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Growth rate of the S
hrödinger group on Zhidkov spa
esClément GalloUMR de Mathématiques, Bat. 425Université Paris-Sud91405 Orsay, Fran
e.Abstra
t. We give an upper bound on the growth rate of the S
hrödinger group onZhidkov spa
es. In dimension 1, we prove that this bound is sharp.Résumé. On donne une borne supérieure au taux de 
roissan
e du groupe de S
hrödingersur les espa
es de Zhidkov. En dimension 1, on montre que 
ette borne est optimale.Version française abrégéeLes équations de S
hrödinger non linéaires défo
alisantes, 
omme l'équation de Gross-Pitaevskii,admettent des ondes progressives non nulles à l'in�ni, appelées dark solitons ([1℄, [2℄, [3℄, [5℄, [7℄,[8℄). Ces solutions interviennent dans de nombreux 
ontextes physiques, en parti
ulier en optiquenon linéaire (voir [6℄) et dans l'étude de la super�uidité.A�n de mieux 
omprendre le 
omportement asymptotique en temps des solutions de 
es équa-tions, notamment à proximité des dark solitons, il est intéressant d'étudier l'e�et du propagateurde S
hrödinger sur un espa
e qui 
ontient 
es dark solitons. On s'intéresse i
i à l'équation deS
hrödinger linéaire sur R
n

{
i∂u∂t + ∆u = 0, (t, x) ∈ R × R

n

u(0) = u0
(1)ave
 données non nulles à l'in�ni. Dans [4℄, on montre que (1) est bien posée sur les espa
es deZhidkov

Xk(Rn) := {u ∈ L∞(Rn),∇u ∈ Hk−1(Rn)},sous la 
ondition k > n/2. On améliore i
i l'estimation montrée dans [4℄ sur le taux de 
roissan
edu groupe de S
hrödinger sur Xk(Rn) (noté S(t)). Plus pré
isément, on montre qu'il existe une
onstante C > 0 telle que
‖S(t)‖L(Xk(Rn),Xk(Rn)) 6 C(1 + |t|ρ), (2)où
ρ =

{
1
2

1
1+1/n si n est pair

1
4

1
1+1/2n si n est impair. (3)De plus, en dimension n = 1, ρ = 1/6 est optimal.
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1 Introdu
tionMany defo
using nonlinear S
hrödinger equations, su
h as the Gross-Pitaevskii equation, admittravelling waves whi
h do not vanish at in�nity (see for instan
e [1℄, [2℄, [3℄, [5℄, [7℄, [8℄). They arereferred to as dark solitons. These solutions are important in many physi
al 
ontexts, in parti
ularin nonlinear opti
s (see [6℄) and in the study of super�uidity.To understand better the asymptoti
 behaviour of the solutions of these equations, whi
h isparti
ularly important in a neighbourhood of the dark solitons, it is interesting to study the e�e
tof the free S
hrödinger propagator on a spa
e that 
ontains the dark solitons.In [4℄, we proved that the linear S
hrödinger equation (1) is well-posed on the Zhidkov spa
es
Xk(Rn) under the 
ondition k > n/2. Moreover, we gave a superior bound on the growth rate ofthe S
hrödinger group on Xk(Rn), whi
h will be denoted by S(t). More pre
isely, we proved thatthere exists a 
onstant C > 0 su
h that

‖S(t)‖L(Xk(Rn),Xk(Rn)) 6 C(1 + |t|ρ), (4)where
ρ =

{
1/2 if n is even
1/4 if n is odd. (5)The goal of this paper is to de
rease as far as we 
an the upper bound on the growth rate of S(t)given by (5), and to �nd the sharp exponent when it is possible. The main result we present hereis as follows.Theorem 1.1 Let k > n/2. There exists a 
onstant C > 0 su
h that for every u0 ∈ Xk(Rn),

‖S(t)u0‖Xk(Rn) 6 C(1 + |t|ρ)‖u0‖Xk(Rn), (6)where
ρ =

{
1
2

1
1+ 1

n

if n is even
1
4

1
1+ 1

2n

if n is odd. (7)Moreover, for n = 1, ρ = 1/6 is sharp.Remark 1 The sharpness result in Theorem 1.1 should be understood as follows: for every C > 0,every ρ < 1/6, there exists τ > 0 and u0τ ∈ Xk(Rn) su
h that
‖S(τ)u0τ‖Xk(Rn) > ‖S(τ)u0τ‖L∞(Rn) > C(1 + τρ)‖u0τ‖Xk(Rn).In se
tion 2, we retake and improve the proof of the well-posedness of (1) on Xk(Rn) we gavein [4℄, in order to verify (6)-(7). In se
tion 3, we prove the sharpness of ρ = 1/6 in dimension 1.Notations. If f ∈ S′(Rn), f̂ ∈ S′(Rn) denotes the Fourier transform of f .In all this note, C denotes a harmless positive 
onstant whi
h 
an 
hange from line to line.2 Proof of (6)-(7).Given u0 ∈ Xk(Rn), the proof of (4)-(5) we gave in [4℄ 
onsists in giving a sense to the limit of

Iε :=

∫

Rn

e(i−ε)|z|
2

u0(x+ 2
√
tz)dz2



as ε → 0 (for 
onvenien
e, we will assume from now on t > 0). Up to the multipli
ation by aharmless 
onstant, this limit is showed to be the solution u(t) to (1) with initial data u0.Using a radial 
ut-o� fun
tion χ whi
h satis�es
χ(x) ≡

{
1 if |x| 6 1,
0 if |x| > 2,

(8)we write ψ = 1 − χ, and we de�ne, for β > 0, χβ(z) = χ(z/β), ψβ(z) = ψ(z/β). For 
onvenien
e,we will also use the notation χβ(|.|) = χβ(.) and ψβ(|.|) = ψβ(.).We split Iε into two parts: Iε = Aε +Bε, where
Aε =

∫

Rn

e(i−ε)|z|
2

χβ(z)u0(x+ 2
√
tz)dzand

Bε =

∫

Rn

e(i−ε)|z|
2

ψβ(z)u0(x+ 2
√
tz)dz.Using Lebesgue's 
onvergen
e theorem, it is easy to see that Aε has a limit as ε goes to 0, andthat

∣∣∣ lim
ε→0

Aε

∣∣∣ 6 ‖u0‖L∞(2β)n|B(0, 1)|, (9)where B(0, 1) denotes the unit ball in R
n. Next, passing in polar 
oordinates, de�ning

g(r) =

∫

Sn−1

u0(x+ 2
√
trv)dvand integrating by parts, we have (see [4℄ for more details)

Bε =

∫ ∞

β

e(i−ε)r
2

ψβ(r)r
n−1g(r)dr

=

( −1

2(i− ε)

)k k∑

j=0

j∑

l=0

ak,j

(
j

l

)∫ ∞

β

e(i−ε)r
2 1

r2k−j
g(l)(r)ψ

(j−l)
β (r)rn−1dr,where the ak,j depend only on integers k and j. We next apply Lebesgue's theorem to ea
h termof this sum. For l = 0, j ∈ {0 . . . k}, we get

∣∣∣∣e
(i−ε)r2 1

r2k−j
g(r)ψ

(j)
β (r)rn−1

∣∣∣∣ 6
|Sn−1|‖u0‖L∞

r2k−n+1
2j‖ψ(j)‖L∞ ,and therefore the limit of these terms as ε tends to 0 exists, and

∣∣∣∣ limε→0

∫ ∞

β

e(i−ε)r
2 1

r2k−j
g(r)ψ

(j)
β (r)rn−1dr

∣∣∣∣ 6
|Sn−1|‖u0‖L∞2j‖ψ(j)‖L∞

(2k − n)β2k−n
. (10)For l > 1, j ∈ {l . . . k}, using

‖g(j)‖L2(β,∞,rn−1dr) 6 (2
√
t)j−n/2|Sn−1|1/2‖u0‖Xk(Rn)(whi
h has been established in [4℄), we similarly obtain

∣∣∣∣ limε→0

∫ ∞

β

e(i−ε)r
2 1

r2k−j
g(l)(r)ψ

(j−l)
β (r)rn−1dr

∣∣∣∣ 6
|Sn−1|1/2‖ψ(j−l)‖L∞

(4k − 2j − n)1/2
‖u0‖Xk

(2
√
t)l−

n
2

β2k−l− n
2
. (11)Thanks to (9), (10) and (11), Iε has a limit as ε tends to 0, and

∣∣∣ lim
ε→0

Iε

∣∣∣ 6 C‖u0‖Xk

(
βn +

1

β2k−n
+

√
t
−n/2

β2k−n/2
(β
√
t+ (β

√
t)k)

)
.3



We next 
hoose β = tγ (and not β = 1 as we did in [4℄), where
γ =

1

2

k − n
2

k + n
2

> 0.Taking into a

ount this 
hoi
e of γ, it follows that
∣∣∣ lim
ε→0

Iε

∣∣∣ 6 C‖u0‖Xk

(
tγn + t−γ(2k−n) + tγ(1−2k+n/2)+1/2−n/4 + tγ(−k+n/2)+k/2−n/4

)

6 C‖u0‖Xk(1 + tρ), (12)where ρ = γn. When k =
⌊
n
2

⌋
+ 1, we obtain the ρ given in (7). The rest of the proof is similarto that of Theorem 3.1 in [4℄. In parti
ular, we dedu
e that for every integer k > n/2,

‖u(t)‖L∞(Rn) 6 C‖u0‖Xk(Rn)(1 + tρ).

�2.1 Proof of the sharpness of (7) in dimension 1.Let k > 1. For τ > 1, let us de�ne
u0τ (x) = e−

i|x|2

4τ ψ
( x

τ2/3

) τ2(k+1)/3

|x|k+1
.Then u0τ ∈ L∞, with ‖u0τ‖L∞ = supr>0

ψ(r)
rk+1 . Next, the derivatives from order 1 to k of u0τ arein L2, with L2 norm uniformly bounded with respe
t to τ . Indeed, it is easy to see by indu
tionon m ∈ {1 . . . k} that u(m)

0τ is a linear 
ombination of terms whi
h look like
Q(x) = se−

i|x|2

4τ ψ(p)
( x

τ2/3

) τα

xq
,where s = (−1)(k+1) 1−sign(x)

2 and q > k+ 1−m (the only term with q = k+ 1−m is obtained bydi�erentiating m times the exponential fa
tor in u0τ ). q > 1 be
ause m 6 k, and sin
e moreover
x 7→ ψ(p)

(
x

τ2/3

) is uniformly bounded on R and supported in [τ2/3,∞), it follows that u(m)
0τ ∈ L2,for m ∈ {1 . . . k}. Next, we easily 
ompute

‖Q‖L2 = τα−2q/3+1/3

∥∥∥∥
ψ(p)(x)

xq

∥∥∥∥
L2

, (13)and
sQ′(x) = − ix

2τ
Q(x) + e−

i|x|2

4τ ψ(p+1)
( x

τ2/3

) τα−2/3

xq
− qe−

i|x|2

4τ ψ(p)
( x

τ2/3

) τα

xq+1
. (14)The L2 norms of the three terms in the right hand side of (14) are respe
tively

1

2
τα−1−2(q−1)/3+1/3

∥∥∥∥
ψ(p)(x)

xq−1

∥∥∥∥
L2

,

τα−2/3−2q/3+1/3

∥∥∥∥
ψ(p+1)(x)

xq

∥∥∥∥
L2and

qτα−2(q+1)/3+1/3

∥∥∥∥
ψ(p)(x)

xq+1

∥∥∥∥
L2

.4



Therefore there exists a 
onstant C > 0 su
h that ‖Q′‖L2 6 Cτ−1/3‖Q‖L2. Thus, form ∈ {1 . . . k},
‖u(m)

0τ ‖L2 6 Cτ−m/3‖u0τ‖L2 . Sin
e u0τ ∈ L2 and ‖u0τ‖L2 = Cτ1/3, we get the announ
ed result:
u0τ ∈ Xk and ‖u0τ‖Xk 6 C, where C does not depend on τ .On the other side, sin
e z 7→ χ(z) and z 7→ ψ(2z/τ1/6) have disjoint supports for τ largeenough,
∫ ∞

−∞

e(i−ε)z
2

χ(z)u0τ (2
√
τz)dz =

∫ ∞

−∞

e(i−ε)z
2

χ(z)e−iz
2

ψ

(
2z

τ1/6

)
τ

k+1
6

2k+1|z|k+1
dz = 0, (15)while

lim
ε→0

∫ ∞

−∞

e(i−ε)z
2

ψ(z)u0τ (2
√
τz)dz = lim

ε→0

∫ ∞

−∞

e(i−ε)z
2

ψ(z)e−iz
2

ψ

(
2z

τ1/6

)
τ

k+1
6

2k+1|z|k+1
dz

= τ1/6

∫ ∞

−∞

ψ(2r)

2k+1|r|k+1
dr. (16)As a 
on
lusion, for τ large enough, denoting by uτ the solution to (1) with initial data u0τ ,

‖uτ (τ)‖Xk > ‖uτ(τ)‖L∞ > |uτ (τ, 0)| = Cτ1/6 > Cτ1/6‖u0τ‖Xk .This 
ompletes the proof of the sharpness of the exponent 1/6 in (7). �Remark 2 We 
an also prove this sharpness result by using the initial 
onditions
u0τ (x) = e

− ix2

4τ χ
“

x

τ2/3+δ

”or
u0τ (x) = e−

ix2

4τ χ
( x

τ2/3−δ

)
,and letting the parameter δ > 0 tend to 0. In these two 
ases, taking the notations of se
tion 3.1,the predominant part in Iε is Aε (on the 
ontrary, in the proof we developed here, Bε(τ) ≫ Aε(τ)as τ is large).Referen
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