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Schrodinger group on Zhidkov spaces

Clément Gallo
UMR de Mathématiques, Bat. 425
Université Paris-Sud
91405 Orsay, France.

Résumé On considere le probleme de Cauchy pour I’équation de Schrodinger
non linéaire sur R™, dans des espaces de fonctions non (nécessairement) nulles &
I'infini. Ce probleme se pose par exemple dans 1’étude de la stabilité des “dark
solitons”. On montre que l'opérateur de Schrdinger géneére un groupe sur les
espaces de Zhidkov X*(R"™) pour k& > n/2, puis que le probleme de Cauchy
pour SNL est localement bien posé dans ces mémes espaces de Zhidkov. On
montre aussi la conservation des invariants classiques, et, dans certains cas, on
en déduit que le probleme de Cauchy est globalement bien posé.

Abstract. We consider the Cauchy problem for nonlinear Schrédinger equa-
tions on R™ with non zero boundary condition at infinity, a situation which
occurs in stability studies of dark solitons. We prove that the Schrodinger op-
erator generates a group on Zhidkov spaces X*(R") for k > n/2, and that the
Cauchy problem for NLS is locally well-posed on the same Zhidkov spaces. We
justify the conservation of classical invariants which implies in some cases the
global well-posedness of the Cauchy problem.
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1 Introduction

This paper is devoted to the Cauchy problem for the Nonlinear Schrédinger
equation (NLS)

f i S Sy =0, (.0) <R xR 1)
u(0) = ug

with non zero boundary condition at infinity. Such boundary conditions occur
in the “defocusing” case (e.g. f(Ju|?) = 1 — |u|?), and are pertinent to many
physical contexts. In nonlinear optics, the so-called dark soliton (see [KLD]) is
a solution of (1) of the form u(x,t) = u,(z — vt). For instance, for n = 1 and



f(r) = 1 —r, we can compute that, for v € (=v/2,v/2), u,(z — vt) solves (1),
where u, is given by:

uv(x)zwl—gtanh< 1—?%)—1—@'% (2)

The Gross-Pitaevskii equation (see [BeS1], [BeS2] and references therein)
iug + Au+ (1 — [ufHu=0

with the boundary condition u — 1 as |z| — oo is a model for Superfluid
Helium IT at a temperature near zero and for Bose-Einstein condensation. More
generally, NLS with the boundary condition |u| — pg as |z| — oo where pg
is a positive constant such that f(p2) = 0 occurs in several physical contexts
(see [BGMPY]), an especially interesting particular case being the cubic-quintic
“p3 — 1) NLS.

These nonlinear Schrodinger equations possess solitons or solitary waves (see
[BeS1], [dB], [M], [KLD]) and it is natural to study the Cauchy problem in spaces
the solitary waves belongs to. Of course they can not be the usual Sobolev spaces
H?*(R™) because of the boundary condition at infinity. A possibility would be
to work in the affine space 1 + H*(R"), when u — 1 as |z| — oo, and this
actually was done in [BeS1]. This approach obviously fails when only |u| (but
not u) tends to a constant at infinity, as it is the case for the dark soliton (2).
Also, the solitary wave ¢ could be only slowly decaying at infinity, implying that
¢ —1¢ L?(R") (see [G] for the travelling wave of Gross-Pitaevskii equation in
the 2-dimensional case).

In [Z0] Zhidkov introduces in the one-dimensional case the spaces X* (with
k a natural number), which consist of functions defined on R, bounded and
uniformly continuous, with derivatives up to order k in L?, and proved that the
Cauchy problem for NLS is locally well-posed in X*.

Our aim here is to complete and generalize Zhidkov results. We introduce
the Zhidkov spaces X*(R™) in higher dimensions and prove that the linear
Schrédinger equation defines a strongly continuous group on X*(R™) if and
only if £ > n/2, and consequently that the Cauchy problem for NLS is locally
well-posed in X*(R"™) if k > n/2. We also justify rigorously the conservation
of natural invariants of the NLS yielding some global well-posedness in X*(R™)
for some defocusing NLS. A byproduct is the complete justification of the result
of Zhiwu Lin in [ZL] that gives a criterion of stability for dark solitons of a class
of NLS equations.

This paper is organized as follows. In section 2, we define the Zhidkov spaces
XF(R™) and state some useful properties of these spaces. In section 3, we prove
that the linear Schrédinger equation is well posed in X*(R™) if and only if
k > n/2. In section 4, we show that the Cauchy problem for NLS is locally
well-posed in X*(R"), if k > n/2. In section 5, we introduce the renormalized
energy for (1) and prove its conservation, for n = 1 or 2, under some hypothesis
on f and ug, and we show that in dimension 1, it implies the globalness of the
solution of (1) in a defocusing case.



Notations Throughout this paper, C denotes a constant that can change from
line to line.

If j is a positive integer and u is a map of class C’ from R" into C, and
z,v1,...,v; € R", we denote by Diu(x)(v;...v;) the j differential of u at x
applied to (v, ..., v;).

If F is a Banach space, we denote by C(R, E) the space of continuous bounded
functions from R into E.

2 Some properties of Zhidkov spaces

Definition 2.1 Let n,k € N*. We define the space X*(R"™) as the closure for
the norm

llul [ xkny = llullz= + Y [10%ul|re

1<]a|<k

of the space {u € CF(R™), bounded, uniformly continuous, with Vu € H¥~1}.
Note that a function in X* is uniformly continuous.

Proposition 2.1 Let n,k € N*. Then X*+t1(R") is dense in X*(R").

Proof. Let u € X*(R"), (p)i>1 a mollifier sequence (i.e. p € CZ(R"),
fRn pr =1, pp =0, Supp pp C B(0,1/1)). Then p; * u is a sequence in X*+!
that converges to u in X*. O

We show now a regularity result for functions in X*(R"), for k > n/2.
Proposition 2.2 Let n € N*, let k = |n/2] + 1, and p € R such that

p>n ifn is even
p=2n ifn is odd

Then Vu € LP(R™) for u € X*(R™) and there exists C > 0 such that
lu(@) = u(y)| < Cle —y|'""?||VullLs, 2,y € R" . (3)

Proof. By our choice of p and k, Sobolev’s embedding implies that
IVl @ny < ClIVullgri@ny < Cllullxx@n), u € X*R") . (4)

Following the proof of Morrey’s theorem given in [B], we can show that there
exists a constant C' > 0 that depends only on n and p such that for any compact

set K C R™, and any cube @ = [—r,7]" containing K,
lu(x) —u(y)| < Clz = y|'""?||VullLoq), @,y € K, u€ Hp (R") . (5)
Since X*(R™) c Hf (R"), (4) and (5) prove the announced result. O



Remark . In our proof, we did not use the fact that the elements of X*(R™)
are uniformly continuous. Therefore, for k¥ > n/2, an equivalent definition for
XF* could be

XFR") = {u € L®(R"), Vu € H* " }(R")} .

In particular, for k > n/2, H*(R") C X*(R").

3 The Schrédinger group on X*(R")

In this section, we prove that if k& > n/2, the Schrodinger operator defines a
group on X*(R™). More precisely,

Theorem 3.1 Letn € N*, k > n/2 and ugp € X*(R"). Fort € R and z € R,
the quantity

e—inﬂ'/4ﬂ.—n/2li7,% f]Rn e(i—6)|z|2uO(x 4 Qﬁz)dz Zf

t
S(t = ; j
(t)uo(x) e””r/47r’”/21i7r0L S 6(7%6)\2\2%@ + 2¢/—tz)dz ift

makes sense, and the family of operators (S(t))ier defines a strongly continuous
group on X*(R").

Moreover, there exists a constant C' > 0 that depends only on n and k, such
that for every ug € X*(R"™) and t € R,

ISt uollxe < C(L+ [t]?)]|uol|x+ )
where
[ 1/2 ifnis even
P= 1/4 ifn is odd

For convenience, we also denote S(t)ug(z) by u(t, x).

All the computations below will be performed with £ > 0. The case t < 0 is
similar. Before starting the proof of the theorem itself, we need to prove some
technical lemmas.

Lemma 3.1 Letn,k > 1, ug € X*(R"), >0,z € R” and t > 0.
We define g : (8,00) — C by

g(r) = /Sni1 ug(z + 2v/trv)dv (8)

then g € X*(3,00) (the definition of which is clear), and for all j € {1..k},
g € L*(B,00,r™ Ldr) with

19D r2(5,00.0m-1ar) < (2VE)TT2IS" Y2 ug]| o ey - 9)



Proof. For any 7 € (8,00), |g(r)] < [S"7!||uo||Le, hence g € L>=(3, 00).

Let € > 0. Since uyg is uniformly continuous, there exists some § > 0 such that
ly—z| < & implies |ug(y) —uo(2)| < €. Let r1,79 be such that |r; —ra| < §/(2v/1).
Then we get: [g(r1) — g(r2)| < |S"!|e and g is uniformly continuous.

For j € {1...k}, the Cauchy-Schwarz inequality and a change of variables
yield:

[ g0 P tar

B

(2v1)27 8" / / | DIug(z 4 2v/trv) (v...v) [ 2r™ ~Ldvdr
§n—1

n=1dydr
2V/t) 2 |S" 1/ / DIug(x + rv)(v...v 2 qudr
( oL o)
< @VEPTMS" T lfuol 5k zny

N

which is the announced inequality. O

We state next two elementary lemmas which are straightforward conse-
quences of the Leibniz formula

Lemma 3.2 Let k € N. There exists constants (byr)o<i<k such that

d (1\\" a 1 d

1=

Lemma 3.3 There exists constants (ax j)o<j<k Such that
d (1\\* .., " 1 &
<% <;>> (T ) = Zak,j 77/-2]67714»17‘]‘ % (11)
=0

We are now ready to prove theorem 3.1. We fix n € N*, and we introduce a
function x € C*°(R"™) such that:

e x is radial

e Y increases along any half-line issued at 0

X =0on {z,|z| <1}

x =1on {z|z| > 2}

For any 3 > 0, we define x3 = x(./8). For convenience, we will also use the
notation xs(|.|) = xa(.)-



Proof of theorem 3.1. We assume first that k¥ = |[n/2| + 1. The first step
of the proof is to show that the limit in formula (6) is well defined. Let us fix
t>0, 8>0ande>0. Wesplit the integral in (6) into two parts:

/ e(iff)\zﬁuo(x +2Vt2)dz = / e(i76)|z|2(1 — xp(2)uo(z +2v12)dz
(1

_,_/ e(ifﬁ)‘z‘ng(z)uo(x +2V12)dz
(1)
We first consider the term (I):

. 2
e (1 = =)o (@ 4+ 2v2) | < [fuol | Lpco,20)(2)

Then by Lebesgue’s theorem, the limit as ¢ — 0 of (I) exists and

lim/ e(i_e)‘z‘Z(l — x5(2))uo(z + 2Vt2)dz

e—0

< luollz=[B(0,1)[(26)" (12)

We now consider the term (II). We compute it by using polar coordinates,
and with the notations of lemma 3.1, we integrate by parts (which is justified
by the regularity results on ¢g proved in lemma 3.1) using lemma 3.3:

/ e(’?—f)‘z‘QXg(z)uo(a: +2Vt2)dz
— / e(i*E)r2X,8(r)rnfl </ uo(x + 2\/%7’1})(1@) dr
S’n.—l

0

— /ﬂoo <ﬁd%)k (e(i%)ﬂ) xa(r)r™ =t </§n—1 uo(z + 2\/frv)dv) dr

- (ag) [ S s s ]
\2(i —¢) 5 € jzoak’jr%*’“rl*]' ard Xsr)gir)par

k k )
= - ; J ~ (i—e)r? 1 ) GG=1) 1
B (W) Z k-7 Z <l) /,8 ‘ 7259 (r)xg 7 (r)r"~dr(13)

J
=0 1=0

where we have used the Leibniz formula in the last equality. We will now apply
Lebesgue’s theorem to each term of this sum.
For 1 =0, j € {0...k}, we have:

i—e)r? 1 j n—
]e“ I 9 e
Snfl o || 1,00 ||3(||L i 1 '
% XDl if j € {1k} and r < 28
0 if je{l..k} and r > 283

[S"lluoll >

r2k—n+1 2j||X(j)||L°o



Since k > n/2, f;o dr/r¥—ntl = gn=2k /(9k — n) < oo and we can pass to the
limit as € — 0 by Lebesgue’s theorem. We obtain

1

tim | o o] <

|S"_1|||u0||L°°2j||X(j)||L°°( 5
(2k — n)B2k—n

e(i—e)r2

Forl>1, j € {l...k}, we have:

(i—e)r

i—1 n— n—
590 ! L

. 1 1
< IO g s 1 0

Notice that 2(2k — j) — (n — 1) > 1, so that r — 1/r?*=7 € L2(3,00,r" 1dr).
The Cauchy-Schwarz inequality together with (9) lead to

* l
| e e

1
S (4k — 25 — n)1/232k—i—n/2

VOIS 2 Juo [k -

So Lebesgue’s theorem can be applied, and

. > i—e)r? j— n—
lzm/ﬁ eli=e) oy jg(l)() (BJ l)(r)r Ly

e—0
[P M2 XD pos vt —/?
= (4k —2j —n)i/2 |luollx* =57z 32h—1-n/2

(15)

We fix now 3 = 1. For j € {1...k}, the quantities (2v/#)~"/2 are majorized
by C(t(1=7/2/2 4 ¢(k=n/2)/2) where C' is a positive constant. Therefore, using
(12),(14) and (15), there exists a positive constant C' such that for all ug € X*,
for all ¢ > 0,

lu@)|| e @ny < CQ+ /D2 4 fE=n/2D/2) g | er gny (16)

The second step of the proof consists in proving that u(t) — ug in L™ as
t — 0. We first introduce some definitions.

Definition 3.1 Forl € {0...k} and h € L*(3,00,r""1dr), we define
T} = / e(i_s)rzh(r)g(l)(r)r"_ldr
B

and we will say that such a quantity is “of type TM 7.

If h can be written h(r) = X;}p) (r)/r? with 2¢ —n > 0, we will say that the
“order” of T} in B is p+q—n/2.

If h is given as a linear combination of such terms, we define the “order” of T},
as the lowest order of non-zero monomials in the expression of h (remark that
our “definition” of the order of T,fb depends on the decomposition of h).



Let aw € (0,1/(2n+1)), and m > 0 such that m > (n/2—1)/a. The following
technical lemma gives a new expression of the term (IT). It consists in doing as
much integration by parts as necessary, in order to express (II) as a sum of
terms of orders > m, which we are able to estimate in an appropriate way (see
estimate (19) below.

Lemma 3.4 (II) can be written as a linear combination of terms of type T
with | € {0...k}, such that for | € {1...k — 1}, the order of the terms of type T
i this linear combination is > m.

Proof. Letl e {1..k—1}, p,q € Nsuch that 2¢—n > 0 and h(r) = X(ﬁp)(r)rq.

We transform T,ll by integrations by parts, as in (13). After some computations,
we get (this is actually (13) where we have replaced k by k —1, g by ¢V and x

by Y (r)/79):

Tﬁ=(2(i‘—f€))m§_j;ak z,ji(')z(];C)<—q>...<—q—<j—c—b—1>>

1—e)r b
< NG g 0)
B

n—1
3= Fa—cb " idr . (17)
Since 2(2(k — 1)+ q—c—b)—n > 2(k—1)+2¢—n, k > 1 and 2¢ —n > 0,
we have written T}ZL as a linear combination of terms of types 7!, 70U+ TK)
Moreover, the order of the terms of type T (that correspond to ¢ = 0) in this
sum is:

p+b+2k—0)+q—b—n/2=p+q—n/2+2(k—1) .
—_————

order of T}lL =1

The conclusion of this computation is that passing from the canonical expression

of T,fb to its new expression, the order of type TV terms increases at least by 2
We now use the above calculation to show the result by induction on [ €

{0..k — 1}.

Let us consider, for I € {0...k — 1}, the induction hypothesis H;: “(II) can be

written as a sum of terms of type T("Y), 0 < v <k, sothat if 1 < v <[, the

term of type 7°7) in this sum has order > m .”

Formula (13) implies that

k (= l)( )
ZThm, whith A (r Z ( )77% — .

=0

We have 2(2k — j) —n > 2k —n > 0, so that Hy is true thanks to (13).
Let us now take [ € {1...k—1} and suppose H;_;. The induction hypothesis im-
plies that (II) can be written under the form: (IT) = Z]; )WT}:L where A, € C,

h. is a linear combination of X(p)( )/r, and for v € {1... — 1}, T}l ’s order



is at least m. Applying the former calculation to the term T,ﬁll, we get a new
expression of (IT) where the terms of type T") with v < I — 1 are unchanged
(in particular, the new expression still verifies H;_1), the order of the term of
type T has increased by 2(k —1) > 2. We can start this process again, as long
as it is necessary (but with a finite number of steps) to ensure that the term of
type TW is of order > m, and hence Hj is true.

So we have proved that Hy_; is true, which is the result of the lemma. O

We give now an upper bound on |T}|, for I € {1...k}, with h(r) = X(ﬁp) (r)/rd
and 2¢ —n > 0:

(p) > 1
X oo n—
my < Dl /ﬁ S lgO @)

ﬁp
BN s @V
pBpta—n/2

=X \/2(]—_n||u0||X"|Sn71| (18)

=:C

where we have used the Cauchy-Schwarz inequality and lemma 3.1. If we assume
that 8> 1 and T}ZL’S order is at least m, then

l—-n/
T < 2O (19)

We write 3 on the form § = B/(%/E)a, for t <1 and 3> 2% Let us fix § > 0.
The choice Qf m and the fact that [ > 1 ensure that I — n/2 +am > 0.
We choose (3 > 2% large enough such that for all ¢ < 1,

l—n/2+am
Wt)g—m <6, le{l.k}

and o
[S" M luolloo2? | P||

(2k _ n)BQk—n

The property Hy_1 proven in Lemma 3.4, (19) and (14) imply that there exists
a constant C' > 0 (which does not depend on §) such that

(212G <5 i e 0.k} .

Ve > 0,

i—e)|z|?
/Rn e(i=o)lzl XB/(2ﬂ)a(z)uo(x+2\/fz)dz < C6. (20)



Proposition 2.2 with p = 2n yields

lim/ e(i_e)‘z‘Z(l — x5(2))uo(z + 2Vtz)dz

e—0

—ling e(i_s)lzlz(l —x8(2))uo(z)dz
Ee— Rn

< / (1= xp(2))uo(z + 2vtz) — uo(x)|dz
< / C(2V126)Y?||Vuo||prdz
|z|<28
< C(2ﬁ)1/2ﬂn+1/2 — 0(2\/%)1/27a(n+1/2)3n+1/2 ) (21)
By the choice of a, 1/2 — a(n + 1/2) > 0. So we can take tg < 1 such that
vt < to, C(Q\/E)1/2—04(71,—}-1/2)67:,—}-1/2 < 45 (22)

Therefore, for t < to,

lim/ e(i_e)‘z‘Zuo(x + 2Vt2)dz — lim e(i_s)lzlzuo(x)dz

e—0 e—0 R~

< é%/ e(i7€)|2|2x,3(z)w)(x+2\/%Z)d2 + éﬁn/ e(i€)|Z|2Xg(Z)uo(x)dZ‘
+ |l / e (1 — x5(2)) (uo(w + 2VE2) — uo())dz

<C5+C5+ 6 (23)

by (20), (20) applied to z — ug(x) instead of up and (22).
Inequality (23) and the well-known identity

i - 2 .
lZT% e(l e)|z| dz = ,n_n/26ln7r/4
e—0 Jrn

imply that u(t) — up = w(0) in L*>® as ¢t — 0, t > 0. We could prove in the
same way the left continuity at 0, and this, combined with the group property
S(t+s) = S(t)S(s), t,s € R (which is easy to verify) shows that for all uy € X*,
S(up € C(R, L*>(R™)).

We consider now the general case k > n/2. For any multi-index « such that
1< |a|] <k, for any ¢t > 0 (we have a similar formula for ¢ < 0),

e—zn'rr/4

- i—e)|z]? qa
0%u(t) = Wﬁ% . e g%y (2 + 2VE2)dz .

Here, 0%ug € L?. Since (6) defines classically a unitary group on L?, the map

t — 0%u(t) belongs to C(R, L*(R™)), with |[0%u(t)||z2 = ||0%uo]|Lz2, t € R.
Therefore we can conclude that for all ug € X*, t — S(t)ug € C(R, X*(R")).

10



Moreover, since for all ug € X*, S(.)up is bounded on [~1,1], the Banach-
Steinhaus theorem implies that [|S(Z)||z(x+) is bounded on [~1,1]. Combining
this with (16), we get (7). O

We give now the infinitesimal generator of S(¢).

Theorem 3.2 Let k > n/2. The generator of the group (S(t))ier on X*(R™)
defined in theorem 3.1 is i/, its domain is X*+2(R").

Proof. We denote by A = 5’(0) the generator of (S(t));.

We split the proof into three steps. In the first step, we show that if vy €
XEFAH(R™), (S(t)ug—uo)/t P iAug in X*(R™), and therefore (X*+4(R"),iA) C
(D(A), A). In the second step, we prove that (X*+2(R"),iA) C (D(A), A). We
conclude in the third step.

15t step. Let up € X¥T4(R?) C C*(R™). We want to show that
S(t)ug —
M — idug in X" (24)

We will prove (24) for ¢ — 0, ¢ > 0. The proof is similar in the case t — 0, ¢ < 0.
By Taylor’s formula

1
uo(z+2vt2) —ug(z) = Vuo(x).2\/fz+/ (1—s)D%ug(z+2Vt2)(2Vtz, 2Vtz)ds |
0

the fact that
/ e(ife)‘ZPVuo(x)Q\/fzdz =0,

and

1 —inm/4 )

ZAU,O(QT) = iiﬁ%eﬂ_n/g / e(z_s)lzlzDQU()(Jf)(2\/EZ, 2\/£Z)d2 ,
we obtain
S (t)ug—
< ()u: Yo _ Aw)(x)

e—inm/4 1 ) 2 )

= 4n7/2lin(1) (1- s)/ e D2ug (2 4 25v/t2) — D?ug(2))(2,2)dzds .
™ e— 0 n

Next,

/’ == (D2ug (2 + 25vEz) — D2ug(2))(2, 2)dz

1
C2(i—e)

/ e(ife)\zP(AuO(x + 23\/52) — A'LL()(x))dZ )

11



hence

(S(t)uo — ug

: - iAu0> () = —4 {t /01(1 — 5)52S(ts*) A%ug(x)ds

1
+2ii /0(1 — 8)(S(ts?)Aug — Aug)(z)ds| .(25)

Since k > n/2, A?uy € H¥(R™) c X*(R"). Therefore (S(tSQ)AQU,O)t s€[0.1] is
bounded in X% and the first term in the right hand side of (25) tends to 0 in
X*ast — 0. Since Aug € HF2(R") ¢ X*(R"), S(ts?)Aug — Aug P 0 in

X, uniformly in s € [0,1]. Thus (24) has been proven.
Therefore, if ug € X*+4(R"), ug € D(A) and Aug = iAug.

27d step. Let ug € X**t2(R"). Thanks to Proposition 2.1, there exists
a sequence (v))ien C X*4(R") such that v} — wuo in X*+2 C X*. Hence
iAv(l) — iAug in H* C X*. Therefore (ug,iAug) belongs to the closure of
{(vo, iAwg), vo € X*t4(R™)} in X*x X* and since the infinitesimal generator of
a strongly continuous semigroup is a closed operator (see corollary 2.5 in [P] p5),
this implies that ug € D(A) and Aug = iAug, i.e. (XK¥T2(R"),iA) C (D(A), A).

374 step. Let ug € D(A). We want to show that Aug = iAug in D’. Since
XF+2(R™) is dense in X*(R™), there exists a sequence (v})ieny € X¥T2(R") that
tends to ug in X*(R"™), and then

Avly = iAv), = iAug in D .
Let us show that Avh — Aug in D'. Let ¢ € C°(R™). We have

< Avé, o) >prp=< ¢, A’U(l) >(xky xk=< A* o, Ué >(Xk) Xk
- < A*¢,u0 > xRy, xk=< o, Aug >(xky xk=< Aug, ¢ >p/D (26)
To justify this calculation, we need to prove that ¢ € D(A*). Since the

Schrodinger group is continuous in the Schwartz space S, one has for any
u € D(A),

< Audopp — Hm<Mu,¢>
t—0 t DD
. S(—t) —id— ‘
= lim | u(y) <%¢) (y)dy = — <iA¢,u >p/p
- R”

and then
| < 8"(0)u, ¢ >prp | < [|AG|[L1[[ul|xr, uwe D(A) .

It follows that ¢ € D(A*) and (26) is justified.
Therefore, Aug = iAug in D'. Now, ug € X, Aug = iAuy € X, hence
AVug € (H’“’l)n and since Vug € (kal)n, this yields Vug € (H’”l)n and
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we conclude that ug € X*+2. O

Finally, we show that the assumption k > n/2 we made in theorem 3.1 is
sharp. More precisely, we have:

Proposition 3.1 Let us take n € N*. For x € R™, we define
67i|a:|2
(14 |2[2)"/2log\/2 + [a2 -

Then ug € X/21(R™), but if we define u(t,z) by formula (6), u(1/4,0) = oo

up(z) =

Proof. It is clear that ug € L°°(R™) and is uniformly continuous (because
Vug is bounded). Let a be a multi-index with 1 < |o| < [n/2]. The “worst

—i|z|?

term” in 0%u ug is the one obtained when deriving e |cr| times. This term is

(—2iz)%e= 11" (1 + |2]2)~"/2/log /2 + |2|?. Plainly,

/.

(—2iz)e~® |

(1 + |x[2)"/2log+\/2 + |z|?

N

e / (Jef2)'e
oo (L1 J2P)loge /2 TP

2|a\+n Ldr
_ 2|a\|Sn 1|/ )
(14 72)nlog2V/2 + 12
The right hand side term in the above inequality is finite, because 2n — (2|a| +
n—1)>1and [ Tlog — < 00. Therefore ug € X"/2 (]R”). Moreover, since
ug € L2, ug € H™2(R™), and v € C(R, H"/2) is a solution of the linear

Schrodinger equation.
Fort=1/4, = =0,

. —€lylg
(i—e)|2|? Y
e uo(x + 2vV't2)dz /
/" re (14 y[?) "/2109\/2+ ly[?

— Sn 1|/ T 1d7ﬁ
1—|—7"2 ”/210g\/2—|—r2

which tends to +o00 as € — 0, by the monotone convergence theorem and since

[ dr/(rlogr) =
An amusing fact is that for (¢,2) # (1/4,0), u(t, z) is well defined by formula
(6) and then wu is a continuous function of (¢,z) € R x R™\(1/4,0). O

Remark The “ill-posedness” result in proposition 3.1 pertains to the disper-
sive blow-up phenomena described in [BS1] for KdV type equations and in [BS2]
for general dispersive equations.
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4 Local existence for NLS in X*(R")

We consider now the Cauchy problem (1) with a more general nonlinearity:

{ iug + Au+ F(u) =0 (27)

u(0) = up € X*(R")

where k > n/2 and F : X*(R") — X¥(R") is of class C*. We have shown in
section 3 that the Schrodinger group S(¢) defines a strongly continuous group
on X¥(R"). By a classical fixed point argument one obtains the local well-
posedness of the Cauchy problem (27). Namely, we have:

Theorem 4.1 Let M > 0. Then there exists T (M) > 0 and T_(M) < 0 such
that for all ug € X*(R™) with ||uo||xx < M, there exists an unique mild solution
uw € C([T-(M),Ty(M)], X*) of (27). We recall that a mild solution of (27) is
a solution of the integral equation

u(t) = S(t)uo +i/0 St —s)F(u(s))ds , te[T-,T4] . (28)

We also recall (see [P] or [CHJ) that if u solves (28), it is a solution of (27) in the
space C(R, H*~2), and that if ug € D(8'(0)) = X**2, w € CY([T_,T;], X*) N

loc

C(IT-,Ty], X**+2) is the classical solution of (27).

Proof. It is a direct application of proposition 4.3.3 in [CH]. O

We have furthermore

Theorem 4.2 For every ug € XF(R"), there exists Ti(ug) € [—00,0) and
T*(up) € (0,400] such that

e there erists a mazimal solution u € C(Ty(ug),T*(ug), X*) which is the
unique solution of (28), for all Ty, Ti(up) < T— <0 < T4 < T*(up),

o cither T*(up) = 400 or ||[u(t)||xr — oo,

t1T* (uo)
o cither T.(ug) = —o0 or ||u(t . —  +oo.
(w0) @l —
Proof. It is a direct application of theorem 4.3.4 in [CH]. O

Theorem 4.3 If uy € X*T2(R"), the solution u € C(Ty(ug),T*(ug), X*) of
(28) given by theorems 4.1 and 4.2 is a classical solution of (27) in X*, which
means that u€ C(Tx(uo), T* (uo), X*+2) NCH (T (uo), T* (up), X*).
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Proof. It is a direct application of theorem 1.5 in [P], because F : X* — X*
is of class C!, and because the domain of iA (which is the generator of the
group S(t)) on X% is X*+2, O

Here is a typical example where Theorem 4.1 applies.

Proposition 4.1 Let f : Ry — R be of class C**1. Then F : XF(R") —
XFE(R™) defined by F(u) = f(|u|?)u is of class C'.

Proof. Let u € X¥(R"). It is clear that F'(u) € L™,

For any multi-index « such that 1 < |a| < k, 9%F(u) can be written as a
linear combination of terms of type u®@’ ) (|u|?)0* u...0% ud'q...0°% 1, where
a, b, r,s, | are integers and «;, §; are multi-indices such that ! < |o| < k and
> leil + 30181 < o < k.

By Sobolev’s embeddings and generalized Hoélder’s inequality, it can be
shown easily that 9°F(u) € L?, and hence F(u) € X*.

The proof that for u € X*, F’(u) maps X* into X* and that I’ is continu-
ous is similar. O

We end up this paragraph by proving the persistency of higher regularity.

Proposition 4.2 Let n € N*, k > n/2+ 1, and up € X*(R").
We suppose f € C*LU(R,). Forl € {|n/2] + 1..k}, we denote by u €
C(T.(1), T*(1), X*) the solution of (28) with F(u) = f(|u|*)u, where |T.(1), T*(1)]
is the mazimal existence interval of u in X'(R™).
Then

T :=T*(|n/2] +1) = ... =T"(k)

and similarly, Ty =T (|n/2| + 1) = ... = T (k).

Proof. We make the proof for 7%, it is similar for 7.
A vpriori, for I > |n/2| + 1, T* > T*(l). We suppose by contradiction that
T* > T*(1). For t €T, T*,

u(t) = S(t)uo —|—i/l S(t—s) (f(|u(s)|2)u(s)) ds
0
hence for ¢t €T (1), T*(1)[,

t
lu(@)l]xt < ||5(t)||£(xl,xl)||uo||xl+/0 15t = $)ll e x| (Juls) P)u(s)l xeds

We know by (7) that [|S(t)||z(xt x1) is bounded on [0,7*(I)], and that u is

continuous from [0, 77*(1)] into X [*/21+1(R™), so there exists M > 0 such that
for all t € [0, T*(D)], ||u(®)||x1n/2041 < M . In particular, ||u(t)||r- < M, which
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implies that there exists M > 0 such that ||f(|u(s)]?)u(s)||x: < M]|u(s)||x:.
Finally,

t
u(@)llxt < Clluol|x: +/ CM[u(s)||x:ds
0

and Gronwall’s lemma concludes as usual that ||u(t)||x: can not blow up at
T*(1), which is a contradiction with the definition of T*(I). O

5 Conserved quantities and global well-posedness
of NLS in X*(R")

We first show the conservation of the renormalized energy for (1), for a “regular”
initial data in X*(R"™), in the case n = 1 or 2.

Proposition 5.1 Letn =k = 1,2, up € X**2(R"), f € C*1(R,).

We denote by u € C(Ty, T*, X**2(R")) N CY(T,, T*, X*(R™)) the solution to
the Cauchy problem (1) obtained in theorem 4.3, where (T, T*) is its maximal
existence interval.

Let V(r) := — [" f(s)ds. We assume that [,V (luo(x)|?)da converges (in a
sense we will precise in the proof).

Then for allt € (T, T*), [z V(lu(t,)|?)dz converges (in the same sense), and
the energy is conserved:

/n [|Vu(t,x)|2 + V(|u(t,x)|2)} dx = /Rn [|Vu0(x)|2 + V(|uo(x)|2)] dx  (29)

proof. Let us multiply (1) by u; and take the real part:

2Re(Auug) = 0,V (|ul?) .

We fix ¢ € (T, T%), x € R™ and integrate over [0, ¢]:
t
2Re/ Au(s, 2)ui(s,x)ds = V(|u(t,z)]?) — V(juo(x)[?) (30)
0

We choose a non-increasing function § € C2°(R) such that:

1 if z<1
9(;@:{0 if =2

For R > 0, we define Oz (z) := 0(|z|/R), x € R™. We have then:

1/2
V0l = R ([ 10Pay)

The last integral is finite because 6'(|.|) € C°(R™). In particular, {VOg}r>1 is
bounded in L?(R").
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We now multiply (30) by 0z (z) and integrate over R™:

2Re /Rn /0 Au(s, z)uy(s, r)dsOg(x)dz
= V(lU(tvx)l2)9R($)d$—/ V(luo(2)*)0r(x)de . (31)
]Rn n

Using Fubini’s theorem and an integration by parts, we calculate the left hand
side of (31):

2Re/}Rn/O Au(s, z)ui(s, x)dsOg(z)dz
_ _/Rn (IVult, )2 — [Vuo()[?) Or(x)de
—2Re/0 . Vu(s, z)VOgr(z)us(s, z)dxds

For convenience, we assume t > 0. Since V0p is supported in {z, |z| > R}, the
Cauchy Schwarz inequality implies

¢
/ Vu(s,x)VOr(x)u(s, r)dxds
o Jre

t
< sup (o)~ ( / ||Vu<s>||L2<m>R>ds) V08| -
0

s€[0,t]

and this last quantity converges to 0 as R — oo, because ||VOg||r2 is bounded.
Moreover, [o. (Vu(t, z)* — [Vuo(x)|?) Or(x)dz clearly converges to |[Vu(t)]|3 . —
|[Vuol|2. as R — oco. Hence, if we assume that

/n V(lug(z)|*)dx == lim V (Juo(x)[*)0r(z)dz

R—o0 Rn
exists (it a priori depends on the choice of 6), taking the limit in (31), for all
t € (T, T*), we obtain that

/n V(u(t,z)]*)dz := lim V(Ju(t, )|*)0r(z)dz

R—o Rn
exists, and the energy is conserved. (I
Remark This proof does not seem to work for n > 3, because we have used
the existence of {Or}r>1 C C°(R™), with Or(z) = 1 for |z| < R and Vg

bounded in L?(R™), and it can be shown that such a sequence does not exist
for n > 3.

Next, we give a variant of theorem 5.1 in dimension 1, that will be useful
later.
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Proposition 5.2 Let ¢, ¢9 : R — R non-increasing functions of class C*°,

such that . 0
) <
o) =ana) = { o 751

For R > 0, we define (bR( ) = ¢(x — R)¢o(—x) and ¢x(z) = ¢ (—x).
Then zf lim fR (luo(x)[?)¢% (x)da exists, so does lzm fR (t,x)|2)¢§(x)dx

Proof. It suffices to replace 6 by gbﬁ in the proof of theorem 5.1. We obtain
in the same way that

/R [V(Ju(t,2)?) = V(uo(@)*) + (IVu(t,2)]* — [Vuo(x)[*)] 67 (2)dz

— 2Re / / Vs, 2)(Vo(x — R)bo(Fa) — d(x — R)Vao(F2))Ti(s, o)dwds.
0JR

Passing to the limit as R — oo, the fact that (V¢(+£x — R))r>o is bounded in
L? and the assumption that [, V(|ug(z)|* )p% (x)dx converges as R — oo imply
that lzm f]R (Ju(t, =) |>) % (x)dz exists, with

IQ&AVWWJWMﬂwm—gg;évwmmﬁwﬂmm
= - [ (Fut. 0P - [Vus()P) 6n(Fa)da

¢
:|:2Re/ /Vu(s,x)VqSo(:Fx)u_t(s,x)dxds.
o JR

Remark that the limit lzm f]R (lu(t, 2)|?)¢E (x)da depends on ¢ but not on
¢ if llm fR (Juo(z)]? )¢R( x)dx does not. O

We want now to improve Proposition 5.1, to make it work for uy € X*(R"),
with & > n/2, and not only k& > n/2+2. The price to pay is an extra assumption
on the nonlinearity f:

Theorem 5.1 Letn=k=1 or 2.
We suppose that f € C*L1(Ry) and that there exists some py > 0 such that
f(po) =0 and f'(po) < 0. We define

wm:—éy@w.

If n =1, we assume that {r, V(r) = 0} is discrete, and if n = 2, we assume
that V is non-negative on R.
Let 0 < Cy <1< Cy, and 69 > 0 (5o < po) such that

V" (po)

ol <00 = e oy < v < T g2
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(the assumptions on f ensure that such a 6y does exist).

Finally we assume that ug € X*(R"),  — V(jup(z)|?) € LY (R™) and there
exists 0 < &1 < 8o and A > 0 such that |z| > A implies ||uo(z)|? — po| < 61.
Then, denoting (T, T*) the mazimal existence interval of the solution of (1)
associated to ug, the energy

B(®) = [ [Vt + Vijuta)P) ds (32)
is finite and conserved for all t € (Ty,T™).

Examples. We give some examples for which Theorem 5.1 is valid

e the cubic defocusing NLS equation:
iug + Au+ (po — [ul*)u =0, = €R™ n=1or2. (33)

In this case, f(r) = po — 7, V(r) = (po —r)?/2 > 0, and the assumptions
of theorem 5.1 are verified. In fact, here, the assumption of the existence
of 61 and A can be relaxed, because it is a consequence of V (Jug|?) € L*.

e more generally, the “pure power case”:
iug + Au+a(ph — [ul*)u =0, 2 €R", n=1or2. (34)

where « > 0and p > 1/2ifn=1,p > 1if n = 2. Here, f(r) = a(ph—1P),
V(r) > 0and V(r) = 0if and only if » = 0. The assumption f € C*T1(R™T)
in Theorem 5.1 is verified only if p = 1 or p > 2 in the one-dimensional
case, and if p = 1,2 or p > 3 in the case n = 2. However, in other cases,
X* s u— f(lu*)u € X* is of class C', and it suffices for the conclusion
of Theorem 5.1.

e the cubic-quintic NLS equation:
iug + Au — aqu + azulul? — asulu|* =0, z € R (35)

where o, ag, as are positive constant such that 3/16 < ajas/a3 < 1/4.
In this case, using some scale transformations (see [BGMP]), (35) can be
rewritten as

iug + Au+ (Ju? = po)(2A + po — 3u/H)u =0 (36)

with 0 < A < po. Here, f(r) = (r — po)(2A + po — 3r) and V(r) =
(r — po)?(r — A), and the assumptions of theorem 5.1 are verified. They
are also verified for other values of the parameters a1, as, a5 (for instance

A < 0), but this seems to be less interesting from a physical point of view
(see [BGMP]).
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Proof of theorem 5.1. Let us take a mollifier sequence (p;);>1 (with [ p =1,
Supp pi C B(0,1/1) and p; > 0).
In a first step, we will control |pg — |p; * ug(x)|?| for I large and |z| > A.
[P0 — |pu * uo(x)|?|
s uo@) — po if |1 uo(e)| > Y (case 1)
< )
(vpo +[fuollec) { po — lpu+ uo(@)| if oy + uo(w)] < /o (case 2)

In case 1, we have:
0< o *uo(@)| — Voo < / o1z — u)(|uo)| - vFo)dy
< / iz — ylluo(y) — Vaoldy . (37)

In case 2, note that for |z| > A,

luo()> = po — |po — Juo(x)|*| = po — 61 >0 . (38)

Let o := v/po — 1 and v € C such that |[v| = 1 and vug(x) € iR. For y € R,
the decomposition of ug(y) on the R-basis (ug(z),v) of C can be written as

—— uo(2)
uo(y) = Refuo(y)uo(@)| s + Plus(y)v
Then, because of Pythagoras’ theorem,

uo ()

0<po—|pxuo(z) < /po— ‘ </an pi(w —y)Re[UO(y)m]d?J> Juo (2|2

We choose p as in Proposition 2.2, and [y € N* such that
|z — y| < 1/l implies |uo(z) — uo(y)| < Clz — y|*~P||Vuo||r < /2.
So for I > lp and y € B(z,1/1), we have

Reluo(y)uo(z)] = |uo(x)|” + Re[(uo(y) — uo(z))uo(z)]
> Juo(@)” — [uo(y) — uo(x)||uo(x)| > a?/2>0,

and therefore, for [ > I,

0 < v/po — |p1 * uo(x)]
< Voo — /n oz — y)Re[Uo(y)M]dym

= VP~ @)+ e | e — ) Rel(uo () — o (y)uo o)y
< IV~ luo(a)]| + / i = yluo(x) — uo(y)ldy (39)
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Let € > 0. Since p; *x ug — ug in L, there exists I > [y such that [ > [;

implies ||| pr*uo|? — |ug|?|| L=~ < o —d1 and then for x| > A, ||pr*uo(z)]? — po| <
0o. Therefore, for |z|] > A and [ > l;, we have:
V//
0 < Vilrw@?) < 6P g cu@l? -~ pfl? . (40)

Let B> A+ 1. (37), (39) and (40) imply, for I > I;:

/ V(o1 * o (@) 2)da
|z|>B

V/I
< &Pt fuolle)?

2
X/||>B [(/ Pl(x—y)||U0(y)|—\/P_0|dy) 1 pywug ()| — /P00

2
+ (Va = @l + [ i = )lua(s) = uo(e)lan ) 1plmo<m>|_¢p—0<o] &

< P m + e [

| >

[/Rn iz — y)|luo(y)| — ool 2dy
2
+ 2[Juo(@)| — v/pol* + 2 (/Rn pi(x = y)luo(y) —uo(x”dy) 1 L. (4]

We will now control each integral in the right hand side of (41). We begin by
the first one:

/I |>B /]Rn pi(z — y)|Juo(y)| — /po|*dydx

2 2
|z|>B J]y|>B-1/1 Po
1

< [luo(y)1* = pol*dy
Po Jiy|=B-1/1
P / )
. — V(|uo|?)dy . 42
G Vo) Do (Juol”) (42)
Next,
2
/ 2o — ug()|[Pde < — Ipo — luo(@) P
lz|>B PO Jiz|>B
4
T ——— V(|uo|?)dz . 43
e /WB (luof?)dar . (43)

It is a bit more difficult to find an upper bound to the third one. We provisionally
admit the following lemma:

21



Lemma 5.1 Let n € N*, k > n/2 and ug € X*(R"). Then for all (z,y), the
function f:[0,1] = C, t — up(x + t(y — x)) is absolutely continuous.

Thanks to this lemma, we can write:

1
fuo(y) — ()| = | / (v — ) Vuo(z + tly — 2))dt]

and
2
[ (L e = tunts) = wotelas ) as
lz|>B \JR"
1
</ / ou(w— )y — o / Vo (x + tly — o) dtdyds
\x\>B n 0
2dy
< pl |Vu0( V=2 dadt
l lz|>B n 126
Jo | Vu | 2
<5/ / =)o) Padga = 1ol (44)
(here we have made successively the changes of variables § = ty + (1 — t)x and
& = %), By possibly enlarging B one may assume that
s O 2 2
(Vo +luollso)” & V(Juol”)dy + 2 V(luol*)dz | < /2 (45)
1Po | Jly|>B~1 |z|>B
We also choose l5 > [ such that
V Vu
20, P (ol PG < (16)

Combining (41), (42), (43), (44), (45), (46), we obtain finally, for [ > lo,
[ vl w@Pie <.
|z|>B

In particular, V (|(p; *uo)|?) € L*(R™). By possibly enlarging B one may assume
that

/ V(|u0(x)|2)dx <e.
|z|>B

Moreover, there exists I3 > [y such that for [ > I3,
/ - [V ([(or % uo) (@) %) = V (Jug(2)|*)|de < e

because p; * ug — ug in L. The last three inequalities and the triangular
inequality show that for [ > I3,

[ Wl w0) @) V(o)) < 32
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and therefore V (|p; * ug|?) — V(Juo|?) in L.

For | € N*, we denote by u;(¢) the solution of (1) with initial data u;(0) =
o1+ ug, and we denote by (T4 (1), T*(1)) its maximal existence interval. Theorem
5.1 ensures that for ¢t € (T, (1), T*(1))

[ Iva®F + V@R e = [ (1900500 + Vil uol)] de(an

Let T, < Ty < Ty < T*. By continuity with respect to the initial data (see for
example [CH]), there exists K > 0, d > 0 such that ||p; *uo —ug|| x+ < § implies
T*(1) > T, Ty () < T1, and

[l (t) = u(®)llxr < Kllpy* uo — uol|xx t € [Ty, T] -

In particular, since p; * up — ug in X*, we have that Vu(t) — Vu(t) in L2.
Moreover, Vpl * Uy = pl * Vug — Vug in L? and we have already shown that

V(o1 * uol?) — V(Jupl?) in L. In order to take the limit as [ — oo in (47),
it remains to take care of the term [, V' (lu(t)[*)dz. We distinguish the cases
n=2andn =1

In the case n = 2 one has V > 0 and for [ > I3, x — V(|u(¢)]?) is a L!
function and [,V (Jui(t)|?)dz has a limit as [ — co. We apply Fatou’s lemma
to the sequence (V (|ui(t,.)|?))ien. We already know that it is bounded in L*,
and the continuity with respect to the initial data ensures that u;(t) — w(t) in
X*. Therefore V (Ju;(t)|?) — V(Ju(t)|?) in L. Thus V (|u(t,.)|?) € L' and

/V (lu(t, z) hmmf V(luy(t, z)|?) .

We can now pass to the limit in (47):

[ Ivap +viuoR]ar < [ [Vl +vuP]de. @)
R™ Rn

By reversing time, we get the inverse inequality, and the conservation of the
energy (29) has been proved.

In the case n = 1, we also show that V (|u(t,.)|?) € L'. For [ > I3, we know
that V(|p; * uo|?) € L*(R). Hence for all choice of ¢ as in Proposition 5.2,

Jim [ Vil wo@P)o @) = [ Vs uo()P)onFade

and Proposition 5.2 ensures that sz fR (Jui(t, )[?) % (x)dx exists and does

not depend on the choice of ¢. ThlS 1mphes that V (Ju(t, z)|*) — 0 as x — Fo0.
Indeed, we have the following lemma (we will prove it later):

Lemma 5.2 Let f : R — R an uniformly continuous function such that for all
¢ as in Proposition 5.2, Flﬁim I f(x)¢% (x)da exists. Then f(x) s 0.
—00 r— o0
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Since {r,V(r) = 0} is discrete and wu;(t) € Cp(R), there exists 7' (¢) such
that
Vi) =0 and |w(t,z)]® — 7i(t).

Let us show that !, is continuous on T (1), T*(I)[. Let t €]T.(1), T*()[, h so
that ¢t + h €T (1), T*(1)[, € > 0 and z € R. One has

[ (t+R) =l (O] < 7 (t+h) —wn(t+h, @) [+ (-, @) —ui(t, @) [+ (8, 2)—rl (2)]

u; € C(T (1), T*()[, X*) ¢ C(Tx(1),T*(1)[, L>=), thus we can choose h small
enough in order that

[lur(t + h) —w(t)||n- <e/3.
We also choose |z| large enough such that
[Pl (t+h) —w(t +h,x)| <e/3 and |u(t,z) —ri(t) <e/3.

Hence |rly(t + h) — 7'.(t)| < &. Therefore 7, is continuous with value in a
discrete set, which means that it is constant. For [ > I3, the fact that |||p; *
ug|? — |ug|?||L~ < do — 01 and the assumption on ug imply that 7 (0) = po,
hence

V> b, Y EITL (), T O, [t 2)2 = po .

We choose 4 > I3 such that for [ > Iy,

lua(®) = [u@®)?||
< () = u@) | ([[w(t) = w(®)|[ze + 2[|u(@)]| =)

0o — 0
< Kllpre uo — wollxx (Kl o s o — woll s +2_sup_[lu®)llxs) < 2.
te[Ty,Ts)

Let D > 0 such that |z| > D implies ||uy,(t,2)|> — po| < 61. Then for [ >
l47 |J3| 2 D7

[lue(t, 2)|* — pol
< lwlt,@)? = Jult, )P+ [|ult, 2)* = Jug, (& )]+ [Ju (¢ 2) P = pol
5o —0
< 2% 5 s =6

This implies that V(|u;(t,z)|) is non-negative on {xz,|x| > D}, and now (47)
yields:

/>D V(lut, o)) de
:A[|vpl*u0|2+V(|pl*u0|2)} do —/R|Vul(t,x)|2dx —/ V(lu(t,z)2)dz

z|<D

— R[|VU0|2+V(|U0|2)] dm—/R|Vu(t,x)|2dx—/m<D V(|u(t,z)*)dzx ,

l—o0
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and (V(Ju(t, ')|2>1{II|>D})1>14 is bounded in L'. We apply Fatou’s lemma to
this sequence, and we can conclude similarly to the case n =2, V > 0. (]

To complete the proof of theorem 5.1, it just remains to prove lemmas 5.1
and 5.2.

Proof of lemma 5.2. We argue by contradiction. Assume that there exists
e > 0 such that for all A > 0, there exists x > A such that |f(z)| > €. Since
f is uniformly continuous, there exists § € (0,2), such that |z — y| <  implies
|[f(xz) = f(y)| < /2. We may thus construct a sequence (zp)nen such that
xn, — o0 and |f(y)| = €/2 as soon as |y — x,| < 6. We may assume moreover
that the intervals |z, — 0, z,, + [ are disjoint, and that for instance f(z,) > 0.
We choose ¢ as in proposition 5.2, namely

1 4f <0
¢(‘”)_{o it w>6)2

Then
U&@mhxw@—/ﬂm%ﬁm@m/
R R
Aﬂwwhwp@—¢m4@»w
Tn+6/2
>/’ @)y > b6e/2
Tn—0/2
and this is a contradiction. O

Proof of lemma 5.1. Let us fix z,y € R™ with « # y. It suffices to show that
f:te0,1] — ug(x +t(y — x)) is absolutely continuous. By definition of X,
up is the limit in X% of a sequence (v1)ien of functions of class C*. Therefore
the functions f; : ¢t € [0, 1] — v;(z + t(y — x)) are absolutely continuous.

We are reduced to prove that the moduli of absolute continuity of f;’s are
uniformly bounded. Indeed, if we assume this fact, for all € > 0, there exists
0 > 0 such that for all positive integer m, and for all choice of (o, 55)i1<j<m
with 0 <oy <1 < ... < am < B <1 and Z;n:l(ﬂj — ;) < 4, we have for all

Z|fl 53 = fi O‘J)|<5/2-
U@l < D15~ ilay) Zum — BB+ 1F (o) — fulo)]
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choosing [ large enough, |[f — fil|« < £5. We infer that

DB = fley)l <e,

and therefore f is absolutely continuous.

We now prove that the moduli of absolute continuity of f;’s are uniformly
bounded. Since v; — wug in Xk, vy is bounded in X*. We choose m, o , B as
above. For all [, we have:

m B;
Zm -t = S| ssyas
j=1 1Y%
) [Gﬂajvﬁj[vl(s”ds
1/2 .
2
< KU ]ajﬂj[ds> /u ]aJ,,BJ[|fl( )|“ds
3 v 1 1/2
< (Do - aj)) </ |fl/(5)|2ds) W
Jj=1 o

Observe that

1
/ () 2ds
0

/o |(y — 2).Vu(z + s(y — x))|*ds

ly—z| _ 2
< |y—x|/ Vu (w—i—sy x)’ ds
0 ly —

Since Vug € H*~1(R™), the trace theorem ensures that the mapping that sends
a function of H*~'(R™) on its trace on a line D of R™ is continuous from
HF1(R™) to H*=D=(=1/2(D) ¢ L*(D) because k — 1 — (n—1)/2 > [n/2] —
(n —1)/2 > 0. Therefore, there exists a constant C' > 0 such that

1 1/2
2 1
</0 |fz/(8)| ds) < |y — 2 /2 ||sz |{w+t Y :‘,teR}||L2({m+t“ =% teR})
< Cly— ' ||Vor | e gy
< Cly- xll/zsypllvzllxww) : (50)

Finally, (49) and (50) ensure that f;’s absolute continuity moduli are uniformly
bounded. d

Remark. The only reason for which Theorem 5.1 in the case V' > 0 is not
valid for n > 3 is that we did not prove Proposition 5.1 for n > 3. The whole
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proof of Theorem 5.1 with V' > 0 would be valid for n > 3 if Proposition 5.1 was.

We justify next the conservation of the momentum, in the one dimensional
case.

Theorem 5.2 Let n = k = 1. The assumptions on the nonlinearity f are as
in Theorem 5.1.

Let ug € XY(R) such that V(Juo|?) € L' and |ug| = a > 0.

Let 0 € (T*,T*) C (T, T*) be the mazimal interval on which |u(t,z)| > 0,
te (T, T* ), z €R.

Then Wt € (T.,T*), P(u(t)) = P(ug), where the renormalized momentum is
given by:

Plu) = Im/ u |2 | |2 P0) (51)

Proof. It follows from the proof of Theorem 5.1 that for ¢t € (T}, T*), |u(t)|> —
po € L? and that |u(t)| > a(t), where a(t) € RY. (because |u(t, z)[? P and

|u(t,x)] > 0). Moreover, u,(t,.) € L?. Hence P(u(t)) is well deﬁned

If ug € X3(R), the formal proof of the conservation of P on (T.,T*) (see
[ZL], [GSS]) is valid, since u € C(T\, T*, X3(R)) N CY(T%, T*, X '(R)).

Proceeding as in the proof of theorem 5.1, we approach ug € X' by p; xug €
X3, Let us fix t € (T, T*). Since u(t) — u(t) in X', for [ large enough we have
lur(t)| > a(t)/2 > 0, and then (T, T*) C (T.(1), T*(1)). It follows from the proof
of Theorem 5.1 that (Ju;(t)|>—po) — (Ju(t)|>—po) in L? and O,u(t) — dpu(t) in
L?. Hence P(u(t)) — P(u(t)), and the conservation of the momentum, which
is true for uy, is also true for u. O

Remark. The above analysis fills a gap in the proof of Theorem 1.1 in [ZL].
Namely, Zhiwu Lin proves a criterion of stability for the traveling bubbles solu-
tion of NLS in the one dimensional case, for a nonlinearity f verifying:

(1) f(po) =0, no =sup{n, 0 <n<po, V(n) =0} exists,
0 <m0 < po, f(no) <0
(2) f'(po) <0

This proof consists in applying Theorem 3 in [GSS] to the hydrodynamical
problem corresponding to (1) (i.e. with the complex unknown u replaced by
(r,v) = (po — |ul?, 0, argu)). Theorem 5.1 and 5.2 ensure that Assumption 1 of
Theorem 3 in [GSS] is verified. Namely, in a neighbourhood of the soliton, our
results imply the following facts which were not discussed in [ZL]:

e the local existence for the hydrodynamical Cauchy problem with (r,v) €
H' x L? (and not only X' x L?) if the energy is finite at initial time

e the conservation of energy and momentum.
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In dimension 1, we prove next that the conservation of energy implies a
global existence result for a solution of (1) in X*.

Theorem 5.3 Letn =k = 1. The assumptions on f and ug are as in theorem
5.1, and we assume moreover that there exists some C > 0 such that V(r) >
Clpo — 7).

Then u € Cp(R, X*).

Proof. We define the energy at initial time
Bo= [ [Vus@) +V(un(o))] do
]R'n

We know by Theorem 5.1 that the energy is conserved for ¢ € (T%,T*) and
that if 7% is finite, ||u(t)||xx — oo as t — T (and we have a similar result by
replacing T* by T.) (see [CH]). The conservation of the energy and the fact
that V' > 0 imply that for all ¢, [, [0yu(t)|*dz < Eo. To prove that ||u(t)||x»
can not blow up in finite time, it suffices then to show that ||u(t)||L~ can not
blow up in finite time. By the Sobolev embedding H!(R) C L*°(R),

lu®llZ~ < po+I[llu®)* = pollL
< po+ Clllu(t)* = pol [

po + C\/IIIU(t)I2 = pollzz + 10:(Ju®)]> = po)l|Z2

We now use the additional assumption that V(r) > C(1 — r)%:

lu@®lli~ < po+C\/Eo+4IIU(t)II%»o/IC%U(L‘)I?de

< po+ CVEy + 20| [u(t)|| 1~/ Eo -

Therefore ||[u(t)||L~ can not blow up in finite time, thus (u(t));er is global.
Moreover, ||u(t)||r= is bounded on R and therefore (u(t));cr is bounded in
X(R). O

Example. In NLS with a pure defocusing power (34), with n =1 and p > 1,
we have V(r) > aph~'(po — r)?/2, hence the assumptions of Theorem 5.3 are
verified.

Acknowledgements. The author is grateful to Anne de Bouard and Jean-
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