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1 Proofs of the properties of Reduce

We present here the proofs of the main lemmas and theorems.

Property 2 (Stability of =) For any =-reduced types 71 and 73 and any two
=-reduced structural types &1 and Ss, the following properties hold:

Ti=Ta = Reduce(Ti,Ts, =) = Tv = T2 (1)
S$1=8 = Fuse(Sl,SQ,i) = & = & (2)

Proof. By mutual induction and by cases on the common kind of &; and
Sy. Property (1): here we observe that every addend of o7; has one =-
equivalent addend in o7s, by definition of =, and only one, because the
two types are =-reduced. Hence, the result has one structural addend for
each structural addend of o7y, and the two addends are =-equivalent by
induction. The other interesting case is the record type case of property (2).
Here, by definition of =, two record types are only fused when they have
exactly the same keys and, for any key k in Keys(R1), the types associated
to k in Ry and Ry are = equivalent, hence, by (1), the type associated in
the fused type is equivalent as well. The case for array types is immediate
by (1), and the cases for the base types are immediate. ]



Corollary 1 (Lossless reduction)
For any =-reduced types T1 and Ta:

Reduce(T1, T2, =) ~ Ti+ Tz

Proof. The reduction process substitutes, inside 71 + 73, two equivalent ad-
dends §; = Sy with Fuse(S1,S2, = ) which is, by Property 2 , syntactically
congruent to each of them, hence is ~-equivalent to each of them, hence is
~-equivalent to their union. [

We now introduce a bit of notation that will be used in all the proofs.

Notation 1.1 For any SKER E, and any two E-reduced sets of structural
types M1 and Mas, and for any two sets Fi, Fa of triples (ki, Ti,q;), where
each T; is an E-reduced type, we define the following notation.

Mi\pMy = { 8 € My |BS € My. E(S1,S) |}
MiNEMy £ { S e Mi|3S e My E(S51,8) |
Myxig Moy £ {IFuse(Sl,SQ,E)

’ 51 S Ml,SQ S MQ,E(Sl,SQ) ﬂ
Fi\: Fo = { (k,Ti,q1) € A

’/H(kg,'rg,qg) € Fo. k1 = ko [}
FiN. Fa 2 { (k,Ti,q1) € Fy

’ 3(]@,7-2,(12) € Fo. k1 = ko [}
2(F) S kT, kT, eF}
Fix.. Fo é {] (kl,Reduce(Tl,Tg,E),ql . qg)

| (k1,T1,q1) € Fi, (k1,T2,92) € Fa |}

These operators allow us to rewrite the definition of Reduce and Fuse as
follows.

Lemma 1.2
Reduce(T1, T2, E)
= @( oTixgoTy U oTi\goTa U oTa\goT1 )

Fuse(R1,Ra, F)
= {oR1<:0R2 U 7(0R1 \. 0R2) U 7(6R2 \. oR1) }



Lemma 1.3 For any SKER FE, and any two E-reduced types T1 and T,
the sets oJ1 Ng o7, oTa NE oT1, and oT1 g oT3, are all E-distinct, and, for
each pair of them, the E relation defines a bijective function between the
two.

Proof. The sets o1 Ng o7y and o7 Ng o7 are E-distinct since each is a
subset of a set that is E-distinct. The relation F defines an isomorphism
between these two sets: every element of o7y N o7y E-corresponds to at
least one element of 075 Ng 077 by construction, and it cannot E-correspond
to two of them because, by transitivity, they would be E-equivalent, and the
type 73 would then not be E-reduced. The same holds in the other direction,
hence FE defines a bijection, and it also defines a bijection between o7; N 075
and the following set of pairs, mapping every S; to the only pair (S1,S2)
where F(S1,S82):

{1(81,82) | S1 € oT1, 82 € 0T, E(S1,82) |

To every pair of this set, the element Fuse(S1,Sa, E) of o7y < o7y corre-
sponds and vice versa. By stability, Fuse(S1,Se, E) is E-equivalent to both
S1 and S, hence we can reason as in the previous case to prove, by transi-
tivity, that no two distinct elements of o777 i 073 may be equivalent, hence
it is E-reduced, and E is a bijection between it and both of o7; Ng o7 and
oTaNE oT1. L

Proof of Lemmas 1 and 2 The following properties hold.

1. For any two E-reduced types T1, Ta,
Reduce(T1, Tz, E) is E-reduced

2. For any two E-reduced structural types S1, So,
Fuse(S1, 82, F) is E-reduced

3. Forany J, S,
FET:S = S is E-reduced

4. For any Jv,...,Jn, T,
FEJu, o Jn ST = T is E-reduced

Proof. The first two items are proved my mutual induction. The only
interesting case is

Reduce(T1, T2, F)
= @(oTixpoTy U oTi\goTz U oT2\goTi )
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The set 071 <ig 073 is E-reduced by Lemma 1.3, and o7y \E o5 and o7y \E o7y
are included in o77 and o073, which are E-reduced by hypothesis. We have
hence just to prove that two structural types coming from two different sets
among o7 g 0Tz, o7 \poTz and 073\ z o7y cannot be E-equivalent. If
one of them comes from o7; g o7z and the other from o7\ 073, they
cannot be equivalent since the first is E-isomorphic to 071 Ng o072, and ele-
ments from o7; \ ; 072 cannot be equivalent to any element of o75. The same
holds for o7; >ig 073 and o7z \ ; o7;1. Finally, no element of o7; \ ; 072 may
be equivalent to one element of o7s\ g ©T1 since o7y \ 72 only contains
types that are not equivalent to any element of o75.

Properties (3) and (4) follow immediately, since all the union types that
are produced by the judgments for F¥ J : S and FF J :¢ T are actually
produced by a Reduce(T1, 72, E) operation applied to arguments that are
E-reduced by induction hypothesis.

]

We can now prove the inclusion theorem.

Theorem 3 (Inclusion)
For any SKER E and for any two E-reduced types T1 and Ta:

Ti + T2 < Reduce(T1, 72, E)
For any two E-reduced structural types &1 and Sa:

E(Sl,Sz) = §1+85: < Fuse(Sl,Sg,E)

Proof. By mutual induction.
We want to prove that:

Ti+ T2

< ®(oTixpoTy U oTi\goTa U oTa\poTi )
That is:

®(o(T1 + T2))

< ®(oTixpoTy U oTi\goTe U oTa\poTi )
That is:

Se((+T)=
[ST S Useorisap o U oTi\poTs U OB\EOTI)[[SI]]



The set o(71 + T2) can be decomposed as follows.

o(i+T) = (TiNgoT) U (oTi\goTs)
U (eT2NpoTi) U (T2 \goTh)

If S € oT1 Ng o7y, then there exists Sy € o7y with E(S,Sy) such that
Fuse(S, Ss, E) belongs to o7y g o7z, and, by induction, we know that:

E(S,82) = [S]C[S+S2] C[Fuse(S,Sq, E)]

The case for § € o7oNgoTy is analogous. The other two cases, S €
oTi\goTz and S € 0Ty \ o71, are trivial.
We move now to the proof of

E(Sl,SQ) = S§1+85 < Fuse(Sl,Sg,E)

by cases on the common kind of §; and Ss.

If they belong to an atomic kind, the thesis is immediate.

If they are of array type, then we have §; = [T1] and So = [T2]. We want
to prove:

[[TITUlIT]] € [Fuse([Ti],[T2], E) ]
= [[Reduce(T1, T2, E)]]

That is,
[[7:] € [[Reduce(T1, T2, E)]]

and

[[72]] € [[Reduce(T1, Tz, E)]]-

Let us prove the first. Assume that (Vi,...,V,) € [[T1]]. This implies
that, for any i, we have that V; € [ T1].

By induction, [71] C [ Reduce(T1,7T2, E)], hence, for any i, we have
that V; € [ Reduce(Ti1, T2, E) ], hence (V1,...,V,) € [[Reduce(T1, T2, E)]].

The inclusion [[72]] C [[Reduce(T1, T2, E)]] can be proved in the same
way.

The last case is that of record types, that is, S; = {¢S1} and S =
{ <>SQ }

We want to prove:
[{oS1}]U{eS2}] € [Fuse({oS1},{0S2},E)]
We prove the case for S, the one for Sy being analogous.

[{oS1}] € [Fuse({oS1},{0S2}, E)]

!



We rewrite it as follows:

[{S1}]
- [[i(OSl .. 082) U ?(081 \;; OSQ) U ?(082 \;: 081) l]]

Consider a record V € [{ 1} ]. By definition,

V=A(ki,V1),...,(kn,Vn) |}
such that:

1. for any ¢ € 1..n, 37;,q; such that (k;,7;,q;) belongs to ©S;, and
Vi€ [Ti]

2. for any (k;,7;,!) € oS1, a pair (k;,V;) is in V.
We want to prove the same properties for V with respect to

i (<>Sl .. 052) U 7(081 \;; 032) U ?(OSQ \;; 031) }

We first prove the first property. Assume that the pair (k;,V;) belongs
to V. By (1) above, we have a triple (k;, 7;,q;) in oS; with V; € [T;]. If
a matching k exists in Sy, then we have a triple (k;, Reduce(T;, T2, F), ) in
081 X;; ©S2. By induction, [ 7;] C [ Reduce(T;, T2, E) ||, hence V; € [ Reduce(T;, T2, E) |,
as required. If no matching k exists in Sz, then we have a triple (k;, 7;,7) in
081 \.: 08, and V; € [ 7; ] holds by hypothesis.
For the second property, every triple (k;,7;,!) in

(68114 082) U 2(081 \: 082) U 7(083 \.. 081)

comes from the ¢S <., ©So component and, by definition of q; - go, it corre-
sponds to a triple (kj,_,!) in oSy, hence V contains a field with the key k;
by hypothesis.

]

We can now prove that the Reduce(71, T2, E) operator enjoys the com-
mutativity and associativity properties that enable an efficient distributed
map-reduce implementation.

Theorem 4 (Commutativity)

1. Given two E-reduced types T1, T2, we have:

Reduce(T1, T2, E) = Reduce(T2,T1,E)



2. Given two structural E-reduced types S and Sy we have:

E(81,82) = Fuse(S1,82,E) = Fuse(S2,S1, F)

Proof. Immediate, since the definition is symmetric, modulo order, and F
enjoys symmetry. [ |

We need a simple lemma before proving the main theorem.

Lemma 1.4 (Distributivity of join over set union) For any SKER E,
for any E-reduced sets of structural types My, Ms, M, and for any sets Fi,
Fo, F of triples (ki, Ti,qi), where each T; is an E-reduced type, the following
equalities hold.

(Ml UMQ) MXgp M = (Ml ) M) (Mg ) ./\/l)
(fl U .7:2) .. F = (}-1 .. f) (fg .. .F)
M g (Ml U ./\/lg) = (./\/l X M1) (./\/l Xg MQ)
F .. (./Tl U]:Q) = (.7:[>4 .7:1) (.F .. .FQ)

Proof. By definition of xig:

(M1UM2) ><g M
={ Fuse(S,S8"E) | Se MiUM,, §'e M,E(S,5) |}
={ Fuse(S,S",E)| S e My, 8'e M,E(S,5)}
U{ Fuse(S,S',E)|S e My, e M,E(S,S)|}
= (Ml Mg M)U(M2 Xg M)

By definition of ..:

FiUFo) <. F
=1 (k, Reduce(T T',E),q-q)
|(k7—q) (flUfQ)v(va/aq/)e}-ﬂ
={ (k, Reduce(T,T',E),q-q')
| (k,T,q) € Fi,(k,T',qd) € F|}
U { (k, Reduce(T,T',E),q-q)

| (k,T,q) € UFy, (k, T",q') € F|}
= (f1 .. ./—") U (./—"2 .. .7:)

The last two cases are analogous. [

Theorem 4 (Associativity)
The following two properties hold, for any stable KER E.



1. Given three E-reduced types T1, To and T3, we have

Reduce(Reduce(T1, T2, E), T3, E)
= Reduce(Ti, Reduce(T2, T3, E), E)

2. Given three E-reduced structural types S1, So and Ss that are mutually
E-equivalent, we have
Fuse(Fuse(S1,82, E), Ss, F)
= Fuse(S1, Fuse(S2,Ss, E), E)

Proof. We proof (1) and (2) by mutual induction.
We first partition each of o777, 075 and o73 in four parts, that correspond
to four possible combinations of _Ng _and _\ _, as follows.

M = | S1€oTy | 35S €075 E(S1,Ss),
383 c 07?3- E(81>S3) I}
ME = {| S €oTi | 3S €Tz E(S1,8),
AS3 € oT3. E(S1,S3) |}
MP = | S1€0Ti | ASs € 0Tz E(S1,8),
383 € oT3. E(S1,83) |t
MPE = | Si€oTi| ASycoTz E(S,S:),
AS3 € oT3. E(S1,83) |}

The partitions { MJ3, M3® M33 M$? |} of oT; and

{ M2, M2 ME2, M52 | of oT; are defined in the same way. Now we can
decompose oReduce(T1, Tz, E) as follows. In all of our computations we will
make use of distributivity of join over set union (Lemma 1.4).

oReduce(T1, T2, E) = ((MIQ?’ U M123) X (M213 U M213))
UM U M U M? U M3
= (M pag M3?) U (M7 pap My?))
UM U M U M? U M3

Now we compute oReduce(Reduce(T1, T2, E), T3, E). The first two lines join
the components of oReduce(T1, T2, E) that match some component of 073
with the corresponding component of o73, while the last line lists all the
non-matching components of oReduce(T1, T2, E) and oT3.
oReduce(Reduce(T1, T2, E), T3, E) =

((M? b My?) bap M3?)

U (ME s ME) U (M3 s M)

U (MB g MP)uMPuUMPU M2
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By reordering the components, we have the following equation for o Reduce(Reduce(T1, T2, E), Ts, E).

oReduce(Reduce(T1, T2, E), T3, E) =

((M7® pap My®) b M3?)

UM bag M3?) U (M3 sap MJ2) U (M3 g M3?)
UM U M3? U M3?

The same computation for o Reduce(T1, Reduce(Tz, T3, E), E) yields the same
result with the only exception of the first term.

oReduce(T1, Reduce(T2, T3, E), E) =

(MZ? s, (M7 o M)

O(MZ® by MJP) U (M2 b MJ2) U (M3 sy MJ?)
UM U M3? U M3?

Hence, we only have to prove that
(M7 pap My®) pap M3?) = (M7 g (My® >ap M3?))
By definition, we have the following equalities.

(M7 pap My?) b M3?)
={ Fuse(S1,52, F)
| S1 € M?3,8y € M33, E(S1,8s) |} sxip M2
= { Fuse(Fuse(S1,852, E), Ss, E)
‘ S € M123,82 S M213,83 S M12,
E(81,82), E(Fuse(S1,82, F),S3) |}
(M35 by (M3 by MJ?)
= { Fuse(S1, Fuse(S2, 83, E), E)
| S € M123,82 S M213,r53 S M3}2,
E(SQ,Sg),E(Sl,FUSG(SQ,Sg,E))I}

By stability, both
E(Sl, 82) A E(Fuse(S1,Sa, E), 83)

and
E(SQ, 83) AN E(Sl, Fuse(Sg, Ss, E))

can be rewritten as

E(Sl, 82) AN E(SQ,S3),



while Fuse(Fuse(S1,8s, E),Ss, E) is equivalent to

Fuse(S1, Fuse(S2, 83, E), E)

by induction, hence we conclude.

(2) Observe that Sy, Sz, and S3 have the same kind, by the hypothesis
that they are mutually E-equivalent. We prove (2) by cases on their kind.

If they have an atomic kind, the thesis follows by definition of Reduce.

If they are of array type, then we have S; = [T1], S2 = [T2], and S3 = [T3],
for some 77, 72, and T3, and we have:

Fuse(Fuse([T1],[T2], E), [Ts], E)
= Fuse([Reduce(Th, T2, E)], (T3], E)
= [Reduce(Reduce(T1, T2, E), T3, E)]

Fuse([T1], Fuse([T2], [T3], E), E)
= Fuse([T1], [Reduce(T2, T3, E)], E)
= [Reduce(Ti, Reduce(Tz, T3, E), E))]

The thesis follows by case (1) and mutual induction.
The last case is that of record types, that is, §; = {081 }, So = {052 },

and S3 = £<>83 i
We will follow the same structure as in the proof of the first case, that

of Reduce(Reduce(T1, T2, E), T3, E).
As in the first case, we partition ¢Sy in four parts F123, ng’7 Fl%7 ng,
according to the existence of a matching field in ¢S5 and of a matching field

in <>S3.
F123 oS N.. 082) N.. ©S3

(
F123 = (081 N.. 082) \;; ©S3
Fl%3 = (081 \::082) m::<>S3
Flgg - (081 \:: 082) \:: <>S3

Now we can decompose ¢Fuse(S1, Sz, E) as follows.
oFuse(S1,S2, F) = ((MPBUME) g (M3 U MP?P))
UM UM U MP UM
= (M pag My®) U (MF? pag M,?))
UM U ME U MPU M3

Now we compute oFuse(Fuse(S1,S2, E),S3, E). The first two lines join the
components of ¢Fuse(Sy,Ss, F) that match some component of ¢S5 with
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the corresponding component of ¢Ss, while the last line lists all the non-
matching components of ¢Fuse(S, Sz, E) and ©Ss.

oFuse(Fuse(S1,82, F),Ss, E) =
(F2 5. %) pa, 1)
U (F2% o, 1) (2 oo, P2
U (FB . FRPYUFPUERPU F?

By reordering the components, we have the following equation for ¢ Fuse( Fuse(S1,Sa, E), Sz, E).

oFuse(Fuse(S1,82, F),Ss, F) =

((FP? b Fy®) b F3?)

U b, FI3) U (F oa, FI2) U (F s, F)
UFBUFPUF?

The same computation for ¢ Fuse(S1, Fuse(S2, Ss, E), F) yields the same re-
sult with the only exception of the first term.

oFuse(Sy, Fuse(S2,Ss, F), E) =

(F7% pa; (F3 pa; F32))

O(F2 s, B3 U (F b, B2 U (F sa, F2)
UFPPUFP UF?

Hence, we only have to prove that
((FF° b2 Fy®) v Fy®) = (FP o (B b F3?))
By definition, we have the following equalities.

((FP? > Fy?) b F5?)
={ (k, Reduce(T1, T2, E),q1 - q2)
| (kaﬂvql) € F1237(k77'27q2) S F213 I}Nii FL’}Q
= { (k, Reduce(Reduce(T1, T2, E), T3, E), (a1 - q2) - 93)
‘ (k,’Tl,Cu) S F1237(k7757q2) € F2137
(k, T3,q3) € F3* |

(FP2 pa. (Fy? pa. F3?))
= { (k, Reduce(T1, Reduce(Tz2, T3, E), E),q1 - (q2 - 93))
‘ (kaﬂvql) € F1237 ('1%75,%) € F213’

(kaﬁaq:ﬂ) € F‘312[=>

By induction Reduce(Reduce(T1, T2, E), T3, E) is equivalent to Reduce(Ty1, Reduce(T2, T3, E), E),
associativity of q' - q” is immediate, hence we conclude.
[

11



Theorem 5
For any SKER E, for any JSON expressions J, Ji, ..., Ip:

FEJ S = [J]€[S]
|—EJ1,...,Jn:cT = ﬂﬂjl]],,[[Jn]]l}gﬂT]]

Proof. We prove it by mutual induction on the size of the inference proof
and by cases on the last applied rule. The base rules are trivial. The cases
for the record and array rules are an immediate consequence of the semantics
of records and arrays. The empty collection rule is trivial and the singleton
rule follows immediately by induction. For the crucial (TYPECOLLECTION)
rule, we know by induction that

114D, 1
NS |

[Tl
In] I S 172]

INn—

By Theorem 2,
Ti < Reduce(T1, T2, E) and Ty < Reduce(T1, T2, E)

Hence, by transitivity, we have that

{1,141 } €[ Reduce(T1, T2, E)]
{1Jix1],--- [ Jn] [ €[ Reduce(Tr, T2, E)]

hence

{100, 1Jn] [F €[ Reduce(T1, T2, E)].
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