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Department of Mathematics, McMaster University, Hamilton, Ontario, Canada, L8S 4K1

June 13, 2008

Abstract

We study a nonlinear ground state of the Gross—Pitaevskii equation with a parabolic
potential in the hydrodynamics limit often referred to as the Thomas—Fermi approximation.
Existence of the energy minimizer has been known in literature for some time but it was only
recently when the Thomas—Fermi approximation was rigorously justified. The spectrum of
linearization of the Gross—Pitaevskii equation at the ground state consists of an unbounded
sequence of positive eigenvalues. We analyze convergence of eigenvalues in the hydrodynamics
limit. Convergence in norm of the resolvent operator is proved and the convergence rate is
estimated. We also study asymptotic and numerical approximations of eigenfunctions and
eigenvalues using Airy functions.

1 Introduction

Recent experiments in Bose-Einstein condensation has stimulated an intense research around
the Gross—Pitaevskii equation with a parabolic potential [PS]. Considered in a one-dimensional
cigar-shaped geometry and in the limit of a compact Thomas-Fermi cloud, the repulsive Bose gas
is described by the Gross—Pitaevskii equation in the form

iy + 2y + (1 — 22)u — Jul?u = 0, (1.1)

where u = u(z,t) is a complex-valued amplitude, the subscripts denote partial differentiations, e
is a small parameter, and all other parameters are normalized to unity.

Existence of the ground state u = n.(z) for a fixed, sufficiently small ¢ > 0, where 7. is a
real-valued, positive-definite, global minimizer of the Gross—Pitaevskii energy

1 1 1
E.(u) = / <§€2|ux|2 + 5( 2_ 1)\u|2 + Z|u\4> dx
R

in the energy space
Hi={ue H'(R): zue L*(R)},

has been proved in the literature long ago (see, i.e., Brezis & Oswald [BO]). Recent works of
Ignat & Millot [IM] and Aftalion, Alama, & Bronsard [AAB] have focused, among other problems



related to existence of vortices in a two-dimensional rotating Bose—Einstein condensate, on the
rigorous justification of the Thomas-Fermi asymptotic formula

[ A=2)Y2 for |z| <1,
mo(x) = { 0, for |z| > 1, (1.2)

which was believed to be a weak limit of 7.(z) as ¢ — 0 since the work of Thomas [T] and Fermi
[F]. To be precise, Proposition 2.1 of [IM] and Proposition 1 in [AAB] state that 7.(z) converges
to no(z) as € — 0 in the sense that

(1—Cel/?) < 0 5())1/2 <1 for |z| <1 —¢g%/3 3
0 < 7:(x) < Ce'/Bexp (452%) for |z| >1—e?/3, '

for an e-independent constant C' > 0. (The results of [IM, AAB| are formulated in the space
of two dimensions, but the extension to the one-dimensional case is trivial.) It was proved in
[IM] that [|n: — nollcr (k) < Cke? for any compact subset K C (—1,1), which justified the WKB
approximation of the ground state considered earlier by formal expansions (see, i.e., [BK]).

We are concerned here with the spectrum of linearization of the Gross—Pitaevskii equation
(1.1) at the ground state 7., which is defined by the eigenvalue problem

e (2 = Lk 3= —hw, et 4 (2 — L+ 2w = M, 14)

where (u+iw)eM 4 (a—iw)e M is a perturbation to 7. The eigenvalue problem (1.4) determines the
spectral stability of the ground state 1. with respect to the time evolution of the Gross—Pitaevskii
equation (1.1) and gives preliminary information for nonlinear analysis of orbital stability and
long-time dynamics of ground states. More complex phenomena of pinned vortices (dark solitons)
on the top of the ground state can also be understood from the analysis of eigenvalues of the
spectral problem (1.4) (see, i.e., [PK]).

In what follows, we shall simplify the spectral problem (1.4) and replace 1. by 179. We do not
claim that eigenvalues of these two problems are close to each other but, given a complexity of
the problem, we would like to deal with a simpler problem in this article. Therefore, we analyze
here solutions of the model eigenvalue problem defined explicitly by

224, _ - _ _
{ +2(1 —2%)u Aw, —e*w" = lu for |z| <1, (15)

—E2u” + (@ = Du=-dw, -2+ (@*—Dw=>I for |z|>1,

with appropriate matching conditions at x = +1. It will be left for the forthcoming work to
study solutions of the original eigenvalue problem (1.4) with 1. = 79 + O () (e1/3), according
to the bound (1.3) above.

Formal weak solutions of (1.5) have been constructed in the pioneer work of Stringari [S]
and have been used in a more complex context of three-dimensional anisotropic repulsive Bose
gas in [FCSG, EGO]. To recover these solutions, let us denote A = iey'/? and drop —eu”
term in the first equation of (1.5). Then, the model eigenvalue problem is closed at the singular
Sturm-Liouville problem

—2(1 — 2" =yw, —-1<z<1, (1.6)

which has a C? solution on [—1,1] for v # 0 if and only if w(1) = w(—1) = 0. We will show in
Lemma 3.4 below that the only solutions of (1.6) with w(1) = w(—1) = 0 are the Gegenbauer



polynomials w(x) = C;i{Z(:z:), which correspond to eigenvalues at v = 7, = 2n(n + 1), where
n > 1 is an integer. Solutions w(x) = 7;%2(3:) of (1.6) on the interior domain [—1,1] are
completed with the zero function w = 0 on the exterior domain |z| > 1. In this way, we glue
together weak solutions of system (1.5) in the hydrodynamics limit ¢ = 0. It is the main goal
of this article to develop a rigorous justification of persistence of eigenvalues {7, }nen for small

non-zero values of . Our main result is the following theorem.
Main Theorem. Spectral problem (1.5) for e > 0 has a purely discrete spectrum that consists
of eigenvalues at A\ = :l:iE('yn,g)l/Q, where the set {yn ¢ }nen is sorted in the increasing order

0< Ve € V26 € V36 S Ve S ooy

while
Tne — TIn GASE — 0

for every fized n € N. Moreover, for any fized § > 0, there exists Cp, > 0 such that
[Yne — nl < Cn€1/3_5

for sufficiently small € > 0.

Remark. The convergence rate of eigenvalues is not sharp and our numerical results indicate
that the convergence rate is O(¢?) for a fivzed n € N.

Before going into technical details of our analysis, we mention three relevant applications
where eigenvalues of the singular Sturm-Liouville problem (1.6) have appeared recently.

e Propagation of self-similar pulses in an amplifying optical medium is described by the
Gross—Pitaevskii equation with a parabolic potential [BTNN]

iUr + 7 2Uge + (1 — €U — |UJPU = 0.

The small parameter € = 7~ changes with the time 7 due to evolution of the self-similar
optical pulse in the presence of the gain. The decomposition of perturbation to the optical
pulse via Gegenbauer polynomials is used for understanding the effects of higher-order
dispersion and gain terms on the long-term optical pulse dynamics [BT].

e Analysis of radiation from a dark soliton oscillating in a wide parabolic potential was studied
in [PFK] using asymptotic multi-scale expansion methods. The analysis leaded to the wave
equation with a space-dependent speed

Urr = ((1 - 62)U§)5 :

Eigenvalues of the wave equation are given by eigenvalues of the Sturm—Liouville problem
(1.6). The corresponding eigenfunctions are needed to match the dark soliton with its
far-field radiation tail and to predict radiative corrections to the soliton dynamics [PFK].

e Numerical approximations of eigenvalues of the spectral problem associated with a dark
soliton in the Gross—Pitaevskii equation

iUy + Uge + (n— U — |UPU =0



showed convergence of eigenvalues in the limit 4 — oo [PK]. It was observed that the whole
spectrum consisted of eigenvalues associated with the ground state and an additional pair
of pure imaginary eigenvalues. The countable infinite set of eigenvalues associated with
the ground state corresponds to the set of eigenvalues of the Sturm—Liouville problem (1.6)
after an appropriate rescaling transformation of &, 7, and U.

This article is organized as follows. Section 2 discusses properties of the two Schriodinger
operators that define the spectral problem (1.5) as well as the properties of their product. Sec-
tion 3 gives a proof of the Main Theorem. Section 4 is devoted to asymptotic and numerical
approximations of eigenvalues of the spectral problem (1.5). In the Appendix, we give the proofs
of several technical lemmas used in the article, as well as the description of the numerical method.

Notations. In what follows, if A and B are two quantities depending on a parameter p in a
set P, the notation A(p) < B(p) indicates that there exists a positive constant C' such that

A(p) < CB(p) for every p € P.

The notation A(p) ~ B(p) means that A(p) < B(p) and A(p) = B(p). We say that a property is
satisfied for 0 < e < 1 if there exists g € (0, 1) such that the property is true for every ¢ € (0, gg).
If E and F are two Banach spaces, L(F, F') denotes the space of bounded linear operators from
FE into F', endowed with its natural norm

|| _ |u(@)||lp
ullgppy = Sup .
z€E, x#£0 HJTHE

If £ =F, we simply denote L(E) = L(E, E). The dual space of E is denoted by E' = L(E,R).
If S is a subset of R, 15 denotes the characteristic function of S:

1 if z€8,
15(“")_{0 it ¢S

If f is a function defined on some set D and S C D, f|g denotes the restriction of f to the set S.
Finally, B2 denotes the unit ball of L?(R).

2 Preliminaries

2.1 The operator L° and its inverse

Let L¢ be the Friedrichs extension of —92 + p.(z) on L?(R) for ¢ > 0 and

1
pe(z) = 5—2(%2 — D1{jz>1)-

Since pe(z) > 0 for any x € R, L% is a positive self-adjoint operator. Since p.(x) — 400 as
x — oo, Lf has compact resolvent. The domain of L ,

D(LF) ={p € L*(R) : —0%p + p.p € L*(R)} = {¢ € H*(R) : 2%p € L*(R)} =: Ho,



is contained in its form domain
Q(LF) = {p € H'(R) : zp € L*(R)}.

If ¢ € D(L%) is in the kernel of L, then [; (|0,¢[* + pel¢|*) dz = 0, which implies ¢ = 0.
Therefore 0 ¢ o(L%) and L% is invertible. In the following lemma, we state that the inverse of
L is uniformly bounded in £(L?) as ¢ — 0.

Lemma 2.1 For 0 <e <1,
ILE) Ml gz = 1.

Proof. See Appendix A.1. "

Using Lemma 2.1, we give estimates on various norms of (L)~ for sufficiently small ¢ > 0.

Lemma 2.2 For0<e <1,

10:(L2) Mlgrewy S 1 (2.1)
114051102 (L2) Hlerewy S €3, (2.2)
1>y (L) eemy S e (2.3)

10: (L) Moz pe®y S 1L (2.4)
101y (L) Hlere@ remy S €72 (2.5)

Proof. Let us take ¢ > 0 sufficiently small, f € Bj2, and denote ¢ = (L )~!f. By Lemma 2.1,
lellzm) S 1- (2.6)

Moreover, ¢ satisfies the second—order differential equation
~¢"+pp=f, xR (2.7)

Multiplying (2.7) by ¢, integrating over R, using the Cauchy-Schwarz inequality and (2.6), we
get

/R ¢/ Pde + /|  pelelta = /R feodr < ]2 9l 2@ S 1, (2.8)
x|>

which directly proves (2.1). Proceeding like for (2.8), but integrating on [1,+4o00) instead of R,
we obtain

+oo +o0
/1 \so’\de+/1 pelel*dz < Je(Mlle' (D] + lell21,400)- (2.9)

Then, we observe

ol Y AR S
Pllrz(14e2/3,400) = € a2/ 22 _ Pelerar

62 +0c0 2d
e l‘
(1 + 52/3)2 _ 1 /1'+€2/3 p5|90|

+o0
54/3/ pelo|?dz. (2.10)
1

N

5



Since ¢” = —f on (—1,1) and thanks to bound (2.1), Sobolev’s embedding of H!(—1,1) into
L*>°(—1,1) yields

||S0/||L°°(—1,1) N ||90/||H1(71,1) S \|90,HL2(71,1) + ||f||L2(71,1) S L (2.11)
The triangle inequality yields
H90HL2(1,+oo) < ||90||L2(1+52/3,+oo) + 51/3||90||Loo(1,1+52/3)- (2.12)
By the Taylor formula and the Cauchy-Schwarz inequality,
||90||Lo<>(1,1+52/3) < (1 + 52/3)‘ + 51/3”90/HL2(1,+00)' (2.13)
Let us introduce the new variable & = (z — 1)/£%/3 and the function $(€) = ¢(1 + £%/3¢). Then,
1012 roe) = 2P0 naeors oy + € P2t 1o (2.14)

Thus, by Sobolev’s embedding of H'(1,+00) into L>°(1,40c0), (2.14) provides the bound

(1 + ) = 18] < P19/l 24e25 100y + €210l L2 (146275 100)- (2.15)
Concatenating (2.10), (2.9), (2.11), (2.12), (2.13) and (2.15), we obtain

1
2 2 1/3 —-1/3
HSO,HL2(1,+OO) + mHSDHLz(HEQ/%LOO) S € / HSO,”LQ(LJroo) +eV H90HL2(1+52/3,+00)- (2.16)

There exists C' > 0 such that (2.16) can be rewritten in the form

2 1 2
(1112204000 = C=)" + <5 (Iellzquperso oy = CE) S %2

Therefore, |¢'[|12(1,400) S el/3 and [l L2 (1462/8 +00) S €- Using also (2.13) and (2.15), we deduce

~

||80||L2(1,1+a2/3) S 51/3||80||Loo(1,1+52/3) Se,
and thus [|¢[[z2(1,400) < €. Similar computations on (—oo, —1] complete the proof of (2.2) and
(2.3). Sobolev’s embedding of H'(R,) into L>(R, ) for ¢(£) = ¢(1 + £2/3¢) yields
lollLerory = NPlrems) S 12Nm@sy SN N2y + 191 L2@,)
S P N2 100y T N0l 201, 100) S €77 (2.17)
Combined with a similar estimate for [|¢|| e (—o0,—1), We get (2.5). Finally, Sobolev’s embedding
of H'(R,) into L=(Ry) for ¢'(&) = e2/3¢/ (1 + £2/3¢) similarly yields

~1/3

16/ 1400y S €217 Ir2to0) + €721 121, 400)-

Therefore, the bound (2.4) holds if [|¢"[|z2(1,00) S e~ 1/3 since 1] oo (—o0,—1) 18 estimated similarly
and [|¢'[| oo (—1,1) is given by the bound (2.11). Since p € D(L%) = Ha, lim; . peo¢’ = 0, and
the bound [|¢"[|2(1,00) S e~1/3 follows from integration by parts:

2 2 oo 2 oo T,y
12 122 = 120l ey = / (¢")2dw — 2 / pep'da + / P2
—+oc0 —+oc0 —+oo
= / (90”)2d96+2/ pa(SO/)QdaC-l-/ pipida
1 1 1

+oo 9
—/ g02da: — 5—2g02(1), (2.18)
1



where the second and third terms in the right-hand-side are positive and the last two terms are
estimated from (2.3) and (2.5). [

2.2 The operator L and its inverse

Let L be defined similarly to L¢ as the Friedrichs extension of —92 + ¢.(z) on L*(R) for € > 0,
where

1
q:=(z) = ~ [2(1 = 2*)1p<cny + (@° = D1y -

The domain of LS is Hy and L9 is a positive self-adjoint invertible operator with a compact
resolvent. Similarly as for (L)™', we estimate the size of (LS )~! in £(L?*(R)).

Lemma 2.3 For 0 <e <1,
4/3

L) M remy) = e?.
Proof. See Appendix A.2. "

Using Lemma 2.3, we give estimates on various norms of (Lﬁ_)*l for sufficiently small € > 0.

Lemma 2.4 For 0 <e <1,

102(L)  Mlegemy S 1, (2.19)
10:(L) N ere@y S 7° (2.20)
10:(L) Mleemy @y S €73, (2.21)
1L Hee@re@) S & (2.22)

Proof. Let f € Br2 and ¢ = (Li)_lf. The bound (2.20) is obtained by taking an inner
product of L% ¢ = f with 9 and using Lemma 2.3:

1412 gy + /R%W)Pdl‘ <N 2@l 2@y S 2.

The bound (2.22) is a consequence of the bound (2.20) and Lemma 2.3, applying Sobolev’s
embedding of H'(R) into L®(R) to the function (&) = 1 (¢%/3¢). To get the bound (2.19), we

compute
/ (¢")2dx — 2 / g da + / idr
R R R

= [wrpdsre [ awpdes [ @
4

2 2 2 6 2
+E—2 \x\<1¢ dl’—E—Q m>1¢ dl’—e—g (v*(1) +9°(-1)),

12 2@ = IL591 72w

where we have used that lim|,|_ g=1¢)" = 0, which is true because ¢ € D(L5) = Ha. The bound
(2.19) holds with the use of the bound (2.22) and Lemma 2.3. The bound (2.21) follows from
Sobolev’s embedding of H'(R) into L®(R) applied to ¢/(¢) = £2/3¢/(2/3¢) and from bounds
(2.19) and (2.20). [



2.3 The operator (L5) !(L)™!

From the results in the two previous sections, we can deduce easily some estimates on norms of
(L5)~Y(L2 )™, For instance,

NI e < ML) ewemplE2)  owam) S =

However, it turns out that these estimates are not sufficient for the proof of the Main Theorem.
To improve the estimates, we use the fact that if v € B2 maximizes ((Li)*lv,v) ~ /3,
then (L% )~'v has its L:-norm concentrated about the points 1 (where g. vanishes), whereas if
u € Br maximizes ((L%) 'u,u) ~ 1, then (L)~ 'u has its L?-norm concentrated in the interval
(—=1,1), away from the points +1. Figure 1 shows potentials p. and ¢. versus x. Figure 2 shows
schematic shapes of (L)' f and (L)"'f for a f € L*(R). The precise estimates on norms of
(L5)7Y(L2)~! are summarized in the following lemma.

80 T T T 80

40 4 4op

Figure 1: Profiles of potentials p. (left) and ¢, (right) versus x.

05 r
(Ganst o1
0001 | -t

Figure 2: Schematic shapes of (L)' f and (L)™' f for f(z) = exp(—2?/4) € L*(R).



Lemma 2.5 Let a € (0,+00] and 6 > 0. Then for 0 <e < 1,

10:(L9) ML) Ml grewy S €V, (2.23)

1L L) M leemy S €297 (2.24)

11 {jaf>13 (L5 )1(L) leqemy) S €777, (2.25)
(a1} (L5) 7 (L2) 7 ooy pmomy S emin@/31/3+3a/2)-8 (2.26)
[1{z|>1-ca} (Li)_l (LE—)_1 lcem),Lem®) = gmin(2,1+30/2)=3 (2.27)

where if &« = +00, we use the convention €* = 0.

Proof. Let f € B2, S = (L)' fand R = (L%)~'S. We choose v € (0,2/3) (in the sequel, we
will make different explicit choices of such ), and we split R into three pieces: R = Ry + Rs+ R3,
where

Ry = (L) 'Lyusn (L)1
Ry = (L) 'Ly orcpoay(L2) 71,
Ry = (L) "L iqeri—en)(L2)71f
Notice that Ro and R3 depend on . According to Lemmas 2.2, 2.3 and 2.4,
IR 2@y S €2 Rillzwy S €™, IR iem S IRl Se® (228
Thanks to Lemma 2.2, the Taylor formula provides
1Sl 220-v,1) S 2USW)] + 1S | oo (-1,1)) S /2P +€7) S 972, (2.29)
because v < 2/3. Thus, using Lemmas 2.3 and 2.4, we obtain
< X2, | Ryl ey S €3 | R ey S €V, 1Ry

Loy S €1 79172.(2.30)

IRl 2wy S 2m S Lo®) S
The last component Rj3 solves the differential equation
LiRg = 1(71+€7,1757)S7 T € R (231)

We multiply this equality by Rs, integrate over R and use the Cauchy-Schwarz inequality. Since
[S]lL2@) S 1, we get

IR ey + | ael ol < 1Rl poorocr 1o (2.32)
Thus, since ||R3||%2(71+57’1757) < e [p ¢:-|Rs|*du,
1 —an 2 _
HRQH%%R) t a5 (1Rl L2(—11ev 1-eny — CE¥)" S ¥ (2.33)
for some C' > 0. We deduce
ST IRsl e crgeri—eny S €T (2.34)

| R3]l 2 (r)

9



Next, we will establish an estimate on || R3[2(1—cv<|g|<1)- We first estimate the L°°(R) norm of
Rs. Let x be a C* function on R with values in [0,1] such that x(z) = 0 for z < —1/2 and
x(z) =1 for z > 0. We denote yR3 the function defined by

XR(x) := xRy (1 -+ (z -1+ 57)514/2) ‘
Then, using Sobolev’s embedding of H!(—00,1—¢?) into L*°(—o0,1 —7) (notice that the norm

of this embedding is the same that the norm of H'(R,) C L*(R,), and therefore does not
depend on ¢), we obtain

IRsll 1) < IXBsllzooonen = IXBalioooney < 1IR3l (Coonen
S e VPRl 2 sonen + €I (XRS) [l L2 (oot —em)
< 3234 (2.35)

3/2=37/4 Since Rj3 solves

Similarly, |[Rs|[rec(—14ev,0) S €
—0?R3 +q:R3=0, |z|>1-¢7,
where ¢. > 0 and R3 € L?(R), we infer from the maximum principle that

B3| Lo ) S €3/2737/1. (2.36)

On the interval (1 — €7, 1), there exists constants C% and C% such that R is given by the linear
combination

Ry = C4a + Cpip,
where 9% and 1Y% are defined in Lemma 2.6 below.

Lemma 2.6 There exists a constant C' > 0 such that for € > 0 sufficiently small, the equation

2(1 — 2?)

—p"(x) + Y(x) =0, —% <zr<l (2.37)

has two linearly independent solutions 15 and ¢% in the form
. 1—2
i) = a1 - i (S50 (14 @it

(o) = al1 -0 (£33 ) (14 Q3.

2/3
where &(x) = (% Jo V22 —t)dt) , a(x) = (5/(33))_1/2, Ai, Bi are the Airy functions, and

13

% Q% satisfy the bound

Q% Lo (—1/2,1) + QB Loo (—1/2,1) < Ce?/3.

Proof. See Appendix A.3. "

10



According to 10.4.59 and 10.4.63 in [AS], the Airy functions satisfy the following asymptotic
behaviour at infinity [AS, Section 10.4]:

. 1 _2,3/2 . 1 2,3/2
Ai(z) ~ 5-1/2,1/4¢ 3% and Bi(z) ~ W@:ﬂ as z — +00. (2.38)

At the point z = 1, we deduce from (2.36) that
|C4a(0)Ai(0)(1 + Q%(1)) + Cha(0)Bi(0)(1 + Qp(1))| S &/ H/%.
Thus,
05| S 8273/ 1|0 (2.39)
At the point z =1 — &7, provided that v < 2/3, we similarly have

ciaeai (G5 ) 0+ @att =)+ ot ($57 ) 14 @it - | g

Since
E(z) ~22Pz as x—0 (2.40)
and thanks to (2.38) and (2.39), we obtain

o £3/2—37/4

where Bi (i@?) — 00 as € — 0. Since 7 < 2/3, one can choose € (v,1 —v/2). Using again

and |C§] S e¥2/, (2.41)

the maximum principle, we get
|R3(z)| < |R3(1—&" + 7)), xz>1—¢"+£°.

Moreover, thanks to (2.41), we have

Bi g(gv_gﬂ)

1= era et 5 o (S o B (4572
e/’ Bi (£57)
2273

Using (2.40) again, we deduce from (2.38) that there exist a constant ¢y > 0 such that

£3/2-37/4 A <7§(EW _ Eﬂ)) < exp (—00537/271) )

2273
i (5(52_;6))
£3/2-37/4 =) < exp (_605ﬁ+v/2—1> 7

()

where we have used

(7 — P2 — g
9

~ =3P g e 0,

11



which holds because 3 € (7,1 — «/2). Therefore, we find
1Ball et erses s S 1Ra(1 — 7 4+ 9] S exp (—epe7/271) (242

which shows that R3(1) and C9 are actually exponentially decaying as € — 0. Then, we infer
from (2.36) and (2.42)

||R3||L2(175'7,1) S HR3HL2(175’Y,175’Y+55) + HR3HL2(175’Y+55,1)
< B23/2-3/4 L /2 o <_605ﬂ+v/2—1) < B3/ (9.43)

The L? norm of R3 on the interval (—1, —14¢7) is estimated in the same way. Next, we estimate
the L2 norm of R3 on the interval (1,00). We multiply (2.31) by R3 and integrate over (1, +00).
Since p. > 1 for x > 2 and € < 1, we obtain

2 oo 2 e
Rallony < [ (RPdz s [ peide = ~Ra()RY)
< exp (—cosﬂ‘wp_l) el/3, (2.44)
where R3(1) has been estimated with (2.42) and the bound for R4(1) comes from Lemmas 2.4

and 2.1. The L? norm of Rz on (1,2) is estimated thanks to (2.42). Together with (2.44), we
deduce that

R3]l 2(1,400) S €xP (—csﬂJrV/Q*l) ,

where ¢ = ¢g/2. The L? norm of Rz on (—o0,—1) is estimated similarly, thus

[ Rsllz2(le>1) S exp (-Céﬁﬂ/%l) : (2.45)

Since Rg3 solves
—RY+qR3=0

on (1 —¢7,+00) and R3 € L*(R), we deduce from the maximum principle that if R3 does not
identically vanish on (1 — €7, +00), then R3 has a constant sign on that interval. For instance,
R3 > 0 (the argument is similar in the other case). Then, R%(z) > 0 for every x > 1 — &7.
Therefore RY is a negative increasing function on (1 — &7, +00). Let us assume by contradiction
that |R5(1 —&” +55)| > exp(—coe?T/271) /2. Then, for x > 0, it follows from the Taylor
formula and (2.42) that for ¢ sufficiently small,

€ S
R3(1—e"+eP+¢) = Ry(1—&"+P) +eRy(1— & +F) + / / RY(1 — &7 + &P + t)dtds
o Jo
< B+v/2—1 < e? 1
NS exp(—cos ) C — 5—2 + 0352—_7 < 0,
for some C > 0, which is a contradiction with the positiveness of R3. As a result,

VRl e (1e-40 o) = |Ro(L = €7 +%)| S exp(—ce7/271). (2.46)
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At this stage, we have established all the estimates required to prove the lemma. First, (2.28),
(2.30) and (2.34) yield

IR lz2®)y < (1R llz2w) + 1Roll 2y + I Rsll 2y
< O3 4 2332 | 1-/2 (2.47)
The choice v = 1/6 provides (2.23). From (2.28), (2.30), (2.34), (2.43) and (2.45), we obtain

IRewy < [[Rallzzw) + 1R2ll2w) + B3l 2 (—14ev,1—e7) + B3l n2(1—ev<jzi<1) + B3]l 2(12)>1)
<GB M2 g 2y | B2-30/A4B)2 | oy (—csﬁﬂ/ 2*1) . (2.48)

The choice v = 4/15, § = 13/15— 24, for sufficiently small positive number §, provides the bound
(2.24). Similarly, we have

[Rllc2z>1y) < [Rill2(as1) + 1 R2ll22(e>1) + 1Bl 22(e)>1)
< T BT 4 exp (—ceﬁ'W/ 2—1) . (2.49)

The choice v = 2(1 —9)/3, f = 2/3, for any small positive number §, provides the bound (2.25).
If @ > 0, v < min(e,2/3) and if € is sufficiently small, we also obtain from (2.28), (2.30) and
(2.46),

IR oo (1-en 4o0) S IR NLoo(1-ev4e,100) < N RLllLoe@) + 1 R2ll oo @) + [R5l Lo (1-27 428, 4.00)
< M3 L B2 Lexp (—csﬁﬂ/%l) : (2.50)

A similar argument on (—oo,—1 + &%) gives (2.26), for the choice v = min(a,2/3) — 2§/3,
B = (14+7)/4. If v < min(a,2/3), thanks to (2.28), (2.30), (2.42) and its twin estimate on
(—o0, —1 + &%), we get similarly, for £ sufficiently small,

Rl Loo(z)>1-c0) S Bl oo (aj>1-ev4e8) S [[Billzeo®) + 1Rl ) + [ B3l| oo (j2]> 1-e7428)
< 242 Lexp (—cosﬁJr'Y/Q*l) . (2.51)
The bound (2.27) follows from (2.51), again with the choice v = min(«a, 2/3)—2§/3, 8 = (1+7)/4.
[
3 Proof of the Main Theorem
3.1 The operator A, for ¢ > 0
We consider here the operator
Ac =7 2(=0% + pe(@)) (=00 + qe(2) " = e 2(LE) N (L) (3.1)

As we have seen before, if £ > 0, both operators L and L& on L*(R) are invertible with compact
resolvent. As a result, A, is a compact operator on L?(R) for any fixed ¢ > 0. Thus, its spectrum
consists of a sequence of eigenvalues which converges to zero. Moreover, these eigenvalues are
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all strictly positive. Indeed, if p is an eigenvalue of A. and ¢ is an associated eigenvector,
¢ = (Li_)_l/ng satisfies

(L5)72(L2) M (15) 72 = e,
Therefore, j is an eigenvalue of the self adjoint positive operator (L5.)~"/2(L )~ (L5.)~/2, which
implies i > 0. We order eigenvalues of A, as

0<"'<#n,a<"'<#2,5<#1,eps<oo'

3.2 The operator A

As ¢ — 0, we can formally expect that A, converges in some sense to the operator

1

Ay = (=03 +p0)_lm>

where
(z) = 0 if |z] < 1,
PO = o0 i fa| > 1.

Let us describe more precisely the action of the operator Ay on L?(R). The following lemma is
helpful for that purpose.

Lemma 3.1 Ifu € L2(R), then (ﬁ) e (H2N HY)' (~1,1), where (H2 N H}) (—1,1) is

I(=1,1)

endowed with the H? norm. Moreover, the map u —

1fx2>|( : is continuous from L?(R) into
~1,1

(H* N H) (-1,1).

Proof. By Sobolev’s embedding theorem, H?(—1,1) is continuously embedded into C*([—1,1]).
Therefore, if g € (H*> N HY)(—1,1), then

l9(2)] = lg(x) — g(£D)| < g [l (1 = J2]),
with 41 for > 0 and —1 for x < 0. It follows that for every z € (—1,1),

' g(z)

1 — 22

lg/ll
Sl x| Y

19l

As a result, using the Cauchy-Schwarz inequality, we obtain

TRl

which completes the proof. [

S HUHLQ(R)HQHHQ(le)y

Let us denote the Dirichlet realization of the Laplacian A = 92 on the interval (—1,1) by Ap.
It is well known that (—Ap)~! maps continuously L?*(—1,1) into (H? N H}) (—1,1). By duality,
it also continuously maps (H? ﬂH&)/(—l,l) into L?(—1,1). For u € L*(R), Apu € L*(R) is
defined by

(Aow)|{jaf>1} =0,
(Aow)j1,1) = (=Ap) ™" ((2(17%2’)%(1,1)) '

14

(3.2)



Thanks to Lemma 3.1 and the continuity of (—Ap)~': (H*N H&)/ (—1,1) = L%(—=1,1), Ag is a
bounded operator on L2(R). Moreover, we have the following lemma.

Lemma 3.2 For any u € L*(R) and any s € [-1,1],

Aou(s) = /: (/_yl %dw - /y1 %dax) dy + %I(U), (3.3)

o [ [ Fe)e e

In particular, Agu is continuous on R.

where

Proof. For any u € L?(R) and any y € (—1, 1], we have

/yl(l—i—x ‘ (/ Ju(z Idx)1/2</ylﬁdx)l/2<”u‘l|%, (3.5)

which implies that the map u f T +I

y u(z)
-1 1—=x

a continuous linear form on L?(R), and the map which assigns to u the right hand side in
(3.3) is continuous from L%*(R) into L*°(—1,1) C L?*(—1,1). As we have seen before, so is
u — (Agu)|(—1,1)- Actually, both sides in (3.3) only depend on the restriction of u to (-1,1), so
that they can be considered as continuous from L?(—1,1) into itself. Therefore, using the principle

of extension for uniformly continuous functions, it suffices to check (3.3) for u in a dense subset
of L?(—1,1). This can be done for u € C3°(—1,1). Indeed, in this case (# L) € L?*(—1,1),
therefore (Aou);_1,1) € (H*NH{) (—1,1). In particular, hm (Aou)( ) = 0. On the other
side, we can easily check that the right hand side in (3.3) also vanishes at s = +£1 and its
%, which completes the proof of (3.3). It remains to prove that
2(1—22)

lggl O(Aou)(s) = 0 is true for any v € L?(R). This follows from the fact that the maps
s—E1F

Yy fy 1+$dl’ and y — fyl - l,da: are in L'(—1,1). .

u®) g is continuous from L?(R) into L'(—1,1). Similarly,

one can see that the map u — dx has the same property. As a result, u — I(u) is

second derivative is —

Lemma 3.3 Ag is a compact operator on L*(R).

Proof. By Lemma 3.2, Ag is continuous. Thus, according to a standard criterion of relative
compactness for a subset of L?(R) (see, for instance, Corollary IV.26 in [B]), it is sufficient to
check the following two conditions

(i) for every n > 0, there exists a compact subset w C R such that for every u € Bj2,
[Aoullz2mwy <n

(ii) for every n > 0 and for every compact subset w C R, there exists § > 0 such that for every
u € B2 and for every h with |h| < 4,

[Aou(- + h) — Aoull 2y < -
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In our case, condition (i) is trivially satisfied: we choose w = [~1,1] and then [|Agu| z2(r\.) = 0
for every u € By2. To check condition (ii), we note that if —1 < s,s + h < 1, then

<
[ Aguls + h) — Aou(s)| = ‘—/:M(/y 1_95 /;4 )dy—l—gl(u)

ST lul| 2y 1 1 |h
< d —
/s 4 (x/lerJr \/1—y> y‘+ 2 e
< V1| n Clh|
~ 4 2 b

for some constant C' > 0. A similar estimate holds if either +1 or —1 lies between s and s + h
(which can only happen if |s| < 1+ |h|), whereas if both s and s + h are outside of (—1,1), then
Apu(s + h) — Apu(s) = 0. Therefore,

VIR Clh
||A0u('—|-h)—A0uHL2(R)<(2(1+‘h|))1/2( l IJr \2|>

and condition (ii) follows. n

Since Ay is compact, its spectrum is purely discrete. Clearly, 0 is an eigenvalue of Ay and
the associated infinite-dimensional eigenspace is made of the set of functions in L?(R) supported
in the exterior domain {z € R: |z| > 1}. If p # 0 is an eigenvalue of Ay and w an associated
eigenvector, it follows from the definition of Ay that w = 0 on {x € R : |z| > 1}, whereas on
{z €R: |z| <1}, w solves

—2(1 — 2®)uw"(2) = yw(z), —1<z<]1, (3.6)
where v = 1/u. Moreover, thanks to Lemma 3.2, w = yApw is continuous so that w(—1) =
w(1) = 0. We shall now prove that the only solutions of (3.6) vanishing at the endpoints £1 are
the Gegenbauer polynomials C,, +{ (z) for v, = 2n(n + 1), where n > 1 is integer. Thus, the
spectrum of operator Ay is given by

o(Ag) = {un - m n> 1} U {o}.

Lemma 3.4 Equation (3.6) admits a family of solutions (7y,w) = (Vn, C’;j{Q) forn > —1, where

Y = 2n(n+1) and Cy, is a Gegenbauer polynomial with degree m. If (v, w) & {(Vn, aCni{Q) |n >
—1,a € R} is a solution of (3.6), then it satisfies

lim (|w(z)] + |w(—2z)|) # 0, lim (\w’(m)\ + |w/(—x)\) = 00. (3.7)
z—1-0 z—1-0
The only solutions (v, w) of (3.6) such that w(1) = w(—1) =0 are ('yn,aCnJr{ ), form > 1 and
acR.

Proof. Explicit computations show that Gegenbauer polynomials C, +{ (z) from Section 8.93
in [GR] are solutions of (3.6) for ~,, for any n > —1. In particular, for n > 1, by equation 8.935
in [GR], we have

—.’E2 2 B —{E2
el = - S e w = SRl @),
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which proves that C’;ﬂQ(l) = C’;j{Q(—l) =0 for n > 1, whereas 051/2(:1:) =1 and C;l/Q(az) =

—x. We next prove that if (, w) solves (3.6) and w is not proportional to 07;%2 with n > —1, then
w satisfies (3.7). We introduce the new variable z = 22 for 0 < z < 1, and the function u(z) :=
w(z). It is equivalent for w(zx) to solve (3.6) on (0,1) or for u(z) to solve the hypergeometric

equation:

1
21— 2" () + 5(1 - ) (2) + %u(z) =0, 0<z<l. (3.8)
This equation admits a general solution given by 9.152 in [GR]
1/2 1 13
u(z) = c1F(a,b,c;2) + o2 /°F a—|—§,b—|—§,§;z , (3.9)
where 1 ]
_ 1 __J .
a+b= 1 ab g c 5

and F(a,b,c;z) is a hypergeometric function. Clearly, the function x — wu(z?) = w(x) defined
by (3.9) is analytic for 0 < z < 1 and can be extended into an function @ which is analytic for
—1 < x <1, given by

w(x) = c1F(a,b,c;x?) + coxF <a + %, b+ %, g;x2> ,
where the first term is even in z and the second term is odd in z. Since w solves (3.8), the
uniqueness in the Cauchy-Lipshitz Theorem ensures that w = @w. In order to prove the Lemma,
it is sufficient to consider one component of the solution at one boundary point, e.g. F(a,b, c; z?)
at t =1 (z = 1). Since Re(c —a —b) =1 > 0, the function F(a,b,c; z), which is analytic on
{z : |z| < 1}, is also bounded as z — 1 (see 15.1.1 in [AS]). Using 15.1.20 in [AS], that is

I'(e)l'(c—a—10)

F(a,b,c;1) =
we find that
Flab.e:1) = /2 _ sin(ra)l'(—a) _ cos(ma)l'(1/2 +a)
L'(1+a)(1/2 —a) 7l/21(1/2 — a) ml/2T(1 + a)
Parameters a and v are related by v = 4a(1 + 2a). If v = y9,,—1 = 4m(2m — 1) for m > 1, then
either a = —m or a = —1/2 + m, both give F(a,b,c;1) = 0, corresponding to even polynomial

solutions CQ_WIZ/ % For all other values of ~v and a, F(a,b,c;1) is bounded but non-zero. On the
other hand, using 15.2.1 in [AS], that is

d b
—F(a,b,c;2) = a—F(a—i—l,b—i—l,c—i— 1;2),
dz c

since Re(c+1—a—1—5b—1) = 0, we obtain that %F(a, b,c;z) = Qxd%F(a, b,c; z) diverges
as z — 1 (see 15.1.1 in [AS]), unless the series for F(a,b,c,z) is truncated into a polynomial
function, which happens precisely when a or b is a negative integer, which implies that v equals
one of the y9,,—1’s for some m > 0. Therefore, lim,_,1 |w'(z)| = oo if w(z) is an even solution of
(3.6) and v # 7yom—1 for m > 0. Similarly, the statement is proved for an odd solution of (3.6),
given by oF (a+ 1/2,b+ 1/2,3/2;2%) for v # 7o, with m > 0, where v = 7o, = 4m(2m + 1)

correspond to odd polynomial solutions C;n}bé 21. "
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3.3 Convergence in norm of A, to Aj as ¢ — 0

Our goal in this section is to prove the following result.

Theorem 3.5 It is true that
A, — Ay in L(L*(R)) as e — 0.
Once this result has been proved, we immediately have the corollary.
Corollary 3.6 For every integer n > 1,
Pne — tn as e — 0.

Moreover, if w, is an eigenvector of Ag associated to the eigenvalue py, there exists a set
(Wne)es0 C L?(R) of eigenvectors of A. associated to the eigenvalues fne for e >0, such that

Wpe — Wy, N L*[R) as e — 0.

Proof. Since convergence in norm in £(L?) implies generalized convergence, it follows from
Theorem 3.16 on p.212 in [K] that for every integer N > 1 and for 0 < ¢ < 1,

= N.

‘ <,UN + UN+1
2

,+oo) No(A:)

Moreover, pipe — pn as € — 0, for any 1 < n < N, which proves the convergence of the
eigenvalues. For the eigenvectors, let us fix n > 1, and let ,, C C be a neighborhood of u,
such that Q,, does not contain 0 nor any other eigenvalue of Ag. From the convergence of the
eigenvalues, it follows that for ¢ sufficiently small, A. has a unique eigenvalue in €,,, which is ji,, c.
For any integer m > 1, we denote by E,, (resp. E%,) the eigenspace of Ay (resp A.) associated
to the eigenvalue fi,, (resp fim.c). We also define

E, = < &) Em> ®Kerdy and F,.:= & E;,,
m#n m#n

as well as P, € L(L*(R)) (resp. P,.) the projector on E, (resp E,.) along F, (resp. F,.).
Then, Theorem 3.16 in [K] also ensures that P, . — P, in £(L?) as e — 0. Thus, wy, . := Py, cwy,
is an eigenvector of A, for the eigenvalue p, ., and we have

lwn.e = wnllz2@) = |(Pre = Fa)wnllzz@) < [1Pne = ol ez @y llwnll 2@y — 0.

which completes the proof. "

Remark 3.7 A straightforward consequence of Theorem 3.5 is that AX — A in L(L*(R)) as
e — 0. Thus, an analogous result to Corollary 3.6 holds for the eigenvalues and eigenvectors of

A} and Ag.
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The convergence statement of the Main Theorem directly follows from Corollary 3.6, since
the spectrum of system (1.5) is made is made of the eigenvalues A\ = +ic/,/ft, where p describes
the spectrum o(A.) of A.. Indeed, if (A, u,w) € Cx L?(R) x L?(R) solves (1.5), a straightforward
computation shows that

Acw = —

2
thus A = i% for some pu € o(A.). Conversely, if A.w = pw, with w € L*(R), then (ie/ /i, u, w) €
C x L*(R) x L%(R) solves system (1.5) with
w = _L(Le )—lw
: N 5 )
Let us now turn to the proof of Theorem 3.5. In order to compare Agu and A.u for € > 0
and u € L?(R), we would like first to express Agu as Agu = A-(A.)"'Agu. This can be done
with the help of the following lemma.

Lemma 3.8 Let H be a Hilbert space and L be a self-adjoint operator on H with domain D(L)
endowed with the graph-norm || - ||piy = (I 13 + L ||%)1/2. Assume that L is continuously
inwvertible and X is a Banach space continuously embedded in H. L induces an operator Lx on

X, defined by
D(Lx)={rec X, LxrecX}, Lxx=Lx foranyxec D(Lx).

D(Lx) is endowed with the graph-norm || ||pr) = (I - |5 + | Lx - Hg()l/?. Assume further that
D(Lx) is dense in H and that D(L) is continuously embedded in X. Then L is extended to X'
as a bicontinuous map Lx/ : X' — D(Lx)" defined by

(Lx f, 90>D(LX)/,D(LX) = (/ LX‘P>X/,X for any f € X" and ¢ € D(Lx).
Proof. See Appendix A.4. "

To prove that Agu = A.(A:) "t Agu for any € > 0 and u € L%(R), we apply Lemma 3.8 twice.
For the first application, H = X = L*(R) and L = L¢ , such that L¢ is extended as a bicontinuous
map (also denoted L for convenience) from L?(R) into D(LZ). Thus, Agu = (L%)~ 1L Agu.
For the second application, H = L?*(R), X = D(L%) and L = L% such that L% is extended as a
bicontinuous map (that we will also denote L% ) from D(L )’ into

Dpe )(L5) i= {v € D(I7), L5v e D(L%)}.

Note here that D(L%) is continuously embedded in X = D(L?), since L — L% = 2(15_2352) 11 €
L(L*(R)) (actually, D(L%) = D(L® ) and the norms || - || < ) and || - ||D(Ls+) are equivalent). As
a result,

Agu = (L) H(L5) 'L LS Agu = Ae® L5 LF Agu = A.(A:) ™' Aou,
where (A.)~! maps Dpz (L5 ) into L*(R).
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The identity (3.3) provides an explicit expression of Agu for any u € L?(R). Let us next use
this identity to express L¢ Agu € D(LZ)'. If ¢ € D(L%) and u € L%(R), then direct computations
involving integration by parts give

<L5A0U7 90>D(LE_)',D(LE_)

1
= (AL e = = [ (Ao ()

= L s [ ars "5 ) i

/_11 </51 %Cm_/j%dw) @’(s)ds—¥(¢(1)—gp(—1)). (3.10)

Performing another integration by parts, the first term in the right hand side of (3.10) can be
expressed as

/11 (/ | 4(11‘(?@@13; - /81 4(11%?)3;) dm) ¢ (s)ds
0 bou(e 5wz
T </ 4(1(+)w)dx_ / | 4(1(—)x)dx> # (e)ds

. 1 u(x) i 1-6 u(x)
~ um(/ (o) — g1 o+ [ I (o) — 1 - 8) o)

6—0 145 4(1 + ) 71
_ bz U ()
N /_1 111 o) @) —e(=1)de+ /_1 I =gy P@) —e(l)) de. (3.11)

The first limit in the right hand side of (3.11) is evaluated as follows. (The second limit is
evaluated similarly.) We write

1 u(x) o L L u(z) S )
'/Hé 4(1 +z) (p@) —p(=1+0))d /1 4(1 + z) (p(@) = (1)) d

(z) ()

1
| e e et e - [ i o) - o) ds

The two terms in the right hand side of (3.12) converge to 0 as § goes to 0 thanks to Lebesgue’s
dominated convergence theorem. For the first term, the integrand is dominated by

(3.12)

u(z ou(x)||¢’|| oo
s D =1 ) 1| < [Pl
o W@

The integrand of the second term is dominated by the same integrable majorant. Then, from
(3.10) and (3.11) we deduce that

(L2 A0 ) pre y,pire) (3.13)
Du(z) o(z) — ¢(— Du(z) p(x) — u
- [ AP [ DA A g T o) - o),
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Thus, if u € L*(R) and ¢ € Dp(z y(L9), then

21€ 1€
<E L3 L Aou — u, S0>DD(L5)(Li)’JDJJ(Li)(Li)

= (L2 A0w, 2 L59) e pie ) —/RU(CU)SO(J«“)CZ@"

. ! u(w) 7 7 ! u() " !
- T CO A =2 [ G e - )
€2I(U) 17 "
+ W= - [ a@e

Finally, if we introduce the adjoint operator of A.,

A% = 5 (15) 71 (L9) ! € LR, Dpge (L5).

-

we get for any u, p € L%(R)
(Aou — Acu, )2 12 = <A5(€2L1L€_Aou —u),p)
= <€2Li_L5_A0u —u, ALp)

L2,[2
Dprey(Lg) \Dp(re y(L3)
Lo [ DB MY, [ k) Ui ) - G,
1 4 14z 1 4 11—z
e21(u)
2

X

_|_

((AZe)"(1) = (AZp)"(-1)) — / u(@)(Azp)(x)d. (3.14)

|z|>1

In order to prove the convergence of A, to Ag in L(L?(R)), it is sufficient to prove that the right
hand side in (3.14) converges to 0 as e — 0 uniformly for u, ¢ € Br2. Up to terms which may be
estimated similarly, it hence suffices to prove that the three quantities

Qi (u, ) = |2 I(u)(ALp)"(1)],

Q5(u, ) =

)

/ @A) @

Q5(u, p) ==

—1 U(x) 11—z

)

o [ el )= ieV 1),

defined for u, o € L*(R), converge to 0 as ¢ — 0, uniformly for u,p € By2. In other words, we
should choose v and ¢ in Bj2 and prove that

Q1 (u, ) + Q5(u, ) + Q3(u, 0) < C(e), (3.15)

where C'(g) does not depend on u or ¢ and C(e) — 0 as € — 0.
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Estimate on Q. We have already seen in the proof of Lemma 3.2 that [I(u)] < 1. On the
other side,
e202Ar = q (L) M (Le) ™ — (o)~ h

Since ¢-(1) = 0, it follows from Lemma 2.2 that
(02 A20)(1)] = | (L2) ") ()] S 2.

Therefore
Qi) 5 (3.16)
Estimate on Q5. It follows from Lemma 2.5 and from the Cauchy-Schwarz inequality that
Qs(up) S €7 (3.17)

for any § > 0.

Estimate on Q5. Thanks to the Cauchy-Schwarz inequality, it suffices to prove that

(€203 A%)p(x) — (?03A%)p(1)
11—z

—0 ase—0,
L2(—1,1)

uniformly for ¢ € By2. Using a commutator, we first decompose the operator 521(,1,1)89%/1’; as
21y )0 AL = —1(_y L5 (L5)H(Le) ™!
= 1LY+ 1y ds (L) (L) 71 (3.18)

We introduce the functions r := (L) ey, s := (L) lp, R == (L) 's, S := (L&) 'r and
w = 0%(R - S). Then,

(€203A%)p(x) — (207A%) (1)
1—=x

r(x) —r(1)

1—=x

w(z) —w(l)
11—z

X

L2(-1,1)

4

L2(-1,1) L2(-1,1) '

According to Lemma 2.4, [|r'|| ooy < /3 and the first term is hence estimated by

r(z) —r()

1—=x

A

el/3, (3.19)

L2(-1,1)

Let us now estimate the second term in the inequality above. If we make the difference of the
two fourth-order differential equations satisfied by R and S on (—1,1), we find that w solves the
differential equation

2(1 — 2?) 4 8z

2 _

—0ow + 5w = 82R+ = R, —-l1<z<l. (3.20)
Let a € (0,2) (different explicit choices of o will be made later), 5 = 23/30—0 and v = 7/15+6,

where 0 < § < 1/45. Thanks to the triangle inequality,

Hw(m) —w(1)

1—=x

(3.21)
L2(1-e7,1)

Sllwllrz-1,0) e M lwllzz1-ev) + 7 w(1)] +
L2(—1,1)

Hw(m) —w()

1—=x
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Next, for z € (—1,1), we have

w(x) = 03(R — S)(x) = r(x) — s(z) + 2(1%2332)1%(@«) (3.22)
and
W (2) = r'(2) — §'(2) + 2(1%2332)3/(95) - i—fR(x). (3.23)
Thanks to Lemmas 2.2, 2.4, and 2.5, we obtain
w(ED)] = [r(£1) — s(£1)] S ¥ (3.24)
and
|/ (£1)| = [#(£1) — §'(£1) F %R(il) <1+ |R(;1)‘ <ed. (3.25)

If we multiply (3.20) by w, integrate over (—1, 1) and use the Cauchy-Schwarz inequality, we get

1 1
HWH%%_M) + = /1(1 — 2?)w?dx
1 1
< 6_2HRHL?(—LI)HWHL2(—1,1) + €—2HR||L2(_1,1)HW/HL2(_1,1)

wDIRD)] + [w(=D]|R(=1)|
- :

Ho@lw' ()] + (=1l (=1)] + (3.26)

€

Decomposing (—1,1) into (=1 +¢&%,1—¢%), (—=1,—1+¢%) and (1 —&%,1) and using the Taylor

formula and the Cauchy-Schwarz inequality on the last two intervals, we get thanks to (3.24)
oz S Iwllzz(rsenen +62/2 (Jw(D)] + (=1 + 2wl 2 1))

S lwllz2(c1ges,1—eoy + 223 4 2|0 || 12<1,1)- (3.27)

From (3.26), (3.24), (3.25), (3.27) and Lemma 2.5 we deduce, for sufficiently small § > 0,

- 2
o' Z2( 11y + € 2lwllFz( 1 poa 1
< /1502 (HWHL?(stansa) + /2 4 el 21,0y + HW/HL?(—Ll)) +e¥/370 4 30

5 52/3_5+€a/2+2/5_5+5_4/15_6||WHL2(71+5Q,1750‘)+€_4/15_5Hw/||L2(71,1)' (328)

Therefore there exists a positive constant C' such that

2 2
(Il llz2 1) = Ce™1570) " 4 €972 (Jull a1 e 1 em — C20/157077)

<230 4 paf242/5-6 | —8/15-25 | 22/15-a25 (3.29)
We deduce that for any « € (0, 2),
lwll 2 crseoq—coy S £26/15-a=0 | 4/3-a/2-8/2 | 6/5-a/4—5/2 | 11/15—a/2-6
< l/15-a/2-5 (3.30)
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and

o/ lz2crny S 4156 4 1/3-6 4 1/5+a/4=5/2 | ~4/15-6 | _11/5-a/2-5
S e, (3.31)
Using (3.27), (3.30), and (3.31), we obtain

lwllz2-1,) < g11/15-a/2-6 | _a/2+2/3 | _—4/15+a—5

For oo = 2/3, we get
lwllz2-11y S €757 (3.32)
Coming back to (3.21), thanks to (3.24), (3.30) with a = ~, and (3.32), we obtain

H < Q2/5-5 | A1/15-3y/2-8 | 2/3— | Hw(ﬂf) —w(1) . (3.33)
1 — X ( 171) ~ 1 - L2(1—€7,1)
If v =7/15+ 6 and 8 = 23/30 — §, we have
1 g7/15 4 J23/30-6 1 _ v
for sufficiently small ¢ > 0 and therefore
HW(ﬂﬁ) —w(1) HW(QJ) —w(1)
1—=x L2(175’\/,1) = 1—=x L2(1*E7/15+523/30_6,1) .
From (3.22) we infer, for x € (—1,1),
wr)—w(l) r@)—r1) s(@)—s1) 21+
= ) .34
1—z 1—x * 1—x * g2 k(z) (3:34)
Like in (3.19), it follows from Lemmas 2.2 and 2.4 that
’I”(J}) — T(l) S, 517/30’ (335)
11—z L2(1_57/15+523/30—571)
S(l‘) B 8(1) 5 57/30. (336)
11—z L2(1_57/15+523/30—571)

Splitting R as Ry + Ra + R3 as in the proof of Lemma 2.5, and using (2.28), (2.30) and (2.42),
we deduce that

HRHL2(1—57/15+523/3O*5,1) 5 67/3 _|_561/30+35/2 + exp (_0&,23/30—5-{-7/30—1) S 561/30’ (337)

for some ¢ > 0, since 7/15 < 2/3 and 7/15 < 23/30—0 < 1—7/30. As a result, combining (3.33),
(3.34), (3.35), (3. 36) and (3 37), we obtain

< £2/5-8 | [1/30-58/2 4 1/5-8 | _T/30 4 _1/30
-1
< g1/30-58/2

=2

which provides the required result for § < 1/45. Combining all together, we proved that C'(¢) — 0
as € — 0 in bound (3.15). According to the previous construction, this finishes the proof of
Theorem 3.5.
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3.4 Convergence rate of eigenvalues of A,

To prove the convergence rate of the Main Theorem, we write the eigenvalue problem A.w = pw
as the generalized eigenvalue problem

Lfw = e ?(L5) w, (3.38)

where v = 1/u. Let us first introduce some notations. For any integer n > 1, let w, be an
eigenvector of Ay for the eigenvalue u,, = WIH)’ and let u, = % According to the results
of section 3.2, w,, is identically equal to 0 outside of the interval (—1,1) and its restriction to
(—1,1) is a polynomial which vanishes at the endpoints 4-1. In particular, u, € L?(R). Moreover,

Uy, solves the equation
1

-1
20— 22 (=02 +p0) un = pnln,

which means that ju,, is an eigenvalue of Af, with associated eigenvector u,. Conversely, if u € L?
is an eigenvector of A} for an eigenvalue y, then w = 2(1 — 2%)u defines an eigenvector of Ag for
the same eigenvalue p. Therefore Ay and A§ have the same eigenvalues {fi }n>1. Similarly, for
€ >0, A. and A} have the same eigenvalues {jt, ¢ }n>1, and wy, . € L? is an eigenvector of A, for
an eigenvalue . if and only if u, . = L% w, . is an eigenvector of A} for the same eigenvalue
fine. For convenience, w, and u, are normalized by
unllr2®) = 1.
Then, according to Remark 3.7, for any n > 1 and any € > 0, we can define an eigenvector u,,
of AZ for the eigenvalue ji, ¢, in such a way that
Upe — Up 1IN L*(R) as € — 0.
We also define
Wpe 1= ,u;é([f_)_lun,s = EQLi_un,E.
Then, we have the following lemma, which gives directly the rate of convergence of v, . = 1/ ¢

to v, = 1/uy in the Main Theorem.

Lemma 3.9 Let m,n > 1 be two integers and fix § > 0 small. The following alternative is true:
e Ifm #n, then \fil Wl edz| S gl/3=6

e [fm =n, then \fil Wntim <dx| > 1 and |ps, — pn| < /370,

Proof. We prefer to work with v, . = 1/ and v, = 1/p,. The eigenvector of A, wy, . =
VinAeWy, e solves the problem

—wp (T) = Vo tme, —1<z<l1,

m,e
while the eigenvector w, = v, Aow, solves the second—order differential equation

—2(1 — 2wl (z) = ywn(z), —1<z<l1.

n
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Multiplying the first equation by w,, and integrating by parts on [—1 + g2/3.1 — 2/ 3], we obtain
_1_.2/3
(v, — 'yn)/ Wn i edt = [W),Win,e — wow), ] i:£1i52/3 - 'yn/ WO edz, (3.39)
|z|<1—e2/3 |z|<1—e2/3

where
Wi ()

2(1 — x?)

By Lemma 2.2, since ||LEwpcl|r2 = 75, |umellL2 — Ym as € — 0, we obtain

Ome(x) = Ume(T) —

Hw:n,5||L°°(1—52/3<\:c\<1) < || mEHLOQ(R) S 1 (340)

[ wmellpoo 1 —c2sciaiany < 1Wme(=D)] + [wime (V)] + 3w, o\l poo (1 —c2ropmcry S €77 (3:41)

The last term in the right-hand-side of (3.39) is estimated by

Wpblmedz| S [|0m e olel_s2/3)- 3.42
The function 6,, . (x) solves the second-order differential equation for |z| < 1 — 2/3:
201, (€) +2(1 — 2% e(z) = 29l (),  where gno(r) = ;("%(;)) (3.43)
We infer that
gme (L =PI S L, g (£ =) S22 (3.44)

We take a scalar product of (3.43) with 6,, . and obtain the bound

€2H9;7%5||%2(\x\<1752/3) + E2/3H‘gmveH%2(|x|<1752/3) S 52|9m,8(1 - 52/3)H9:n,5(1 - 52/3)‘

+62(Om,e(—1 +¥3)|16;, (—1+ %) + (10l 2z <1—c2/3) 1 9me L2 (o <1—c2r3y- (3:45)

By Lemma 2.5 for o = 2/3, we have for any small 6 > 0

i 21 = /)| = € 2(L5) wm o) (+(1 = 29))] £ &7, (3.46)
[t o (£ (1 = €2/3)| = *2\<<L8>* W) (£ - 23| S e (3.4

The bounds (3.44), (3.46), and (3.47), induce, if § < 1,

Om,e (£ = 2D < Jum e (1 = )] + gm e (£ — %))
100, (£(1 = £2/3)] < July (1= 23))| + |gh o (£(1 = £7/3)))

IZANRAN

e300 (3.49)
On the other hand, it follows from the definition of gy, - in (3.43) that for z € (—1+¢%/3,1—¢%/3),

Wiy e (@) = 2(1 = 2%)gp, () — 829y, . (2) — dgm.e ().
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We multiply this identity by g, . and integrate over (—1 + £2/3 1 — £2/3). We get

1—e2/3 1—e2/3
2 [ -l Paees [ g
) /3 )

—1+4€2/3 C1qe2
1752/3 2 1 52/3
iz / / _
- / 2/3 wm’sgmﬁdl‘ +4 ['Tgm,s(x) + gm,s(l')gmﬁ(x)] C14e2/30
—1+e

which implies thanks to Lemma 2.1, (3.44) and the Cauchy-Schwarz inequality

52/3Hg;?,'l,é||i2(_1+52/371—52/3) + ||g;n,5||i2(_1+52/371_52/3) S ng”b,aHL2(71+52/3,1752/3) + 5_4/3'(3'50)

It follows that there exists C' > 0 such that

2
2/3 —2/3 2 —4/3
e/ (Hg;:%,aHL2(71+52/3,1752/3) —Ce™¥ ) + Hg;n,a||L2(71+52/371752/3) S € /3, (3.51)
As a result,
190 e 22 a<1—c2r3) S €75, Mg ellaqaj<r—e2rsy S (3.52)

Then, thanks to (3.45), (3.48), (3.49) and (3.52), we obtain

2 2 2/3 2 4/3-26
g H9;717€||L2(\z\<1—52/3) +e / ||'9m75HL2(|x|<1752/3) 5 €||‘9m75HL2(|x|<1752/3) + e / .

Therefore, there exists e-independent constant C' > 0 such that

2
110 el 72 a2y + 23 (\|9m,5||L2(‘x‘<1752/3) _ CEl/ZS) < A3
Thus,
18melzaqarcr-eorsy S €7 (3.53)

We deduce from (3.39), (3.40), (3.41), (3.42) and (3.53) that
1—g2/3

(’an _’Yn)/l 23 wnum,sdaj S 51/376- (354)

e 1-2/3 1/3-6 -
If m # n, then |75, — .| 2 1 and therefore LHEQ/g WpUmedr| S € . Since U — Uy, in

L?(R), using the Cauchy-Schwarz inequality, we obtain

1 1-¢%/3
‘/ Wy U, cdT / Wy U, cdT / Wp U, AT
-1 — 1-e2/3<z|<1

14¢2/3
which is the estimate of the first alternative. If m = n, since u, . — u, in L?(R), we also have
Ly 4e2/8 1 c2/3]Une — Up IN L?(R), and thus

< + S 51/376"‘51/3Hum,s‘|L2(R) S 51/3767

1—e2/3 1 1 w2
/ Wy Up cdr — WpUnpdr = / 7 —dr > 0.
—14e2/3 e—0 J_1 1 2(1 —2?)

1/3—6

Combined with (3.54), it gives |y — | S € , which is the second alternative. "
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4 Eigenvalues of the spectral problem (1.5)

As we have seen before, if (u,w) € L?(R) x L?(R) solves system (1.5), then w is an eigenvector
of A. associated to the eigenvalue 1/7, where v = —\?/e2. In other words, w solves the two
fourth—order differential equations

{ e? (02 + L (2? = 1)  w(x) = yw(z), for |a >1, (4.1)

—2(1 — 2H)w" (z) + 2w (z) = yw(x), for |z| <1,

which also means that w solves the generalized eigenvalue problem (3.38). Since w € L?(R),
we have (LS ) 'w € HZ (R) C C'(R) for any fixed ¢ > 0. From the generalized eigenvalue
problem (3.38), we infer that w is twice continuously differentiable on R and w”(z) has jump
discontinuities at z = £1:

W = Sw(), w0 = Su(-1). (42)
Solutions of the first equation of system (4.1) on the outer intervals {|z| > 1} can be constructed
analytically. Solutions of the second equation of system (4.1) on the inner interval (—1,1) can be
approximated numerically. Following to a classical shooting method, we shall find numerically
an estimate on the convergence rate of v, . to v, as ¢ — 0, for a fixed n > 1. The convergence
rate we observe numerically is faster that the one in the Main Theorem.

For convenience, we will only consider even eigenfunctions w(x) near ya,;,—1 = 4m(2m — 1)
for an integer m > 1. A similar analysis can be developed for odd eigenfunctions near 7o, =
4m(2m + 1) for an integer m > 1.

4.1 Asymptotic solutions on the outer interval

For a fixed value of v > 0, w solves the first equation of system (4.1) on [1,4o00) if and only if

0 = (—a§+x2_(1j€‘ﬁ)> (—0§+$2_(1;€ﬁ)>w
_ (_a§+x2—(12—sﬁ)> (_82_%1‘2—(1;—5\/7))” (4.3)

€ z €

Thus, linear combinations of solutions of the second—order differential equations

0 = <—8§ + w) w (4.4)

g2

for v = 4,/7 provide solutions of the fourth-order differential equation (4.3). We shall see
that they are the only solutions of (4.3). First, the following lemma gives a set of two linearly
independent solutions of (4.4).

Lemma 4.1 Fix v € R. There exists a constant C > 0 such that for € > 0 sufficiently small,
the equation

(22 —1)

— (@) + (@) = —¢(), z>1 (4.5)

9
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has two linearly independent solutions 1[)25 and wB such that for x >0

3¢ (x
PE(VI+ev(l+2)) = a(x)Al <(1+12#> (1 + Qf(f(m))) ,

gV 1/3 x
U (VIT o1+ 2)) = a(x)Bi (—(1 re) )> (1+ Q5 ).

/3
where &(x ( TVt +t dt) ,a(z) = (€'(2))7Y2 and Q°, Q% satisfy the bound

Q% N poo ey + 1QF lpoo ey < C¥/2.
Moreover,

(1/}2,5)/(1) B 21/3Ai/(€1/3272/3y) a/3v) _ _61/3F(2/3)
PRE() T e2/BAN(e1/32-2/3y) <1+O(E )> O e2/31(1/3)

(1 + 0(51/3)> , (4.6)

where O(e'/3) and O(2/3) in (4.6) are uniform in v € K, for any compact set K C R.
Proof. See Appendix A.3. "

Remark 4.2 Note that solutions of (4.4) can be expressed in terms of the Whittaker’s functions
of the parabolic cylinder equation. The connection of these functions with Airy functions, similarly
as in Lemma 4.1, was studied by Olver [O] using asymptotic formal methods.

Corollary 4.3 Letn > 1 and w. € L*(R) be an eigenvector of the generalized eigenvalue problem
(3.38) for the eigenvalue vy . Then, there exists constants c4 and c_ such that

we(w) = vy " (@) + e,V @), w1 (4.7)
Moreover,
_ 52/3w’ _ 52/311)/// o
well) = F(ﬁll//z)r(z/zs)em( +OE), u(1) = r(1/§1)/gr(2/€3§1 2 (1+0) (19

Proof. First, we remark that if v > 0, then wf’e,wg’e,wgﬁ’e and w;ﬁ’a are four linearly
independent solutions of the fourth—order equation (4.3). Indeed, if ij, Cfg are constants such
that

CLoY™ + ChY e + Y + CupyY e =0, (4.9)

applying the operator —9?2 + “””26;1 to (4.9), we obtain
CRoX™" + Chug™ = Chu ™ = CpupY ™ =0
Combined with (4.9), it gives

ChpYT  + ChpY " =0 and Cy v,V + CpypY"" =0
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From Lemma 4.1 and from the asymptotic behaviour (2.38) of Ai and Bi, we deduce that for any
v € R, " and 95" are linearly independent. As a result, C} = C}, = C; = Cz = 0. It follows

that the only solutions of (4.3) which vanish at infinity, are the linear combinations of @bf’e

and Q/JZW’E. It results in the decomposition (4.7). Since v, — 7, as € — 0, the asymptotic
expansions (4.8) come from (4.6) and the identities

we (1
wk(1
wl (1

= ey W) F eV,

= c+<w,ﬁ“’><1>+c (VY (1),
= e ’Yns 1/2|: c 1/}\/%—575 )+C 1/}14 'Yna,a(l)i|

= < ) e @) () + e (YT ()
49e72 [chl/JA%’s’ (1 )-l—cJ/}Am’E(l)]
_ w///(l —0)+ 272 [C_i_sz%_’g’a(l) + C—Q/),ZM7E(1)] .

)
)
)
w! (14 0)

£

Remark 4.4 Asymptotic limit (4.6) implies that for 0 < € < 1, the eigenvalue X5, of the self-
adjoint problem L% w. = X\, w, satisfies a sharp bound

Cre?3 NS — M| < CFe?3 (4.10)
for a fixed integer n > 1, where A\, = n? TS s the n' eigenvalue of L¢. and 0 < C;; < C;f < oo
are some constants. Indeed, dzﬁerentzal equation L w = Aw has analytic solutions for even

etgenfunctions
cos(VAx)  for |z| <1,
w =
W (al)  for o] > 1,
where ¢ is a constant. Notice that for A > 0 fixed, v = e\ stays in a compact subset of R when

e goes to 0. Continuity of w(x) and w'(x) across 1 leads to an algebraic system, where ¢ can be
eliminated and X is found from the transcendental equation

cos(vVA) Y1) o 2 LA/
Vsin(v/)) (W) (1) =0 61/3T(2/3)

where we have used (4.6). We deduce that for some integer m > 1, VA = VA5m_1 = VA2m-1 —
Om(€), where \/X5,, | = M form > 1 are the roots of cosv/A, and 6,,(€) ot 52/3%.
It proves (4.10) for n odd. For odd eigenfunctions (n even), the analysis is similar.

4.2 Numerical solutions on the inner interval

Unfortunately, Remark 4.4 is not useful in the context of the non-self-adjoint system (4.1) because
we do not know explicit analytic solutions of the second equation of system (4.1). Therefore, we
use a numerical method to approximate these solutions on the inner interval [—1, 1].
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Considering even eigenfunctions of (3.38) we let wy(z) and wy(z) be two particular solutions
of the second equation in (4.1) on [0, 1] subject to the boundary conditions

wl(l) =1, w/ll(l) =0, ’U)/l(O) =0, wll//(o) =0,
wa(l) =0, wh(l) =1, whH(0)=0, wh(0)=0.

Then, a general even solution of the second equation of system (4.1) writes
w(z) = aqwi(x) + aqwa(x), 0<z <1, (4.11)
for some constants a1, as. The continuity of w(x) and w”(z) across x = 1 leads to the scattering

map from (a1, az2) to (c4,c—) in the solutions (4.7) and (4.11), which is solved uniquely by

ay Fey /2

203V ()

a2

where for conciseness, v, . is simply denoted ~. The continuity of w’(z) and the jump condition
(4.2) on w"(z) across x =1 lead to a linear system on (ay,ag) in the form

[Up - 52/3w’1(1)} ai + [E'y*l/ZUm - 52/3w’2(1)} as = 0,

[’ylﬂUm - 65/3w'1”(1)} ay + [5Up - 55/3w§"(1)} as = 0,
where
S (0 S (e S Craed (€ N O S (BN CONE ()
p— ) -

207" (1) 20,74 (1) " 207" (1) 20,V (1)

By the ODE theory, unique classical solutions wi(z) and wy(z) exist for any € > 0 and the
dependence of wy 2(z) on ¢ is analytic for € > 0. If there exists a simple root of the determinant
of the linear system for a particular value g9 > 0, the root persists for other values of € > 0 near
e = g9. This method is used for tracing eigenvalues v(¢) of the spectral problem (3.38) as e — 0.

To do it numerically, we approximate solutions wj(z) and wy(z) with the second—order
central-difference method on a uniform grid with the grid size A = 0.005. The numerical method
is explained in Appendix A.5. On the other hand, the values of U, and Uy, can be evaluated
from the asymptotic formula (4.6) for ¢ € [1076,10~%] with 20 data points. Using these approx-
imations, the determinant of the linear system for (a1, as) is plotted versus v near v = v = 4
and v = 3 = 24 and its zero is detected numerically. Then, the zero is plotted versus € and its
best power fit is used to detect the convergence rate of |y — 7,| ~ CeP. The numerical zeros and
the best power fit is shown on Figure 3 for 73 = 4 (left) and 3 = 24 (right), while the numerical
approximations of the eigenfunctions for e = 10~* are shown on Figure 4 (dots) together with the
limiting profiles obtained from the polynomial Cy Y 2(:1:) and C; Y 2(3:) at ¢ = 0 (dashed lines).
The numerical values of the power of the best power fit are found to be 1.9959 for v, = 4 and
1.9662 for 3 = 24, which suggests that the sharp asymptotic bound is

h/n,a - 'Yn‘ S 52>

for n > 1. Finally, Figure 5 shows the ratio a1 /as obtained from the linear system for & = 1076
in 7 near y; = 4 (left) and the values of the ratio at the non-zero solution of the linear system in
e (right). The power fit was found to be 1.99998 and it illustrates that lim._gaj/as = 0, such
that lim._ow(x) = wa(x) (up to renormalization).
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Figure 3: The numerical zeros of the determinant of the linear system (dots)
and its best power fit (dashed line) for 3 = 4 (left) and 3 = 24 (right).
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Figure 4: The numerical approximation of even eigenfunctions (dots) for
e = 107% near y; = 4 (left) and 73 = 24 (right) and the even polynomial
solutions for e = 0 (dashed line).
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Figure 5: The ratio a;/as for the two equations in the linear system versus
v for € = 1075 near v = 71 = 4 (left) and for the solution of the linear
system versus ¢ (right). The best power fit is shown by dashed line.
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A Appendix

A.1 Proof of Lemma 2.1.

Let us denote by A\ (L) the smallest eigenvalue of L. We first show that A\(L°) = 1. Let
X € C(R) be such that 0 < x < 1, supp(x) C (—3,3), and x =1 on (—2,2). Let 6 > 0 to be
fixed later (independently of ). The Max-Min principle ensures that

< Lfwv,v>
ML) = if =007
veD(L2)  ||vll7.
= inf V|| +/ pe|v|?dz | = min AW AP Al
o™ (n It [ ol { Lo (A
where
A inf HU/H%QJF/ pelvl2dz )
ve QL) o2 = 1, 2f>1
fm>2 [v|2dz > 6§
A® = inf VI + [ peloPas).
v € QL) |lvllL2 =1, || >1

f\l\>2 [v|2dz < 6§

If |lv||p2 = 1 and fu |v|?dz > §, then

[>2
f|ac|>2(332 = Dvfdz > 3f\x\>2 ]2 da > 36.
Therefore for e < 1,

A®>§>w (A.2)

On the other side, let us now take v € (L% ) such that ||v||;2 =1 and f‘x‘>2 |v|?dx < §. Then

% — v|?dz < % — v2x, .
/W( 1)|X\d</( 1) (A3)

|z|>1

and since x/(x) is supported in {2 < |x| < 3}, we also have in this case

[lowrPae = [ [P+ 2ocor + %] da
R

Hvluiz(u{) + 2||UIHL2(]R)||X/HL°°(R)HUHLQ(\be) + HX,H%,OO(]R)||U||%2(|x|>2)

<
< 200l 7oy + 200X M7 e ) - (A.4)

Next, since x =1 on {|z| < 2},

2
/R\X'U|2da: > /2 lv?dz > 1 — 6. (A.5)
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Thanks to (A.3), (A.4) and (A.5), it turns out that

f]R |(X'U)/|2d37 + f\a:\>1 pa‘X'Ude

Jz Ixv|?dx
2By + 28X ey + S Pl N
b 1-6 ’ (4.6)
As a result, using (A.6), since (xv)|(_33) € Hg(—3,3) for v € H'(R),
112 3 112 2
2 A®@ > _25HX HLOO(R) n inf ffg |w'|*dx + f\x\>1p5‘w‘ dx
1-6 1-6 weHy(~3,3) 24 lw)?dz
20X ey N P (A7)
~ 1—=9 werd(-33) w7, '

Thanks to the Poincaré inequality, we can now choose § € (0,1) sufficiently small such that
Rs > 0. Then, according to (A.1), (A.2) and (A.7),

M(LE) > min (35,%), (A.8)

which provides the estimate A\;(L¢) 2 1 for 0 < ¢ < 1. The other estimate A\;(L%) < 1 is a
direct consequence of (A.1) and of the Poincaré inequality. Indeed, the right hand side in (A.1)
is bounded from above by the infimum of the same quantity, taken over v € L?(R) such that
V|(-1,1) € H&(—l, 1) and VY |z|>1} = 0. |

A.2 Proof of Lemma 2.3.

To prove Lemma 2.3, we use the following lemma.

Lemma A.1 Fore >0,

defines a self-adjoint operator on L*(R). The spectrum of L¢ is made of a sequence of strictly
positive eigenvalues increasing to infinity, and the smallest eigenvalue satisfies

)\1(L8) ~ 574/3.

Proof. The first assertion is straightforward. Thanks to the Max-Min principle, A;(L?) is given

by
1
A (LF) = inf V|| +—/ J:v2da:>,
)=t (Wt [ 1
lollzz =1
where

QL7) = {ve H'(R): |2'v € L*(R)}
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is the form domain of L?. If v € L?(R) and |v||;2 = 1, v can be rewritten as v(z) = hw(h%x),
with h > 0 and w € Q(L?), with ||w| ;2 = 1 and ||w'||;2 = 1. Moreover, h and w are uniquely
defined this way, and we have

1[5z = *
and
/\m|v2dx:h_2/\x|w2dx.
R R
Thus,
1
1) — inf (BA 4 e—21-23) — [ —— 4 21/3 ) g2/3.-4/3
A1(LF) él;o(h +e*h7?p) 22/3+ B2,
where
B = inf /|x\w2daz.
w € Q(LF) R

lwlrz =1, w2 =1

The lemma follows if we prove that § > 0. Let us assume by contradiction that § = 0. Let
(ws) - be a minimizing sequence, that is |ws| 2 = [|wl|z2 = 1 and [ |z|widz — 0 as § — 0.
Let x € C°(R) be such that 0 < x < 1, supp(x) C [-1,1], and x = 1 on [-1/2,1/2]. For
a > 0, we also define xq(x) = x(x/a), as well as ws o := xq,ws. Thanks to the Poincaré inequality,

/ /
a:= inf ||||1;||||L2 > 0, and then  inf % = 2> (. Thus,
veH(-1,1) "WIL2 veEH} (—a,a) "VIL2

2
[0
[wsallZom > §||w6,a||%2(m)
2
@ 2
> —yllwsllzzg g
062

= — (HwéH%Q(R) - ||w5‘|%2(|x|>%))

a
2 2
> a_2 (1 - —/ \x|w§da:) . (A.9)
a a Jr

On the other side, since x'(z) is supported in {3 < |z| < 1}, we have

luhalls = [ (OGP03 + 2vauss + xEw))?) da (A10
HX,H%oo(R) 2
< T||w5||%2(%<|x|<a) + E||X/||L°°(R)Hw5||L2(%<|x|<a)||w:$HL2(]R) + H%H%%R)-

According to the assumption, given a > 0, we can find §(a) sufficiently small such that

/ \$|w§(a)d$ <d’
R

Then,
2
/ widr < / widr < —/ |zjwidz < 2a. (A.11)
F<|z|<a |z|>§ a Jr
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It follows from (A.9), (A.10) and (A.11) with § = §(a) that

2 2|x'II3 252 |1|
0} L>(R) X I Leo(R)
Z (1= < .
2 (1 -2a) < . + Ve +1
Letting a go to 0 yields to a contradiction, which completes the proof of the lemma. "

Thanks to the Max-Min principle, we know that the lowest eigenvalue of L is given by

P e A

, A.12
veQ(L3) [[v]13 (4.12)

where

Q(LS) = {ve H'(R): zv e L*(R)}

is the form domain of LS. The statement of Lemma 2.3 is equivalent to A\(L%.) ~ e~4/3. We
first prove the upper bound on A;(L% ). Let us define v, on R as

r—1+¢2/3 for 1—52/3<x<1,
ve(w) =4 —(x—1—-¢3) for 1 <a<1+e?3
0 elsewhere.

and denote q(z) := e2q.(x) = 2(1 — :1:2)1{|$|<1} + (22 — 1)1{z/>13- Then

112 2/3 2 2¢
||Ua||L2(R) =277, HUEHL?(R) =3
and since ¢(x) < 4|z — 1| for |z — 1] < 1,
4 [les 2:2/3
2 2
dr < — 1- dz =
/RQ€|U5| €z =2 s | l‘|’U5 X 3

As a result,
26%/3 4 2e2/3 /3 _ 443
2e2/3

It remains to find a bound on A(L% ) from below. Let us first introduce the two intervals

D, = {x>o, q(m)é%}: [?@] D= {x<0, q(a:)<%}z—D+,

and denote D := D, UD_. If v € Q(L%), ||v|/z2 = 1 and [}, |[v|?dz <1 — /2, then

1 1/2
/ qlvf’dx > / qlvfdx > —/ [v|*dx > E g3
R R\D 2 Jr\D 2

for sufficiently small € > 0. As a result, thanks to (A.12) and the upper bound on A;(L% ), we
deduce that

A(Lg) <

M(LS) = inf [HU'H%Q + / q5|v|2da:] . (A.13)
v e Q(LY), R
[ollz2 =1,
Jp v|?de >1 - el/2
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From now on, we assume that v € Q(L%), ||[v[|z2 =1 and [, |v|*dz > 1 — e'/2. Let x € C*(R)
be such that 0 < x < 1, supp(x) C [-1/2,1/2] € R\D, and x(x) =1 for z € [-1/4,1/4]. We

also define p := 1 — x. In particular, p =1 on D, thus
ool > [ foPde>1-2 [ glpoPdo < [ qlofs,
D R R

and since p’ is supported in R\ D, for some C' > 0, we have

(A.14)

/R|(PU)/\2d$ < 0 e l1v 1720 my + 107172y + 2010l oo @) 121l oo @) 10 22y 101 22 )

< CeV? 40| Famy + CVHV I 2wy
<mwm®+&wy

Therefore, combining (A.14) and (A.15), we obtain, for ¢ sufficiently small,

)3 + Jy adpolde - 20w + C) + fp delolPd
Tovl2. s 1=

< MM@+/@W@HJ&W.
R

Taking the infimum in v in (A.16), we infer thanks to (A.13) that

IN(LE) +2CeY? > inf
* Tle”Q(Li), lovll3
|2 =1,
I |'u|2de> 1—¢el/2
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(A.15)

(A.16)

(A.17)



Therefore, since ¢(z) > 2|z — 1| for > 0 and ¢(x) > 2|z + 1| for z < 0, and decomposing
pv = v1 + vo with v; supported in (—oo, —1/4] and ve supported in [1/4,+00), we have

2\ (LS ) + 2Ce/?
O R A e O P A
v1,v2 € Q(LY), ||U1H%2 + ||U2H%2

supp(v1) C (—oo, —1/4],
supp(v2) C [1/4, 400)

WV

. 04132 + 2 fo o + LllerPd + w512 + 3 fi o = Lo Pdo

vi,v2 € Q(LY), ||U1H%2 + ||U2H%2
supp(v1) C (—oo, —1/4],
supp(ve2) C [1/4, +00)

Willfe + & falo + LlvaPde + [vh] 7 + 5 fg o — 1Jv2/*da

WV

inf

WV

vi,v2 € Q(LS) [v1]32 + llva 32
e DBt B lalle Pl 2+ 3 f lalleaPde
v1,v2 € Q(LY) ||U1H%2 + HU2||%2
o IbhBet B el P+ 1. + 2 Jy lellvede
vi,v2 € Q(LE) [v1]172 + [lval1%
lvillze < llv2llL2
N -, 4413 + 3 Jolallosfde _ joblRs + 3 f lallvaPPda
- v1,v2 € Q(Li) 2 2
lvillzz < lvz2llpe =1
L 2, 2 2 1 ey > —4/3
> 3. elg{ELE) ||| 72 + 2 A || |ve|“dx | > 5/\1(L )2 € , (A.18)
2
ool e = 1
where we have used Lemma A.1 in the last estimation. |

A.3 Proofs of Lemmas 2.6 and 4.1

Proof of Lemma 2.6. The proof of Lemma 2.6 relies on WKB approximation techniques,
explained for instance in [M]. If we define w(z) := (1 — ), it is equivalent for 1) to solve (2.37)
or for w to solve

3

2w —2x(2—-2)w=0, zc <0, 5) . (A.19)

2/3
In the new variable & = £(x) := (3 [T \/2t(2 — t)dt , it is equivalent for w to solve (A.19) or
2.Jo

for v(§) == Z((f)) to solve

e2—— —tv=2e%%(&v, £€(0,&), (A.20)
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where 50 = £(3/2), a(z) := (&'(z)) Y2, and §(¢) = —a”(2)a®(z). Next, we look for v in the
form v(§) = Ai 62%) (1+Q(€)). Using that Ai(£/e%/3) solves the homogeneous equation

d2
2 _
€ a2 —&v =0,

it is equivalent for v to solve (A.20) or for @) to solve

d

dg

9 2
Ai (g%) Q/(g)] = §(€)Ai (%) (1+Q(), &€ (0,8)- (A.21)

By integration, (A.21) is equivalent to the integral equation

€o Al 23
Q) = / / sl G dw( )1+ QUn))dn, (A.22)
3 A1 L/

where F maps C%([0,&]) into itself. A change of variable provides

2/3

o /e
F(Q)(&) = 52/3/5 </§7 2/3 Ai(u)~*duAi (52/3)2) 6(n)(1 + Q(n))dn

Thanks to the asymptotic behavior (2.38), f(z) := [ Ai(y) ?dyAi(z)* ~ W as x — 4o00. In
particular, f is bounded on Ry. We deduce that for any £ € (0,&),

o
[(F(@) (&) < 52/3HfHL°°(]R+)/£ [0(m)|dn(1 + QL (0.60))-

Since 0 is clearly continuous on (0, &p] and

9. 22/3
560

6(¢(x)) —

we deduce 6 € L1(0,&). Thus, if @ € C°([0,&]), then

as x — 0,

IF(Q)l o (0,60) < EQ/3HfHL°°(]R+)H(sHLl(O,éo)(l + 1@ 2 (0,60))- (A.23)

Moreover, if Q1, Q2 € C°([0,&]), we get similarly

[F(Q1) — F(Q2)|lLo(0,¢) < EQ/3HfHL°°(R+)H(sHLl(O,go)||Q1 — Q2[l 10 (0,60)- (A.24)

From (A.23) and (A.24) we infer that, if we take C' 1= 2| | Loom, )16/ 11 (0,¢0), for € sufficiently
small (namely €%/3 < 1/2C), F maps the ball of radius Ce?? in C°([0,&]) into itself, and is a
contraction on that ball. Then, I has a unique fixed point @ such that [|Q||ze(0,¢,) < Ce?/3. Such
a fixed point of F' gives a C2 solution of (A.21) on (0,&). Defining Q% as Q% (z) := Q(£(1 — z))
and applying the sequence of substitutions backwards, we found a solution 9% of the system
(2.37) with the required bounds.
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For the existence of the solution 9%, we proceed similarly. Namely, we look for a solution to
(A.20) in the form v(§) = Bi <52/3> (1+Q()). It is equivalent for v to solve (A.20) or for @ to

solve

d |, (€N, e
%[B(—/) Q(S)] — 5()Bi (—/) 1+QE). €e.8).  (A25)

Since g(z) := Bi(z f+°° Bi(u)~2du ~ W as © — oo thanks to the asymptotic behavior (2.38)
again, g is bounded on R,. It enables us to prove the existence of a fixed point to the functional

G : C([0,&)]) — C°(]0,&)]) defined by

e 2
G(Q)() = / 5 / 5 Mdmm(l +Qn))dn,

similarly to what has been done for F.
The linear independence of % and 1% follows from the linear independence of functions Ai
and Bi. |

Proof of Lemma 4.1. The proof is very similar to that of Lemma 2.6, so that we will
only point out the differences. It is equivalent for ¢ to solve (4.5) on (v/1+ ev,400) or for
w(z) = Y(v/1+ev(l+x)) to solve

2w’ (x) — x(x + 2)w(x) =0 (A.26)

on R, where € := ¢/y/1+ev. We look for w in the form w(x) = a(x)v(é(z)), where (x) =
/3
( Jo Vt2+t dt) and a(z) = (&'(x))~'/2. Then, it is equivalent for w to solve (A.26) on R*

or for v to solve

%" (€) — €u(€) = E25(&v(€) (A.27)

on R*, where the function & +— §(¢) is defined by 6(¢(z)) = —a”(z)a(x)3. Since a € C*([0, +00))
and 0(&) oy 7672/1024, we deduce that § € L'(R™). Then, the existence of @ € Cp(R™) with

Q| r+) S €2/3, such that v(€) = Ai(£/6%3)(1 + Q(€)) solves (A.27), is established like in the
proof of Lemma 2.6, applying the fixed point theorem to the functional F' defined in (A.22), with
& = -+oo. Therefore, we obtain ¢'}°. The expression for ¢/ is obtained similarly as in Lemma
2.6. Next, the expression of ;°(z) at z = /1 + ev yields

YRE(VI+ev) = a(0)Ai(0)(L + Q77(0)) = a(0)AL(0)(1 + O(?)), (A.28)

and similarly

W37) (V1itev)
= d(0)AI(0)(1 + O?)) + a(0)€ (0)AT(0)=*/*(1 + O(e*/*)) + a(0)AL(0)¢ (0)(Q'47)'(0)
= a(0)¢'(0)AT(0)~3(1 + O(*/?)), (A.29)
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where we have used that
400
[(Q%)(0)] = ‘Ai(O)Q/O Ai(n/e*3)25(n)(1 + Q% (m)dn| < 18]l 1@+ (1 +O(?)) S 1.

At this point, the function ¢%° has been defined on the interval [\/1 + ev,+00). In the case
v > 0, we extend into a solution of (4.5) on the interval [1,400), thanks to the Cauchy-Lipshitz
Theorem. We denote I, = [v/1+ev,1]if v <0, I, = [1,v/1+¢ev] if v > 0. Then, for any sign of

v, we have

a1 =i (Vi+er)] S el@i) o) S e|@i) (Vi+ev)| + (W5 e
S e el ||Loouy> (A.30)
and, thanks to (A.30)
105 ey S | (VT+ev)| + el (W5 Lo
S 1+l o)

thus
105 e,y S 1. (A.31)
From (A.30), (A.31) and (A.28) it follows that
(1) = a(0)Ai(0)(1 + O(e'/3). (A.32)
Similarly,
[W5)(1) = @5 (VIt+er)| S el@Wi) o=, S 15 e S 1,
and therefore thanks to (A.29), we get
(¥57)' (1) = a(0)¢ (0) AT ()™ (1 + O(?). (A.33)
The limit (4.6) follows from (A.32) and (A.33), since £/(0) = 2!/, and because

1 1

Ai(0) = 32/37(2/3)’ AT(0) = T 3UBT(1/3)

Notice that all the estimates we made in this proof are uniform in v € K, for any fixed compact
subset K C R. |

A.4 Proof of Lemma 3.8
If fe X" and ¢ € D(Lx), we have

[(Lx [0 pnyy.prx) | < I lxliLxellx < 1fllxllellpey),

which provides the continuity of Lx. If f € X' and Lx/f = 0, then for every ¢ € D(Lx),
(fILxp)xr x = 0. We can apply this to ¢ = L'z, for any z € X and we get that (fix)xi x =0
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for every x € X. Therefore f = 0 and Lx- is injective. Let us next prove the surjectivity of L.
Let T € D(Lx). f:xz— (T, L;(-lx> I clearly defines a continuous linear form on X,

and for every ¢ € D(Lx),

(Lx)",D(Lx)

<Lxlf, SD>D(Lx)’,D(Lx) = <f, LX80>X/7X = <T’ L)_(ILXSO>D(LX)’,D(LX) = <T? 90>D(LX)’,D(LX)>

which means that T' = Lx- f. Moreover, the application Ly : D(Lx)’ — X' we have just defined
is continuous. Indeed, if T'€ D(Lx)" and z € X,

| <L}}T=$>X/,X | = (T, L;(1$>D(LX)/,D(LX) |

< ITp@xy 1LY 2l piry)

S I Tlp@yy(l2llx + IL7 ] pery)

S WTlp@yyllzlx,
where we have used the continuous embeddings D(L) C X C H, as well as the continuity of
L' € L(H). Finally, we show that Lys is an extension of L. Here, we classically identify

elements of H to elements of X’ (resp. D(Lx)’) as follows: if f € H, x € X (resp. T € H,
o € D(Lx)), {f2)xrx = (J17) (105D (T, ) sy i) = (T1P)), where (--) denotes the scalar
product in H. Thus, if f € D(L) C X C X/,

(Lx'f, 90>D(LX)/,D(LX) =(/, LS0>X/,X = (f‘L_SO) = (Lflp) = (Lf, (’0>D(Lx)’,D(Lx)7
which means that Lx/f = Lf. |

A.5 Numerical methods for inner solutions

We rewrite the fourth-order equation (4.1) on [0, 1] in the form
w'(z) =v(z), ' (z) 201 —2*)v(z) =yw(z), 0<z<l1.

Using the finite-difference approximation with the second—order central differences [GP], the
system of differential equations is converted into the system of algebraic equations

Ayw =v, Asv =rw,

where v, w are n-vectors of v(x),w(z) represented on a discrete grid {xk}z;é C [0,1] with zp =0
and g < 1 < ... < Tp—1 < z, = 1. Using an equally spaced grid with step size h = 1/n and
incorporating boundary conditions w’(0) = 0, v/(0) = 0, we obtain n x n matrices A; and A in
the explicit form, where

-2 2 0 0 0 ]
o2 0 0
A= | 001 -2 000
0 0 0 1 -2 |
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and Ay = 2 A; — 2diag(1 — 2?). For the first solution wy(z), with w,, = 1 and v,, = 0, we obtain
solutions of the finite-difference equations in the form

1 1y -1 -
W = _ﬁ (Al - 7‘42 1) €n, V= 7‘42 lwa

where e, is the n'" unit vector in R”. For the second solution ws(x), with w,, = 0 and v, = 1,
the finite-difference equations are solved in the form

€2

2
3
- v

PR _
A1—7A21) /121en7 v:'yA21w—h2

-1
W= — A, e

The values of w’(1) and w”’(1) are obtained from the three-point finite-difference approximations

w’(l) ~ 3wy, — 4w;}:1 + wn_g’ w'"(l) ~

v —4vp_1 + vy 2
2h ’

which preserves the second-order accuracy of the numerical method [GP].
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