ in the particular case k = 1 and g = 0, justifying the importance of its properties
in the proof of Theorem 3.23.

We first introduce the following estimates on the trajectories, which will be repeatedly used
in our analysis.

Proposition 3.22. Assume that (H2) and (H7) hold and let to,t € RT. Then there exists
¢ > 0, depending only on t—to, Ly, and Ly, such that, for every xo,x1 €  and every control
u: [tg,00) — B(0,1), one has

[0(8) = 410 (E)| < elag — |

and
otz

AlOR0 (1) 0TI (1) _ 9yt TR U (1) | < elag — 961\2~

Proposition 3.22 can be proved exactly as in [17, Lemma 7.1.2] and thus its proof is omitted
here.

To prove the semi-concavity of ¢, we need to assume that (H1), (H2), (H3), (H4), (H5),
(H6), and (HT7) are satisfied. In addition, we suppose that there exists a constant ¢; > 0 such
that, for every z € Q, t — k(t,z) is absolutely continuous and, almost everywhere in t € RT,

(H8) Ok > —4y.
Moreover, we assume that
(H9) g is semi-concave on 0f2.

Then, we have the following result.

Theorem 3.23. The value function ¢ is semi-concave w.r.t. x, and its semi-concavity con-
stant depends only on X, kmin, kmax, &, Lz, Lyw, M, and ly, where k is a bound on the
curvatures of 9 and M is the semi-concavity constant of g.

Proof. Along this proof, ¢ is used to denote positive constants depending only on A, kpin,
kmax, Ky Ly, Lgz, M, and £, and the value of these constants may change from one expression
to another. Some parts of this proof, an in particular Case 1 and the first arguments in Case
2, are treated exactly as in the corresponding parts of the proof of [17, Theorem 8.2.7], and
we only detail them here for the sake of completeness.

Let (tg,z) € RT x Q. For simplicity of exposition, we suppose that ¢y = 0. Let h € R be
such that x — h,x + h € © and u be an optimal control for z, at time 0. We consider the
trajectories %% % ~02=hu and 402 +hu and split the proof into cases according to which of
these trajectories arrives first at 0f2.
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e Case 1: 7p := 70%% < min{r0e=hu F0xthuy

Since u is optimal for z, at time 0, it follows from Lemma 3.4) that
(3.17) p(0, = h) + (0,2 + h) — 20(0,2) < @(70,27) + (10, 27) = 29(72™"),

where

O,x—i-h,u( O,x—h,u(

zti=v 70)-
Let u*, u~ be two optimal controls for z+ and z~, at time 7, respectively, and define

+ £ + , £
yt =~ and 7F := 7702747 Then

70) and T =y

(3.18) o(0,27) + o(r0,27) = 29(V2"") =77 + g(y7) + 77 + g(yT) — 29("H).
Yet, by Proposition 3.7, we have
(3.19) ™+ < ed(@a®, R\ Q).

As the distance function d(-,R?\ Q) is 1-Lipschitz, semi-concave in , and its semi-concavity
constant is bounded by , and taking into account that fy?"”’“ € 011, we obtain that
(3.20)
o TV + o BV = i TV + o BV — (25 )
(zT,RI\ Q) +d(z7, R\ Q) =d(z", R\ Q) + d(xz7,RI\ Q) — 2d| ————— R4\

+ - -
+2 <d<"’3;x,Rd \ Q) — d(y0=e RI\ Q)>
< elat — [P+ 5t 42 — 2009 < clhf?,

where the last inequality follows from Proposition 3.22. On the other hand, from the assump-
tions on g, we have

(3.21)

+ — 0.z.1 + — y++y7 y++y7 0,z,u
gy +gly) —29("") = g9y™) +9y™) — 29 —y ) 29l T —g(>"")
<c(lym —y P+ yt +y —2927Y)).

Yet,

"=y I <ly" =2+ lat a7+ e —yT Syt -2t 4 e -y 4 clhl.
In addition, we have

:I:‘:

7’0—&-7'i T
v — / (5,777 50 (5))u (5) ds| < Fman® < B2,
T

0

which implies that
(3.22) ly" =y~ < clhl.
For the second term in (3.21), we have

(3.23) YT — 290

Consequently, inserting (3.22) and (3.23) into (3.21) and combining this with (3.17), (3.18),
(3.19), and (3.20), we conclude that

©(0,z — h) + (0, + h) — 20(0,z) < c|h|?.

<lyT—at|+ ]zt +27 = 292" +|z7 —y | < |
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e Case 2: 19 := 70vhu < min{707x7“,70’x+h’“}.
It suffices to treat this case to conclude the proof, since the other remaining case 70%+m% <

min{7%® 702=hu} i5 identical up to exchanging h and —h. Let
To = ,yO,m—h,U(TO)’ _ ,yOr U( ) T = ’70’m+h’u(7'0).
By Lemma 3.4, we have
(3.24) @(0,2 = h) + (0,2 + h) — 20(0,2) < ¢(70, x2) — 2¢(70,21) + 9(20),

By Proposition 3.3, u is also an optimal control starting from x1, at time 79, with 7 :=
oLt — 70z m - Ag g € 052, then, by Propositions 3.7 and 3.22, we get that

(3.25) 71 < cd(z1, R\ Q) < c|lzy — xo| < c|hl.

Let u* be the control defined for t > 7 by u*(t) := u(*5®) and consider the trajectory
470724 We split the remainder of the proof into two cases requiring separate analyses.

e Case 2(a): 1 < 7% zQu
By Lemma 3.4,
(3.26) ©(70, 72) — 2¢0(70, 21) + g(20) < (70 + 271, 22) + g(w0) — 29(21),
where z; = 470" € 9Q and 2y = y0%2¥ (1 + 271). Let v be an optimal control for 2o, at

T0+271,22,0

time 7y + 271, and set wy = 7 . Then, by Proposition 3.7, we have

o(10 + 271, 22) + g(z0) — 29(21) = TOTFY 4 g(ws) + g(x0) — 29(21)
< Cd(ZQ,W) + g(w2) + (xO) —2g(21)
d(zg,Rd \ Q) + g(w2)

a5 oo (25 )

(3.27)  (ro + 211, 22) + g(z0) — 29(z1) < c[d(zQ,Rd \ Q) + ws — wol? + |zo + wa — zzl\].

From (H3) & (H9), we infer that

Yet, using Proposition 3.22, we have
(3.28) |wa — x| < |wa — 22| + |22 — z2| + |22 — 20| < |wo — 22| + |22 — x2| + ¢|h].
In addition, by Proposition 3.7, one has

7’0+2T1+7'TO+271’22”U
/ k(s,fym”ﬁ’zz’”(s))v(s) ds
-

0+271
S kmaXTTO+2T17Z27’U S Cd(z27 Rd \ Q)'

In the same way, we have, using (3.25), that
To+271 .
/ k<s,’ym’x2’“ (s))u*(s) ds
70

(3.31) ’a}o + wo — 221| < ‘.’L‘o + 29 — 221‘ + "wg — 2’2’.

Hence, inserting (3.29) and (3.30) into (3.28), and again (3.29) into (3.31), it follows from
(3.24), (3.26), and (3.27) that the proof of Case 2(a) is completed if one shows that

(3.32) d(z2, R\ Q) + |zg + 22 — 221] < c[h/?.

[wa — 22| =

(3.29)

(3.30) ‘22 — $2| = S kaaXTl S C‘h‘

Moreover,
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Note that
(333) d(ZQ, Rd \ Q) < |ZQ — 221 + CEQ| + d(22’1 — Zo, R4 \ Q)
Yet,

d(22’1 - l’o,Rd \ Q) = d(221 — X, Rd \ Q) + d(.%'(), Rd \ Q) — 2d(z1,Rd \ Q),

as z9, 21 € 0Q. Hence, by the semi-concavity of the distance function d(-, R4\ Q) in €,
d(2z1 — x9, R\ Q) < |21 — 20|
Now, using Proposition 3.22, we have

(3.34) |21 — xo] < |21 — x1| + |x1 — zo| < ¢|h]

To+71
/ k<s,'ym’x1’“(s)>u(s) ds
7o

Then d(2z1 — x, R%\ Q) < c|h|?. Hence, by (3.33), in order to prove (3.32), it suffices to show
that

(3.36) |29 — 221 + 0| < c|h|?.

since, by (3.25), we have

(3.35) |21 — 21| = < kmaxm1 < clhl.

_ Vg(z1)—pn
gz —pm]
the unit optimal control vector at zj, at time 79 + 71 (where p is the unique constant so that

k(1o + 71,21)|Vg(2z1) — un| = 1; see Lemma 3.12). If d = 1, then there exists « € R such that
221 — xg — zo = an. Otherwise, for d > 2, notice that, by Proposition 3.21, n-w > ¢ > 0,
which shows that n and w are not orthogonal, and thus there exists a unit vector e orthogonal
to w such that

Let n be the unit outward normal vector at z; and let w := u(rp + 1) =

(3.37) 221 — g — 29 = an + fe.

We also write (3.37) when d = 1 using the convention e = 0 for this case. Notice that
n|2 > |n-w?+ |n-el? and thus

(3.38) I—|n-ef>ec
We have

(221 —xp — 22) ‘m =+ fe-n,

(221 —xp — 22) e =ae-n+ f.
()=
(5)=(L ) (o),

2
(339) |2Zl — T — ZQ| S |Oé| + |B| S 1—(5“1)2<|(221 — Xy — 22) . 1’1| + |(2Zl — g — Z2) . 6’),

Then,

or equivalently,

Thus



20 SAMER DWEIK AND GUILHERME MAZANTI

where the denominator can be estimated thanks to (3.38). We note that

29 — 221 + xg

T0+271 T0+T1

E(s, 'yTO’xQ’“*(s))u*(s) ds — 2/ k(s,y™*1%(s))u(s)ds

70

:xo+x2—2x1+/

70

T0+271 ) s+ 71 To+71
=x0+ x2 — 221 + / k(s,~T0r20 (s))u( 5 ) ds — 2/ k(s,y™" " (s))u(s)ds
T

70 0

TO+T1
=z + x2 — 221 + 2/ <k(23 — 70,7702 (28 — 10)) — K(s, ’yTO’xl’“(s))>u(s) ds.

70

Hence,
(20 — 221 +x0) - e = (x9+ 22 — 227) - €

To+71
(3.40) + 2/ (k(Qs — 70,772 (25 — 79)) — ks, 770’11’“(5))>u(5) -eds.

0

Yet, from Proposition 3.22, we have
(w0 + z2 — 221) - €| < |20 + 2 — 221] < ¢|h]?

To estimate the second term in (3.40), we first observe that, since u is L,-Lipschitz continuous
by Proposition 3.14, we have, for all s € [y, 79 + 71],

(3.41) lu(s) —w| = |u(s) —u(mo+711)| < e(ro+ 11— ) < |h
using (3.25). This implies that
[u(s) - e| = |(u(s) —w) - e| < c|hl.

Hence, using again (3.25), we get

To+T1
/ (ms 0y (25 — 7)) — ks, 7“’“’“(8))>u(8) eds
T0

To+T1
< kaax/ lu(s) - e|ds < c|h|my < c|h|?

70
Consequently,
(22 — 221 + x0) - €| < c|h|?.
To complete the proof of (3.36), it now suffices, by (3.39), to show that
|(221 — g — 20) - m| < ¢|h|?.
We have
(221*1‘0*22)-1’12 (zl—xo)-n+(21—22)-n.

Let d* be defined by (3.12) and recall that d* is C'! in a neighborhood of 9Q. Hence, we
have

d*(z0) = d*(z1) + VdE(z1) - (z0 — 21) + O(|z1 — x0]?).
As 20,21 € 0Q and Vd*(z1) = n, we get
(ZEU — Zl) ‘n = O(‘Zl — CEQ|2).
Yet, by (3.34), |21 — zo| < c|h|. Then

(21 — o) -ml < el
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Moreover, notice that
(3.42) |zo — 21| < |22 — @o| + |x2 — 21| + |21 — 21| < |h]
by (3.30), Proposition 3.22, and (3.35). We have
d*(20) = d¥(21) + Vd*(21) - (22 — 21) + O(|z2 — 21[?).
As 29 € Q and z; € 99, we get
—n- (2 —21) 4+ O(|z2 — z1[*) > 0.
Then (3.42) implies that
(21 — 22) -m > —c|h|?.

Consequently,

|(221 — w9 — 20) - m| < (221 — 29 — 22) - n + c|h]?.

To complete the proof of Case 2(a), we are now left to prove that
(221 — zo — 22) - n < ¢|h|>.

As in (3.40),

(221 —x9p— 22) - m= — (zg+22—271)-n

21

To+T1
— 2/ <k(23 — 70,70 (25 — 10)) — k(s, 'yTO’xl’“(s))>u(s) ‘nds.

0

From Proposition 3.22, we get again that
—(zo+ 22 —221) - < |xg + 22 — 221| < C’h’Q.
For the second term, we have

To+T1
(3.43) — / <k(25 — 70, Y% (25 — 70)) — k(s, ’yTO’zl’“(s))>u(s) -nds

0

To+71
= _/ (k:(Zs — 70,7702 (25 — 79)) — K(s, 70" (25 — T())))U(S) -nds
70

T0+T1
— / <k(s,’ym’x2’“ (2s —19)) — k(s,'ym’“’“(s))>u(s) -nds.
0

From (H2), we have

(3.44)

To+T71
/ (/{:(s,'ym’”’u* (25 — 10)) — k(s, 770’331’“(3))>u(3) ‘nds
70

T0+T1 N
< c/ |yT0*2Y (28 — 1) — AT (s)| ds.

70

Yet, by Proposition 3.22, one has

,yro,mg,u* (25 _ 7.0) _ 770’“31’“(3)

2s—T10o
_x2+/ ke(t, 7022 (4))u* (t) At — x1 — /k: ATOTLY (1) )u(t) di

70

25—T0
g|x2—x1\+/ (t, 470" dt+/ k(Y7 (1)) dt
T

0

(3.45)

< clh| 4 3kmax(s — 70).
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Hence, we get by (3.25) that

T0+T1
/ (k:(s,fym’“’“* (25 —19)) — k(s, 770””1’“(5))>u(8) -nds
T0

To+T1
< c/ (Jh|+ (s —719))ds < c|h\2.

70

We are left to consider the first term of the right-hand side of (3.43). Recalling that w-n > ¢
by Proposition 3.21, we finally obtain, using (HS8), (3.25), and (3.41), that

To+T1
— / <k(2s — 70,772 (25 — 79)) — K (s, 47T (25 — 7'0))>u(3) ‘nds

0

0

T0+T1
= —/ <k(2s — 70,772 (25 — 79)) — K (s, 4702 (25 — TO)))w -nds
T0+71 . .
[ (s = o (2 ) - k(s 25 ) ) ) - w) ms
0

To+T1 25—T19 .
< / / —k (£, ™" (25 — 10))w - ndtds + ¢|h|? < e(rf + |h?) < ||
70 s

o Case 2(b): 9 := 770%2%" < 27,

Set

70,21,U

- . A T0,XT2,u*
z1 =1 , 29 1=yt € 00,

Recall that, by (3.24), it suffices to estimate (79, x2) — 20 (70, 1) + g(z¢). Using Lemma 3.4
and (H9), we have

¢ (10, 2) — 2(70, 21) + g(20)
< 7o+ g(z2) — 211 — 29(21) + g(=0)

316 —n-2moe2(o( 52 < gl)) o) + alan) - 29( 52

xo + 2
§7-2—271+2<g< 02 2) —g(z1)> +c|22—a:0|2.

Using Proposition 3.22, we obtain that

(3.47) |22 — xo| < |22 — xa| + |x2 — 20| < |22 — 22| + C|h].

Yet, using (3.25),

T0+T2
(3.48) |29 — @9 = / k(5,772 (5))u*(s) ds

70

< 2kmaxm < C|h‘

On the other hand, using (H9), we have

(3.49)

xo + 22
I\

1
> —g(z1) < §V9(21) (xo 4+ 22 — 221) + O(|xo + 22 — 221|2).
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But it is clear that

T0+T71
|xo + 20 — 221| < |zo + 22 — 221| + 2/ |k(s, ™" (s))u(s)| ds

70

To+T2 N
4 / (s, 77072 () ) (5)] ds,

70

which implies, using Proposition 3.22 and (3.25), that
(3.50) |20 4+ 22 — 221| < c|h|* 4 4kmaxm1 < c|h).

So, inserting (3.48) into (3.47) and (3.50) into (3.49), we conclude from (3.24) and (3.46) that
the proof of Case 2(b) is completed if one shows that

Ty — 2711 4+ Vg(21) - (xg + 20 — 221) < ¢|h|>.

Let n be the unit outward normal vector at z;. If d = 1, there exists o € [\, A] such that
Vg(z1) = an. Otherwise, for d > 2, there exist a unit vector e orthogonal to n and a, 8 € R
such that

(3.51) Vg(z1) = an + Se.

We write (3.51) also when d = 1 by setting e = 0 in this case. Notice that o? + 32 =
|Vg(z1)|> < A2. We have

Vg(z1) - (xg + 22 — 221) = (an + Be) - (xg + 22 — 221)
=an- (xg+ 22 —221) + fe - (o + 22 — 221).
Similarly to (3.34) and (3.42) from Case 2(a), one can show that
|zo — 21| + |21 — 22| < ¢|hl.
From (H4) and the fact that zg, 21, 22 € 02, we infer that
om - (zg 4 22 — 221) < c|h|?.
We are now left to prove that
To — 211 + Be - (ko + 22 — 221) < c\h|2.
Set

z 1= 70T <7’0 + 7;)

Then, one has

To — 271 4 Be - (o + 22 — 221) = T2 — 271 + Be - (xo + 22 — 22) + 2fe - (z — 21).

-
< kmax <Tl - 22)
Using kmax|5| < kmaxA < 1, we infer that
To — 271 + Be - (xo + 20 — 22) + 2Pe - (z — z1) < Be - (g + 22 — 22).

Let us observe that

|z — 21| =

T0+T7T1
/ k(5,7 (5) u(s) ds

T2
0+

So, the aim, now, is to prove that

(3.52) Be - (zo + 29 — 22) < c|h|*
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Let us observe that

(3.53) xo+ 22 — 22

T0+T72

k(S,’yTO7x17u(5))’LL(S) dS + / k(SfYTO’xz’u*(s))u*(S) dS
T0
k(s, 770’12’“* (s))u(s ETO) ds

<k(2s — 70,7702 (25 — 79)) — ks, 770"”1’“(3))>u(3) ds

.
To+ 2

:x0+x2—2x1—2/

70

T0+T72

To+72
=1x0+ 22 — 221 — 2/ ’ E(s,v™ "4 (s))u(s)ds + /

70 70
T
To+3

:x0+x2—2x1+2/

70
.
To+3

—x0+w2—2w1+2/

T0

<k(2s — 70,7702 (25 — 79)) — K(s, 4TOT2Y (25 — 7'0))>u(s) ds

T0+2
+ 2/ i (k(s,’ym’“’“ (2s —710)) — k(s,’yTO’m’“(s)))u(s) ds.
70
Recall that, by Proposition (3.22),
(3.54) |zo 4 20 — 21| < c|h|?.

From (H2) and proceeding as in (3.44) and (3.45), we infer that

To+2
/ : <k(s,wvw (25— ) — k(s,'ym’xl’“(s))>u(s) ds
70

7'0-1——722
< C/
70

,.YTO,IQ,U* (25 _ 7-0) _ ’yTO’xl’u(S)

'yTO’“’“*(Qs —T19) — YO (s)| ds,

and, by Proposition 3.22,

S

2s—T19
22 + / (£, 770 (8) ) (1) dt — 21 — / F(t, 770 (8)u(t) dt

0 70

25—T0 .
< lws— 21| + / Rt 7707 (1)) (1) dt| +
T

0

[ s dt]
T0
< c|h] + 3kmax(s — 10).

Consequently, we get

(3.55) < c|h|?.

To+ 2
/ 2 <’f<wm“*<2s 7)) - k(s,Wh%s)))u(s) ds
70

On the other hand, using the fact from Proposition 3.14 that u is L,-Lipschitz continuous,
we get that

To+2
(3.56) / ’ <k(2s — 70,7702 (25 — 79)) — K(s, 4TOT2Y (25 — To))>u(s) ds

0
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To+ 2
-/ (’“25 — 70,0 (28 = 70) — k(s 70" (25— To))>“(70 +7)ds

0

To+ 2
+ / ’ (k:(?s — 7o, 770’12’“* (25 —19)) — k(s, 770’:”2’”* (2s — Tg))> (u(s) —u(mo + 1)) ds

0

To+22
< / ’ (k:(25 — 70,7702 (25 — 79)) — K(s, 47072 (25 — 7'0))>u(7'o +71) ds + ||

0

We recall that

Vg(z1) — pn
wr+T) = and k(1o + 71,21)|Vg(z1) — un| =1,
( ) Vo(er) — ] ( )IVg(z1) |
and so, using (H8) and (3.25), we get

(3.57)

To+22
[ (ms s T (2 — 7)) — (s, 7O (25 To)))“(To ) Beds

0

To+2
= — k(7o + 71, 21)52/ : (k‘(QS — 70,y (25 — 10)) — k(5,70 (25 — To))) ds
T0

TO+T—2 28—T10
= k(1o + 71, 21)52/ ’ / —ke (£, 7072 (28 — 79)) dt ds < c|h|2.
T0 S

We then obtain (3.52) by combining (3.53), (3.55), (3.56), and (3.57). O
We finish this section by a remark on the importance of assuming (H8).

Remark 3.24. One can give an example showing that a lower bound on the derivative of
the dynamic k with respect to t is a sharp condition to obtain semi-concavity of ¢. To see
that, let €2 be the unit ball in R%. Let s be a differentiable real function with 0 < ki < Kk <
Kmax < +00. Set k(t,x) := r(t), for every (t,x) € RT x Q. For a given x € Q, the optimal
trajectory for x, at time 0, will be given by

V' (s) = k(s,7(s))e(x) = K(s)e(z),
where e(x) := z/|z|. Let ¢ be the value function associated with this optimal control problem.

We observe easily that
©(0,z)
/ k(s)ds =1—|z|.
0

Now, set
G(T) := /T k(s)ds, forall T >0
and H := G~'. This yields that '
¢(0,2) = H(1 — |z]).

Consequently, we have

H'(1 -
V2(0,2) = H'(1 - |a)e() ® e(z) — W(I ~ e(2) @ e(a)),
where
! 1 1! K"/
H=—-—0oH and H :——SOH.
K K

This shows that V¢ cannot be bounded from above unless ' is bounded from below.
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3.4. Differentiability of the value function. We prove in this section an extra result on
our exit-time optimal control problem, namely that the value function ¢ is differentiable along
optimal trajectories. This kind of result is classical (see [17]) and one can even obtain more
(for instance, in [16] smoothness of the value function in a neighborhood of optimal trajectories
is proven under some suitable conditions). Yet, most of the literature is concerned with the
autonomous case (see in particular [17]), which motivates us to provide a detailed proof here
dealing with the subtleties of our non-autonomous setting.

The results of this subsection will be of use in Section 4.1 in order to obtain the con-
tinuity equation in (4.7). They require a result stronger than Theorem 3.23, namely the
semi-concavity of ¢ on both variables (¢, z), and not only on z. We then need the stronger
assumption that

(H10) ke CHYRT x Q).

Remark 3.25. The sharper assumption (H8) will be of use in Section 4.3 when studying
a less regular MFG model. Its study is carried out by an approximation procedure, with
approximated dynamics k. € CLH(R*T x Q) for € > 0 but with no uniform bounds on their
C1! behavior, except for an uniform lower bound on 9;k., which is the motivation for (HS).
Since the differentiability of ¢ along optimal trajectories plays no particular role in this ap-
proximation procedure, one may assume the stronger assumption (H10) for the purposes of
this section.

Our first result concerns the semi-concavity of ¢ on (¢, ).

Proposition 3.26. Under assumptions (H1), (H3), (H4), (H9), and (H10), the value function
@ 1is semi-concave on RT x Q.

Proof. We apply the classical semi-concavity result from [17, Theorem 8.2.7] to the augmented
system 2’ = k(z,u), where z = (t,7) and k is given by k(z,u) = (1, k(2)u). O

As a consequence of the semi-concavity of ¢ on RT x Q and the standard properties of
semi-concave functions recalled in Proposition 2.2, one obtains the following result.

Proposition 3.27. Let ¢ > 0 be the constant from Corollary 3.11. Let (tg,xp) € RT x Q and
assume that Vo(to, zg) exists. Then |V(to, zo)| > c.

Notice that this improves the result of Corollary 3.11 concerning Vi, since one does not
assume differentiability of ¢ on (tg,xp) in the statement of Proposition 3.27, but only the
existence of V.

Proof. By Proposition 3.8, ¢ is Lipschitz continuous on R™ x €2, and hence it is differentiable
almost everywhere. Then there exists sequences (t,)nen+ in RT and (2, )nen+ in Q such that
¢ is differentiable at (t,,x,) for every n € N* and ¢, — to and x,, — 29 as n — oo. In
particular, one has |Vy(ty, z,)| > ¢ for every n € N.

Let p, = Dy(t,, xy,). Since ¢ is Lipschitz continuous, p, is bounded, and hence, up to the
extraction of a subsequence, p, converges to some p = (ps, pz) € Rx R Then p € D*p(tg, z0)
and thus p, € I, (D*p(tg, x0)) C (DT p(to,0)) C VTp(te, o) = {Ve(to,zo)}. Hence
IV(to,zo)| = [pz] = limp—eo| Vo(tn, zn)| > ¢, as required. O

Another consequence of the semi-concavity of ¢ is the following.

Proposition 3.28. Let v be an optimal trajectory for xq, at time ty, and u be the associated
optimal control. If ¢ is differentiable at (to,xo), then ¢ is differentiable at (t,~(t)), for all
t € [to,to + T0), where 19 = TiOTOY,
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Proof. Fixt € [to,to+70). If ¢ is differentiable at (to, zp), then the subdifferential V=~ ¢(to, zo)
is a singleton, say V™ p(to, x0) = {po}. Now, let p be a solution of (3.11) with initial condition
p(to) = po. By Proposition 3.19, p(t) € V™ ¢(t,v(t)), which implies, in particular, that
V=o(t,y(t)) # 0. On the other hand, as ¢ is semi-concave, then D (t,vy(t)) # 0 and
so, V*to(t,v(t)) # 0. Hence, ¢ is differentiable with respect to x at (¢,7(t)). Now, take
(pt,pz) € DT p(t,7(t)). Then, p, = Vo(t,v(t)). Yet, by Proposition 3.6, we have

(3.58) = pe + k(1) |pe] = 1,

which implies that p; is uniquely determined by V(t,~v(t)). Consequently, Dt p(t,~v(t)) is
a singleton and so, ¢ is differentiable at (¢,v(t)) (thanks again to the semi-concavity of the
value function ¢). O

Remark 3.29. The proof of Proposition 3.28 cannot be extended to include the final time
to + 70 as (3.58) does not hold a priori at the endpoint of an optimal trajectory.

Proposition 3.30. Let ty, xq, 7, u, 7o, and p be as in Proposition 3.19. Fiz t € (to,to~+ 70)
and set x1 := ~y(t1). Suppose that p(t1) € I (D*p(t1,21)), then p(t) € W (D*p(t,y(t))), for
allt € [tl,to + To].

Proof. If p(t1) € IL,(D*p(t1,x1)), then there is a sequence (t1,,71,) € RT x 2 such that
tim — ti, 21, — 21 and g is differentiable at (¢1,,21,) with Vo(tin,21,) — p(t1). As
¢ is differentiable at (t1,,1,,), then, by Proposition 3.28, ¢ is differentiable at (¢,v,(t)),
for all t € [tin,t1n + T1,n), Where 7, is an optimal trajectory for x;,, at time ¢;,, and
Tip = T ntn g, being the optimal control associated with 7,. Let p,, be the solution of

(3.59) { Py(t) = =Vt 3 (O)un(t) - pa(), ¢ € [t trn +71),
Pn(tin) = Vo(tin, x1p)-

By Proposition 3.19, we have p,(t) = V(t, v, (t)) for all t € [t1 ., t1, + T1n). Yet, it is clear,
from Lemma 3.16 & Proposition 3.17, that v, — uw and 7, — 7 uniformly, where u is the
unique optimal control for z1, at time 1, and ~ is its associated optimal trajectory. So, we
also have p, — p uniformly. Now, fix ¢ € [t1,to + 70] and let (¢,), be any sequence such
that ¢, € (tin,tin + T1n), for all n, and t, — t. As p,(tn) = V(tn, 1n(tn)), we get that
p(t) = limy, Vo(tn, Yn(tn)), which means that p(t) € I, (D*p(t,v(t))). O

We are now ready to prove the main result of this subsection.

Theorem 3.31. Given (tg,z9) € RT x Q, let v : [to, to + 0] — Q be an optimal trajectory
for xqg, at time ty, where g = T'0%0Y: 4 being the associated optimal control. Then, ¢ is
differentiable at all points (t,~(t)), with t € (to,to + 70).

Proof. Let us argue by contradiction and suppose that Dt p(t,v(t)) is not a singleton for some
t € (to,to+ 70). Then, thanks to Proposition 2.2, D*p(t,~(t)) contains at least two elements,
say (pt0,pz,0) and (pg1,pe1). Yet, from Proposition 3.6, we see that different elements of
D*p(t,~(t)) have different space components, i.e. pyo # py1. For any 6 € (0,1), we have
(1= 0)(pto,Pz0) +0(pe.1,ps1) € DT p(t,7()) and so, recalling again Proposition 3.6, one has

—DPt,0 + k(tﬂ(t))|]?m,0| —-1= 07
—Pt,1 + k(tvw(t))|p$71| —-1= 07

and
—(1—=0)peo — Ope1 + k(t,v(1))[(1 — 0)peo + Opza| — 1 =0.
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Hence, we have

(3.60) (1= 0)pzo + Opza| = (1= 0)|pzol + Olpz,al;

which implies that p, 1 = ap,, for some a > 0, a # 1. Now, let pg and p; be the solutions of
(3.11), associated with the optimal (v, u), with initial condition py(t) = pz 0 and pi(t) = pa.1,
respectively. Then p; = apg. In particular, we have pi(to + 70) = apo(to + 70). Yet, by
Proposition 3.30, we know that both pg(to+79) and pi1(to+70) belong to Il (D*o(to+70, v (to+
70))). As p(t,z) = g(z) at every (t,x) € RT x 99, then ¢ is differentiable with respect to ¢
on Rt x 9Q and, d;p = 0. This implies that II;(D*¢(to + 70,7(to + 70))) = {0}. Hence, we
obtain, using Proposition 3.6, that if qo,q1 € I (D*(to + 70,7(to + 70))), then |go| = |q1].
This implies that [po(to + 70)| = |p1(to + 70)| = a|po(to + 70)|, which is a contradiction as
a # 1. Hence, ¢ is differentiable at (¢,~(¢)), for all ¢t € (tg,to + 70). O

Remark 3.32. Contrarily to other classical results on the differentiability of the value func-
tion along optimal trajectories such as [17, Theorem 8.4.6], we cannot conclude the proof of
Theorem 3.31 using only local information on the superdifferential at the point (¢,~(¢)). The
main conclusion we obtain from local information is (3.60), which allows us to deduce that
pz,0 and p;1 are colinear and point to the same direction. In order to obtain the desired
contradiction, we need to propagate this information to the boundary, using Proposition 3.30,
and exploit the additional information that 0, vanishes on 02 in order to conclude.

As a consequence of Propositions 3.13 & 3.18 and Theorem 3.31, one can characterize an
optimal control u in terms of the normalized gradient, with respect to x, of the value function

®.
Corollary 3.33. Let (tg,z0) € RT x Q and v = ~'%0% be an optimal trajectory for o,

at time to, where u is the associated optimal control. Then, for all t € (to,to + 10), where
T := TOT0U  one has
Veo(tv(t))
(3.61) V() = —k(t,YO)) o T
[Ve(t, (1))l

Our final result of this section provides a converse to Corollary 3.33, proving that any
solution of (3.61) is an optimal trajectory, and also that such solutions are unique for almost
every initial condition.

Proposition 3.34. Fix (ty,z0) € R x Q and let v : [to, +00) — R? be an absolutely contin-
uous function satisfying, for almost every t € [tg, +00),

PN 10 R
vy ={ TR m O

0, otherwise,

v(to) = zo-

(3.62)

Then ~y is an optimal trajectory for xo at time ty. Moreover, for every to € RT and for a.e.
xo € Q, (3.62) admits a unique solution ~y.

Proof. Let t > to be such that (3.62) holds at t. So, this implies, in particular, that ¢ is
differentiable with respect to = at (¢,7(¢)). Thanks to Proposition 3.26, we infer that ¢ is also
differentiable with respect to t. This follows from the fact that if (pg, p,) € D*¢(t,v(t)) then,
using Proposition 3.5, p; is uniquely determined by p, = V(t,v(t)). Then D*p(t,~v(1)) is a
singleton, which implies, by Proposition 2.2, that DT (¢, v(t)) is also a singleton.
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Hence, we have

—%s@(m(t)) = —0wp(t, (1)) = Veo(t, (1)) -7 (t) = =Orp(t, (1)) + k(t, (1) [ Vo (t, (1)) = 1.

Integrating the above inequality over [to, tg + 70:%0:%] we finally obtain, since p(ty + Tt0:%0:,
AROFOMY — g (4E0P0%) \where u is the control associated with 7,

80(t071'0) = rto,To,u 4 g(,ﬁo@o:u)‘

Therefore u is optimal.

For a given tg € RT, x — ¢(tg,x) is Lipschitz continuous by Proposition 3.8, and then
V(to, xo) exists for almost every zg € . The last statement of the proposition is then a
direct consequence of Proposition 3.20. O

4. OPTIMAL-EXIT MEAN FIELD GAMES

After the preliminary study of the corresponding optimal control problem in Section 3, we
are ready to consider in this section the mean field game model treated in this paper, which
we briefly recall. Let Q € R? be compact and k : P(Q) x Q@ — RT and g : 92 — RT be
continuous (recall that P(€2) is endowed with the topology of weak convergence of measures).
We consider the mean field game in which agents evolve in €0, their distribution at time ¢
being given by a probability measure p; € P(€2). We assume the initial distribution py to be
known. The goal of each agent is to leave € through its boundary 02 minimizing the sum
of their exit time with the cost g(z) at their exit position z € 9. The speed of an agent at
the position x at time ¢ is assumed to be bounded by k(p¢, ), which means that, for a given
agent, their trajectory ~ satisfies |7/(¢)| < k(p¢,¥(t)), and thus depends on the distribution
of all agents p;. On the other hand, the distribution of the agents p, itself depends on how
agents choose their trajectories v. We are interested here in equilibrium situations, i.e., in
situations where, starting from a time evolution of the density of agents p : RT — P(Q), the
trajectories v chosen by agents induce an evolution of the initial distribution of agents pg that
is precisely given by p.

In this section, we first provide a precise definition of equilibrium and prove existence of
equilibria, obtaining as well a system of PDEs, called the MFG system, satisfied by the time-
dependent measure p; and the value function of the corresponding optimal control problem.
We then prove that, if pg is absolutely continuous with LP density, the same holds for p; for
t > 0, with a control on its LP norm. Finally, thanks to these LP estimates, we extend the
result of existence of equilibria and the corresponding MFG system to a case where k is less
regular.

4.1. Existence of equilibria and the MFG system. In order to provide the definition
of equilibrium used in this paper, let us introduce some notation. Let I' = C(R™,). For a
given v € I', we define its arrival time at 92 by

7y :=1inf{s > 0 : 7(s) € 00},
and, if 7, < 400, we write
Vr = y(7y) € 0.
Given p: Rt — P(Q) and = € 2, we define the set I'[p, x| of admissible trajectories from x by
Do, o) = {7 € T :1(0) = 2, ()] < k(ps,1(s) for ae. s € (0,7),
and 7/(s) = 0 for every s > 7, }.
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With these definitions, one can write the optimal control problem solved by each agent of the
mean field game as

(4.1) inf{J(y) : v € Ilp, 2]},

where
Ty + 9(vr) if 7y < o0,
J(v) = :
+00 otherwise.

Remark 4.1. If v € T'[p, 7], then there is a measurable control u : RT™ — B(0,1) such that

v () = k(pt, v(t))u(t), for a.e. t,
7(0) = z.

System (4.2) can be seen as a control system under the form (3.1) where the dynamic is given

(4.2)

by k(t,z) = k(py, x) for every (t,2) € Rt x Q. This point of view allows one to formulate
(4.1) as an optimal control problem when p is fixed.

Remark 4.2. Due to the interaction between agents stemming from k, which may be non-
local, the behavior of players who have not yet arrived at 02 may be influenced by the players
who already arrived. However, after arriving at 0€), players are no longer submitted to the
minimization criterion (4.1), and thus their trajectory v might in principle be arbitrary after
their arrival time 7. The condition that ~/(s) = 0 for every s > 7, is imposed on admissible
trajectories v in order to avoid ambiguity.

The above choice leads to a concentration of agents on the boundary, which is quite artificial
from a modeling point of view. For this reason, one may consider, for modeling purposes,
that, for k£ given by (1.1), the function 1 is a cut-off function, equal to 1 everywhere on §)
except on a neighborhood of 92 and vanishing at 02 together with all its derivatives. In
this way, the interaction term does not take into account agents who already left 2. Notice,
however, that such assumptions on k are not necessary for the results proved in this paper.

We use in this paper a relaxed notion of MFG equilibrium based on a Lagrangian for-
mulation, following the ideas in [9, 15,20, 24, 58], for which we give existence result. Such a
formulation consists of replacing curves of probability measures on {2 with measures on arcs
in Q. For any t € R, we denote by e; : I' — € the evaluation map defined by

e(y) =~(t), forallyeTl.
For any n € P(T'), we define the curve p" of probability measures on 2 as
p(t) = (er)gn, forallteRT.

Since e; : I' —  is continuous, we observe that, if ,,n7 € P(T'), n > 1, are such that n, — 7,
then p(t) — p(t) for all ¢ € RT. For any fixed py € P(Q), we denote by P, (I') the set of
all Borel probability measures 7 on I' such that (eg)xn = po. Notice that P,, (') is nonempty,
since it contains jxpo, where j : Q@ — I' is the continuous map defined by j(z)(t) = « for all
t € RT. For all z € Q and n € P,,(T), we define the set I'[p", z] of optimal trajectories from
x by
p" x] = {*y elp",z] : J(y) = min J}.
L[pn,z]
We also find it useful to introduce the set I'y, . of kmax-Lipschitz trajectories v € I, i.e.,

T = 17 ET [/ (#)] < kmax for ae. t € RT}.
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Recall that T’y is a compact subset of I', and, for every n € P(I') and = € €, one has
F,[pn,.'f] C F[pn,ﬂf] C kaax'
The definition of equilibrium used in this paper is the following.

Definition 4.3. Let py € P(£2). We say that n € P, (') is a MFG equilibrium for pg if

spt(n) € [ I[p", ).
e

Let us state the assumptions used to guarantee existence of equilibria. The function & :
P(Q) x Q — RT is assumed to be continuous. It is reasonable to suppose that k is bounded
from above, since it is not natural to assume that an agent’s speed might approach 4+oo. For
simplicity, and in order to affirm that there is at least one admissible trajectory -y starting
from a point x that reaches the boundary in finite time, we also suppose that k is bounded
from below. Hence, as in Section 3, we assume that k satisfies (H1). We also suppose that
the counterpart of (H2) holds, namely,

(H11)
AL, > 0 such that |k(u,x0) — k(p, z1)| < Lzlxg — 21| for all zg,z1 € Q, p € P(Q).

Notice that (H1) and (H11) are satisfied for (1.1) if V : R* — (0,4+00) and x : R? — R are
Lipschitz continuous and ¥ : R — Rt is continuous. Moreover, we suppose, as in Section
3, that g : 9Q — R™T satisfies (H3). In particular, from Proposition 3.2, we infer that (4.1)
reaches a minimum.

We can now state our result on the existence of equilibria.

Theorem 4.4. Let pg € P(), k: P(Q) x Q@ — R be continuous, g : 02 — R, and assume
that (H1), (H3), and (H11) hold. Then there exists a MFG equilibrium for pg.

The proof of Theorem 4.4 is based on the same fixed-point strategy used in [15,58]. Notice
that the above theorem is slightly stronger than [58, Theorem 5.1] since existence of equilibria
is obtained under weaker assumptions. For this reason, and also for the sake of completeness,
we provide a detailed proof of Theorem 4.4. The first step is the following property of the
map (n,z) — I'[p", 2].

Lemma 4.5. Let po, k, and g be as the statement of Theorem 4.4. Let (n,)n be a sequence
in Ppy(T'), (xn)n a sequence in Q, and (Yn)n a sequence in I' such that v, € T'[p", xy] for
everyn € N and n, = n, v, = x, and v, — 7 for somen € Py (I'), x € Q, and ¥ inT". Then
vy e T[p", z]. Consequently, (n,z) — I'[p", x] has a closed graph.

Proof. We set, for simplicity, 7, := 7y, and z, := v,(7,). Using Proposition 3.7, (7,)n is
bounded and, up to extracting a subsequence, 7, converges to some 7. On the other hand,
we see easily that 7 is kmax-Lipschitz continuous. In addition, for a.e. ¢ € (0,7,), we have
VL) < k(p™(t),vn(t)). Letting n — +oo, we get that |¥'(t)] < k(p"(t),7(t)) for a.e.
t € (0,7). In the same way, one can prove that 7/(t) = 0 for all ¢ > 7. Moreover, we have
zp — 7(T), which implies that ¥(7) € 0Q and 7 := 75 < 7. Notice that ¥ € I'[p", z] if and
only if 7 = 7.
Define the trajectory v € I'[p", z] by

A, ift<,
() = {’y(T), ift>r.

Notice that, by Lemma 3.1, J(v) < 7 + g(3(7)), with a strict inequality if and only if 7 < 7.
Suppose, to obtain a contradiction, that 7 ¢ I”[p",z]. Then there exists a trajectory 7 €
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I'[p", 2] such that J(7) < 7+ ¢g(7(7)); indeed, this follows by the definition of I'[p", x] if
T =T or by the fact that v € I'[p", z] and J(y) < T+ g(7(7)) if 7 < 7.

For each n € N, let 7, : [0, |z, — z|] — R? be the segment from z,, to = with |/ (t)| = 1 for
every t € [0, |z, — z|]. Let ¢, : [k 1 |z, — 2|, +00) = RT be a function satisfying

# (1) = K" (0, 3(6u(2)
" (1 (6n(1), A (60 (1)
(Kt | — z]) = 0.

(4.3)

Define 7, : R* — R? by

() = An(kmint) if t € [0, kr;nln|xn —z]],
e Y(pn(t))  otherwise.

One has 7,,(¢, (7)) = 7(75), and thus 75, < ¢, (7). Hence, by Lemma 3.1,
Fn

(4.4) T 9(n(75,)) < 65" () + 9(Fn (07 (79)) ) = 62 (5) + 9(0).

We modify 7, on the interval (75, ,+00) by setting 4y, (t) = Fn(75,) for t > 75,. This modifi-
cation does not change 75, and one has now %, € I'[p", x,,]. In particular, (4.4) reads

(4.5) J(Fn) < ¢ (73) + 9(r).-

Since (¢p,)n and (¢, 1), are equi-Lipschitz sequences, it follows from Arzela—Ascoli Theorem
that, up to extracting subsequences, there exists a bi-Lipschitz function ¢ : Rt — R* such
that ¢, — ¢ and ¢! — ¢~ ! uniformly on compact sets of RT. In addition, it is easy to check
by integrating (4.3) that, for all ¢ € [k_L |z, — x|, +00),

min

d)n(t) t
| R A ds = [ k() 3(on(s) ds.
0

ki lzn—z|

So, letting n — 400, we get, for all t € RT,

#(t) t
[ koA s = [ 7). A0() ds.
0 0
Set,
0
Go) = [ k()30 ds. VB e R,

Then G : RT™ — R* is a bi-Lipschitz bijection and, for t € RT,
o)~ 1l = 671 ([ koo Ao as) - 671 ([ ka0 as)
< C [ I, 36(9) ~ He(9).3(5))] ds

t
< C’/ |p(s) — s|ds.
0
By Gronwall’s lemma, we get that ¢(t) =t for all ¢ € RT. Passing to the limit in (4.5), we

get
(4.6) limsup J(3n) < 75 +9(37) = J(7) <7+ g(3(7)).

n
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Yet,
1111111 J(’Yn) = hran Tn + g(zn) =T+ 9(17(77—))
Using (4.6), we infer that, for n large enough,

J(n) < J(m),
which is a contradiction, as 7,, € I'[p"", z,,] and v, € I"[p"™, x,]. Then 5 € I'[p", x]. O

Remark 4.6. As a consequence of Lemma 4.5, for a given n € P, (I'), the graph G of the map
z — IV[p", ] is closed in Q@ xT'. Since I[p", 2| C T, G is compact, since it is a closed subset
of the compact set Q x I'y, .. Hence, the set (., I"[p", 2], which is the projection of G' onto
I, is also compact, and, in particular, a measure 77 € P(I') satisfies spt(7) C U,eq I'[p7, 2] if
and only if [ cq I'[p", z]] = 1.

In particular, one can reformulate Definition 4.3 in an equivalent way by saying that n €
Py (I') is a MFG equilibrium for pg if

U

U F/[pn7$]] =1,

e
i.e., if for n-a.e. ¥ € I', we have

J(7) < J(7), forall y € I[p",5(0)].

We now reformulate the notion of equilibrium as a fixed point problem, in order to prove
Theorem 4.4 using a fixed-point argument. We introduce the set-valued map E : P, (I') =
Py (I') given, for n € P, (T), by

B = {7€ Pl s el © Y To0al .
€N
It follows immediately that n € P,,(I') is a MFG equilibrium for pg if and only if n € E(n),
which is precisely the definition of fixed point for a set-valued map. We will therefore prove
Theorem 4.4 by showing that E admits a fixed point using Kakutani’s Theorem (see, e.g., [40,
§7, Theorem 8.6], [51]), whose assumptions we verify in the next lemma.

Lemma 4.7. Let pg, k, and g be as the statement of Theorem 4.4. Then

a) for anyn € Py, ('), E(n) is a nonempty convex set; and
PO
(b) E:Pp(I') = Pyo(I') has a closed graph.

Proof. To prove (a), fix n € P,,(I'). Using Remark 4.6, one immediately verifies that F(n)
is convex. To see that it is nonempty, notice that, by Lemma 4.5 and [8, Theorem 8.1.3],
the map = — I'[p", x] has a Borel measurable selection 4" : = +— ~ € I'[p", ], and one
immediately verifies that 'ygﬁ po € E(n).

Now, to prove (b), let (n,), and (7,)n be sequences in P, (I") and 0,77 € P, (I") such
that 7, € E(ny,) for every n € N, n, = n, and 5, = 1. For k € N* let V), :== {ry € T :
d(v,U, I"[p",z]) < +}. Notice that the graph G of the set-valued map 7 — J, I'[p"7, 2] is
the projection onto P, (I') x I' of the graph of the set-valued map from Lemma 4.5, and
thus, since €2 is compact, G is closed. Then, using [8, Proposition 1.4.8], it follows that there
exists a neighborhood W of 7 such that |J, T'[p", ] C Vj for every 77 € W. Then, for n large
enough, J, I'[p", ] C V}. Since 7, (J, I'[p"", z]) = 1, one obtains that 7,(V}) = 1, for large
n. Yet, 9, — 1 and V} is closed, hence it follows that 7(V}) > limsup,, 7,(Vx) = 1 and thus,
7(Vk) = 1. As this holds for every k € N*, one concludes that (|, I"[p",z]) = 1. Hence
1 € E(n), which proves that the graph of E is closed. O
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Remark 4.8. The set P,,(I'x,..) is a compact convex subset of P,,(I'). Indeed, the convexity
of Ppy(Lipax) follows immediately. As for compactness, if (n;)x is a sequence in Py (I, )
then, since I'y, . is compact, () is tight, and so, by Prokhorov’s Theorem, one finds a
subsequence which converges weakly to some probability measure 1 € Py, (I'x,....)-

Notice that, by the definition of F, we have
EM) C Ppy(Thpar), for all m e Py (I).

In particular, any fixed point of E belongs to Py, (I'k,...). We will thus restrict our domain
of interest to Py, (I'k,...) With no loss of generality, denoting hereafter by E the restriction
E |7>p0 (T, ). Notice that Lemma 4.7 still holds for this restriction. One can now complete
the proof of Theorem 4.4.

Proof of Theorem 4.4. Lemma 4.7 guarantees that the set-valued map E has a closed graph
and E(n) is a nonempty convex set for any n € P,y (I',...). Since, by Remark 4.8, P, (I'....)
is a nonempty compact convex set, all assumptions of Kakutani’s Theorem are satisfied and
thus there exists 7 € P,y (L, ) such that n € E(n), i.e., n is a MFG equilibrium for py. O

Now that existence of a MFG equilibrium 7 € P,, (I') has been established, we wish to prove
that, similarly to most mean field game models, the corresponding time-dependent measure
pr = p'(t) satisfies, together with the value function ¢ of the corresponding optimal control
problem, a system of PDEs, known as MFG system, composed of a continuity equation under
the form Op + V - (pv) = 0 for some velocity field v and a Hamilton—Jacobi equation on ¢.
The Hamilton—Jacobi equation on ¢ is the one from Proposition 3.5, and one can easily obtain
that p satisfies some continuity equation (for instance, by proving that ¢ — p; is Lipschitz
continuous with respect to the Wasserstein distance W), for p > 1, as in [58, Proposition
5.2(a)], and then applying [7, Theorem 8.3.1]). The main point here is to identify the velocity
field of the continuity equation. To do so, we shall use the results from Section 3.4, which in
particular require assumption (H10). We then introduce the following notion.

Definition 4.9. Let k : P(Q2) x Q — R™ be continuous, g : 92 — RT, pg € P(Q), and assume
that (H1), (H3), and (H11) hold. We say that k is C%! on MFG equilibria for pg if, for every
MFG equilibrium 7 € P, (T) for po, the function (¢,z) — k(p"(t),z) is b1 on RT x Q.

To motivate this definition, we prove that the function k given by (1.1) is C1! on MFG
equilibria under suitable regularity assumptions on V', x, v, 0€2, and g.

Proposition 4.10. Let V € CH (Rt (0,4+00)) be Lipschitz continuous, x € CHH (R RY),
Y € CHL(RY,RY), k: P(Q) x RY = R be given by (1.1), kmax = SUpp+xq k, and pg € P(Q).
Suppose that ¥(x) = 0 and Vip(z) = 0 for every v € 99, (H4) holds, and g : 90 — R
satisfies (H3) and (H6). Then k is C1't on MFG equilibria for po.

Proof. Notice first that k : P(2) x R? — R* is continuous and satisfies (H1) and (H11). Let
po € P(), n € Ppy(Thyae) be a MFG equilibrium for pg, and p; = p"(t) for t > 0. Let
k:RT x R? = R be given by

K(t,x) = /Qx(w —y)Y(y) dpe(y).

Since V € CLL(RY, (0, +00)), it suffices to prove that k € CHH(RT x RY RT).
hSet I = Upea '[P, 2] C Ty, Since 7 is a MFG equilibrium, one has n(I) = 1. Notice
that

max *

wta) =[xl =(0)000) i)
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and, since every v € I" is kyax-Lipschitz, one obtains that (¢t,z) — k(p,x) is Lipschitz
continuous.
For (t,z) € Rt x RY,

(1, 2) / V(e = 9)e) dp(y) = | VXl =10 (1) dn(a).

and this function can be easily seen to be Lipschitz continuous on Rt x R?. In particular, the
function (t,x) — k(ps, x) satisfies (H5) and (H7). Hence, the results of Section 3.2 apply to
the optimal control problem (4.1), and, in particular, by Proposition 3.14, one obtains that
v € CL([0,7,],9) for every v € I,

For every v € I, the function ¢ — x(z — (¢))1(y(t)) is differentiable everywhere on R,
except possibly at ¢t = 7, with

d

X [x(@ = () (r(1)] = = Vx(z = () - ' () (v(t) + x(@ = y(£) Vi (r(t)) -7 (1)

Since ¥(z) = 0 and Vi(z) = 0 for x € 02 and ~(t) € 0N for t = 7, one can also prove
that the above function is differentiable and its derivative is zero at t = 7,. Moreover, its
derivative is Lipschitz continuous and upper bounded, and thus d;x(t, z) exists, with

Ori(t, x) = / [*Vx(fc — (1)) - ()b (v(t) + x(x = v() Vb (y(t) - v ()| dn(7),

and one immediately verifies using the previous assumptions that dyx is Lipschitz continuous
in RT x R?. Together with the corresponding property for V, we obtain that x € C11(R* x
R RT). O

We now show that, for every MFG equilibrium 7, p" and the corresponding value function
satisfy a MFG system.

Theorem 4.11. Let k : P(2) x Q — R™T be continuous, g : Q2 — RT, py € P(R), and assume
that (H1), (H3), (H4), (H9), and (H11) hold. Suppose that k is C*' on MFG equilibria for
po. Let n € Py (Q) be a MFG equilibrium for py, p = p", and ¢ be the value function of
the optimal control problem (4.1) with dynamic (t,x) — k(ps,x). Then (p,¢) solve the MFG
System

/

Ap(t, ) — V- (p(t,x)k(pt, )‘ E ;O 0, (t,2)€ (0,00) x €,
(4.7) — Oyp(t, ) + k(pr, 2)|[Vep(t, )| = 1 =0, (t,z) € RT x Q,
p(t,z) = g(z), (t,z) € RT x 99,
L (0, ) = po(z), x €,

where the first and second equations are satisfied, respectively, in the sense of distributions
and in the viscosity sense.

Proof. The second equation in (4.7) and the corresponding boundary condition have already
been established in Proposition 3.5. We are left to prove that p satisfies the continuity equation
n (4.7).

Let ¢ € C((0,00) x Q) and set I" = [, I'[p", 2]. Then, recalling Theorem 3.31 and
Corollary 3.33, we have

/+oo/8t¢)t$dpt dt+/+oo/ (pp,x V¢tx)| E §|dpt()d
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Vet 1(0))
+oo
_ / [ dr0t.2(0)) dnta) e - / Vo (t,(8)) -7/ (t) dn() dt

0 IV
_ /,/md +(6)] de () = 0. 0

4.2. LP estimates. Recall that our motivation for the mean field game model in this paper
comes from crowd motion, where a reasonable expression for k is (1.1). In order to apply the
existence result from Theorem 4.4 to this setting, one should require the function v in (1.1)
to be at least continuous. On the other hand, as stated in Remark 4.2, agents concentrate on
the boundary. A reasonable feature of our model would be to assume that agents do not take
into account in their congestion term other agents that have already left the domain, which
can be done by assuming that ¢ (z) = 0 for x € 9§). However, due to the continuity of 1,
this implies that agents that are too close to the boundary, but have not yet left, will also be
somehow discounted.

From a modeling point of view, an interesting choice would be to take ) = 1 & but this yields

+00 +oo
= [ st ama [ ] k(o /() V(A1) - S LT g0 gy
0 T 0 T
+oo

a function k that is discontinuous on measures p such that ;£ (9€2) > 0, and the arguments used
in the proof of Theorem 4.4 do not apply. On the other hand, one may still expect to have
existence of equilibria, at least when pg is absolutely continuous with respect to the Lebesgue
measure. The goal of this section and the following is to establish a result on the existence of
equilibria in this setting. We first prove that, as soon as pg is absolutely continuous and with
an LP density, p 8 is also absolutely continuous and with an LP density, with a control on
the LP norm that is, in some sense, independent of ¢. This will be a key result for the proof
of existence of an equilibrium with ¢ = 1 8 in Section 4.3, which is based on a limit argument
on a sequence . converging to 1 gase— 0.

The control of the LP norm we prove in this section depends essentially on the semi-
concavity constant of the value function ¢ at equilibrium. On the other hand, for k given
by (1.1), it follows from Theorem 3.23 that, for uniformly bounded functions ¢, the semi-
concavity constant of ¢ may depend on 1 only through a lower bound on 0;k. We then start
by proving that, for reasonable choices of 1, one can obtain a lower bound on 0:k independent
of 1. We shall consider as reasonable choices of 1 those belonging to the class Wy defined for
0 >0 by

= {¢: R = [0,1] | 3a € CY(R, [0,1]) such that a is non-increasing,
a(z)=0for z >0, o/(0) =0, a(z) =1 for z < -4,
and $(z) = a(d=(z))}.
Proposition 4.12. Let V € CLY(RY, (0, 400)) be Lipschitz continuous and non-increasing,
x € CHYRE, RY) be Lipschitz continuous, and g : 0 — RY satisfy (H3) and (H6). Suppose

also that (H4) holds. Then there exist C,§ > 0 such that, for every o € Uy, if k is given by
(1.1) and n is a MFG equilibrium, defining k by k(t,x) = k(p"(t),x), one has

k(t,x) > —C,  Y(t,z) e R* x Q.

Proof. Notice first that, for every § > 0 small enough, d* is C! in a closed §-neighborhood
of 99, and thus one has 1 € C11(RY, R*) for every ¢ € Us. Then, by Proposition 4.10, k is
CY1 on MFG equilibria.
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Let M > 0 be such that sup, ,cqx(* —y) < M and sup, ,co|Vx(z — y)| < M. Let
V' = —infueoa V() > 0and V = supgepo,m] V() > 0. Let ¢ > 0 and § > 0 be as in the
statement of Proposition 3.21. Notice that, for every § > 0, ¢p € Us, € Q, and p € P(9),
one has [, x(z — y)¢(y) du(y) < M, and then k(u,z) < V.

Let ¢ € Ug, k be given by (1.1), n be a MFG equilibrium, and k be defined from k as in
the statement. Let x : RT x R? — R™T be given by

K(t, @) = /Qx(w —y)Y(y) dpe(y).

Notice that k(t,z) = V(k(t,z)) and k(t,z) € [0, M] for every (t,z) € RT x Q. Since V is
non-increasing and V'(k(t,z)) > —V’ for every (t,z) € RT x €, the proposition is proved if
one obtains an upper bound on 0k (t, ).

Let a € CHL(R,[0,1]) be a non-increasing function with a(z) = 0 for z > 0, a(x) = 1 for
r < —6, /(0) =0, and ¢(x) = a(d*(x)) for z € R% As in the proof of Proposition 4.10,  is
CH! and

(48)  Oum(t,x) = / [=9x(@ = A1) 7 OP (1) + x(@ = AV (E) - 7' ()] dn(),

where I = (J,cq I [p", 2] C Tk,,,.. For every v € I, one has |y/(t)| < V. On the other hand,
denoting by u the optimal control associated with ~y, one has

(4.9)  Vo(y(1) - (1) = k(A1) Vo(3(1)) - ult) = k(t, 1) (dF(v(1) V= ((t)) - u(?).
If d(y(t),00) > 4, then o/(d*(y(t))) = 0 and thus Vi (y(t)) - ¥'(t) = 0. Otherwise, by

Proposition 3.21, one has Vd*(y(t)) - u(t) > ¢, and, since o/ (x) < 0 for every z € R, one has
V(y(t)) - v'(t) <0. It then follows from (4.8) and (4.9) that

Ok(t,r) < MV,
providing the required upper bound. O

Our main result of this section is the following.

Theorem 4.13. Let p € (1,400], k : P() x Q — RT be continuous, g : Q0 — RT,
and assume that (H1), (H3), (H4), (H9), and (H11) hold. Suppose that k is C1't on MFG
equilibria. Let pg € P(Q), n € Ppy(Q) be a MFG equilibrium for po, p = p", and ¢ be the
value function of the optimal control problem (4.1) with dynamic (t,x) — k(py,x). There

o

exists C' > 0 such that, if po is absolutely continuous and py € LP(Y), then, for every t > 0,

o

pt|§ is absolutely continuous, py € LP(X)), and
(410) ||pt||Lp(&92) S CHPOHLP(SQZ)

Moreover, C depends only on A, kmin, kmax, diam(Q2), a bound k on the curvature of 92, Ly,
Loy, 4y, the semi-concavity constant of g, and the semi-concavity constant w.r.t. x of the value
function .

Before proving Theorem 4.13, we need the following auxiliary results.

Lemma 4.14. Let O C R? be a bounded open set, o : O — R be a semi-concave function with
semi-concavity constant C > 0, and B : R = R be a C? convex function with V3 Lipschitz
continuous and bounded by some constant C' > 0. Then V3 o Va is a function of locally
bounded variation and V - (Vo Va) < CC’ in the sense of distributions.
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Proof. Since « is semi-concave with semi-concavity constant C, Va : O — R is a function of
locally bounded variation and V2« < C in the sense of measures (see, e.g., [17, Proposition
1.1.3 and Theorem 2.3.1]). Then, by [6, Theorem 3.96], V3 o Va is a function of locally
bounded variation, with

V(VBoVa) = ¢Via
and £ : O — My(R) given by

- / ' VB(Vat (@) + (1 — Ve (2) dt,
0

where Va™ and Va™ have their usual definitions at jump points (see, e.g., [6, Section 3.6])
and are defined at points x € O where Va is approximately continuous by setting Va™*(z) =
Va~ () = Va(x). In particular, since [ is convex, V3(y) is a positive semidefinite matrix
for every y € R, and then £(x) is also positive semidefinite for every € O and bounded by
C’. Then £(x) admits a positive semidefinite square root y/&(x), bounded by v/, and one
has, in the sense of distributions,
V- (VB o Va) = Tr(¢V3a) = Tr(y/EV2ian/€) < CC/,

as required. O
Lemma 4.15. Let f € C*(R%,R") be such that spt(8) C B(0,1), inf,ep(0,1/2) B(z) > 0, and
Jga B(z)dz =1. Fore >0, let . € C*°(R%,RY) be defined by Be(x) = e~ 4B(%). Then
inf / Be(x —y)dy > 0.

B(xz,e)

€N
e€(0,1]

Proof. Let B = inf,cp(,1/2) 8(z) > 0. Notice that, for every ¢ > 0, if z € R? is such that
|z| < /2, then B.(x) > e_dé. Hence, for every x € 2 and £ > 0, one has

[ s-wdz [ gy peiLeb(B(e ) ).
B(z,e)NQ B(z,5)NQ - 2

where Leb denotes the Lebesgue measure in R?. Thus, it suffices to prove that
(4.11) inf 4 Leb(B(x, 5) N Q) > 0.
€N 2
e€(0,1]
Let (25 )neny and (ep)nen be sequences in © and (0, 1], respectively, such that
S nf, < 2)19)
nh_)n;osn Leb( <.1‘n, 5 ) ﬁQ) ;relg € Leb(B(:v, 5 NQ).
e€(0,1]

Up to extracting subsequences, there exist z, €  and ¢, € [0, 1] such that =, — =, and
En — Ex @S M — 0O.

Let us consider first the case x4 € SOZ If e, > 0, then

nh_)n;()s dLeb( (:L'n, 5 ) ﬁQ) zs*_dLeb< (:U*, 2)0(2)

and there exists £’ € (0,¢,] such that B(x,,€’/2) C Q, in which case

!
e Leb(B(a:*, %) N Q) > 4 1eh <B (a: Z)) >0,
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and (4.11) holds. If e, = 0, then, for n large enough, B(zy,¢e,/2) C €2, and thus
En

lim &% Leb (B (mn i") N Q) — lim e;dLeb(B <xn —)) — 974y, > 0,
n—00 2 n—00 2
where vy is the volume of the d-dimensional unit ball. Hence (4.11) holds.
Consider now the case z. € Q. For z € R%, r > 0, and w € S 1, let

Pla,r,w) = {y €Ba,r) : (y—g) w> ;|y—x|}.

Notice that Leb(P(x,r,w)) = r?Leb(P(0,1,w’)) for every x € R? r > 0, and w,w’ € S¥1.
Let v/, = Leb(P(0,1,w)), which is positive and independent of w € S41. If e, = 0, we claim
that, for n large enough,

(4.12) P(mn, %l, —Vdi(xn)) c Q.

Indeed, let U be a neighborhood of 9 such that d* is C1' on U. For n large enough,
one has B(z,,c,/2) C U, and in particular Vd*(y) exists (and is a unit vector) for every
y € B(2y,en/2). Let Lq be a Lipschitz constant for Vd*. For y € P(z,, %, —Vd*(z,)), one
has

di(y) < di(xn) + Vdi(l‘n) “(y —xn) + Laly — xn|2

IN

1
_§|y - $n| + Ld|y - $n|2

IN

1
—5(1 — Laen)|y — xn).

For n large enough, one has 1 — Lge,, > 0, and thus d*(y) <0, i.e., y € Q. Hence (4.12) holds.
Then, since P(x,,e,/2, —Vd* (x,)) C B(zn,en/2), one has

lim 5;‘1 Leb(B (mn, E—n) N Q> > lim sup sgd Leb (P(xn, g—n, —Vdi(a:n)» = 2‘%& > 0,
yielding (4.11). Finally, if £, > 0, one can prove similarly that P(z.,&’/2, —Vd*(x.)) C Q for

some ¢’ € (0,4, yielding that the infimum in (4.11) is lower bounded by (6//8*)(11)&, and thus
(4.11) holds. O

Proof of Theorem 4.13. Let T = Mmaxp—d gup o d(z,0Q). Tt follows from Proposition 3.7

1—MAkmax “min
that Pt‘é =0 for t > T, and thus it suffices to prove (4.10) for ¢t € [0, T].
For t € [0, T, define the vector field v; : R? — RY by
Ve(t,z) 2
—k(ps, x , ifx e,
S o]
0, otherwise.

ve(z) =

Notice that v, is well-defined almost everywhere since z — (¢, x) is Lipschitz continuous
and, by Proposition 3.27, Vo(t,z) # 0 wherever it exists. Let ¢ > 0 be the constant from
Corollary 3.11 and let F: R? — R be a convex C? function such that F(z) = |z| for every
x € R? with |z| > ¢. Notice that I can be chosen in such a way that VF is bounded by some
constant ¢’ depending only on c. It follows from Proposition 3.27 that, for almost every x € fol,
one has vi(z) = —k(pt, x) VE (Vp(t,x)). Since x +— k(py, x) is Lipschitz continuous, it follows
from [6, Proposition 3.2(b)] that v; is of locally bounded variation and that its divergence
satisfies, in the sense of distributions,

V-vy=-Vk-(VFoVy)—kV-(VFoVy).
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It then follows from (H1), (H11), and Lemma 4.14 that there exists C' > 0 depending on c,
the constant kpax from (H1), the constant L, from (H11), and the semi-concavity constant
of ¢ such that

(4.13) V-v>-C

in the sense of distributions.

For ¢ > 0, let 3, 8. € C®(R%,R*) be defined as in the statement of Lemma 4.15, so that
spt(8:) C B(0,¢) and [pq Be(x)dz = 1. Let Q. = {z € Q : d(z,09) > ¢}. For t € [0,T],
define v§ : R — R? by v§ = v; * B.. It then follows from (4.13) and [6, Proposition 3.2(c)]
that

(4.14) V-vi(x) >-C  V(t,z) €[0,T] x Q..

Notice also that, for every ¢, g, € [1,+00), one has v — v in L% ([0, 7], L% (R%)) as ¢ — 0.
Let d* : R? — R be the signed distance to dQ defined in (3.12).

Claim 1. There exists ¢ > 0 and € > 0 such that, for every e € (0,&], t € [0,T], and z € Q
with d(z,08) < e, one has

(4.15) Vd*(z) - vi(z) > ¢

Proof. Let ¢ > 0 and ¢ > 0 be as in the statement of Proposition 3.21. Up to reducing § > 0,
d* is C'1! on the set of all points at a distance at most ¢ > 0 from 0. Let Ly be a Lipschitz
constant for Vd* on this set and define

d = ing/ Be(x —y) dy,
6560(60,1} B(z,e)NQ

which is positive by Lemma 4.15. By (3.14), one deduces that, for every ¢ € [0,7], one has
Vd*(z)-vi(x) > chkmin for almost every x € Q with d(x, Q) < §. Let & = min{5/2, 1, ﬂﬁ}
and fix € € (0,¢], t € [0,T], and x € Q with d(x,0Q) < e. Then

V(@) (o) = Vi) [ w(y)ele ) dy
B(z,e)NQ2

— [ ) )iy
B(z,e)NQ
w [ (Vi) - VaE )] ol - ) dy
B(z,e)N2
1
2 cclkmin - Ldkmax5 2 icclkmin'
Hence (4.15) holds with ¢ = %cc’k:min. O

Let X. : Rt x RY — R? satisfy
(416) XX (t, ) = vi(Xc(t, ), (t,z) € [0,T] x RY,
. X:(0,z) = «x, z € RY,

i.e., X, is the flow of the differential equation 4 = v§(7y) restricted to the fixed initial time 0.
By standard properties of flows, for every ¢ € [0, T], the map X.(¢,-) : R? — R? is invertible,
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and, with a slight abuse of notation, we denote its inverse by X- (¢, -). Since v§ € C>°(R% R?),
one has X.(t,-) € C* (R4, R%) and, in particular,

XV X (t,2) = Vi (Xo(t,2)) VXL (t, 2), (t,z) € [0,T] x RY,
{ VX.(0,z) =1, z € R%
Let J. : Rt x RY — R be given by J.(t,z) = det(VX.(t,x)). Then J. satisfies
OJ:(t,x) =V - vf (X (t,x))J:(t, ), (t,z) € [0,T] x RY,
{ J.(0,z) =1, z e RY,

which yields
t
J:(t,x) = exp (/ Vvl (Xe(s,x)) ds).
0
Let pf = X.(t,-)4po. Then p° satisfies, in the sense of distributions in [0,7) x R,

Op® + V- (p*v°) =0,
(4.17) ZP (p°v%)
Po = Po-

Moreover, since pg is absolutely continuous with respect to the Lebesgue measure, so is pj,
and their densities (also denoted by pp and p§ for simplicity) satisfy

po(X;I(t, .T}))
Jo(t, X (t,z))

pi(x) =

Let K C Q be compact. For t € [0,7] and € > 0, set
K& = {Xe(s,a;) :s€[0,4, z € RY and X.(t,z) € K}

i.e., K} is the set of all points which belong to some trajectory of (4.16) passing through K
at time t.

Claim 2. There exists €9 > 0 such that, for everyt € [0,T] and ¢ € (0,&¢), one has Ki C Q..

Proof. Assume, to obtain a contradiction, that there exist sequences (t,)nen and (&p)nen
with &, — 0 as n — oo such that ¢, € [0,T] and K;* ¢ Q. for every n € N. Then, for
every n € N, there exists s,, € [0,%,] and z,, € R? such that, setting z, = X, (s, z,), one has
zn ¢ Qe, . Notice that d(z,,Q2) < &,, for otherwise one would have v5"(x,,) = 0 for every s > 0
and then X, (s,x,) = x, for every s > 0, contradicting the fact that X (t,,z,) € K C Q.
For the same reason, one must have d(z,,Q) < &,, and, since z, ¢ €, , this implies that
d(zp, 00Q) < &n.

Let € > 0 and ¢ > 0 be such that (4.15) holds for every € € (0,£], t € [0,7], and = € Q with
d(x,00) < e. Up to reducing £, one may assume that d(K,00Q) > £.

Fix n € N such that ¢, < & Let a : [0,7] — R be defined for s € [0,T] by «(s)
d*(X., (s,r,)). Then o/(s) = Vd*(X., (s,2,)) - vi*(X.,(s,2,)). In particular, by (4.1
a/(s) > ¢ > 0 whenever a(s) € [—¢&y, 0] (i.e., whenever X, (s,z,) € Q and d(X¢, (s, 2,),00Q)
€n). Since d(z,,00) < &,,, one has a(s,) = d*(2,) € [~en,&n), and thus a(s) > —¢, for every
s € [y, T]. This is a contradiction, since a(t,) = d*(X., (tn, Tn)) < —€, due to the fact that
X, (tn,zn) € K C Q and d(K,09) > £ > e,. 0

5),
<

n
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Let €9 > 0 be as in the statement of Claim 2. We consider here only the case p € (1, 00),
the remaining case p = oo following from the fact that our constants do not depend on p. For
t €10,7) and € € (0,£¢), one has

I V. 1C. e ) .l
HptHLP(K)_/ Jo(t, X2 (t, ) dw—/KOde

- [ iy {exp( / V(X ) d)] T

where Ko = {x € R? : X_(t,z) € K}. For every x € Ky and s € [0,t], one has X.(s,z) €
K; C ), and thus one obtains from the above expression and (4.14) that

C(p—
(4.18) 168 ) < <0 nl? g
Let (K,)nen be an increasing sequence of compact subsets of Q such that Q = Unen Kn-

For i € N, we construct by induction on i a sequence (&,),en such that i, — 0 as n — oo.
Let K = Ko and take g9 > 0 as in the statement of Claim 2. Since, by (4.18), (p°)-c(0,c]
is bounded in L*°([0, T], LP(Kp)), there exists a sequence (£9),en in (0,e0] with 2 — 0 as
n — oo such that (p™ ),en converges weakly-+ in L*>([0,T], LP(Ky)). Now, assume that ieN

is such that (&%)nen is constructed and &, — 0 as n — oo. Since, by (4. 18) (P )nen is
bounded in L>([0,T], LP(K;+1)), there exists a subsequence (e n+1)n€N of (¢! )nen such that
(pdlﬂ)neN converges weakly-* in L>([0,T], LP(K;4+1))-

For n € N, let &, = €]'. Then (p°),en converges weakly-x in L>°([0,T], LP(K;)) for every
i€ N. Let p € L*>([0,T], 1OC(Q)) denote the weak-* limit of (p°»)pen. One deduces from the
weak convergence of (p°"),ecn and (4.18) that, for every i € N and almost every ¢ € [0, 7],

< ST gy

||Pt||Lp(K Lo &)

)

and thus
_ . _ c(i-)r
Il = Jim oy < Ol g

for almost every t € [0, 7). In particular, one obtains that p € L>([0,T], LP (Sol))
Since v° — v in L'([0, T], L (R%)) as € — 0, one obtains from (4.17) that p satisfies, in the
sense of distributions in [0,T") X Q,
op+ V- (pv) =0,
{ﬁo = po-
On the other hand, the measure p = p" obtained from the MFG equilibrium 7 also satisfies the
continuity equation Oip + V - (pv) = 0 with initial condition pg. It follows from Proposition

3.34 and [5, Theorem 3.1] that solutions to this equation are unique, and thus p = p. In
particular,

Clp—1)T, ||P
(4.19) ol g < <O Il o
for almost every ¢ € [0,T]. To conclude that (4.19) holds for every ¢ € [0,77], let t € [0,T]
and (t,)nen be a sequence in [0,7] such that ¢, — ¢t as n — oo and (4.19) holds at ¢, for
every n € N. The sequence (pt, )nen is bounded in LP (KOZ), and thus, up to the extraction of
a subsequence, it admits a weak limit p. On the other hand, t — p; = (e¢)4n is continuous
with respect to the weak convergence of measures, and thus p = p;. One concludes that (4.19)
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holds for ¢ by the LP-weak convergence of (pt, )nen to p; and the weak lower semi-continuity
of the LP norm. 0

4.3. Equilibria in a less regular model. In this section, we use the LP estimates on p;
from Theorem 4.13 to study equilibria of the MFG model with k given by (1.1) and ¢ = Lg,
ie.,

(4.20) k(u,z) = V(/Q x(@ —y)Le(y) du(y)), for all (u,x) € P(2) x Q.

Notice that the lack of continuity of the dynamic k£ with respect to u prevents us from using
the result of Section 4.1. So, the idea is to consider a sequence of cut-off functions (1%)c~
taken in Wy, for § as in Proposition 4.12, and converging as ¢ — 0 to ]1592 in LI(R?) for all

q € [1,4+00), and to replace the dynamic k with k. defined from ¢° as in (1.1), i.e.,

a2y k) = V([ Mo e @ dut)). forall ) € PO) x 02

Our first result of this section shows that, under some suitable convergence assumptions on
k. as € — 0, one has uniform convergence of the value functions of the corresponding optimal
control problems and that the limit of MFG equilibria is a MFG equilibrium for the limiting
model.

Proposition 4.16. Let pg € P(Q). For n € N, let ky, k : P(Q) x Q@ — Rt be such that
ky is continuous on P(Q) x Q and Lipschitz continuous with respect to the second variable.
Let ny, be a MFG equilibrium for pg associated with the control problem with dynamic ky. In
addition, assume the following:

Asn — 00, (n)nen converges weakly in P(T') to some measure 1.

There exist two constants kmin and kmax such that 0 < kpin < ky < kpax < +00.
There exists a constant M independent of n such that |Vk,| < M.

For every (t,x) € RT x Q, we have ky((et)gnn, ) — k((er)4n, z) as n — oo.
For every x € Q, t + k((er)#n, x) is continuous on RT.

For n € N, let ¢, (resp. @) be the value function associated with the control problem with
dynamic k,, (resp. k). Then

(a) @n — ¢ as n — oo uniformly in Rt x Q, and
(b) n is a MFG equilibrium for py with dynamic k.

Proof. Let us first prove (a). Notice that, up to extracting a subsequence, (¢, )nen converges
uniformly to some function @ on R x . Indeed, from Proposition 3.7, the sequence (¢,),
is equibounded. Moreover, by Proposition 3.8, the value function ¢,, is Lipschitz in RT x Q
with a Lipschitz constant depending only on the Lipschitz constant of the dynamic k, with
respect to x, which is independent of n. Then, by Arzela—Ascoli Theorem, (¢, )nen admits a
uniform limit ¢ up to the extraction of a subsequence.

We now prove that the limit of (¢, )nen is . Fix (t,2) € RT x Q. For every n € N, let v,
be an optimal trajectory for x, at time ¢, in the control problem with dynamic k,,. It is easy to
observe that, up to extracting a subsequence, v,, — 7 uniformly for some v € Iy, . Yet, this
v is, in fact, an admissible trajectory for x, at time ¢, in the control problem with dynamic k.
Indeed, for a.e. s € (t,00), we have |7],(s)| < kn((es)#nm, 1 (s)). So, letting n — oo, we get

1V (5)] < k((es)gn,y(s)), for a.e. s € (t,00).
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Let u,, be the optimal control associated with =, and u the control associated with . Set
Tp 1= THTUN Ty 1= ThY Zn = Yn(t + ) € 0.

It is clear that there exist 7 > 0 and z € 02 such that, up to extracting subsequences, 7, — T
and z, — z as n — oo. In particular, we have z = y(t + 7) and then 7, < 7. Consequently,
by Lemma 3.1, p(t,z) < 7+ g(2) = limy, 00 @n(t, ) = @(t, ).

To prove the converse inequality, let v be an optimal trajectory for x, at time ¢, in the
control problem with dynamic k, and u be the associated optimal control with v. For n € N,
let ¢,, be a solution of

o (5) = kn((€s) 7, 7(#n(5)))
" k((€g,,(s)) % (én(5)))’
Pn(t) =t.

(4.22)

Set
n(8) = ¥(pn(s)), for all s € [t,00).

It is clear that -, is admissible for x, at time ¢, in the control problem with dynamic k,,, and
its corresponding control w,, is given by u,(s) = u(¢,(s)) for s > t. Let 7, = 75", Hence,
we have

(4.23) en(t,z) < T+ gt + 7).

Yet, we observe easily that 7, = ¢, 1(t +7) — t, where 7 := 75%%, From (4.22), we have

¢n(8) S
/t K((ex) s, (r)) dr = / Fn((er) 1m Y (60 (1)) dr
Set
0
U(h) = /t E((er)4n,y(r))dr, for all § € [t,00).

Then ¥ is a bijective map from [t, +-00) to [0, +00), whose inverse is k_1 -Lipschitz continuous.
We have

n(s) =51 = [0 [ alengmntontom ar) o ([ k((er)#ﬂm(r))dr)’
< ity [ Tl i 1(0n(r1) = bl(er ) ()
<tk [ (IBatlen) s, 16062 = l(er )2 (0n(r))
k() 1 (0n0) — K((e) ()] ) o
k([ () 2 (6000) = Kl (e r Gt
+Mkmax/t \¢n(r)—r|dr>.
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Yet,
[kn((er) 411, Y(0n (1)) — k((er)4n, ¥ (én(r)))]

< ' (FnlCer) 1 0n) = (e ) = (CCer)n 0n) = KiCer) g r (1) ) \

_l’_

a((en) (1)) — k((er)#n,’y(r))’

< QMkmaxM)n(r) - 7“‘ +

Ea((er) (1) — K((er)m, v(r»\.

Hence, one has

AR R ar+ [(lonr) = rlar).

where C > 0 depends only on M, kpax, and knin. Using Gronwall’s inequality, we get

6a(5) = = Ce [l ler)min(r) - k((er)#n,’y(r))‘ dr.

kn((er)gm, 7(r)) — K((er) 5, (7))

Consequently, for every s > t, ¢,(s) — s as n — oco. In particular, we have 7, = ¢, ' (t +7) —
t — 7. So, passing to the limit in (4.23), we get

p(t,x) <74+ 9(v(t+ 7)) = @(t,2).
This concludes the proof of (a).

To prove (b), we define, for k € N*, the set V; := {y € T : d(y,U,I'[p",2]) < 1}. We
claim that, for every k € N*, there is some Ny € N such that

(4.24) U [p™, x] C Vj for every n > Ny.
e

Indeed, if this is not the case, then there exists k& € N* and sequences (n;)jen, (2;);en, and
(7j)jen with nj — oo as j — oo and, for every j € N, z; € Q and ~; € I"[p", ;]\ Vi. Up
to extracting subsequences, there exist x € 2 and v € I'y, . such that, as j — oo, z; — =
and v; — v on I'. For j € N, set 7; = 79%% where u; is the control corresponding to ;.
Then, using Proposition 3.7, we infer that, up to extracting subsequences, there exists 7 > 0
such that 7; — 7 and ~;(7;) = v(7) € 012, which implies that 7, < 7. Moreover, it is easy to
check that v is admissible in the control problem with dynamic k. Yet, we have

on; (0,25) = 75 + 9(7(75))-
Then, passing to the limit when j — oo, we obtain from (a) and Lemma 3.1 that
p(0,2) =T +9(v(7)) = 7 + 9(v(7y))-
This implies that v € T”[p", x], which is a contradiction.

As a consequence of (4.24) and the fact that Vj is a closed subset of I'; we have, for every
k € N*,

n(Vx) > limsup n, (V%) > limsupn, <U F’[p"”,x]) = 1.
n—oo
T

n—oo

Hence, n(V;) = 1 and, since k is arbitrary and oy Vi = U, T'[p", 2], we infer that
77<UI [p", :L‘]) = 1, concluding the proof of (b). O
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One can now use Proposition 4.16 to obtain the existence of an equilibrium to the less
regular dynamic k defined in (4.20).

Theorem 4.17. Let k be given by (4.20) and pg € Lp( ) for some p € (1,+00]. Then there
exists a MFG equilibrium n for pg. Moreover, letting p = p" and ¢ be the value function of
the optimal control problem (4.1), then (p, @) solves the MFG system (4.7).

Proof. For € > 0, let k. be given by (4.21) and 7. be a MFG equilibrium for pg associated with
the control problem with dynamic k.. Then there exists n € P(I') and a sequence (&y)nen
with €, — 0 as n — oo such that n., — n as n — oo. To prove that n is a MFG equilibrium
for pg, it suffices to show that the hypotheses of Proposition 4.16 are verified for the sequences
(ksn)nEN and (nsn)nEI\L For t > 0, let P% = (et)#ne-

One easily obtains from (4.21) and Proposition 4.12 that there exist kmin, kmax, M,C >
0 such that, for every ¢ > 0, 0 < kmin < ke < kpax < 400, |Vke| < M, and Otk >
—C. As a consequence of that, by Theorem 3.23, the value function ., associated with the
control problem with the dynamic k., is semi-concave with respect to x, and its semi-concavity
constant is independent of . Then, Theorem 4.13 implies that

where the constant C' > 0 is 1ndependent of t and «.

Since 7, — n in P(I') as n — oo, one deduces from the above uniform L? estimate that
p;™ — p¢ in LP. In addition, ¢° — Lo in L7 as e — 0, for all ¢ € [1,+00). Using these facts,
we get, for every (¢t,z) € RT x Q, that, as n — oo,

ke, ((et)#0e,, x) = V(/Q x(@=y)v= (y)pi" (y) dy) — V(/Q xX(@—y)pe(y) dy> = k((et)#n, ).

Moreover, for any = € €, the function ¢ — k((e;)n, z) is continuous on R*. Indeed, if (¢, )nen
is a sequence with ¢, — t, then p;, — p; in L? and so we have

B{(en, )4, ) = v( Joxe = dy) S v( Joxte =) dy) = K{(e)yn. 7).

Hence the hypotheses of Proposition 4.16 are satisfied, and then 7 is a MFG equilibrium for
Po-

To obtain the MFG system (4.7) for this equilibrium, notice first that (¢,x) — k(ps, )
is continuous and satisfies (H1) and (H2), and thus it follows from Proposition 3.5 that ¢
satisfies the Hamilton—Jacobi equation in (4.7) in the viscosity sense.

By Theorem 4.11, for every ¢ > 0, p° satisfies the continuity equation in (4.7) with dynamic

k. and the corresponding value function ¢.. This means that, for every ¢ € C°((0, 400) x SQZ),
one has

//atqsmpt dxdt+/ /pt o )ws(m) -Vo(t,z)drdt = 0.

[Vee(t, )]
Recall that, by Proposition 3.7, one has Pt’f’) — 0 for every ¢ > 0 and ¢ > T, where T =
%km; Sup,cq d(x, 082). Hence,

(4.25) —/ /8tqbt x)pi (x dxdt—l—/ /pt (pf, @ ),giigt $§| Vo(t,z)dxdt =0
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o
for every ¢ € C°((0,T) x Q). Recall that, for every ¢t € R, one has p;” — p; in LP, and thus

(4.26) lim OtQS(t z)pi™(x )dx:/éatgi)(t,x)pt(x) daz.

n—oo

Moreover, k., (p;",z) — k(pt, x) for every (t,x) € RT xQ. On the other hand, for every t € Rt
and € > 0, z — @:(t, x) is semi-concave and its semi-concavity constant C' is independent of €.
Then, by Proposition 4.16(a), z — ¢(¢,z) is also semi-concave with the same semi-concavity

constant. For every t € RT, n € N, and almost every x € (OZ, Ve, (t,z) and Vp(t, x) exist.
Then, for every h > 0 small enough, one has
()OEn (t7 x + h) - Soen (t7 x) - v‘lpan (t7 x) : h S C‘h|2
Letting n — oo, up to extracting a subsequence, V., (t,2) converges to some p € R?, and
then
o(t,z+h) —p(t,x) —p-h < Clh|%.

This means that p € V*to(t,z) and, since V(t, ) exists, one concludes that Vi, (t,z) —
V(t,z) as n — co. Moreover, by Proposition 3.27, there exists ¢ > 0 such that |V, (t,z)] >

¢, implying that @Ziz E:i% — |§£8:§;\ as n — 00. One then concludes that, for every ¢ > 0,
(4.27)

: Ve, (t, x) / Vol(t, z)

1 o (x)ke, (P57 1) =" - Vo(t,x)de = k —_ t,z)dx.
Jan [ g @k (05" 0) S Vot ) de = [ @) SEE - Vol da

Combining (4.26) and (4.27), one obtains from (4.25) that

/ /3t<;5 (t,z)pi(x da:dt+/ /Pt k(pe, )|§@Et,3}§’ Vo(t,z)dxdt =0,

yielding the conclusion. O
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